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Existence and analytic regularity of certain solutions for the
generalized BBM-Burgers equation in R"

GuocHUN WU (Quanzhou)

Abstract. We study the existence and analytic regularity of local solutions for the
generalized Benjamin—Bona—Mahony—Burgers equation in R™. The results are obtained
by the convolution method and the Fourier transformation method combined with the
fixed point method.

1. Introduction. In this paper, we study analytic regularity of the
solutions for the following generalized BBM-Burgers equation (Benjamin—
Bona—Mahony—Burgers equation) in the whole space R":

(1.1) {ut—Au—Aut+A2u:uk in R™ x (0,7),
. u(z,0) = up(x) in R™,
where k£ > 2 is an integer.

Equation (1.1} is motivated by physical considerations from fluid dy-
namics and is closely related to the well known BBM equation

Up — Uppt + Uy + Uy = 0, :):ERl,tZO,

studied by Benjamin—-Bona—Mahony [3] as a refinement of the KdV equation
[2, [3]. As is well known, the KdV equation was originally derived for water
waves and it is similarly justifiable as a model for long waves in many other
physical systems. Since then, the asymptotic behavior of solutions to the
Cauchy problem for various generalized BBM (BBM-Burgers) equations

Up — Uggt — QUgg + Bux + ¢(u)a) =0, S Rly t >0,

has been studied in |1}, |11}, and their stability in [12,|13]. Here « is a positive
constant, 3 is any given constant in R!, and ¢(u) is a C? smooth nonlinear
function. Also, H. J. Zhao [15] [16] considered the following generalized BBM
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(BBM-Burgers) equations:

n

(1.2) ut—Aut—Au—l—AQu:Zgbj(u)mj, zeR™ t>0,

j=1
and obtained decay estimates, existence and convergence of solutions. Here
(1.1)) is a special case of . Also equation arises in the phenomena of
water waves with dissipative term |[14H16]. On the other hand, can also
be viewed as a generalized Kuramoto—Sivashinsky equation |14} [17] which
represents unstable flame fronts and thin hydrodynamic films.

Starting with the seminal work of C. Foiag and R. Temam on the Navier—
Stokes equations (NSE), the use of so-called Gevrey norms has become stan-
dard in estimating the time evolution of the spatial radius of analyticity
of solutions to nonlinear partial differential equations. Recently A. Biswas
and D. Swanson [4H7] proved the Gevrey regularity for the Navier—Stokes
equation, Kuramoto—Sivashinsky equation and other equations. In fact, the
Gevrey regularity in [4-7] includes the classical analytic regularity. A. Biswas
and D. Swanson considered the equations

(1.3) up + A"u = G(u),

where A = (=A)'/2 and m > 1. For more on Gevrey regularity, see [8-10].

As for the generalized BBM-Burgers equation, the main source of diffi-
culty is the term Aw;. Fortunately, we can use the special structure of the
equation. Motivated by the work of A. Biswas and D. Swanson [5, 6], we ob-
tain the existence and analytic regularity of local solutions to problem .

2. Preliminaries and main results. Throughout the paper we use
the usual convention that Cy ... indicates a strictly positive real number
whose value may change from line to line, but depends only on k, a,....

For convenience, we write the generalized BBM-Burgers equation in the
following form:

(2.1) {at—Aa—AatJrA?a:a’f in R™ x (0,7),
' u(€,0) = (&) in R".
Applying the Fourier transform in & to (2.1)), we obtain
du(z,t) | o ak (z, 1)
2.2 —_— t) = ——5
(22) o It ) =

where u(z,t) is the Fourier transform of %(£,¢) in variable . By direct
calculation, we see that

%(m,t):u*---*u(aj).
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Now we give some definitions and notation.
DEFINITION 2.1. Let a € R. Define w, : R — R by
wa(z) = (14 |z|)*.
For any measurable function u : R” — R we define
1/p
lulap = ( | whi@)u(@)? dz)
R’VL
and
LER™) ={u: ullap < oo}
We also define the corresponding analytic class
LY (R") = {u: [[ullxap < oo},
with the norm
NEY 1/p
[ullvap = (§ @)@ dz) "
R
Let
Au(z) = |z[*u(z),
Bluy, ..., up](z) = ug % - x up(z) /(1 + |2]?).
Then equation (2.2)) changes into
ou(z,t)

