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An explicit construction for unramified
quadratic extensions of biquadratic fields

by

DEBOPAM CHAKRABORTY and ANUPAM SAIKIA (Guwahati)

1. Introduction. The class group of a number field K measures how
far its ring of integers is from having unique factorization into irreducible
elements. It is the quotient of the group of all fractional ideals of K by
the subgroup of principal fractional ideals. It is well known from class field
theory that the ideal class group is also the Galois group of the maximal
unramified abelian extension of K.

Soleng [5] gave a construction of families of quadratic number fields from
an elliptic curve having ideal class group isomorphic to the torsion group of
the curve. A. Sato [4] constructed quadratic number fields with class num-
ber divisible by 5 from elliptic curves. Lemmermeyer [2] showed a method
for constructing unramified quadratic extension of cubic fields using points
on suitable elliptic curves. Drawing our inspiration from [2], we explicitly
construct a quadratic unramified extension for each biquadratic field in an
infinite family which originates from a non-torsion rational point on a suit-
ably chosen elliptic curve.

The genus field of Q(y/a, v/b) has been discussed in detail by Ouyang Yi
and Zhang Zhe [0], Sunghan Bae and Qin Yue [I] and Qin Yue [7] when at
least one of a and b is a prime of the form 1 mod 4. Our results give quadratic
unramified extension of infinitely many biquadratic fields Q(y/r, v/m) where,
if m is suitably chosen, both r and m will be composite or none of r and
m will be a prime congruent to 1 mod 4. In Example we apply our
construction to infinitely many biquadratic fields Q(,/7;, V/3) where 7;’s are
square-free composite numbers.

Our main theorem is as follows.
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THEOREM 1.1. Let m # 0,1 be a square-free integer which is divis-
ible by 3 if it is positive. Let Py = (ro/t3,s0/t3) be any mon-torsion point
of the elliptic curve y*> = x® + m such that ro is odd and non-square.
Let (r;/t2,8:/t}) = 2Py for each natural number i. Then the biquadratic
field K; = Q(y/ri,v/m) has an everywhere unramified quadratic extension
Ki(\/Bi), where B; is either £(s; + t3\/m) or 3(s; + t3/m).

We will identify the precise form of 3; later (see (2.8)). When rg is a
square and tg is even, our construction gives an unramified extension of the
quadratic field Q(y/m), but for the extension to be non-trivial we need to
add an additional condition, for example, 0 < s < m (see Example .
In order to prove Theorem [1.1], we carefully associate a non-torsion point P
with a suitable element 3 in a biquadratic field K. We show that 3 generates
the square of a fractional ideal. Then the extension K(y/f)/K is unrami-
fied at all finite primes other than those lying above 2. If we can choose
=1 mod 4, then the primes above 2 are also unramified in K (v/3)/K. Fi-
nally, we consider the infinite primes and show that K (1/3)/K is a quadratic
extension which is unramified everywhere. These steps will be completed
in §2. In §3, we show that the biquadratic fields K; obtained from the multi-
ples 2! Py of the initial non-torsion point P, are all distinct for distinct values
i=1,2,....

2. Unramified quadratic extension from a non-torsion point.
We fix the following notation for the rest of the article. For any square-free
integer m = 0,1, we consider the elliptic curve

(2.1) Ep: y?=2%+m.
We denote by P an arbitrary non-torsion rational point on FE,,. Clearly,
P can be written as P = (r/t?, s/t®) where 7, s and t are integers with
ged(r,t) = 1 = ged(s,t). We may take s and ¢ to be positive, as we can
replace P by its inverse —P on FE,,. On substitution, we find that
(2.2) 52 = 7%+ mt".
If s is not coprime to m then by (2.2) any common prime factor p will
also divide 7, and hence m will be divisible by p?. Therefore gcd(s, m) = 1.
Similarly ged(r,m) = 1.
LEMMA 2.1. Consider the duplication formula for P = (r/t?,s/t3) on

y? =23 4+ m:
(2.3) < r(2P) s(2P) > o (r(9r3 —85?) 27r% — 361352 + 8$4>

' t(2P)2’ t(2P)3 (2st)? (2st)? ’
Suppose m is square-free and r is odd. If 31 s, the fractions on the right hand
side of (2.3|) are already in their reduced form. When s = 3s’ the fractions
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on the right hand side above reduce as follows:

r(2P) s(2P)\ (= 8s"%) 1 — 127352 4 2451
e (fop iemr) =20 @ @ )

