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Abstract. The sphere Sﬂlg ~! has a half-liberated analogue S]fg :1, and a free analogue Sﬂg ;1.
This is a presentation of the construction and main properties of these noncommutative spheres,
S]g*l C S]g;l C Sﬂgll, and of their quantum isometry groups.

Contents

Motroduckionl . . . . . . . . . . . . 101
1. Noncommutative spheres| . . . . . ... ... ... ... ... ... ... ... ... 102
P Axiomatization, ClasstiCation] . . . . . « v v v v v e e e 107
[3. Quantum isometry groups| . . . . . . ... Lo 112
4. Representation theory| . . . . . . . . . . .. Lo 118
p. The Weingarten formulal . . . . . . .. ... oo oo 123
|6. Hyperspherical laws| . . . . . . . . . o 128
[r. Twisting results|. . . . . . . . . . e 133
[8. Polygonal spheres|. . . . . . . . . . 138

Introduction. A recent discovery, from [7], [8], states that under the “strongest possible
axioms”, there are only three orthogonal quantum groups, Oy C O% C O?{,. These
quantum groups correspond to three “main” noncommutative spheres, Sﬂlg —1c Sﬂg . e
Sﬂg ;1, introduced and studied in [5] and in a number of subsequent papers.

We discuss here these constructions and results, by using a “sphere-first” approach,
which is perhaps more natural. All the needed preliminaries are included.

This is based on lecture notes from a minicourse given at the Summer School Topolog-
ical Quantum Groups, Bedlewo 2015. It is a pleasure to thank Uwe Franz, Adam Skalski
and Piotr Soltan for the invitation, and for the nice organization of the meeting.
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1. Noncommutative spheres. We adhere here to the general principle that “the non-
commutative spaces are the abstract duals of the operator algebras”. Our starting point
will be:

DEFINITION 1.1. A C*-algebra is a complex algebra with unit, with an involution * and
a norm || -, such that the Cauchy sequences converge, and such that ||aa*|| = ||a||?.

The basic example is the matrix algebra My (C), with involution (M*);; = M;, and
with the norm || M|| = supy, = [[Mz|. More generally, we have as example B(H), the
algebra of bounded operators T': H — H on a Hilbert space H, with involution given by
(T*x,y) = (z,Ty), and with norm ||T'|| = sup ;=1 [|Tz[|. The GNS theorem states that
any C*-algebra appears as closed *-subalgebra of some B(H).

Another key example is C(X), the algebra of continuous functions on a compact
space X, with involution f*(z) = f(z), and with norm || f|| = sup,cx |f(z)]. The Gelfand
theorem states that any commutative C*-algebra is of this form. To be more precise, given
a commutative C*-algebra A, the underlying compact space X = Spec(A) is the set of
characters x : A — C, with topology making the evaluation maps continuous.

In view of Gelfand’s theorem, we can formulate:

DEFINITION 1.2. The category of noncommutative compact spaces is the category of the
C*-algebras, with the arrows reversed. Given a noncommutative compact space X, com-
ing from a C*-algebra A, we write A = C(X), and X = Spec(A).

Observe that the category of usual compact spaces embeds into the category of non-
commutative compact spaces. More precisely, a compact space X corresponds to the
noncommutative space associated to the algebra A = C(X). In addition, in this situa-
tion, X can be recovered as a Gelfand spectrum, X = Spec(A).

Consider now the standard sphere, S ' = {z € RV | 3, 22 = 1}. In order to discuss
its noncommutative analogues, we must first understand the associated algebra C'(Sy ~ ).
The result here, coming from the Gelfand theorem, is as follows:

PRrROPOSITION 1.3. We have the presentation result
C(Sy 1 = Cjomm<ac1, C TN ‘ X =y, Zx? = 1)
i

where by C,

. : %
omm We mean universal commutative C*-algebra.

Proof. We have a morphism from right to left, which by the Stone—Weierstrass theorem is
surjective. In the other sense now, the universal algebra on the right being commutative,
by the Gelfand theorem it must be of the form C(X), for a certain compact space X. The
coordinate functions x; provide us with an embedding X € RY, and then the quadratic
condition Y,z = 1 shows that X C Sﬂg ~1. Thus, we have as well a morphism from
left to right. Since the two morphisms that we constructed map standard coordinates to
standard coordinates, they are inverse to each other, and we are done. m

The idea now is to replace the commutation relations ab = ba between the standard
coordinates on Sﬂg ~! by some weaker relations. A first choice is that of using no relations
at all. A second choice, coming from the easy quantum group philosophy [7], is that of
using the “half-commutation” relations abc = cba. So, let us formulate:
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DEFINITION 1.4. Associated to any N € N is the following universal C*-algebra:

oSy :C*(xl,...,xN ‘ z=al, Y ol = 1).

The quotient of this algebra by the relations x;x;z, = xpz;x; is denoted by C’(Sﬁ{ *_1).

Observe that the above two algebras are indeed well-defined, because the quadratic
relations Y, 27 = 1 show that we have ||z;|| < 1, for any C*-norm. Thus the biggest
C*-norm is bounded, and the enveloping C*-algebras are well-defined.

Given a noncommutative compact space X = Spec(A), its classical version Xejass,
which is a usual compact space, is by definition the Gelfand spectrum X j,ss = Spec(A/I),
where I C A is the commutator ideal. With this convention, we have:

PROPOSITION 1.5. We have inclusions of noncommutative compact spaces
Sp oSy tasgy!
and Sﬂg_l is the classical version of both the spaces on the right.

Proof. Since the commutation relations ab = ba imply the half-commutation relations
abc = cba, we have quotient maps C(Sﬂg_;l) — O(SYh — ¢(SY~1), which correspond
to inclusions as above. As for the last assertion, this follows from Proposition [[.3] =

As already mentioned, the definition of Sﬂg *_1 is quite tricky. Our claim is that, under
strong axioms, this sphere is the unique intermediate one S]]Ry lcsc S]]RX ;1. This will

be discussed later on, in Section 2. For the moment, let us just record an elementary
result, which can serve as a temporary motivation for the study of our three spheres:

PROPOSITION 1.6. The closed subspace S**) C Sﬂgjrl obtained by imposing the relations

aj...ar = ag...a1 to the standard coordinates of S]‘gjrl is as follows:

(1) Atk =1 we have S = Sﬁj_l.
(2) Atk =2,4,6,... we have S’(k):Sﬂgfl.
(3) Atk =3,57,... we have S* :Sﬂggl.

Proof. Since the relations ab = ba imply the relations ay...ar = ar...aq for k > 2, we
have S@ ¢ S*) for k > 2. It is also elementary to check that the relations abc = cba
imply the relations aj ...ar = a . ..a; for k> 3 odd, so S®) c S*) for k > 3 odd.

Our claim now is that S**2) ¢ §*) for any k > 2. In order to prove this, we must
show that the relations a; ...ag4+2 = agy2...a; between x1,...,xy imply the relations
ap...ap = ag...a; between xq,...,xn. But this holds indeed, because

Ty oo Lo = Lijpyn -+ - Ty - Iy, l’lkl'? = fE?ZL’Zk ce e Ty

E: 2_§ 2, ) . L — .
— Tiy + o Ty Tj = TiTqy, v e Ty = Tjy ---Tj, = Tjy, - Ty~
J

Summing up, we have proved that we have inclusions S c ... c S c §®) ¢ §®)
and S® c...c S c §6) ¢ G and this gives the result. m

Given a closed subspace S C Sﬂg jrl, the associated “noncommutative cube” K C S is
obtained by setting C(K) = C(S5)/(z? = +). As a basic example, for the usual sphere

(3
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S = S§'~! we obtain t}f) usual cube, K = {z € RV |x; = i\/iﬁ} Also, given a discrete
group I', we denote by I' the noncommutative space dual to A = C*(I"). We have:
PROPOSITION 1.7. The noncommutative cubes associated to the three spheres are

N—1 N—1 N—1

Sg C Sg.  C Spi

U U U

Yy c zZgN c 7N
where Z3N = (g1,...,9n |92 = 1, gigjgx = 9r9;9i). All these inclusions are proper.

Proof. Let us first compute the noncommutative cube Kﬂg jrl associated to Sﬂg ;1. Since

the relations z? = % imply the quadratic condition ), z? = 1, we have

1
C(Kﬂgj_l) :C*(xl,...,xN ‘ T =, 2 = N)

On the other hand, consider the group Z3™ = (g1,...,gn|g? = 1). Since g; = g;l,

we have g; = g; in the corresponding group algebra, which is therefore given by
CHZ3™) = C* (g1, on |9 = g7, 97 = 1).

Thus we have an isomorphism C(Kﬁj_l) ~ C*(Z3N), given by x; = g;/v' N, and at
the level of the corresponding noncommutative spaces we obtain KH]{X ;1 ~ Z3N. This
establishes the inclusion on the right, and the other two vertical inclusions are now clear,
too. e

Finally, since ZY C S]fg ~1 is proper, so are the other two vertical inclusions. Also,

since the quotient maps Z3~ — Z3N — ZL are both proper, so are both the horizontal
inclusions on the bottom, and hence the horizontal inclusions on top as well. =

The above occurrence of Z3% is quite of interest. As a first observation, if hy, ..., hyx
are the standard generators of Z, then we have a matrix model, as follows:

cr@) > aer@) - ().

Indeed, the matrices G; on the right satisfy the relations G; = G;, G? = 1 and

GGGy, = G, G;G;, which define the group algebra on the left.
The point now is that Sﬂlg *_1 itself has a similar model, as follows:

PRrROPOSITION 1.8. We have a morphism of C*-algebras
CsE > MalC(sE ) - s (2F)

where SY ' = {2 € CN| ¥, |2|? = 1} is the unit complex sphere.

Proof. We have to prove that the matrices X; on the right satisfy the defining relations
for SH]{X *_1. These matrices are indeed self-adjoint, and their squares sum up to 1:

Sa=x(05) =2 (T -0
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Regarding now the half-commutation relations, observe that

0 z; 0 z; 0 2z 0 2iZi 2k
XZXX = J = J .
<k <zi 0> (zj 0) (zk 0) <zizjzk 0 )

Since this quantity is symmetric in 4, k, this gives the result. m

It is standard to prove that the above model of C*(Z3) is faithful. The same happens
for C (S’]fgf ;1), and we will prove this, after developing a number of useful tools.

We recall that PIéV ~1 is the space of lines in RN passing through the origin. We have
a quotient map Sﬂgfl — Pﬂévfl, which produces an embedding C(Pﬂévfl) - C(S]{{yfl),
and the image of this embedding is the algebra generated by the variables p;; = z;x;.

In general now, based on this observation, we can formulate:

DEFINITION 1.9. The projective version of S C S]gjrl is the quotient space S — PS
determined by the fact that C(PS) C C(S) is the subalgebra generated by p;; = x;z;.

It follows from the above discussion that PS’HIQI = Pﬂév ~1, and our goal now is to
compute the projective version of the remaining two spheres. As a first observation, the
projective version of Sﬂjg ;1 is a classical space, because its coordinates commute:

abed = cbad = cdab.

. . . N N-1 N-1

We will prove that this space is the complex projective one, PS’R* =P

For this purpose, we will need a functional analytic description of Pﬂév -1 P(év ~! The
result here, which is similar to the one in Proposition [1.3] is as follows:

PROPOSITION 1.10. We have presentation results as follows:

C(PY™Y) = Clom ((Pig)ij=1,..x |[p = p* = p*, Tr(p) = 1)
C(PY ") = Clom (Pig)ij=1.,..n |p =D =p* = p°, Tr(p) = 1)

where by C, we mean as usual universal commutative C*-algebra.

comm

Proof. We use the fact that Pév _1,Pﬂév ~1 are respectively the spaces of rank one pro-
jections in My (C), Mn(R). With this picture in mind, the first formula is clear from
the Gelfand theorem. Also, since Pﬂév —1c P(év ~1 appears by restricting attention to the
matrices which are real, the relation to be added is p = p, and this gives the second
formula. m

The above result suggests the following definition:
DEFINITION 1.11. Associated to any N € N is the following universal algebra,
C(PY) = C*((pij)ij=r..x |p=p" = p*, Tr(p) = 1)
whose abstract spectrum is called “free projective space”.

Observe that we have embeddings of noncommutative spaces PHQ/ “1c Pév —1c Pi_v -1
and that the complex projective space Pév ~1 is the classical version of P_f_v -1
We have the following result, first established in [5]:
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THEOREM 1.12. The projective versions of the three spheres are given by
N—1 N—1 N—1
S C SE. C Spy
) 3 \J
N—1 N-1 N-1
Py C Fg c Py
where ’Pffl is a certain noncommutative compact space, contained in Pfrvfl.

Proof. The assertion at left is true by definition. For the assertion at right, we have to
prove that the variables p;; = x;x; over the free sphere Sﬂg jrl satisfy the defining relations
for C (P_f_V ~1) from Definition and the verification here goes as follows:

(P*)ij =pj; = (¥;7;)" = 735 = pij

szkpkg szxixj = L5 = Pij
Zpkk = Z% =1

Regarding now the middle assertion, stating that PS]Q{ ;1 = P(év -1

“C” follows from the relations abc = cba, which imply abed = cbad = cbda. Indeed,
this shows that PSﬁ;l is classical, and so Psggl C (P_{_V*l)dass = P(évfl.