T Au(x,t) — B[w(x,t) _o

k
DEFINITION 2.2. Let a € R, 0 < T < oo, and ug € LE(R"™). A mild
solution of ([2.3)) with initial data ug is a function u(z,t) € C([0,T]; LE(R"™))
satisfying

(2.3)

t
(2.4) u(z,t) = e Aug + S e U=9ABu, ... ul(z,s)ds, tel0,T).
0 k
A mild solution u(z,t) is said to be analytic regular if, in addition to satis-

fying (2.4)), there exists A > 0 such that

(2.5) sup |[u(x,t)||xt,ap < 00
0<t<T
Assume 1 < p < oo and

n 4 kn n
2. n_ n
(2.6) max{p/ k‘—l’(/@—l—l)p’}<a<p”

where p’ denotes the Holder conjugate of p.
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For 0 < T < o0, A > 0, u(z,t) € C([0,T]; L5 (R™)), we define
Ju(z, )]z = sup |lu(z,t)]xap:
0<t<T

E = Er ={u(z,t) € C([0,T]; LER")) : [Ju(z, t)|| g < oo}
Using fixed point theory, we will prove the following result.

THEOREM 2.3. For equation , suppose that a € R satisfies ,
and ug € LE(R™). Then for any A > 0, there exist T > 0 and a mild solution
u(z,t) € C([0,T]; LA (R™)) which satisfies and the analytic regularity
condition (2.5)). Moreover, if « < n/p'—2/(k — 1), then one may take T > 0
satisfying

2(k—1)
(2.7) T = CAkan,p”QLOHa% P l)n/p’
while if « > n/p' —2/(k — 1), then one may take T > 0 satisfying
(2.8) T = CAkan,p||u0Hak+1'

REMARK 2.4. From (2.6)), if n/p’ < 2k/(k —1),thena > n/p'—2/(k — 1)
and we can take 7" as in (2.8).

REMARK 2.5. Furthermore, if we define the corresponding Gevrey class

L)\as(Rn) = {u HuH)\ap,s < OO}

with the norm

s 1/
lullyaps = (| e wt@u() dz) ™ for s > 172,
Rn

then the result of Theorem [2.3]is also true. This implies the Gevrey smooth-
ing effect for mild solutions to (2.1)).

REMARK 2.6. For the generalized BBM-Burgers equation
ug — N Au — yAuy + y3A4™u = f(u, Vu) in R™ x (0,7),
u(x,0) = up(x) in R,
where v1,792,73 > 0, A = (=A)Y2, m > 2, and f(z1,29) is a polynomial
function of 27 and x2, we also have the corresponding analytic regularity.

3. Estimates on the linear and nonlinear term. First, we estimate

the linear term e t4uy.

PROPOSITION 3.1. Let a > 0 and ug € L5(R™). Then for 0 <t < T and
A > 0, we have ety € E.
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Proof. We have

1
3.1 e~y = Pl =Pl ()P (2 o (2) P d &
0| At,a,p [o' 0
R
A2t/4 p p 1/p A%t/4
< M § wh@)luo(@) dz) = e fuglla
R”

Thus e *uy € E, and
(3.2) HeftAUOHE < e)‘ZTMHuO”mp- .