Proof. As m is square-free, it is clear from that r and s are coprime,
else the square of their common divisor will divide m. From the duplication
formula it is clear that the numerator (973 —8s2) of z(2P) is odd as r is
odd. Now if p is a common prime divisor of ¢ and the numerator r(9r® — 8s2)
of x(2P), then p divides 9r® — 8s? as r and t are coprime. But s? = 73 4+ mt°
implies p also divides r® — 52, and hence p divides 973 — 8s? —8(r3 — 5?) = 73,
which contradicts the fact that r and ¢ are coprime. If p is a prime divisor of
s and of the numerator of 2(2P), then p has to divide 9r® — 85 as r and s
are coprime. Thus, p has to divide 9r3 and hence 9, as p cannot divide both
r and s. So the only possibility for a common prime divisor of the numerator
and the denominator of x(2P) is p = 3, and in that case 3 divides s.

The y-coordinate 2776 —3673524-8s* of 2P in isodd asrisodd. If pis
a common prime divisor of t and 27r5—3613s24+8s?, then p also divides % —s?
from . Hence p divides 2779 — 367352 4 8s* — 27r3(r3 — s2) + 952(r3 — 52)
= —s*, which contradicts the fact that s and t are coprime. If p is a common
prime divisor of s and 27r% — 36r3s? + 8s* then p must divide 27r5. But r
and s are coprime, so p = 3 is the only possible common prime divisor of
the numerator and the denominator of y(2P), and in that case 3 divides s.

Therefore, when 3t s the fractions on the right hand side of are in
their reduced form. If s = 3s’, then we can cancel 32 for the z(2P) and 33
for the y(2P) and obtain the reduced form given in (2.4).

From the duplication formula, it is also clear that if 7(P) is odd, then
t(2P) must be even, and hence s(2P) must be odd. Hence from now on,
we assume that t = t(P) is even and s = s(P) is odd without any loss
of generality. We make the following assumption on the coordinates of the
point P = (r/t2,s/t3).

ASSUMPTION 2.2. (i) r is odd, (ii) r is a non-square, (iii) t is even.

It can be seen from the duplication formula that if » = r(P) is odd,
then so is 7(2P). If r is a non-square and ged(r, s) = 1, then 7(2P) is also a
non-square. Thus Assumption holds for 2P if it does for P.

If we allow r to be a square, then our construction gives an unrami-
fied quadratic extension of the quadratic field Q(y/m) under an additional
condition (0 < s < m). We illustrate this point in Example later.

With such a point P satisfying Assumption[2.2] we associate a biquadratic
extension K and an element « as follows:

(2.5) K=Q(/r,vm), a=s+ymt’cK.
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As t is even, we note that
(2.6) a = smod 4.
The following lemma is crucial for the proof of the main theorem.

LEMMA 2.3. Let P = (r/t?,s/t3) be a non-torsion point of the elliptic
curve By, satisfying Assumption [2.2] with t even. Then « and its conjugate
a over Q(y/r) generate coprime ideals in the ring Ok of integers in K.

Moreover, there exists an ideal a in O such that (o) = aOk = a?.

Proof. Note that
(2.7)  Ngjgym(a) =aa=(s+ Vmtd)(s — vmtd) = s* —mt® =13
Now, suppose there exists some prime ideal p in O such that p appears in
the prime factorization of both the ideals () and (@). Then a+a = 2s € p.
But 7 = Nijom(a) € (o) C p, and r is odd under Assumption
Therefore, 2 ¢ p and we must have s € p. Similarly, 2¢/mt3 = a —a € p
implies either t € p or m € p. Hence either both s and ¢ belong to p, or both
s and m belong to p. But this contradicts the fact that s is coprime to both
m and t. Hence o and & generate coprime ideals in Og.