“>” follows by using the model in Proposition [[.8 Indeed, the representation there
maps p;; — P;; = diag(z;Z;, Ziz;), and so maps (p;;) — (P;j) = C(P(év_l). ]

Let us prove now that the matrix model in Proposition [I.8]is faithful. As a warm-up
here, we first prove the result in the group case. The statement, from []], is:

PROPOSITION 1.13. We have an embedding of C*-algebras

c@)  Maer @) - i (0 )

where hy,...,hyx are the standard generators of ZN .

Proof. Consider the crossed product Z~ x Z,, with the group Zs = (7) acting on Z" via
7.2 =2~ Our claim is that we have a group embedding, as follows:

ZN CZN %Ly ¢ g — (hi, 7).

Indeed, the elements G; = (h;,7) are reflections, and satisfy abc = cba. Regarding
now the injectivity, the point here is that each word w in the kernel must be such that
each g; appears an equal number of times at odd and even positions in w. Thus, w = 1.

We therefore have an embedding C*(ZS") ¢ C*(Z"™ x Zy), and by composing with
the standard embedding C*(ZY x Zy) C Ma(C*(ZY)), the result follows. =

In the sphere case now, we have the following result, from [I1]:

THEOREM 1.14. We have an embedding of C*-algebras

_ _ 0 Zi
csth et ) s mo (05)

where Sy = {2 € CN | 3, |2 = 1} is the unit complex sphere.
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Proof. As in the group case, this follows by using crossed products. To be more precise,
our first claim is that we have an embedding of C*-algebras, as follows:
C(Sﬂg:l)CC(Sév_l)NZQ : XTi—> 2; XT.

Indeed, the elements X; = z; ® T are self-adjoint, satisfy abc = cba, and their squares
sum up to 1. Regarding now the injectivity, this follows from Theorem [[.12} which shows
that the morphism is injective on the subalgebra C'(PY ™). See [I1].

Now observe that we have as well an embedding as follows, where f — f is the
automorphism of C (S(]CV ~1) induced by the conjugation of the coordinates, z; — Z;:

0 f fo

By composing with the embedding found above, the result follows. m

ety - ror- (%) sern (31)

2. Axiomatization, classification. In this section we axiomatize our three spheres,
Sﬂg -1 c SD]{X *_1 C SHJ{X ;1. We already know from Proposition that these are exactly
the closed subspaces S C Sﬂjgf _7_1 which can be obtained by imposing relations of type
ai...ap = ag...a; to the standard coordinates of S]f{x;_l. We will improve here this
result, by using “arbitrary permutations”.

To be more precise, let us start with the following notion:

DEFINITION 2.1. A monomial sphere is a subset S C Sﬂgll obtained via relations of type
Tiy - Ty, = Tiggyy - Ligpyo V(il,...,ik) € {1,...,N}k
with o € Sy being certain permutations, of variable size k € N.

Observe that the basic three spheres are all monomial, with the permutations pro-
ducing S]fg -1 Sﬂg ;1 being the standard crossing and the half-liberated crossing:

[¢] [¢] [¢] o] ]
[¢] [¢] [e] o] @]

Here, and in what follows, we agree to represent the permutations o € Sy by diagrams
between two rows of k points, acting by definition downwards.
Observe also that Proposition reformulates as follows:

PROPOSITION 2.2. The monomial spheres coming from mirroring permutations,
[¢] [e] [¢] [e] o O @] >OO< o]
o o (] o o O O [¢] o 0]

are precisely the three main spheres, SY ~' C SN ' C Sﬂgj_l.

Proof. This follows indeed from Proposition[I.6 because the relations ay ...a = aj ... a;
used there are precisely those coming from mirroring permutations. m
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We will prove in what follows that the basic three spheres are the only monomial
ones. For this purpose, it is convenient to introduce the inductive limit Soc = (U~ 0 Sks
with the inclusions Sy C Si4+1 being given by 0 € Sy, = o(k+1)=k+ 1. In terms of
elements of S, the definition of the monomial spheres reformulates as follows:

PRrROPOSITION 2.3. The monomial spheres are the subsets S C Sﬂgj_l obtained via rela-
tions

. . k
Tiy oo Tiy = Tig gy - Tiys Vi1, 0k) € {1,..., N}
associated to certain elements 0 € Soo, where k € N is such that o € Sy,.

Proof. We must prove that the relations x;, ...x;, = Tiyqpy - are left unchanged

Lig (1)
when replacing k — k + 1. But this follows from ), 7 = 1, because

2

) o — ) ) ) 2 .
iy e .’Elkl’lkJrl = {EZUO) . :L'ZUUC){E%+1 — Lijq vv xlkxiHl = l’la(l) N xlu‘(k)mik+1
— E Tijy oo Ty T 7'k+1 E szg(l) 1'7,6(k) Zk+1 — Liy oe e Ty, = l‘ia(n . xia(k)'
Qg1 Tp41

Thus we can indeed “simplify at right”, and this gives the result. m

In order to prove the uniqueness result, we use group theory methods. We call a
subgroup G C S filtered when it is stable under concatenation, in the sense that when
writing G = (Gg) with Gy C Sk, we have 0 € G, m € G = om € Gi4;. With this
convention, each monomial sphere comes from a filtered group of permutations:

PROPOSITION 2.4. The monomial spheres are the subsets Sg C Sﬁ;l given by
C(Sa)=C(SE) [ (wiy ooy, = mi g iy, Vin, ..o ik) €{1,..., N}, Vo € Gy)
where G = (Gy) is a filtered subgroup of Soo = (Sk).

Proof. We know from Proposition [2:3] that the construction in the statement produces a
monomial sphere. Conversely, given a monomial sphere S C S]R 4+ let us set

l’ia(l) . .xig(k) V(il, e ,Zk) € {1, ‘e ,N}k}.
With G = (G) we have S = Sg, so it remains to prove that G is a filtered group.

Gk:{JGSk|$il...£Bik:

Since the relations z;, ... @i, = @i, ... can be composed and reversed, each

T
o (k)
G, follows to be stable under composition and inversion, and is therefore a group.
Also, since the relations z;, ...xz;, = x; 7 can be concatenated as well, our
) 1 k o(1) (k) )

group G = (G},) is stable under concatenation, and we are done. m

As an illustration, the groups {1} C Sy produce the spheres Sﬂg jrl D Sﬂlg ~! In order
to discuss now the half-liberated case, we will need:

PROPOSITION 2.5. Let S, C S. be the set of permutations having the property that
when labelling cyclically the legs @ o ® o ..., each string joins a black leg to a white leg.

(1) S% is a filtered subgroup of S, generated by the half-liberated crossing.
(2) We have S3;, ~ Sy x Sk, and S5, | ~ Sg X Spy1, for any k € N.
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Proof. The fact that S%, is indeed a subgroup of S, which is filtered, is clear. Observe
now that the half-liberated crossing has the “black-to-white” joining property:

[¢] [ ] (¢]
° o [ ]

Thus this crossing belongs to S5, and it is routine to check, by double inclusion, that
the filtered subgroup of S generated by it is the whole S% . Regarding now the last
assertion, observe first that S3, .S} consist of the following permutations:

[¢] [ ] [©]

° o L]
o] [ ] [e] [ ] [¢] [ [¢] L] [¢] [ o .
L] o [ ] o [ ] [¢] [ ] ] [ [¢] [©]

Thus S5 =51 x 2 and S; = Y2 x Sy, with the first component coming from dotted
permutations, and with the second component coming from the solid line permutations.
The same argument works in general, and gives the last assertion. m

Now back to the main three spheres, the result is as follows:

PROPOSITION 2.6. The monomial spheres Sﬂgfl C Sﬁ{:l C S]fg{jrl come respectively from
the filtered groups S D Si, D {1}.

Proof. This is clear by definition in the classical and in the free cases. In the half-liberated
case, the result follows from Proposition (1). m

Now back to the general case, consider a monomial sphere Sg C Sﬂg ;1, with the
filtered group G C S, taken to be maximal, as in the proof of Proposition [2.4

We have the following key observation:

PROPOSITION 2.7. The filtered group G C So associated to a monomial sphere S C Sﬂg__‘_l
is stable under the following operations, on the corresponding diagrams:

(1) Removing outer strings.
(2) Removing neighboring strings.

Proof. Both these results follow by using the quadratic condition:

(1) Regarding the outer strings, by summing over a, we have indeed:

Xa=Ya — Xa’°=Yad®> — X =Y
aX =aY = *X =d’Y = X =Y.
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(2) Regarding the neighboring strings, once again by summing over a, we have:
Xaby = ZabT = Xa*Y = Za*T = XY =ZT
Xaby = ZbaT = Xa°Y = Za’T = XY = ZT.
Thus G = (Gj) has both the properties in the statement. m

We are now in position of stating and proving the axiomatization result regarding our
three noncommutative spheres, which was recently obtained in [6]:

THEOREM 2.8. The spheres S]{{yfl C Sﬁ:l C Sﬂg;l are the only monomial ones.

Proof. We will prove that the only filtered groups G C S, satisfying the conditions in
Proposition are {1} C S%  C S, corresponding to our three spheres. In order to do
so, consider such a filtered group G C So., assumed to be non-trivial, G # {1}.

Step 1. Our first claim is that G contains a 3-cycle. For this purpose, we use a stan-
dard trick, stating that if 7,0 € S, have support overlapping on exactly one point,
say supp(m) N supp(c) = {i}, then the commutator o~ 17 ~!
(i,071(i),71(i)). Indeed the computation of the commutator goes as follows:

m~om is a 3-cycle, namely

s o o\o<° o o o
o o o ° o o o
(o ‘ >/
= o o o ° o o o
1 /< ‘
o o o ° o o o

» | T~

g o o o ° o o o

Now let us pick a non-trivial element 7 € G. By removing outer strings at right and
at left we obtain permutations 7 € Gy, 7" € G, having a non-trivial action on their
right /left leg, and by taking 7 = 7’ ® ids_1,0 = idg—1 ®7”, the trick applies.

Step 2. Our second claim is G must contain one of the following permutations:

o o) o o o (] o (] O o o (] O o o o

o o) o (] O o) o (] o o o o >O{O< o
Indeed, consider the 3-cycle that we just constructed. By removing all outer strings,

and then all pairs of adjacent vertical strings, we are left with these permutations.
Step 3. Our claim now is that we must have S% C G. Indeed, let us pick one of the

permutations that we just constructed, and apply to it our various diagrammatic rules.
From the first permutation we can obtain the basic crossing, as follows:

o o o o o o o o

O>}<
O O

o o
o o — —
o o o o o o o o
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Also, by removing a suitable Y shaped configuration, which is represented by dotted
lines in the diagrams below, we can obtain the basic crossing from the second and third
permutation, and the half-liberated crossing from the fourth permutation:

Thus, in all cases we have a basic or half-liberated crossing, and so S%, C G.

Step 4. Our last claim, which will finish the proof, is that there is no proper inter-
mediate subgroup S35, C G C S. In order to prove this, observe that S% C S is the
subgroup of parity-preserving permutations, in the sense that “i even = o (i) even”.

Now let us pick an element o € Sj, — S;, with £ € N. We must prove that the group
G = (S%,0) equals the whole So.. In order to do so, we use the fact that o is not parity
preserving. Thus, we can find ¢ even such that o(7) is odd.

In addition, up to passing to o|, we can assume that o(k) = k, and then, up to passing
one more time to o, we can further assume that & is even.

Since both i, k are even we have (i, k) € S}, and so o (i, k)o = = (o(i), k) belongs to G.
But, since (i) is odd, by deleting an appropriate number of vertical strings, (o(2), k)
reduces to the basic crossing (1,2). Thus G = S, and we are done. m

Summarizing, we have now a quite satisfactory axiomatization of our three spheres.
We can axiomatize as well our noncommutative projective spaces, as follows:

DEFINITION 2.9. A monomial projective space is a closed subset P C Piv_l of the free
projective space obtained via relations of type

: : k
DPivia -+ Pig_vix = Pigeryio) «  Pio(ooryiogys V(1. 50k) € {1, NI,
with o ranging over a certain subset of | J, oy Sk, stable under o — |o].

Observe the similarity with Definition The only subtlety in the projective case is
the stability under ¢ — |o|, which in practice means that if the above relation associated
to o holds, then the following relation, associated to |o|, must hold as well:

Pigiy - Pigiggr = Pioio1)Pio(2)iom) * * Pig—2)iom—1)Pio)iht1-
As an illustration, the basic projective spaces are all monomial:

ProrosiTION 2.10. The spaces Pﬂé\Fl C P(évfl C Pivfl are all monomial, with

o [e] (e] o o o
(¢] [¢] (¢] (¢] o (¢]

producing respectively P]év -1 P(év -1
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Proof. We must divide the algebra C' (Piv 71) by the relations associated to the diagrams
in the statement, as well as those associated to their shifted versions, given by:

[e] [e] [¢] [¢] o o [e] [¢] [¢] [¢]
o] [e] [¢] [¢] [e] o [¢] [¢] [¢] [¢]

(1) The basic crossing, and its shifted version, produce the relations p,, = pp, and
DPabPed = PacPbd- Now by using these relations several times, we obtain:

PabPcd = PacPbd = PcaPdb = PcdPab-

Thus, the space produced by the basic crossing is classical, P C Pév ~1 and by using
one more time the relations p.;, = ppa We conclude that P = Pﬂév -1

(2) The fattened crossing, and its shifted version, produce the relations pepped = DedPab
and papPedPef = PadPebPes- The first relations tell us that the projective space must be
classical, P C P(év ~1. Now observe that with Dij = %iZj, the second relations read:

ZaZbZcZdZeif = ZaZdZeZbZcif -
Since these relations are automatic, P = P(év ~1 and we are done. m
We can now formulate our projective classification result, as follows:
THEOREM 2.11. The basic three projective spaces, namely
P tepi~tcpy !,
are the only monomial ones, in the above sense.