Next, we estimate the nonlinear term

t
blug,...,ux == Se_(t_S)AB[ul, oo ug)(z, s) ds.
0

LEMMA 3.2. If 0 <a,b<mn,a+b>n, then
wW_g *w_p(x) < Cypnwn—q—b(x) forall z € R".
Proof. See [6, Proposition 11]. m

LEMMA 3.3. For kn/((k+1)p') < v < n/p', if u1,...,ur € LE(R™),
then

(1) up*---xug € Lkw (k1) ,(R™), and
(3.3) [Jur * -+ % Uk ||y (k= 1)n s p < H l[will,p
(2) Blui,...,u € L£w+2—(k—1)n/p’ (R™), and
k
HB[ulv oo 7uk]”k'y+27(k71)n/p/,p < C’Y,n H Hul v,p3
i=1

(3) if ui,...,up € LY (R™), them uy * - xuyp € LY
B[ul, ug) € LY (R”), and

Ay (k—1)nyp (R"), and

Aky+2—(k—1)n/p’

HB[U17 ”|)\k'y+2 (k— ln/p,p— HHUZH)\Wp

Proof. (1) For k =1, (3.3]) is obvious. Suppose k = ko, uj * - - % ug, €
Lhigy—(ro—1yn/r R")> 20d
ko

[Jug * - x “ko”kowf(krl)n/p’,p < Cyn H il p-
i=1
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For k = ko + 1,

(3'4) Uy ke ok Uk0+1(:b) = S U * =o ek U (SL‘ - y)uk0+1(y) dy
Rn

1/p
< (5 sty (= Dl 5y (= WP ()] k1 ()P )
Rn

1/p
% (5 @t (@ = W (v) dy)
R’n

Using Lemma (3.2 and (3.4), we obtain
w€k0+1)77k0n/p’ <U1 * ok Uk 41 (x))p

< o § W2 sty (@ = Wl 5y (2 — ) Pt (9)] [ty (9) P .
Rn
Hence

[lug * - - % uko+1H(ko+1)v—k0n/P'vP

S I N Rl

R® R” 1
X 8 ()] kg 11 ()" dy| do )
ko+1
= 'y,n”ul koo Xk uk’o||k0’7—(k0—1)n/p’,p”uko-l-l||'Y,p < C%n H ||ui||7,p-
i=1
So, by induction, we deduce (1).
(2) Using the above estimates, we obtain
”B[ulv e ’uk] Hk'y—&-2—(k—1)n/p’,p
1 p 1/p
— b e p
1/p b
< C< S w,w (k1) /p’ g ke ug P d:z:) <Cyn H [ 6] p-
R™ =1

(3) Similarly, we get

[Blut, -« s uk]l[ X ky+2—(k—1)n/p p
e (L )" v
P xX
a <]]§ne ’ (1+!x\2> Whey+2— (b= 1) (11 * *uk|pdx>

1/p

A

gC(S S SN e *uk|pda¢) < Chyn [T lIuillnqgp: =
R =1
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The following elementary inequality will be used repeatedly.
LEMMA 3.4. If a >0 and b € R, then

sup wb(x)e*a‘xp < Cy(1+a7?).

zeR”
Proof. Similar to [6, Proposition 15]. m

LEMMA 3.5. For kn/((k+1)p') <~ <n/p, a,n,\ >0, if uy,...,ux €
L’;W(R”), then

k
_ ky+2—a—(k—1)n/p’
e nAB[Ula ] vap < Cynap(l+1 2 )H l[willx s p-
i=1
Proof. First, from Lemma, we see that
ky+2—a—(k—1)n/p’
2

2
SUD Wa— (k42— (k-Dn/p') (7)€ M < Cmap(l+1
rxeR™

Combining this with Lemma [3.3] we obtain

) 1/p
le™ Blur, - ullnap < (| Mot @) Blur, .. ]| do)
Rn
ky+2-a—(k=1)n/p’
2

< 077717047?(1 +n )HB[U1, s 7uk] H)\,k7+27(k71)n/p’,p

k
ky+2—a—(k—1)n/p’
< Cymap(l+1 2 ) H il 2 p-
i=1
PROPOSITION 3.6. If v satisfies ([2.6), A > 0, ui,...,up € LY (R"),
then bluy, ..., ux] € E and