Now a.ac = Ny /q(ym)(a) = (ry/7)? implies (o) = a? for some ideal a
in OK. ]

For our subsequent argument, we need m to be divisible by 3 when m > 0
and s = 3 mod 4. We can deduce a corollary of the above lemma in the case
when the integer m is a positive multiple of 3. The corollary will be needed
in §3 to show that at each stage of duplication of a non-torsion point we
indeed get an unramified quadratic extension of a biquadratic field.

COROLLARY 2.4. With the same notation as in the previous lemma, the
element 3a = 3(s + /mt3) generates the square of an ideal in the ring of
integers of K = Q(v/m,+\/7) if m is divisible by 3.

Proof. If 3 divides the square-free integer m, then 3 generates the square
of a prime ideal in Q(y/m), and hence it generates the square of an ideal in
Q(y/m,+/T). As « generates the square of some ideal by the previous lemma,
the corollary follows. m

For the biquadratic extension K = Q(,/r, v/m) associated with the non-
torsion point P, we want to construct a quadratic extension unramified at
all finite as well as infinite primes of K. We consider the extension

« if s =1 mod 4,
(2.8) K(\/B), where B=1{ —a ifs=3modulo4 andm <0,
3a  if s =3 modulo 4 and m > 0.

Observe that 5 =1 mod 4 by (2.6). We first deal with the finite primes.
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LEMMA 2.5. The extension K(y/B) over K = Q(\/r,\/m) is quadratic
and unramified at all finite primes.

Proof. First we prove that K (1/3) is indeed a quadratic extension of K.
Let us show this explicitly for 8 = a. The cases f = —« or 3a are analogous.
If possible, first assume that v/a = a + by/m where a, b € Q. By comparing
the coefficients of \/m, we get a®> + mb® = s and 2ab = t>. Hence,

3 =52 —mtb = (a® + mb*)? — 4a’v*m = (a® — mb?)?

implies that r is a square, which is a contradiction. Now consider /o =
a + v/mb where at least one of a and b is in Q(/r) — Q, say a = u + v/1
where u, 0 # v € Q. Comparing the coefficients of /m in Q(y/7), we still
obtain 2ab = t3, which means that b must be a rational multiple of the
conjugate of a, i.e., b = ka = k(u — v4/r) for some k € Q. Then

a? +mb? =s = 2uvy/r(l —mk?) =0.

But 1 — mk? # 0 as m is a square-free integer and k is a rational number.
If w = 0 then 2ab = 3 will force r = 1. Therefore Q(y/r, /) is indeed a
quadratic extension of K.

As 8 =1 mod 4, any prime over 2 in K is unramified in K(1/3)/K. By
Lemma and Corollary we know that (8) = a2, hence no other finite

primes can ramify in this extension. =
Now we consider whether the infinite primes can ramify in K(v/5)/K.
LEMMA 2.6. The infinite primes do not ramify in K(v/B)/K.

Proof. If m < 0 or r < 0 then the infinite prime already ramifies in the
extension K = Q(y/m,+/7) over Q. If m,r > 0, then a = s + /mt3 > 0,
as s and t are positive integers. Let o/ = s — /mt3 be the conjugate of a.
Then a = Na = r3 is positive as r > 0. Therefore o > 0 as well, i.e., a is
totally positive, and hence so is 5. Hence infinite primes do not ramify in

K(V/B)/K. »

Thus, in this section we have explicitly constructed an everywhere un-
ramified quadratic extension of a biquadratic field that we associate with a
non-torsion rational point on the elliptic curve E,, where the coordinates of
the point satisfy certain mild conditions. Note that we need m to be divisible
by 3 only in the case when s = 3 mod 4. As long as s = 1 mod 4 for the point
P = (r/t%, s/t?) that satisfies Assumption the field Q(v/m, \/s + vV/m3)
becomes an unramified quadratic extension of Q(y/m, /7).

We further study the unramified extension L = Q(v/3, /7, v/m) over the
base fields Q and Q(y/rm), and obtain the following results.