Proof. We follow the proof from the affine case. Let R, be the collection of relations
associated to a permutation o € Sy with k € 2N| as in Definition [2.9

We fix a monomial projective space P C Piv ~1 and we associate to it a family of
subsets G, C Sy, as follows:

G = {0 € Sk |Rs hold over P}  (k even)
{0 € S| R\, hold over P} (k odd).

As in the affine case, we obtain in this way a filtered group G = (G},), which is stable
under removing outer strings, and under removing neighboring strings.

Thus the computations in the proof of Theorem [2.8] apply, and show that we have
only three possible situations, corresponding to the three spaces in Proposition [2.10] =

We will see later on, in Section 4, that the quantum isometry groups of the three
spheres and three projective spaces can be axiomatized as well, in a similar manner.

3. Quantum isometry groups. We discuss now the quantum isometry groups of the
three noncommutative spheres, and of the three projective spaces as well. We use the
compact quantum group formalism developed by Woronowicz in [23], [24], under the Kac
algebra assumption:
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DEFINITION 3.1. A finitely generated Hopf C*-algebra is a C*-algebra A, given with
a unitary matrix u € My (A) whose coefficients generate A, such that the formulae

Al(uij) Z Uik @ ukj,  e(uij) =65,  S(uiy) =uj;

define morphisms of C*-algebras A: A > A® A,e: A—C, S: A— A°PP,

The morphisms A, €, S are called comultiplication, counit and antipode. Observe that,
once the pair (A,u) is given, these morphisms can exist or not. If they exist, they are
unique, and we say that we have a finitely generated Hopf C*-algebra.

We have the following result, making the link with standard Hopf algebra theory:

PROPOSITION 3.2. Let (A, u) be a finitely generated Hopf C*-algebra.
(1) A, e satisfy the usual azioms for a comultiplication and a counit, namely:
(A®id)A = ([d® A)A
(e®id)A =(id®e)A =id.
(2) S satisfies the antipode axiom, on the x-subalgebra generated by entries of u:
m(S ®id)A =m(id ® S)A =e(-)1.
(3) In addition, the square of the antipode is the identity, S* =

Proof. By linearity, involutivity, mutiplicativity and continuity, it is enough to do all the
verifications on the coefficients of u. The two comultiplication axioms follow from:

(A @id)A(uij) = (i[d @ A)Aluy) =D uik @ ugs @ wy
kl

(e @id)A(u;5) = (id ® €) A(usj) = wj -
The two antipode axioms follows from the unitarity of u, as follows:

m(S @ id)A(ui;) Zuklum “u)ij = i
m(id ® S)A(uij) Zuzkujk = (uu’)y; = by

Finally, the extra antipode axiom 52 = id is clear from definitions. m

We say that A is cocommutative when YA = A, where ¥(a ® b) = b ® a is the flip.
We have the following result, which justifies the terminology and axioms:

ProprOSITION 3.3. The following are finitely generated Hopf C*-algebras:

(1) C(G), with G C Uy compact Lie group. Here the structural maps are:
A(p) = (g,h) = ¢(gh)
£(p) = (1)
S(p)=9— g™
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(2) C*(T), with Fxy — T finitely generated group. Here the structural maps are:

Alg)=9®g
e(g) =1
S(g)=g"

Moreover, we obtain in this way all the commutative/cocommutative algebras.

Proof. In both cases, we have to exhibit a certain matrix u. For the first assertion, we
can use the matrix u = (u;;) formed by matrix coordinates of G, given by

u11(g) u1n(9)
9= .
uni(g)  unn(9)
For the second assertion, we can use the diagonal matrix formed by generators:

a1 0

0 9N
Finally, the last assertion follows from the Gelfand theorem, in the commutative case,
and in the cocommutative case, this follows from the results of Woronowicz in [23]. m

Observe that the reduced group algebra C7 (I') is a finitely generated Hopf
C*-algebra as well, with the same defining matrix u, and with A e, S given by the
same formulae. In order to overcome this issue, we call A full when it is the envelop-
ing C*-algebra of the x-algebra generated by the coefficients of u. With this notion in
hand, we have:

DEFINITION 3.4. Given a finitely generated full Hopf C*-algebra A, we write
A=0C(G)=C*T)
and call G compact matrix quantum group, and I' finitely generated quantum group.

It follows from Proposition [3.3] that when A is both commutative and cocommutative,
G is a compact abelian group, I' is a discrete abelian group, and these two groups are in
Pontrjagin duality. With suitable terminology and notation, this Pontrjagin type duality
extends to the general case, and we write G =T, T = G. See [17], [23].

Let us discuss now the liberation question for the group Oy . First, we have:

ProPOSITION 3.5. We have the presentation result
C(ON) = Comm ((wig)ijmr,.. N |u =t u’ =u™t)

where C stands as usual for universal commutative C*-algebra.

comim
Proof. This follows from the Gelfand theorem, because the conditions u = 4, u* = v~}
show that the spectrum of the algebra on the right is contained in Op. Thus we have a

morphism from left to right, inverse to the trivial morphism from right to left. m

We can now proceed with liberation, in the same way as we did for the spheres:
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PROPOSITION 3.6. The following universal C*-algebras
C(O}) = O ((uig)ij=r,...v | u = t,u’ = u™")
C(Ox) = C(0%) / {abc = cba, Ya,b,c € {u;;})
are finitely generated Hopf C*-algebras, and On C Oy C Oj\}.

Proof. In order to prove the first assertion, consider the following three matrices, having
coefficients in the target algebras of the maps A, e, S to be constructed:
uZAj = Zuik @ Uy, ufj = 6ij s uf] = ’U,;Z
k

These matrices are all three orthogonal, so the structural maps ¢ = A,¢,S for the
algebra C(O%) can be defined by universality, by setting p(u;;) = u;’;

Regarding now the quotient C(O%;), here we know that the entries of « half-commute,
and it follows that the entries of u®,u®, u® half-commute as well. Thus, once again, we
can define the structural maps ¢ = A, ¢, .S simply by setting p(u;;) = ufj. ]

Summarizing, we have constructed quantum group analogues On C O} C Oj\', of the
noncommutative spheres S]]Ry -1c Sﬂg *_1 C Sﬂg ;1. Our task now will be to find quantum
group analogues of the various results in Sections 1-2. We will do this gradually.

We recall from [8] that the diagonal subgroup of (G,u) is the group dual FcaG
obtained by setting C*(I') = C(G)/(ui; =0, Vi # j), with the remark that this algebra
is indeed cocommutative. We have the following result, related to Proposition

PROPOSITION 3.7. The diagonal subgroups of the three orthogonal quantum groups are:
On C Oy C O
U U U
zy c zg¥ c V.

That is, we obtain in this way the noncommutative cubes of Sﬂgfl C Sg:l C S]g;l.

Proof. In order to do the computation for O?\',, we must take the universal algebra C' (O;{,)
from Proposition and divide by the relations u;; = 0, for ¢ # j. We obtain:

C*(T) = C* ((wis)im1,...~ |uis = uj; = uj;').

i
Thus I' = Z3", and then by taking the quotient by the relations abc = cba and ab = ba
we obtain respectively the groups Z$"V,Z% | as claimed. =

Regarding now the projective versions, we use here the following notion:

DEFINITION 3.8. Given a closed subgroup G C OX,, its projective version G — PG is
given by the fact that C(PG) C C(G) is the subalgebra generated by w;j qp = Uial;p-

Here the fact that PG is indeed a compact quantum group comes from the fact that
the matrix w = (wjq,j») is a corepresentation. As a basic example, in the classical case,
G C On, we obtain in this way the usual projective version, PG = G/(G N ZY).

We have the following result, coming from [§], [12]:



116 T. BANICA

THEOREM 3.9. We have an embedding of C*-algebras
* 0 Vi
C(0Y) € My(C(UN)) = usj — (U__ OJ)
i
where v;; are the standard coordinates on Uy . Also, PO% = PUy.
Proof. The fact that we have a morphism as above is clear from definitions, and the
equality PO} = PUn can be deduced from this, as in the sphere case. See [§].

Now with this equality in hand, the crossed product techniques explained in Section 1
apply to our situation, and show that the morphism is faithful. See [12]. »

Our goal now will be to prove that Oy C O} C OX} and their projective versions are
the quantum isometry groups of the three spheres and three projective spaces.
We use the following action formalism, inspired from [16], [21]:

DEFINITION 3.10. Consider a closed subgroup G C O]f,, and a closed subset X C Sﬁ;l.

(1) We write G ~ X when the formula ®(z;) = > ui, ® x4 defines a morphism of
C*-algebras @ : C(X) = C(G) ® C(X).
(2) We write PG ~ PX when the formula ®(z;2;) = >, UiaUjp ® xa2p defines a
morphism of C*-algebras ® : C(PX) — C(PG) ® C(PX).
As a first remark, in the case where the above morphisms ® exist, they are automat-
ically coaction maps, in the sense that they satisfy the following conditions:
(de®)?=(A®id)?, (®id)®=id.
We call a closed subset X C Sﬂg jrl algebraic when the quotient map C (Sﬂg ;1) — C(X)
comes from a collection of polynomial relations between the standard coordinates.
We have the following result, from [2]:

PROPOSITION 3.11. Assuming that X C Sﬂgzl is algebraic, there exist:
(1) A biggest quantum group G C O, acting affinely on X.
(2) A biggest quantum group G C OX, acting projectively on PX.
Proof. Assume indeed that there are noncommutative polynomials P, such that:
C(X)=C(SR N/ (Pa(z1,...,zn) = 0).
If we want to construct an action G ~ X, the elements ®(z;) = > ujq ® ¥, must satisfy

the relations satisfied by z1,...,xy. Thus, the universal quantum group G C O% as
in (1) appears as follows, where X; = Y_, ujq ® z, € C(0%) ® C(X):
C(G) = C(O)/(Pa(X1,...,XN) =0)
The proof of (2) is similar, by using the variables X;; = Y , wiqUjp ® ToTp. w
We have the following result, with respect to the above notions:
THEOREM 3.12. The quantum isometry groups of the spheres and projective spaces are
On C Oy C Of
A 2 \
POy C PUy C POY,.

with respect to the affine and projective action notions introduced above.
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Proof. The fact that the three quantum groups on top act affinely on the corresponding
three spheres is known since [5], and is elementary. By restriction, the three quantum
groups on the bottom have actions on the corresponding three projective spaces.

We must prove now that all these actions are universal. At right there is nothing to
prove, so we are left with studying the actions on Sﬂg_l, Sﬂg;l and on Pﬂév_l, PCN_l.

SN~ Here the fact that the action Ox ~ S§ ' is universal is known from [10], and
follows as well from the fact that the action POy Pnév ~1 is universal, proved below.

S]g *_1: The situation is similar here, with the universality of Oy ~ Sﬁ{ - being
known since [5], and following as well from the universality of PUy P(év ~1. proved
below.

P]év_lz In terms of the projective coordinates wijap = Uieujp and p;; = x;x;, the
coaction map is given by ®(pi;) = >_ ., Wij,ab @ Pab, and we have:

O (pij) = Z(wij,ab + Wijpa) @ Pab + Z Wij.aa @ Paa

a<b a
q)(pjz) = Z(wji,ab + wji,ba) @ Pab + Z Wiji aa ® Paa-
a<b a

By comparing these two formulae, and then by using the linear independence of the
variables pqp, = x,7p for a < b, we conclude that we must have

Wij.ab + Wijba = Wii,ab T Wji ba-

Let us apply now the antipode to this formula. For this purpose, observe first that
S(Wijap) = S(Uiatjp) = S(wjp)S (Uia) = UpjUai = Whq,ji- Thus by applying the antipode
we obtain Wea,ji + Wab,ji = Wea,ij + Wap,ij, and by relabelling, we obtain

Wjiba T Wij,ba = Wji,ab + Wij,ab-

Now by comparing with the original relation, we obtain w;; ., = wjs pe. But, with
Wijab = WiaUjp, this formula reads wi ujp = wjpie. Thus our quantum group G C Oﬁ
must be classical, G C Oy, and so PG C POy, as claimed.

P(évfl: Consider a coaction map, written as ®(p;;) = Y, UiaUjp @ Pab, With pap =
ZaZp- The idea here will be that of using the formula pepped = Padper. We have:

D(pijpri) = Z UiqUjbUkcUld @ PabPed
abed

@ (puprj) = Z UiqUldUkeWjb @ DadPch-
abed
The terms at left being equal, and the last terms at right being equal too, we deduce
that, with [a, b, c] = abc — cba, we must have the following formula:

E Uia[Wjb, Uke, Ud) @ PapPed = 0.
abed

Now since the quantities pepped = 2aZb2czq at right depend only on the numbers
{a,c}|, |{b,d}| € {1,2}, and this dependence produces the only possible linear relations
between the variables pgppeq, we are led to 2 x 2 = 4 equations, as follows:

(1) wiq[wjp, Ukq, wp] = 0, Va, b.