k
(k—1)a+4—(k—1)n/p’
Ibfus, - s ur] | < Campe T/HT + T = ) [ lwille-
=1

Proof. From Lemma [3.5] we obtain

t

B[t - - urlIatap = | le™ A Bur, . wl(@, 8)lxap ds

0
t

2 _(t=s)
SGA t/2g||e 2 AB[UI,...,Uk:](xas)n/\saohpds
0

k
2 (k—1)a+2—(k—1)n/p’
< Copmpe’ P 1+t -s) 2 ) H [willxs,0p d

=1
k
(k—1)a+2—(k—1)n/p’
(L4 (t—s) 2 yds [ ] lluill

i=1

k
(k—Do+4—(k—1)n/p’
< Cam,pe)‘QTﬂ(T +T e ) H llus || -
=1

2
S Ca’n,peA t/2

O e &+ O e
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This means bju] € E, and

k
(k=Datd—(k—D)n/p’
Ibfur, - il < Coppe™ 2@+ T2 ) [ luillp-
=1

4. Existence and analytic regularity of the mild solution. In
this section, we use the fixed point theorem to prove existence and analytic
regularity of the mild solution.

Proof of Theorem [2.3. Define
L:FE— FE, Lu:eftAuo-l—bu,...,u(x,t).

k
For convenience, we write b[u] for b[u, ..., ul.

Define k
B={uekFE:||u- e_tAuOHE < He_tAu()HE}.

For u € B, combining Propositions [3.1] and we get

(k—1)a+4—(k—1)n/p’
2

_ 2
| L = e Augllp = blulllp < Campe AT +T
(k—=D)a+4—(k—1)n/p’
T b ety |

k—1)a+4—(k—1)n/p’
2

)l

(
< Compe™ YT T )2 |uo|
For uy,ug € B, from Propositions [3.1] and [3.6] we obtain

e g 5.

[ Lur — Lug|| g = [|b[u1] — blua]|| &
= Hb[ul,...,ul] —b[u%ul,...,ul]—i—b[uQ,ul,...,ul] — .

+b[UQ,...,UQ]||E

(k—1)a4+4—(k—1)n/p’
2

< kCompe TA(T +T

X |lur — uallp

k—1 k—1
) max{ [[un|[p s [luzllE )

(k—1)a+4—(k—1)n/p’
2

< ka_lCa npe(k+1)>\2T/4(T +T
For any A > 0, we take T > 0 such that

k—
Muolle,' llur — uzle.

(k+1)X2T

(
(41)  a:=k2FChppe T (TH+T

k—1)a+4—(k—1)n/p’
2

Muollag < 1.

Then, for uj,us € B, we have Luj,Lus € B and |[Lu; — Lug||p <
alluy — uz||g. Hence L : E — FE is a contraction provided that T, A > 0
satisfy (4.1). From the Banach fixed point theorem, there exists a u € B
such that

u(z,t) = Lu = e~ Mugy + bu](z, t).
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This implies the existence of a mild solution. Furthermore, since u € F, for
A > 0 we can deduce the following analytic regularity of u:

sup |lu(z,t)[[xt,ap < o0
0<t<T

Moreover, if &« < n/p’ —2/(k — 1), then ((k — 1)a+4— (k—1)n/p')/2 < 1.

Taking a sufficiently large constant C’;\’k?am’p > 0 we obtain

4
(k+1)A2"

(k—1)a+4—(k—1)n/p’
2

a < Cg\,k,a,n,pT Huo”’ocsz1 for T' <

Then defining

03\ k,a,n 2
— 3 SR, Q1D
C/\,k,a,n,p - mln{ 2 ’ (k _|__ 1))\2 }7

and with T" as in (2.7)), we calculate that a < 1 in (4.1)), which implies the
existence of a mild solution in the case o < n/p’ —2/(k —1).

If « > n/p' —2/(k—1), then for a suitable constant C}

Meanp > 0 We
have

= _ 4
a< ﬁ\,k,a,n,pTHUOHIoi,pl for T' < [CESNG
Then defining
= C_’f\ k,a,n 2
3 9 vy tty 7p
C)x,k,a,n,p = mln{ 9 y (k‘ T 1))\2 }7

and with T" as in ({2.8]), we obtain the existence of a mild solution in the case
a>n/p—2/(k—1). =
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