PROPOSITION 2.7. The extension L = Q(+/B,/7,v/m) is Galois over Q
with the dihedral group Dg as the Galois group.
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Proof. Tt is enough to consider the case 8 = «, as the arguments for the

other two cases in are identical. By Lemma [2.5 -, Q(/r,v/m)] =

and hence [L : Q] [L Q(vr, vm)]Q(/r,/m) : ] 8. The con-
jugates of /o over Q are +y/a and +vo/ where o/ = s — /m 3. Now,

vava = \/s2 —mté = r\/r. Therefore, Vo' = r\/r/\/a € L, and L is
Galois over Q.

Let G = Gal(L/Q). Now, M = Q(y/«) is an extension of Q of degree 4.
If M is Galois over Q, then va/ € M and hence /7 = \/av/o/ /r € M and
vm € M. As Q(y/m,+/r) is a subextension of M of degree 4, it must be
M itself. But then v/a € Q(y/r, v/m), which contradicts Lemma [2.5] There-
fore, L has a non-normal subextension, i.e., G is a group of order 8 with a
non-normal subgroup. Therefore, G must be the dihedral group of order 8. =

PROPOSITION 2.8. The extension L = Q(v/B,+/r,+/m) is cyclic quartic
over Q(y/rm).

Proof. We use the following result which is a simple exercise in Galois
theory.

REsULT 2.9 (see [3], §8.4]). Let L/K/k be a tower of quadratic extensions
of number fields and let o denote the non-trivial automorphism of K/k. Let
L = K(y/a). The extension L/k is normal if and only if a”~! = o2 for some
a, € K. Moreover, L/k is a quartic cyclic extension if a1t = —1, and a
Klein-4-extension if al™ = 1.

Now suppose k = Q(y/rm), K = Q(y/7,/m) and a = s + /mt3. Let o

denote the non-trivial automorphism of K/k. Then alto = g2 —mib = 7“3,
and hence
a’ L = alte = ﬁ = L\/; ’
a? a? a ’
Thus L/k is normal, and we have a, = r+/r/c; hence ozl = 3/7“

and therefore by Result 2.9, L/k is a quartic cyclic extension. =

3. The construction for an infinite family. In this section we show
that we can start with a non-torsion point Py and repeat the procedure of the
previous section for each multiple P; = 2'Py = (r;/t2, s;/t3). It follows from
the duplication formula that if s;_1 is divisible by 3, then s; = 1 mod 4,
and otherwise s; = 3 mod 4 from . Just as in , we associate with
P; a biquadratic extensions K; and element «; in K;:

(3.1) K; = Q(\/ri,vVm), «a;=s;+vmt} € K;.
We obtain an everywhere unramified quadratic extension K(f;) (where

Bi = *a; or 3a; as in (2.8))). We now show that the biquadratic fields
K; are all distinct as ¢ varies over the natural numbers.
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LEMMA 3.1. Suppose that the initial non-torsion point Py on Ey, is such
that

(a) 7o is square-free and ty is even,
(b) if ro = 1 mod 4, then o has a prime factor p % 1,3 mod 8.

Then the extensions Q(\/7;) are distinct for distinct values of 1.

Proof. First assume that 3 1 s;_;. From the duplication formula ,
we have r; = 7,_1(9r? ;| — 8s? ;). Hence r; is odd for all i if ry is odd.
As ged(ri—1,si—1) = 1, we have gcd(ri,1,9rg’71 — 852271) = 1, and hence
r; is not a square if r;_1 is not a square. Moreover, if 79 = 3 mod 4, then
97“3—83(2) = 3 mod 4, and hence is not a square. Now suppose rg Z 3 mod 4. If
97“8’ — 88% is a square then —2 is a quadratic residue for any p dividing rq, and
hence rg only has prime factors congruent to 1 or 3 modulo 8, contradicting
our assumption (b). As r; is a multiple of 7, this argument ensures that
97“;3 — 83? is never a square. r; is obtained from r;_; by multiplying with a
coprime integer. So new prime factors of odd exponent get introduced at
each step when we pass from r; to r;11, and the result follows.