(2) wia[Ujb, Uka, Urd] + Wia[UWjd, Uka, uip) = 0, Va, Vb # d.
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(3) wiq[Ujb, Uke, Uib] + Uic[WUjb, Ukas U] = 0, Ya # ¢, Vb.
(4) iq[Wjp, Uke, Wid] + Wia[Ujd, Uke, U] + Uic[Ujb, Uka, Wid] + Uic[Ujd, Uka, wp] = 0,
Ya # ¢, Vb # d.
We will need in fact only the first two formulae. Since (1) corresponds to (2) at b = d,
we conclude that (1), (2) are equivalent to (2), with no restriction on the indices. By
multiplying now this formula to the left by u;,, and then summing over i, we obtain

[Wjbs Uka, Uid] + [Wjd, Ukas wp] = 0.
By applying the antipode we get [war, Uak, Up;] + [Ubi; Uak, ugj] = 0, and by relabelling:
[Uid, Ukas Ujp] + [Wjd, Ukas wp] = 0.

Now by comparing with the original relation, we obtain [w;p, Uke, Uia] = [Ujd; Uka, U] = 0.
Thus our quantum group is half-classical, G C O%;, and we are done. m

4. Representation theory. In this section we discuss the quantum group analogues of
the axiomatization results obtained in Section 2. We use representation theory methods,
from [23], [24].

Let G be a compact matrix quantum group, with defining matrix u = (u;;). We let
C*(G) C C(G) be the dense x-subalgebra generated by the coefficients of u. Observe
that in the classical case this is indeed the algebra of smooth functions on G.

Our basic object of study will be the corepresentations of C(G):

DEFINITION 4.1. A finite-dimensional smooth unitary corepresentation of C(G) is a uni-
tary matrix U € Mg (C*(G)), satisfying A(U;;) = >, Ui ® Uy; and €(Uy;) = 6.

When G is classical, the corepresentations of C(G) correspond to the representations
of G. Also, when G = Tisa group dual, the group elements g € I' are one-dimensional
corepresentations of C*(I'), and, as explained in [23], each corepresentation of C*(T")
decomposes as a direct sum of such one-dimensional corepresentations.

In general now, the defining matrix u = (u;;) is a corepresentation, called the funda-
mental one. By tensoring this corepresentation with itself, we obtain a whole family of
corepresentations of C'(G), indexed by the positive integers k € N:

®k _ (4. . P
u - (ullh e ulk]k)ll---lleu-Jk'

Observe that by tensoring v with its complex conjugate we can obtain a bigger family
of corepresentations, indexed by the words k € NxN. However, since our quantum groups
have a self-conjugate fundamental representation, we will not need this extension.

We will be interested in computing Schur—Weyl categories, defined as follows:

DEFINITION 4.2. Given G C O%;, the collection C' = (Cy;) of the linear spaces
Cr = Hom(u®", u®")
where u is the fundamental corepresentation, is called the Schur—Weyl category of G.

The Tannakian duality results found by Woronowicz in [24] show that this category
completely determines (G, u). To be more precise, given a collection of linear spaces
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Cr C L((CN)®F (CN)®!) which form a tensor C*-category with duals, the associated
compact matrix quantum group (G, u) can be constructed as follows:

C(G) = C*((uij)i)j:17,,,,N IT S Hom(u®k,u®l), Vk‘,l S N, VT € Ckl)-

Let us go back now to our quantum groups, On C O C O;{,. It is known since
Brauer [I3] that the Schur-Weyl category for Oy is spanned by certain linear maps
“coming from pairings”, and this fundamental result will be our guiding fact.

Let us denote by P»(k,l) the set of pairings between an upper row of k points, and a
lower row of | points. Observe that Pa(k,l) = 0 for k 4+ [ odd. We have:

DEFINITION 4.3. Associated to ™ € Py(k, 1) is the linear map T}, : (CV)®k — (CN)®!

T(e;, ®...0€;) = E O <ji ;) e, ®...Q0e¢;j
=

where 0, € {0,1} is the Kronecker type symbol associated to .

To be more precise, in order to construct d.(%) € {0,1}, let us put the indices of
i = (41,...,%) on the upper k points of 7, and the indices of j = (j1,..., ;) on the lower
[ points of 7. If there is at least one string of 7 joining distinct indices, we set 0, (;) =0.
Otherwise, when all strings of 7 join pairs of equal indices, we set §, (;) =1.

Here are a few basic examples of such maps, of interest in what follows:

T =id, Th(1)=) e;i®ei, Tule;@e;) =6y,
i
Ty(ei®ej) =ej@e;, Tylei®e;Rer) =erQe;@e;.

Let us first prove that the usual categorical operations on the linear maps T, namely
the composition, tensor product and conjugation, are compatible with the usual cate-
gorical operations on the pairings, namely the composition (7,0) — [Z], the horizontal
concatenation (m,0) — [ro], and the upside-down turning © — 7*. We have:
PROPOSITION 4.4. The assignment m — Ty is categorical, in the sense that

T ® Ty = Tino), Talo = N Ty, Tk =Ty

where ¢(w,0) is the number of closed loops obtained when composing.

Proof. The concatenation axiom follows from the following computation:

(TW®TU)(ei1®...®eip®ekl®...®ekr)

Z 25 Z'p 5, ki ...k e, ®...Q0¢€j, Ve, ®...Q0¢
i Lo, ’ ’

el .o Jq
- ¥ Zém]( b b l>ej1®...®ejq®eh®...®els

:T[W}(eil R...0€, e, ®...Qex,).
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The composition axiom follows from the following computation:

TrTs(ei, ®...®e;,)
Z(S ( . ) Z(g <.]1 '."]Z:q)ek,j@"’@ekr
Py .o Ky
Z Nc7ra)6 : ip
k;l k) R E B
= Nc(ﬂ"a)T[gr](eil e eip).

Finally, the involution axiom follows from the following computation:
T;‘(ejl R...Q ejq)
= Z <T:(€j1 R ... ®€jq),6i1 ®...®6ip>€i1 ®...®€Z’p

i1y

Z(S ( "';.p>ei1®~-~®ei —T (eh .®ejq)~
<o Jq

7,1 Z

Summarizing, we have proved that our correspondence is indeed categorical. m
We will need as well the following result:
PROPOSITION 4.5. For a closed subgroup G C O%;, the following hold:
(1) Ty € End(u®?) precisely when G C Oy.
(2) Ty € End(u®?) precisely when G C Oy,.
Proof. We use the formulae of Ty, Ty given after Definition
(1) By using Ty(e; ® e;) = e; ® e;, we have the following formulae:

(Ty @ 1)u®?(e; ®e; @ 1) = Zel ® e @ Upiur;
kl
T @1)(e;®e;@1) = Zel ® er @ Uil -
ki
We therefore obtain the commutation relations ab = ba, and we are done.
(2) By using Ty (e; ® ¢; ® ex) = ex ® e ® ¢4, we have the following formulae:

(Ty @ u®(e; ®ej Qe ®1) = Z € @ €p @ €q & UqaiUbjUck

abe

P ol)(e0e@e@1) = Z e @ ep ® eq @ UckUpjUai -

abe

We therefore obtain the half-commutation relations abc = cba, and we are done. m

We can now formulate the Brauer theorem, as well as its noncommutative generaliza-
tions, regarding O}, OX,. Let us call a pairing “balanced” if, when labelling cyclically its
legs @ o e o ..., each string connects a black leg to a white leg. We have:

THEOREM 4.6. The spaces Cy; for the quantum groups On C Oy C Oj\', are respectively
span(Ps(k,1)) D span(P; (k1)) D span(NCs(k,1))

where Py D Py D NCYy are the pairings, balanced pairings, and noncrossing pairings.
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Proof. This follows indeed from Propositions [£.4] and and from the Tannakian du-
ality results established by Woronowicz in [24]. Indeed, by Proposition each of the
three collections of spaces in the statement is a tensor C*-category, which must therefore
correspond to a certain quantum group G C O"A}. But Proposition shows that these
quantum groups are exactly those in the statement, and we are done. =m

*

As a first application, we will prove that, under suitable axioms, O} is the only
intermediate object Oy C G C O, and PUy is the only intermediate object POy C
G C POY. In order to formulate our statement, we recall the following notion, from [7]:

DEFINITION 4.7. An intermediate quantum group Oy C G C OF; is called easy when
span(NCy(k,1)) € Hom(u®*, u®') C span(Ps(k,1))
comes via Hom(u®* u®!) = span(D(k, 1)), for certain sets of pairings D(k,1).

Observe that Oy, Oy, O?\', are all easy, due to Theorem

In general now, in the context of the above definition, observe that by “saturating”
the sets D(k,1), we can always assume that the collection D = (D(k,1)) is a category of
pairings, in the sense that it is stable under the vertical and horizontal concatenation,
and the upside-down turning, and contains the semicircle. See [7].

With the above notion in hand, we have the following result, from [g]:

THEOREM 4.8. The only intermediate easy quantum groups
On CG C O}
are the basic orthogonal quantum groups, On C Ox C Oj\',.

Proof. We agree that the points of a pairing m € Py(k,l) are counted counterclockwise
starting from bottom left, and modulo k +I. For i = 1,2,...,k + [ we denote by 7 the
partition obtained by connecting with a semicircle the i-th and (i + 1)-th points. The
partitions 7 will be called “cappings” of 7, and will be generically denoted by 7’.

Step I. Let m € P, — NC5, having s > 4 strings. Our claim is that:

(1) If 7 € P, — Py, there exists a capping n’ € Py — Py.
(2) If m € Py — NCy, there exists a capping 7’ € Py — NCs.

Indeed, we can use a rotation in order to assume that 7 has no upper points. In other
words, our data is a partition m € P5(0,2s) — NC5(0,2s), with s > 4.

(1) The assumption 7 ¢ Pj tells us that 7 has certain strings having an odd number
of crossings. We fix such an “odd” string, and we try to cap m, as for this string to remain
odd in the resulting partition 7’. An examination of all the possible pictures shows that
this is possible, provided that our partition has s > 3 strings, and we are done.

(2) The assumption m ¢ NCj tells us that 7 has certain crossing strings. We fix such
a pair of crossing strings, and we try to cap m, as for these strings to remain crossing
in 7. Once again, an examination of all the possible pictures shows that this is possible,
provided that our partition has s > 4 strings, and we are done.

Step II. Consider a partition m € Py(k,l) — NCs(k,l). Our claim is that:

(1) If w € Pa(k,1) — P;(k,1) then () = P,.
(2) If 7 € Py(k,l) — NC2(k,1) then (m) = Pj.
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This can be proved by recurrence on the number of strings, s = (k +1)/2. Indeed, by
using the results in Step I, at any s > 4 we have a descent procedure s — s — 1, and this
leads to the situation s € {1,2, 3}, where the statement is clear.

Step III. Assume now that we are given an easy quantum group Oy C G C O"A},
coming from certain sets of pairings D(k,l) C Py(k,1). We have three cases:

(1) If D ¢ Py, we obtain G = Oy

(2) If D C P, D ¢ NCsy, we obtain G = O}.

(3) If D C NCs, we obtain G = O%. =

In the projective case now, we have the following notion, from [6]:
DEFINITION 4.9. A projective category of pairings is a collection of subsets
NCy(2k,2l) C E(k,1) C Py(2k,2l)
stable under the usual categorical operations, and satisfying 0 € E = |o| € E.

As basic examples here, we have the categories NCy C Py C P», where Pj is the
category of balanced pairings. This follows indeed from definitions.
Now with the above notion in hand, we can formulate:

DEFINITION 4.10. A quantum group POy C H C POX, is called projectively easy when
span(NCy(2k, 21)) € Hom(v®* v®') C span(Py(2k, 21))
comes via Hom(v®*, v®!) = span(E(k,1)), for a certain projective category E = (E(k,1)).

Observe that, given any easy quantum group Oy C G C O;{,, its projective version
POy C PG C POX, is projectively easy in our sense. In particular the quantum groups
POy C PUy C POY; are all projectively easy, coming from NCy C Py C P;.

We have in fact the following general result:

PROPOSITION 4.11. We have a bijective correspondence between the affine and projective
categories of partitions, given by G — PG at the quantum group level.

Proof. The construction of correspondence D — E is clear, simply by setting:
E(k,1) = D(2k,21).
Conversely, given E = (E(k,[)) as in Definition we can set:
E(k,l k,l
Dy - [E0D (k. 1 evem)
{o:lceE(k+1,1+1)} (k1 odd).

Our claim is that D = (D(k,1)) is a category of partitions. Indeed:
(1) The composition action is clear. Indeed, when looking at the numbers of legs
involved, in the even case this is clear, and in the odd case, this follows from:

lo,re E = |7€¢ E = Z¢€D.
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(2) For the tensor product axiom, we have four cases to be investigated. The even/even
case is clear, and the odd/even, even/odd, odd/odd cases follow respectively from:

lo,T€e B = JoTr€ E = o7 €D
o,JTeE = |o|,|T€F = |o|lr€F = |oT€E = o7 €D
lo,|T€e E = |lo|,|IT€ E = |lo||r€ E = o7 € E = o7 € D.

(3) Finally, the conjugation axiom is clear from definitions.
Now with these definitions in hand, both compositions D - F —+ Dand F - D — FE
follow to be the identities, and the quantum group assertion is clear as well. m

Now back to the uniqueness issues, we have here:
THEOREM 4.12. The only intermediate projectively easy quantum groups
POy C G C PO
are the basic projective quantum groups, POny C PUyx C POJ"\',.

Proof. This follows from the uniqueness result in the affine case, Theorem [4.8] and from
the duality established in Proposition m

We refer to [I9] for further results regarding the easy quantum groups.

5. The Weingarten formula. In this section we develop the integration theory over
the quantum groups O, and then over the associated spheres Sn]zx ;1, by using ideas from
81, 51, [, 22

Assume first that G is an arbitrary compact quantum group. We have:

DEFINITION 5.1. The unique positive unital linear form | : C(G) — C satisfying

(id®/>A(go): (/®id)A(<p):/<p
for any ¢ € C(G) is called Haar functional of G.

The existence of the Haar functional can be established by starting with an arbitrary
positive unital linear form f : C(G) — C, and then by performing convolution powers,
with the convolution product being given by fx g = (f ® g)A:

Let us also mention that, due to our restricted axioms, assuming S? = id, the Haar
functional is a trace. We refer to Woronowicz’s paper [23] for the proof of these facts.
At the level of basic examples, the situation is as follows:

PROPOSITION 5.2. The Haar functional is as follows:
(1) In the classical case, [ is theAintegmtion with respect to the Haar measure.
(2) In the group dual case, G =T, the integration is given by [ g =841, Vg € T.
Proof. These assertions are both elementary, as follows:
(1) When G is classical we must have [ = [, ¢(g)du(g), for a certain probability

measure g. The conditions in Definition [5.1] express the fact that g must be left and right
invariant, pu(gX) = u(Xg) = p(X). Thus g must be the Haar measure of G.
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(2) When G = Tisa group dual, the group elements g € I" span the dense subalgebra
C[I'] ¢ C*(TI"), and the invariance conditions in Definition applied to them simply
read g [ g =g [ g = [g. Thus the Haar functional is given by [ g = d4; in this case. =

In practice, f can be computed by using representation theory, by using:

PROPOSITION 5.3. For any corepresentation U € My (C(Q)), the operator
p= (id®/)U € Mg(C)

is the orthogonal projection onto the space Fix(U) = {x € CK |U(z) =z ® 1}.
Proof. The invariance conditions in Definition applied to ¢ = U;; read:

Z Ui Prj = ZpikUkj = Py.
k k
Thus UP = PU = P, and this gives the result. See Woronowicz [23]. =

Now back to our orthogonal quantum groups, the Schur—Weyl duality results obtained
in Section 4, along with a linear algebra trick, give the following result:

THEOREM 5.4. We have the Weingarten formula

/Ox Wiy gy oo WUigjp, = Z 5ﬂ(i)5a(j)WkN(7T,0)

N m,oeP, (k)
where Wiy = G,;;,, with Gyy(m,0) = NI™vel and where § are Kronecker type symbols.

Proof. In view of the above, let us arrange all the integrals to be computed, at a fixed
value of k € N, in a single big matrix, of size N*¥ x N¥, as follows:

Py iggrin Z/ Wiygy -+ - Wipjig -
OX

N

By using Proposition [5.3] and then Theorem [£.6] this matrix P is the orthogonal
projection onto the following linear space:

Fix(u®*) = Hom(1,u®*) = span (&, |7 € Py (k)).

By a standard linear algebra computation, it follows that P = WE, where E(x) =
ZWQP; (k) (T: &x)&r, and W is the inverse on span(Tx |7 € Py (k)) of the restriction of E.
But this restriction is the linear map given by G, so W is the linear map given by Wy,
and this gives the formula in the statement. m

We recall now that the uniform measure on S’]{{y ~1 is the unique probability measure

which is invariant by rotations. In the case of the half-liberated sphere S’Ifg ;1 and of the
—1

free sphere Sﬂg |, establishing such a uniqueness result is a quite non-trivial task, and

we will have to use the Weingarten formula. Let us begin with:

DEFINITION 5.5. We endow C (Sﬁf ;1) with its canonical trace, coming as the composition
tr: O(SY 1) — C(0%) = C

of the morphism given by z; — u1;, and of the Haar integral of Oy.
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Observe that the morphism C (SHQ{ 1) = C(O%) is indeed well-defined, because the
variables X; = uy; satisfy the defining relations for the coordinates of Sﬂg ;1.

In the classical case, we obtain in this way the integration with respect to the uniform
measure on S]f{y ~1. This is well-known, and follows as well from the results below.

In general now, let us first find an abstract characterization of this canonical trace,
via invariance, similar to the one from the classical case. We will need:

PROPOSITION 5.6. The canonical trace tr : C(Sﬁ;l) — C has the ergodicity property
(I ®id)® = tr(-)1
where I is the Haar functional of O}, and ® is the coaction map.

Proof. It is enough to check the equality in the statement on an arbitrary product of
coordinates, x;, ...x;,. The left term is as follows:

(I@ld)‘b(l‘“ .. 1‘“) = Z I(uiljl . .uikjk,)le <o Ly

Z > (D)o () Wan(m, o)y, .. 3,
Ik ,o€P) (k)
= Z Sr ()Y Win (7, 0) Z do()zjy - Ty -
m,0EP (k) Ji---Jk

Let us look now at the last sum on the right. The situation is as follows:

(1) In the free case we have to sum quantities of type z;, ...xz;,, over all choices of
multi-indices j = (j1,...,jx) which fit into our given noncrossing pairing o, and just by
using the condition Y, z? = 1, we conclude that the sum is 1.

(2) The same happens in the classical case. Indeed, our pairing o can now be crossing,
but we can use the commutation relations z;z; = z;z;, and the sum is again 1.

(3) Finally, the same happens as well in the half-liberated case, because the fact that
our pairing ¢ has now an even number of crossings allows us to use the half-commutation
relations z;r;r, = xx;x;, in order to conclude that the sum to be computed is 1.

Thus the sum on the right is 1, in all cases, and we get:

(I@id)®(z;, ...7i,) = > (i) Win(m,0).
m,0eP,) (k)
On the other hand, another application of the Weingarten formula gives:
tI‘(,CL‘il e .CL‘ik> = I(ulil e uh‘k)
= > W ()Win(m,o)= > Ge(i))Win(m,0).
m,oEP,) (k) m,0eP; (k)
Since the Weingarten function is symmetric in 7, o, this gives the result. m

With the above ergodicity result in hand, we can now formulate an abstract charac-
terization of the trace constructed in Definition as follows:

THEOREM b5.7. There is a unique positive unital trace tr : C’(Sﬂg;l) — C satisfying
(id@tr)®(z) = tr(x)1

where ® is the coaction map, and this is the canonical trace.
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Proof. First of all, it follows from the invariance condition in Definition applied to
G = Oy, that the canonical trace has the invariance property in the statement.
In order to prove now the uniqueness, let 7 be as in the statement. We have:

TI®id)®(z) = I @ 7)®(z) = I([d @ 7)®(x) = I(7(z)1) = 7(z).
On the other hand, according to Proposition we have as well:
T(I ®id)®(x) = 7(tr(x)1) = tr(x).
Thus we obtain 7 = tr, and this finishes the proof. m

We discuss in what follows the various properties of tr. As a first observation, in
practice we can always do our computations over Oy, because we have:

PrOPOSITION 5.8. The following algebras, with generators and traces, are isomorphic,
when replaced with their GNS completions with respect to their canonical traces:

(1) The algebra C(Sﬂg;l), with generators Ti,...,TN.
(2) The row algebra Ry, C C(Oy) generated by uqs, ..., uiN-.

Proof. Consider the quotient map « : C(Sﬂg ;1) — Ry, which was used for construct-

ing tr. The invariance property of the integration functional I : C(Oy) — C shows that
tr’ = Iw satisfies the invariance condition in Theorem 5.7} so tr = tr’. Together with the
positivity of tr and with the basic properties of the GNS construction, this shows that =
induces an isomorphism at the level of GNS algebras, as claimed. m

We make now the following convention, for the reminder of this section:

DEFINITION 5.9. We agree from now on to replace each algebra C(Sﬂg;l) with its GNS
completion with respect to the canonical trace.

As a first observation, the classical sphere S]g ~1 is left unchanged by this modification,
because the trace comes from the usual uniform measure on it. The same happens for the
half-liberated sphere SH]{X ;1, due to the injectivity of the morphism in Theorem The
free sphere S]fg jrl, however, is probably “cut” by this construction, for instance because
this happens at the quantum group level, where OX, is not coamenable.

With the above convention in hand, we can now discuss the geometry of our spheres.
Our main result here will be the fact that, with a suitable formalism, the universal affine
actions constructed in Section 3 are “isometric”. Let us begin with:

DEFINITION 5.10. Given a compact Riemannian manifold X, we denote by Q!(X) the
space of smooth 1-forms on X, with scalar product given by

(w,1) = /X (w(z), n(z)) dz

and we construct the Hodge Laplacian A : L?(X) — L?(X) by setting A = d*d, where
d: C*®(X) — Q}(X) is the usual differential map, and d* is its adjoint.

According to a standard result in differential geometry, the isometry group G(X) is
then the group of diffeomorphisms ¢ : X — X whose induced action on C*°(X) commutes
with A. Following now Goswami [16], we can formulate:
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DEFINITION 5.11. Associated to a compact Riemannian manifold X are:

(1) Diff " (X): the category of compact quantum groups acting on X.
(2) G*(X) € Diff " (X): the universal object with a coaction commuting with A.

Here the coactions ® : C(X) — C(G) ® C(X) must satisfy by definition the axioms
in Section 3, as well as the following smoothness assumption:

D(C®(X)) C C(G) ® C°(X).

As for the commutation condition with A in (2) above, this regards the canonical
extension of the action to the space L?(X). For details here, see [16].

Let us discuss now the case of the noncommutative Riemannian manifolds. We use
here some very light axioms, inspired from Connes’ ones from [I5]:

DEFINITION 5.12. A compact spectral triple X = (A, H, D) consists of the following;:

(1) A is a unital C*-algebra.

(2) H is a Hilbert space, on which A acts.

(3) D is an unbounded self-adjoint operator on H, with compact resolvents, such that
[D, ¢] has a bounded extension, for any ¢ in a dense x-subalgebra 4 C A.

The guiding examples come from the compact Riemannian manifolds X. Indeed,
associated to X are several triples (A, H, D), with A C A being C>*°(X) C C(X):

(1) H is the space of square-integrable spinors, and D is the Dirac operator.
(2) H is the space of forms on X, and D is the Hodge-Dirac operator d + d*.
(3) H = L*(X,dv), dv being the Riemannian volume, and D = d*d.

Here the first example is the most interesting one, because under a number of supple-
mentary axioms, a reconstruction theorem for X holds, in terms of (A4, H, D). See [15].
In view of Definition (2), however, the last example will be in fact the one that we
will be interested in. Once again following Goswami [16], we have:

DEFINITION 5.13. Associated to a compact spectral triple X = (A, H, D) are:

(1) Difft(X): the category of compact quantum groups acting on (A, H).
(2) G*(X) € Diff*(X): the universal object with a coaction commuting with D.

In other words, GT(X) must have a unitary representation U on H which commutes
with D, satisfies Ul4 = 1 ® 14, and is such that ady maps A" into itself.

Now back to our spheres, we will construct now a spectral triple, satisfying the condi-
tions in Definition The idea is to use the inclusion S]fg “1c SH]{X ;1, and to construct
the Laplacian filtration as the pullback of the Laplacian filtration for Sﬂg -1

More precisely, we have the following construction:

PROPOSITION 5.14. Associated to S’I{g;l is the triple (A, H, D), where A = C(S]fg;l),
and where D acting on H = L?(A, tr) is defined as follows:

(1) Set Hy, = span(z;, ...z, |r < k).
(2) Define Ey, = Hy N Hi-,, so that H = @, Ex.
(3) Finally, set Dx = Az, for any x € Ey, where A\ are distinct numbers.
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Proof. We have to show that [D,T;] is bounded, where T; is the left multiplication by ;.
Since z; € A is self-adjoint, so is the corresponding operator T;. Now since T;(Hy) C
Hp 11, by self-adjointness we get T;(H) C Hi- ;. Thus
T;(Ey) C Ex—1 ® Er ® Exy1.
This gives a decomposition of type T; = T; ' + T + T}'. Tt is routine to check that
[D,Tf] = oT® for any o € {—1,0,1}, and this gives the result. m
As an illustration, in the classical case the situation is as follows:

PROPOSITION 5.15. For the sphere S§ ~' we have D = f(\/d*d), where

f(s) :1—§+%\/4s2+(N—2)2.

In particular, the eigenspaces of D and v/d*d coincide.

Proof. This follows from the well-known fact that v/d*d diagonalizes as in Proposition
the corresponding eigenvalues being k(k + N — 2), with k € N. n

In general, it is quite unclear what the eigenvalues should be. This question, raised
some time ago in [5], is still open. However, with our formalism, we can now prove:

THEOREM 5.16. We have G*(S3' ") = OF.