When 3|s;_1, the same argument works by replacing 9r® — 8s? with

73 — 85 where s' = s/3 as in (2.4)). =

EXAMPLE 3.2. Suppose we choose our curve to be y> = 2% + 3. Now
assuming Py = (1,2) we find that 2P is (—23/16,11/64). From the duplica-
tion formula (2.3)) we find that 22P) = (2540833/882, 4050085583 /883), and
hence using our results we conclude that Q(+/2540833, /3, /3) is an un-
ramified quadratic extension of Q(1/2540833,v/3), where 3 = 4050085583 +
883/3.

From the duplication formula we see that 23 # 1,3 (mod 8) is
always a divisor of the numerator of the z-coordinate of 2¢Py for i > 0. We
can conclude that the infinite family of biquadratic fields K; = Q(,/77, V/3)
obtained from the rational points 2! Py of the elliptic curve y? = 3 + 3 has
an unramified abelian quadratic extension given by K;(v/5;) for each i > 0.

Next we consider examples of (r/t2,s/t3) on y? = 23 +m where r is a
square but 0 < s < m. Then by our construction, L = Q(y/m, \/s + t3y/m)
is unramified over K = Q(y/m), and if 0 < s < m then s + t3\/m cannot be
a square in K so that L is a quadratic unramified extension of K.

ExAMPLE 3.3. Considering the point (32/4,133/8) on y? = a3 + 265,
we find that 133 < 265, and hence Q(1/265, /133 + 8v/265) is a quadratic
unramified extension of Q(+/265).

The following corollary states that whenever r is a square as in the
previous example, then § will also be a square in the genus field of the
quadratic extension.
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PROPOSITION 3.4. Consider the elliptic curve y?> = x3 + m where m =
1 mod 4. If (r/t?,5/t3) is a point on the curve such that r is a square then
either 5 or —f will always be a square in the genus field of Q(y/m).

Proof. We first give the argument for § = +a in . Suppose that
(r?/t2,5/t3) is on the curve y? = 23 +m. By substituting in y? = 23 +m, we
find that s2 = r% 4+ mt5, which implies (s +73)(s —73) = mt%. Suppose d is a
natural number dividing both s+ 72 and s — r3. Then d divides 2s and 2r3.
But s and r are coprime, hence d must divide 2, which implies d = 2. Hence
the only common factor of s 4+ r3 and s — 73 is 2. So we can write ¢ = 2pq
where p divides s+13 and ¢ divides s—73, and m = ab where a divides s+
and b divides s — r3. We can now write s + 73 = 2p%q and s — 3 = 27¢%
where i + j = 6. Hence, 25 = 2pSa + 274, so s = 27 1pba 4 2071¢5h. But
s is coprime to ¢t and ¢ is even. Hence s is odd, and so either i — 1 = 0 or
j — 1 = 0. Without loss of generality we assume that ¢ — 1 = 0, and hence
i=1,j=5and s = pa + 16¢°b. Now the genus field of K = Q(\/m) is
F = K(,/pi) where the p; are the prime factors of m and £p; = 1 mod 4.
Hence m = ab = 1 mod 4 implies either v/a,vVb € F or v/—a,/—b € F.
Therefore either

B=s+vmt®=pSa+16¢° + 8Vabp’® = (p®va + 4¢°Vb)?,
or
—B=—(s+vmt}) = —pSa — 16¢% — 8Vabp’® = (p*v/—a — 46*V—0)%.
Hence either S or — will always be a square in the genus field of Q(y/m).

In the case f = 3« in (2.8), we have m divisible by 3, and —3 is a square in
the genus field of Q(y/m). =

We further observe that a = s + /mt> will always be a product of a
unit and a cube in Q(y/m) whenever the class number of Q(y/m) is coprime
to 3. As aa’/ = r3 and a, o/ are coprime, hence « has to be the cube of some
ideal I in Q(y/m). The ideal I will be either principal or of order 3 in the
class group. When the class number of Q(y/m) is not divisible by 3, I has
to be principal.
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