Proof. Consider the coaction map  : C’(Sﬂgf);l) — C(0y) ® C’(Sﬁ{;l). This extends to
a unitary representation on the GNS space H, that we denote by U. We have ®(H}) C
C(O)) ® Hy, which reads U(Hy) C Hy. By unitarity we get as well U(H{) C Hjt, so
each Ej is U-invariant, and U, D must commute. We conclude that & is isometric with
respect to D. Finally, the universality of Oy follows from Theorem m

6. Hyperspherical laws. In this section we investigate the problem of computing
the integral over the spheres Sﬂz{y -1 c Sﬂg ;1 C S]g jrl of polynomial quantities of type
Lijy oo e Ly,

As a first observation, we have the following elementary result:

ProrosIiTION 6.1. We have the formula

/ Tjy o Ty dr =0
SN71 .
R, X

unless each x; appears an even number of times.

Proof. This follows from the fact that for any 7 we have an automorphism of C (Sﬂg ;1)
given by x; — —x;. Indeed, this automorphism must preserve the trace, so if x; appears
an odd number of times, the integral in the statement satisfies I = —I,s0o I =0. =

In order to compute the remaining integrals, which are non-trivial, we can use the
Weingarten formula, adapted to the sphere case. The statement here is:

PROPOSITION 6.2. We have the Weingarten type formula
/N—lxil coomy, dr = Z 05 () Z Win (7, 0)
Sk, x c€P) (k) TPy (k)

where Wiy = G,:ﬁ,, with Gy (7,0) = NI™vel and where § are Kronecker type symbols.
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Proof. This follows indeed from the Weingarten formula for the quantum groups, via the
identification z; = u1; coming from Proposition n

As an illustration, we can recover in this way the vanishing result in Proposition [6.1
Indeed, if some x; appears an odd number of times, J, (i) = 0 for any o.

As an application now, we will compute the N — oo behavior of the hyperspherical
laws. For this purpose, we will need some standard facts from free probability theory [9],
[18], [20]. Assume that (A,tr) is a C*-algebra with a trace. We have:

DEFINITION 6.3. The law of a = a* € A is the real probability measure given by

tr(ak) = / 2* du(zx).
R
Equivalently, ¢ comes from the restriction tr : C(X) C A — C, where X = Spec(a).

We recall that the real Gaussian distribution, appearing in classical probability theory
via the central limit theorem (CLT) has as density \/%76_12/ 2 da.

In Voiculescu’s free probability theory, the CLT procedure makes sense as well, and
converges to the semicircle law on [—2, 2], having density i\/él —x?dx.

Finally, let us recall that the moduli of the complex Gaussian variables are called
Rayleigh variables. We refer to [9], [18], [20] for all this material.

Now back to the noncommutative spheres, our result here is:

THEOREM 6.4. With N — oo, the variables v/ Nzx; € C(Sﬁ;l) are as follows:
(1) S&~*: real Gaussian.
(2) Sﬂg*_lz symmetrized Rayleigh.
(3) Sﬁ;lz semicircular.
Proof. We use the Weingarten formula, from Proposition [6.2] Since with N — oo the

Gram matrix Gyn (7, 0) = NI™V°l is asymptotically constant, Gy (7, 0) =~ 6, , N¥/2 its
inverse is asymptotically constant as well, Wiy (7, 0) =~ 6, N —k/2 and so

/N zil...zikdsz’k/z Z 0o (1).
i (k)

—1
» X z7€P2><
With this formula in hand, we can compute the asymptotic moments of each coordi-
nate x;. Indeed, by setting i1 = ... =i, = i, all Kronecker symbols are 1, hence

/ a¥ do ~ N7F 24P (k)).
Six

Thus the even asymptotic moments of v/ Na; are the numbers # (P, (21)), which are

equal respectively to (2)!!, 1!, l-s%l (QZI), and this gives the result. m
Regarding now the “V fixed” problematics, we first have the following result:

PROPOSITION 6.5. The spherical integral of xi, ...x;, wvanishes, unless each a from

{1,..., N} appears an even number of times in the sequence iy, ..., i,. We have
J (N =D !
Ti ...x;, dr = .
SN ' 'k (N+> 1, =1

where m!! = (m — 1)(m — 3)(m —5) ..., and l, is this number of occurrences.
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Proof. First, the result holds indeed at N = 2, due to the following well-known formula,
where £(p) = 1 when p € N is even, and (p) = 0 when p is odd:
/Tr/2 cosP tsin?tdt = (z)E(p)E(q) _ pat .
0 2 (p+q+
In general now, in view of Proposition we can restrict attention to the case [, € 2N.
The integral in the statement can be written in spherical coordinates, as follows:

9N /2 /2
:7/ / xlll...mk}’Jdtl...dtN_l.
Vv 0 0

Here V is the volume of the sphere, J is the Jacobian, and the 2V factor comes from
the restriction to the 1/2V part of the sphere where all the coordinates are positive.
The normalization constant in front of the integral is

2N 2N N 2\ [V/2]
- - . _ = (= — 1\

e ) = () -
As for the unnormalized integral this is given by:

/ / (costy) ll (sin ¢y costg) .........

(sinty sinty...sintn_ocosty_ 1)1 -1

(sinty sinty...sinty_osin tN,l)lN
sin?¥ =2 t1 sin?V—3 to .. .sin? ty_ssinty_odty...dtn_1.

By rearranging the terms, we obtain:

/2
I = / cosht t1 sinf2 T Hin+N=2 t1 dty
0
w/2
/ cos!? tosinfetFINEN=S gy L
0
/2
/ COSlN*2 tN,Q SiIllN*l—i_lN-"_1 tN,Q dtN,Q
0

/2
/ costN1 g sintV ty_q din_q .
0
Now by using the above-mentioned formula at N = 2, this gives:
W+ ...+Iy+N-=2)I (w)a(N—2)
(ll—l—...—l—lN-i-N—l)”

I'=
2

LNIs+ ...+ + N =3Il yr\e(N=3)
(lo+...+1y + N =2)! (5)
I Iy +In+ DIy
(IN—o+in—1+In+2)1 (5)
In—1 M n! 1\ £(0)
(ZN71 + Iy + 1)!! (5)
Now observe that the various double factorials multiply up to quantity in the state-
ment, modulo a (N — 1)!! factor, and that the 7 factors multiply up to (3 Y)IN/2 Thus by
multiplying with the normalization constant, WC obtain the result. m
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In the case of the half-liberated sphere, we have the following result:

PROPOSITION 6.6. The half-liberated integral of z;, ...x;, vanishes, unless each index a
appears the same number of times at odd and even positions in iy, ...,ir. We have
2N — Dt !
/ xil...xikd$:4zli< )'h
STJRY:I ) (2N+ZZZ—1)'

where l, denotes this number of common occurrences.

Proof. In view of Proposition[6.1} we can assume that k is even, k = 21. The corresponding
integral can be viewed as an integral over Sév ~1. as follows:

I = Ziléig . Zizl—lgizl dz.
gN-1

Now by using the same argument as in the proof of Proposition [6.1} but this time
with transformations of type p — Ap with |A\| = 1, we see that I vanishes, unless each z,
appears as many times as z, does, and this gives the first assertion.

Assume now that we are in the non-vanishing case. Then the [, copies of z, and the
l, copies of Z, produce by multiplication a factor |z,|*, so we have:

= / 22 a2 de.
SN71

C

Now by using the standard identification Sévfl ~ SﬁNﬁl, we obtain:

I= / (@2 1) (R + y%)' d(zy)
S]EN71

= Z <11> (ZN) / x%ll_zmyf“ ...x%N_QTNyIZVTN d(z,y).
1 S];N—l

N
T1...TN

By using the formula in Proposition we obtain:
= Z ll ZN (2N71)”(27’1)”(27’]\/)”(2[1721"1)”(2[]\/727"1\/)”
T1...TN " N (2N+221’L_1)”

Z ll ZN (2N71)!(27“1)!...(2?”1\/)!(2[1727’1)!...(2[]\/727”1\])!
oy 1 N (2N+Zl1_1)'r1'TN'(ll_Tl)'(ZN_TN)' '
We can rewrite the sum on the right in the following way:

= Z ll' e lN' (2]\7 - 1)' (27“1)! [N (27"1\])! (2[1 - 2’/‘1)! NN (2[1\[ - ZTN)!
B (2N+le —1)'(7"1'7’]\{'(11 —7”1)!...(11\/‘—7"1\[)!)2

T1...TN
—Z 2T1 211727’1 Z 2TN 21N727’N (2N71)'11|ZN'
- = 1 11—7’1 ..'TN rN lN—’I“N (2N+le—1)' '
The sums on the right being 4%, ..., 4V this gives the formula in the statement. m

Finally, in the case of the free sphere, we have the following result, from [4]:

THEOREM 6.7. The moments of the free hyperspherical law are given by
1+1

1 g+l 1 242\ -
21 T
dor = . . -1
/SN o dr = ey T T 2 )<l+r+1>1+qT
R T

-1
e ==l-1

where q € [—1,0) is such that ¢+ q~ ' = —N.
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Proof. The idea is that x; € C(S]{g;l) has the same law as u1; € C(OR), which has the
same law as a certain variable w € C'(SU{ ), which can be in turn modelled by an explicit
operator on [?(N), whose law can be computed by using advanced calculus.

Let us first explain the relation between O}, and SUj. To any matrix F € GLy(R)
satisfying F?2 = 1 we associate the following universal algebra:

C(O}_) = C*((ui]‘)id‘:l,m’]\] |u = FuF = unitary).
Observe that OfN = O;{,. In general, the above algebra satisfies Woronowicz’s gener-
alized axioms in [23], which do not include the strong antipode axiom S? = id.

At N = 2, up to a trivial equivalence relation on the matrices F', and on the quantum
groups O;, we can assume that F is as follows, with ¢ € [—1,0):

F= (1/37 \/oTI)

Our claim is that for this matrix we have Of = SU{. Indeed, the relations u = FuF
tell us that u must be of the following special form:

u:(a —q;z).
Yy (6%

Thus C' (O;) is the universal algebra generated by two elements «, 7y, with the relations
making the above matrix u unitary. But these unitarity conditions are:

ay=qra, oy =qv'a, Y =7y, dfatyty=1 adt ¢ =1
We recognize here the relations in [23] defining the algebra C'(SUY), and it follows
that we have an isomorphism of Hopf C*-algebras C(O}) ~ C(SUJ).
Now back to the general case, let us try to understand the integration over O;. Given
T € NC5(2k) and i = (i1, ..., i), we set 65 (i) = [ ., Fy, i.,,» with the product over
all the strings s = {s; ~ s,-} of m. Our claim is that the following family of vectors, with
7 € NCy(2k), spans the space of fixed vectors of u®2*, for the quantum group O;:

&e =Y 0 (i)e;, ®... D ey,

Indeed, having &~ fixed by u®? is equivalent to assuming that v = FuF is unitary.
By using now the above vectors, we obtain the following Weingarten formula:
F(N\SF(:
[ it = Y 65005 () W 0).
OF ixes

With these preliminaries in hand, let us start the computation. Let N € N, and
consider the number ¢q € [—1,0) satisfying ¢ + ¢~ = —N. Our claim is that

/ (VN FZuyy) = / oot a®+7—gr).
o} sug

Indeed, the moments of the variable on the left are given by:

/ u?jk = Z WkN (7T7 J)'
O+
N o
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On the other hand, the moments of the variable on the right, which in terms of the
fundamental corepresentation v = (v;;) is given by w =), ; Vij, are given by

[ =3 S S @oE ()W (o).
SU; ij TOo
We deduce that w/+/N + 2 has the same moments as u;;, which proves our claim.

In order to do now the computation over SUJ, we can use a matrix model due to
Woronowicz [23], where the standard generators «,~y are mapped as follows:

mu(a)er =1 —q* e_q

mu(7)er = uger.
Here u € T is a parameter, and (e) is the standard basis of [?(N). The point with this
representation is that it allows the computation of the Haar functional. Indeed, if D is
the diagonal operator given by D(e;) = ¢* ey, then the formula is as follows:

du
=(1-¢%) [ t«(D :
fop == fDmten oo
With the above model in hand, the law of the variable that we are interested in is as

follows, where M (ex,) = exr1 + ¢*(u — qu™ er + (1 — ¢*F)ep_1:

/'¢m+w+w—mﬂ=uﬂﬂ/uwﬂM»
sug T

The point now is that the integral on the right can be computed, by using advanced
calculus methods, and this gives the result. We refer here to [4]. =

du
2miu

The computation of the joint free hyperspherical laws remains an open problem. Open
as well is the question of finding a more conceptual proof for the above formula.

7. Twisting results. We have seen in the previous sections that, under very strong
axioms, there are only three noncommutative spheres, S]{g “1c SHJQ{ . e Sﬂg ;1. Moreover,
these spheres can be successfully studied by using their quantum isometry groups, Oyx C
O% C OF;.

We discuss now some extensions of these facts. The idea is that S§ ' C Sﬂg Jtc S’I{g J_rl
should be thought of as corresponding to a Drinfeld-Jimbo parameter ¢ = 1, and the
question is about what happens when using the next simplest parameter, ¢ = —1.

Let us begin with the definition of the twisted spheres, from [IJ:

DEFINITION 7.1. The twisted spheres 5‘]{{?]71 - 5@:1 - Sﬁf;l are constructed by impos-

ing the following conditions on the standard coordinates x1,...,xN:
(1) S~ % wja; = —wja;, for any i # j.
(2) Sﬁ:lz xixjrE = —rRxj; for 4, j, k distinet, z;x;x, = zpx; 2, otherwise.

Here the fact that we have indeed an inclusion S{ ' C Sﬂg ~! comes from the com-
putations abc = —bac = bea = —cba for a, b, ¢ € {x;} distinct, and aab = —aba = baa for
a,b € {x;} distinct, where x1,...,zx are the standard coordinates on S”g_l.

Let us also mention that Sﬂg ;1 cannot be twisted, or rather, that it is equal to its
own twist. We will come back later to this issue, with some results in this direction.
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Let us now discuss the twisting of On, O% . The definition here is as follows:

DEFINITION 7.2. The twisted quantum groups Oy C O}‘\, C OF are constructed by
imposing the following conditions on the standard coordinates w;;:

- —ba for a # b on the same row or column of u
ON cab=

ba otherwise,

OE:abc:{Cba forr<2 s=3orr=3, 5<2

where r, s € {1,2,3} are the number of rows/columns of u spanned by a,b,c € {u;;}.

cba forr<2, s<2orr=s=23,

It is routine to check that both O_N,O}‘V are indeed quantum groups, and that we
have an inclusion On C Oz*v- These facts, as well as Deﬁnition itself, are however best
understood from a Schur—Weyl viewpoint. We will develop the Schur—Weyl theory now,
and we will come back later to the spheres, with a quantum isometry group result.

Let us first fine-tune our partition formalism, as follows:

DEFINITION 7.3. We let P(k,[) be the set of partitions between an upper row of k points
and a lower row of [ points, and consider the following subsets of P(k,1):

(1) Py(k,l) C Psyen(k,!): the pairings, and the partitions with blocks having even size.
(2) NC5(k,l) C NCeoyen(k,1) C NC(k,1): the subsets of noncrossing partitions.
(3) Perm(k, k) C Pa(k, k): the pairings having only up-to-down strings.

Given m € P(k,l), we can always switch pairs of neighbors, belonging to different
blocks, either in the upper row, or in the lower row, as to make 7 noncrossing. We will
need the following standard result, regarding the behavior of this operation:

PROPOSITION 7.4. There is a signature map € : Poyen — {—1,1}, given by e(m) = (—1)°,
where ¢ is the number of switches needed to make m noncrossing. In addition:

(1) For m € Perm(k, k) ~ S, this is the usual signature.
(2) For m € Py we have (—1)¢, where ¢ is the number of crossings.
(3) For w € P obtained from 0 € NCeyen by merging blocks, the signature is 1.

Proof. We must first prove that the number c¢ in the statement is well-defined modulo 2.
In order to do so, observe that any partition © € P(k,[) can be put in “standard form”,
by ordering its blocks according to the appearence of the first leg in each block, counting
clockwise from top left, and then by performing the switches as for block 1 to be at left,
then for block 2 to be at left, and so on. Here the required switches are also uniquely
determined, by the order coming from counting clockwise from top left.

Here is an example of such an algorithmic switching operation, for a pairing:
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The point now is that, under the assumption m# € NCoyen(k,1), each of the moves
required for putting a leg at left, and hence for putting a whole block at left, requires
an even number of switches. Thus, putting 7 in standard form requires an even number
of switches. Now given 7,7’ € P, having the same block structure, the standard form
coincides, so the number of switches ¢ required for the passage m — 7’ is indeed even.

Regarding now the remaining assertions, these can be proved as follows:

(1) For m € Perm(k, k) the standard form is 7/ = id, and the passage m — id comes
by composing with a number of transpositions, which gives the signature.

(2) For a general m € P, the standard form is of type 7’ = | ... |2, and the passage
7 — 7’ requires cmod 2 switches, where ¢ is the number of crossings.

(3) For a partition 7 € Payen coming from o € NCeyen by merging a certain number
n of blocks, the fact that the signature is 1 follows by recurrence on n. m

We can make act partitions in Paye, on tensors in a twisted way, as follows:

DEFINITION 7.5. Associated to any partition m € Peyen(k,l) is the linear map

T,r(eh@...@eik):z:e(a) Z e, ®...Qe¢;

o<m j:ker(;.):a
where € : Poyen — {—1,1} is the signature map.

Here, and in what follows, the kernel of a multi-index is the partition obtained by
joining pairs of multi-indices. Observe the similarity with Definition
Let us first prove that the above construction is categorical:

PROPOSITION 7.6. The assignment m — T is categorical, in the sense that
TTK' & Ta = T[ﬂ'a]» TTK'TO' = Nc(mg)T[zb T: = Tﬂ'*
where c¢(m,0) is the number of closed loops obtained when composing.

Proof. We follow the proof of Proposition [£:4f We just have to understand the behavior
of the twisted version of the Kronecker symbol construction 7 — J,, under the various
categorical operations on the partitions 7, and the verification goes as follows:

1. Concatenation. It is enough to check the following formula:

. <ker <z1 i?>> . (ker (k;1 kr)> . <ker <z"1 i? ki ... kr)> .
J1 Jq ll ls J1 .]q ll ls
Let us denote by 7,0 the partitions on the left, so that the partition on the right is
of the form p < [ro]. By switching to the noncrossing form, 7 — «’ and ¢ — ¢/, the
partition on the right transforms into p — p’ < [7'¢’]. Now since [7'0’] is noncrossing,
we can use Proposition (3), and we obtain the result.
2. Composition. Here we must establish the following formula:

o P o
e ker (" P ) e ker a =¢ [ ker P,
( (Jl Jq)) ( (k1 kr)) ( (k1 kr))

Let 7,0 be the partitions on the left, so that the partition on the right is of the form
p < [Z]. Our claim is that we can jointly switch 7,0 to the noncrossing form. Indeed,
we can first switch as for ker(j; ... j,) to become noncrossing, and then switch the upper
legs of 7, and the lower legs of o, as for both these partitions to become noncrossing.
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Now observe that when switching in this way to the noncrossing form, 7 — 7’ and
o — o', the partition on the right transforms into p — p’ < [%]. Now since [7] is
noncrossing, we can apply Proposition (3), and we obtain the result.

3. Involution. Here we must prove the following formula:

6<ker<l,1 Z,”)):s(ker(ql j,q>>.
J1 .- Jq i1 ... dp
But this formula is trivial, and this finishes the proof. =

We can now formulate an abstract twisting result, as follows:

THEOREM 7.7. The Schur-Weyl categories for Oy, O}‘v, OX, are given by
Hom (u®* u®') = span(T; |7 € D(k,1))
for any k,l € N, where D C P» is the category of pairings for On, Oy, OX,.
Proof. The correspondence m — T} being categorical, the linear spaces in the statement
form a tensor C*-category, which produces via [24] a compact quantum group G C OX,.
We must prove that this quantum group is precisely G = Oy, Oy, Oj\',.
First of all, the result is clear for O3, because Proposition (1) shows that for any

T € NCeyen, and in particular for any m € NCy, we have T, = T;.
In order to deal now with Oy, O}, observe first that

_ —e;i®e; fori#j
Ty(ei@e) =15 #.j
ej e otherwise,

- —er ®e; ®e; for i, j, k distinct
T}((ei®ej®ek):{ k J ]

er Qe Qe; otherwise.

Indeed, the basic crossings X = ker(#°),)= ker(%¢) are both odd, because they have

cba
respectively one and three crossings, and their various subpartitions are as follows, all

even:

ker (¢ ¢ ,  ker aab ,  ker aba ,  ker baa ,  ker @ aay
a a baa aba a ab a a a
Now since the relations TX € End(u®?), TY € End(u®3) correspond precisely to the
relations in Definition defining Oy, O}, this gives the result. m
As an application, we can now integrate over the twisted quantum groups:
THEOREM 7.8. We have the Weingarten formula
[Xuiljl...uikjk = Z gﬂ-(il,...,ik)gg(jl,...,jk)WkN(’]T,O')
Oy m,o€P,) (k)
where 6, (i) € {—1,0,1} is equal to (ker(i)) if ker(i) < 7, and is O otherwise.

Proof. We know from Theorem |7.7| that Fix(u®*) is spanned by the following vectors:
Eﬂ_ = Z Sﬂ.(jl,...,jk)(ijl RX... Qe -

J1---Jk
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The result follows then as in the untwisted case, with the remark that

<£ﬂ,gg>:< Z e(kerjle;, ®...®ej, Z E(kerj)ej1®...®ejl>

jgiker j<m jiker j<o
= E e(kerj)? = E 1= Nlmvel,
jker j<(nVo) jiker j<(wVo)

Thus the Weingarten matrix is indeed the same as in the classical case. m

With these results in hand, let us go back now to the twisted spheres. In order to
compute the quantum isometry groups, we will need the following technical result:

ProPOSITION 7.9. The following elements are linearly independent:
(1) {zawp|a < b} over SYL.
(2) {zazpre|a < c} over SN T
Proof. We use the morphism C(S2'') — C(Ox), given by x; — uy;. Thus, it is enough
to prove the corresponding statements over O]f,, with ; = uy;.
(1) The scalar products between the variables in the statement are:

(IaIb,Iin>:/_ UlaU1pULj UL = z 35 (a,b, 4, ))Wan (m,0).
On

m,0E€P>(4)
Since Py(4) = {NN, M, M}, the Weingarten matrix on the right is given by
N2 N N\ ' X N+1 -1 -1
Wiyn=[ N N* N = -1 N+1 -1

NN —1)(N +2)

N N N2 -1 -1 N+1

We conclude that
1

m Z Sa(a,b,j,i).

oc€P>(4)
The matrix on the right, taken with indices a < b and ¢ < j, is then invertible. Thus the
variables z,x; are linearly independent, as claimed.

(2) Here the scalar products that we are interested in are:

(Taxp, TiTj) =

<$a$bxcaxiwjmk>:/ UpqUIpUL UL UL UL = E do(a,b,¢,k,j,9)Wen (T, 0).
o% m,0EP;(6)

The set Py (6) ~ P5(3,3) is by definition formed by the following pairings:

(e] ° [¢] (¢] [ ] o [¢] [ ] o [e] [ ] o o [ ] [¢] o [ ] o
[ ] (¢] [ ] [ ] [¢] [ ] [ ] [¢] [ ] L] (¢] [ ] [ ] (¢] [ ] [ ] [¢] [ ]

Now observe that the scalar products of each of these pairings with all the 6 pairings
are always, up to a permutation of the terms, N3, N2, N2, N2, N, N. Thus the Gram
matrix is stochastic, Gen& = &, where € = (1,...,1)! is the all-one vector. Thus Wsn& =
WenGesnE = &, and so the Weingarten matrix is stochastic too. We conclude that, up to
a universal constant depending only on N, we have

(Ta@pTe, TiT; X)) ~ Z ds(a,b, ek, j,1).
o€ P} (6)
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Now by computing the rank of this matrix, taken with indices a < ¢ and i < k, we
obtain that the variables x,z,x. are linearly independent, as claimed. m

We can formulate our quantum isometry group result, as follows:

THEOREM 7.10. The quantum isometry groups of the spheres Sﬂgfl C 5’5{;1 - Sﬂgf are
the twisted orthogonal quantum groups, On C O}‘V C O;{,.

Proof. This is known and trivial for S]g ;1, and for 5’1115 ~1 it can be deduced as in the

proof of Theorem by adding signs where needed, and using Proposition (1).
Regarding now Sﬁ*_l, with G C O} and X; = Y o Wia ® Tq, we have the following

formula, obtained by using the defining relations for S’HJ{X ;1:

X X; Xy, = E (WiqUjpUke — WicljpUka) @ TaTpTe

a<c,b#a,c
2
+ E (WiqUjaUke + Uicljalre) ® ToZc + E UiqUjpUka & TaTpTq.
a#c ab

By interchanging ¢ <> k, we have as well a similar formula for X;X;X;. Now by
using Proposition (2), we conclude that the coaction relations X; X; Xy, = £X, X; X,
are equivalent to the following system of equations, where [t;q,Ujp, Uke] = UiqUjpUie £

UkcUjbUiq, With the £ signs being those making [wiq, wjp, uk.] = 0 for the coordinates
of O}

(1) [Wia, Wi, Uke) = [Uka, Ujb, Uic), TOr a, b, ¢ distinct,

(2) [Uim Uja, ukc] = [ukm Uja, uicL

(3) [uiavujbauka] =0.
It is routine to check that these equations are in fact equivalent to [wiq, Ujp, Uke] = 0,
regardless of the indices i, j, k and a, b, ¢, and this gives the result. m

As an application, we can now integrate over the twisted spheres:

THEOREM 7.11. Consider the canonical trace tr : C(gﬂg;l) — C, obtained as tr = I,

where 7(x;) = uy;, and where I is the Haar integration over OK,.

(1) tr satisfies (I @ id)® = tr(-)1, where ® is the coaction map.
(2) tr is the unique positive unital trace satisfying (id ® tr)®(x) = tr(z)1.
(3) V/Nz; is asymptotically real Gaussian/symmetrized Rayleigh/semicircular.

Proof. Here (1) and (2) follow as in the untwisted case, by adding signs where needed.
Regarding now (3), the twisted Weingarten computation is as follows:

k_ = _
/SN,I oF =361 1)5,(1... )Win(m,0)
R, X .0
~ NTHER a1 )7 = NP ().
Thus we obtain the same laws as in the untwisted case, as stated. m

8. Polygonal spheres. We have so far 3 + 2 = 5 noncommutative spheres, and one
interesting question is that of finding a suitable axiomatic framework for them. A natural
idea here is that of further enlarging our set of spheres, by taking intersections between
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them, with the intersection operation being obtained by merging the corresponding sets
of algebraic relations.
With the convention, from now on, that the arrows denote inclusions, we have:

PROPOSITION 8.1. The 5 main spheres, and the intersections between them, are

N-1 N-1 N-1
S]R S]R,* S]RH,—

T T !

N-1,1 N-1,1 aN-1
S]R SR,* SR,*

T T T

N-1,0 aN-1,1 GN-1
Sk > Sg > Sg

SN—1,d—1 “N—1 - . . . C
where S’R’X ’ C SH]{XXI is obtained by assuming x;, ... x;, =0, forig,...,iq distinct.

Proof. We must prove that the 4-diagram obtained by intersecting the 5 main spheres
coincides with the 4-diagram appearing at bottom left in the statement:

S inSpt ——Sp S Sp = Sp.
SNtnsN-t o gN-1ngh-1 Sy s g

But this is clear, because combining the commutation and anticommutation relations
leads to the vanishing relations defining spheres of type Sﬂg ;Ld_l. More precisely:

(1) S~ N SY ! consists of the points 2 € S ! satistying z;2; = —a;x; for i # j.
Since z;x; = x;jx;, this relation reads x;x; = 0 for ¢ # j, which means x € Sg —10,
(2) S]{Ry_l N Sg;l consists of the points = € S]{Ry_l satisfying x;x;x, = —xpxjz; for

i, j, k distinct. Once again by commutativity, this relation is equivalent to x € S]fg’ —L1

(3) Sﬁ;l N S']g_l is obtained from 5']{5_1 by imposing to the standard coordinates
the half-commutation relations abc = cba. On the other hand, we know from S’Ig -1
S'HIJ *_1 that the standard coordinates on Sﬂg ~1 satisfy abe = —cba for a,b, ¢ distinct, and
abc = cba otherwise. Thus, the relations brought by intersecting with Sﬂg ;1 reduce to the
relations abc = 0 for a, b, ¢ distinct, and so we are led to the sphere 5']1];71’1.

(4) Sﬁ;l N 5']1]{3{;1 is obtained from 5@{:1 by imposing the relations abc = —cba for
a, b, ¢ distinct, and abc = cba otherwise. Since we know that abc = cba for any a, b, ¢, the

extra relations reduce to abc = 0 for a, b, ¢ distinct, and so we are led to Sg;l’l.

In order to find now a suitable axiomatic framework for the 9 spheres, we use the
following definition, coming from the various formulae in Sections 2 and 7:

DEFINITION 8.2. Given variables x1,...,xy, any permutation o € Sy produces two
collections of relations between these variables, as follows:

(1) Untwisted relations: i, ... T;, = Tiyy - Ty s for any i1,..., .

n ))xiu(l) Ty, fOr any dp, ...

(2) Tuwisted relations: ;, ... x; = 5(ker(zg(1)__id(k)

The untwisted relations are denoted by R, and the twisted ones are denoted by R,.
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Observe that the relations R, are trivially satisfied for the standard coordinates on
Sﬂg ~1 for any o € Sy. A twisted analogue of this fact holds, in the sense that the standard
coordinates on 5‘]{{3’ ~1 satisfy the relations R, for any o € Sj. Indeed, by anticommutation
we must have a formula of type z;, ...z, = %z, ... Zi,,,, and the sign & obtained in
this way is precisely the one given above, £ = 5(ker(i21)"""ij’(‘k))).

We have now all the needed ingredients for axiomatizing the various spheres:

DEFINITION 8.3. We have three types of noncommutative spheres S C S’I{g{ jrl, as follows:

(1) Untwisted: Sﬁgl, with E C S, obtained via the relations {R, |o € E}.
(2) Twisted: S ', with F C S, obtained via the relations {R, | € F}.
(3) Polygonal: SﬁE}F = S’I{QI’EI N Sﬂg’;l, with E, F C Seo.
Observe that “untwisted” means precisely “monomial”, in the sense of Section 2.
As examples, Sﬂg_l, Sﬂg:l, Sﬁ;l are untwisted, Sﬂg_l, Sﬂggl, Sﬂg;l are twisted, and the
9 spheres in Proposition [8:I] are all polygonal. Observe also that the set of polygonal

spheres is closed under intersections, due to the formula

N—-1 N-1 _ gN-1
SR,E,F N S]R,E’,F’ - S]R,EUE’,FUF/'

Let us now try to understand the structure of the various types of spheres:

PRrROPOSITION 8.4. The various spheres can be parametrized by groups, as follows:

(1) Untwisted case: Sﬁ{;l, with G C Sy filtered group.
(2) Twisted case: gﬂgﬁl, with H C Sy, filtered group.
(3) Polygonal case: Sﬂg’a}H, with G, H C S, filtered groups.
Proof. Here (1) is from Section 2, (2) follows similarly, by taking H C S to be the set
of permutations o € S, having the property that the relations R, hold for the standard
coordinates, and (3) follows from (1), (2), by taking intersections. m
Let us write now the 9 main polygonal spheres as in Proposition (3). We say that
a polygonal sphere parametrization S = S]f{x 51H is “standard” when both filtered groups
G, H C S, are chosen to be maximal. In this case, Proposition (3) and its proof tell
us that G, H encode all the monomial relations which hold in S.
We have the following result, extending some previous findings from Section 2:

THEOREM 8.5. The standard parametrization of the 9 main spheres is

Seo S% {1} G/H

Sg SRt —— S {1}
T

SN—l,l SHJQ—M Sﬂg* 1 S;o

SDQIT_LO - SHJQIT—M - Sﬂg—l S

so these spheres come from the 3 x 3 =9 pairs of groups among {1} C S% C Seo.
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Proof. The fact that we have parametrization as above is known to hold for the 5 un-
twisted and twisted spheres, and for the remaining 4 spheres, this follows by intersecting.
In order to prove now that the parametrization is standard, we must compute the fol-
lowing two filtered groups, and show that we get the groups in the statement:

G = {0 € S | the relations R, hold over S}
H = {0 € S| the relations R, hold over S}.

As a first observation, by using the various inclusions between spheres, we just have
to compute G for the spheres on the bottom, and H for the spheres on the left:

X =GN0 GN-LL GN-1 g g Sn {1}
X =G0 sy ST — H = 8., S5, {1}

The results for Sﬂg —10 being clear, we are left with computing the remaining 4 groups,
for the spheres Sﬂgfl, S’I{{yfl, S]g_l’l, Sﬂg_l’l. The proof here goes as follows:

(1) S§'~'. According to the definition of H = (Hy), we have:

H, = {O’ €Sk Tiy...Ti = s(ker(if(ll)jj:ijfk)))zia(l) Ty Vi1, ,ik}

= {0 €Sy : e(ker(i;(ll)jj:i;fk))) =1, Viq,... ,ik} ={oeSile(r)=1, Vr <o},

Now since for any o € Sk, 0 # 1k, we can always find a partition 7 < o satisfying
e(r) = —1, we deduce that Hy = {1}, and so H = {1}, as desired.

(2) SX~t. The proof of G = {1} here is similar to the proof of H = {1} in (1) above,
by using the same combinatorial ingredient at the end.

(3) S]g_l’l. By definition of H = (Hy), a permutation o € Sy belongs to Hy when
the following condition is satisfied, for any choice of the indices i1, ..., ix:

Tiy « - Tiy, = E(ker(i;(ll)jj:ijfk)))xia(l) T

When |keri| = 1 this formula reads #¥ = 2¥  which is true. When |kerd| > 3 this
formula is automatically satisfied as well, because by using the relations ab = ba, and
abc = 0 for a, b, c distinct, which both hold over Sﬂgfl’l, this formula reduces to 0 = 0.
Thus, we are left with studying the case |keri| = 2. Here the quantities on the left
will not vanish, so the sign on the right must be 1, and we therefore have:

Hy = {o€S|e(r) =1, ¥r <o, |r| = 2}.

Lijy - Ty

Now by coloring the legs of o clockwise o e o e ..., the above condition is satisfied
when each string of o joins a white leg to a black leg. Thus Hy = S}, as desired.

(4) Sﬂgfl’l. The proof of G = 5% here is similar to the proof of H = S% in (3)
above, by using the same combinatorial ingredient at the end. =

We can now formulate a classification result, as follows:
THEOREM 8.6. The following hold:

(1) Sf~tcsitc Sg;l are the only untwisted monomial spheres.
(2) Sﬂgfl C 5']1]{3{:1 C Sﬁ{;l are the only twisted monomial spheres.
(3) The 9 spheres in Theorem are the only polygonal ones.
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Proof. By using standard parametrization, the above three statements are equivalent.
Now since (1) was proved in Section 2, all the results hold. m

Let us discuss now the computation of the quantum isometry groups of the 9 spheres.
The result here, extending previous findings from Sections 3 and 7, is as follows:

THEOREM 8.7. The quantum isometry groups of the 9 polygonal spheres are

On 0% (0)¢
Hy H Oy
HY Hn On

where H};, H][f;o] and On, Oy, Oy, Oy are noncommutative versions of Hy,On.

Proof. We already know from Sections 3 and 7 that the Oy groups are the correct ones.
Regarding the missing 4 computations, those on the bottom left, our precise claim is
that we obtain in this way the hyperoctahedral group Hp, its free version Hﬁ\}, and the

I'c HJJ(,, as shown in the diagram above.

“main” intermediate liberation Hy C HI[\?O
Generally speaking, we refer to [2] for the proof. In what follows we will only present
the main ideas. For the definition and for various technical facts regarding Hy C H ][f,’o] C
H;, that we will heavily use in what follows, we refer to [19].
S’Igfl’oz Our sphere here is Sﬂgfl’o = Z;‘BN, formed by the endpoints of the N copies
of [~1,1] on the coordinate axes of RY. Thus the quantum isometry group is H .
Sﬂgfl’l: Since the elements {x;x; |i < j} are linearly independent, the trick in [I0]
applies, and gives GT(X) C Ox. Now since any affine isometric action U ~ S’g B must

permute the (];] ) copies of T which form our sphere, this gives the result.

S’Ig*l’l.: By using the maps 7;; : C(S’gil’l) — C(S}) given by xy = 0 for k # i, 7,
we see that the variables {x;z;|i < j} are once again linearly independent. With this
fact in hand, a suitable adaptation of the trick in [I0] applies, and gives GT(X) C Oy.

Consider now a quantum subgroup G C Ox. In order to have a coaction map ® :
C(SY M = €(@) @ C(SY 1), given as usual by ®(z;) = Y a Wia @ T4, the elements
X; =, Uiq ® x, must satisfy X; X; X}, = 0, for any 1, j, k distinct. We have:

X X; Xy, = Z(uiaujaukb + WjgUkaUip + UkaUialjp) @ T2Tp.
ab

Thus, in order for our quantum group G C Oy to act on 51{; 7171, its coordinates must
satisfy the following relations, for any i, 7, k distinct:

UiqUjaUkb + UjqUkaWib + UkaUigUjp = 0.

By multiplying to the right by wug, and then by summing over b, we deduce from this
that u;qu;q = 0, for any 4, j. Now since the quotient of C'(On) by these latter relations
is C(Hy), we conclude that G (S5 ") = Hy, as claimed.
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gﬂg*_l’l: Let us first prove that H][\?o] acts indeed on our sphere. With X; = >~ u;,®x,

. . N—1,1
as usual, and by using the relations for Sy , ", we have:

X X; Xy, = E UiqUjpUke @ TqTpTe = E UiqUjpUke @ TaTpTe

abc a,b,c not distinct

2
= E (WiqUjalkb + UipUjalka) @ T5Tp

a#b

§ § 3
+ UjqUjbUka Q@ TaTpTq + UjqUjaUka & o

a#b a

]

Now by using various formulae for H][\C;O , from [19], we obtain, for i, j, k distinct:

X X; Xy, = Z(O “Ugy + up - 0) ® xixb + ZO ® TaTpTq + Z(O CUka) @ xi =0.
a#b a#b a
It remains to prove that X;X;X; = X, X;X;, for 7,7,k not distinct. By replacing
i <> k in the above formula of X;X; X}, we obtain:

2
X X;X; = E (UkaljoUip + UkpUjqUia) @ T5Tp

a#b

§ § 3
+ UkaUjbUia R TaTpTq + UkaUjaUia & Tg-

a#b a

Let us compare this formula with the above formula of X; X; X}. The last sum being 0
in both cases, we must prove that for any ¢, j, k not distinct and any a # b we have:
UiqUjaUkd + UipUjqUka = UkaUjaUib + UkbUjaUiq
UiqUjbUka = UkaUjbUsiq-
By symmetry the three cases i = j, i = k, j = k reduce to two cases, i = j and ¢ = k.
The case i = k being clear, we are left with the case i = j, where we must prove:
UjqUiaUkb T UibWiaUka = UkaUialib + UkbWiaUia
UjqUipUka = UkaUWibUia-
By using a # b, the first equality reads u?aukb + 0 Ugqg = Upq - 0+ ukbufa, and since

2
ia)

is true as well, and this ends the proof. Finally, regarding the proof of the universality of
the action that we constructed, which is quite technical, we refer here to [2]. =

ufaukb = uppus,, we are done. As for the second equality, this reads 0-ug, = Uk, -0, which
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