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Abstract. This is a survey of some aspects of the subject of approximation properties for
locally compact quantum groups, based on lectures given at the Topological Quantum Groups
Graduate School, 28 June–11 July, 2015 in Będlewo, Poland. We begin with a study of the dual
notions of amenability and co-amenability, and then consider weakenings of these properties in
the form of the Haagerup property and weak amenability. For discrete quantum groups, the
interaction between these properties and various operator algebra approximation properties are
investigated. We also study the connection between central approximation properties for discrete
quantum groups and monoidal equivalence for their compact duals. We finish by discussing the
central weak amenability and central Haagerup property for free quantum groups.

1. Introduction. The purpose of this survey is to give readers interested in opera-
tor algebraic quantum group theory a light introduction to the study of approximation
properties for locally compact quantum groups. This survey is not a complete one on
this subject by any means. Instead, we choose in these notes to focus our attention on
four important concepts: amenability, co-amenability, the Haagerup property, and weak
amenability.

The study of approximation properties for locally compact groups has a long history,
and has many interactions with various branches of mathematics, including probability
theory, ergodic theory and dynamics, and (of course) operator algebra theory. From
the perspective of operator algebras, the study of group approximation properties gained
central importance with the seminal work of Haagerup [47], who showed that the reduced
free group C∗-algebras C∗r (Fk) have the metric approximation property, despite being
non-nuclear when k ≥ 2. Haagerup obtained this result by first showing that the free
groups possess a certain approximation property, now called the Haagerup property, which
can be thought of as an amenability-like condition. Building on this work, Cowling and
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Haagerup [28] introduced the concept of weak amenability for locally compact groups and
showed that this weak form of amenability is also satisfied by the free groups and real rank
one semisimple Lie groups. The connection to operator algebras here is that a discrete
group is weakly amenable if and only if its group von Neumann algebra L(G) has the
weak∗ completely bounded approximation property [48]. In recent years, the Haagerup
property and weak amenability for groups has also had spectacular applications in Popa’s
deformation/rigidity program for von Neumann algebras. See [67, 23] and the references
therein.

The theory of locally compact quantum groups generalizes the theory of locally com-
pact groups, and contains many interesting examples arising from various free probabilis-
tic, combinatorial, and non-commutative geometric constructions (see [8, 72, 86, 85, 87,
88]). In particular, locally compact quantum groups give rise to interesting and highly
non-trivial quantum analogues of group C∗-/von Neumann algebras, and it is natural to
develop a parallel theory of approximation properties for quantum groups and study its
interaction with the structure of these corresponding operator algebras. The main goal
of this survey is to develop some of this theory, focusing on both the parallels and the
distinctions between the classical and quantum worlds. At this stage in the game, the
theory of approximation properties for general locally compact quantum groups is still
in its infancy, with many unresolved open problems and issues. It is our hope that this
survey will inspire readers to pursue questions on this interesting research topic.

1.1. Organization of the paper. The rest of this paper is organized as follows: Sec-
tion 2 contains some basic facts on locally compact quantum groups that we will use
throughout the paper. In Section 3, we begin our study of approximation properties with
a discussion of amenability and co-amenability for locally compact quantum groups.
Here, we study the dualities between amenability and co-amenability and their connec-
tions with nuclearity/injectivity for quantum group operator algebras. We also give a
proof of the quantum Kesten amenability criterion for discrete quantum groups, and use
this to characterize the amenability of free orthogonal quantum groups and Woronowicz’
SUq(2) quantum group. In Section 4, we start to pave the way for studying more general
approximation properties for quantum groups by introducing the Fourier algebra and
describing the completely bounded Fourier multipliers on this algebra. In Section 5, we
use these structures to define the Haagerup property and weak amenability for general
locally compact quantum groups, and discuss some basic features of these properties.
In Section 6, we restrict our attention to discrete quantum groups for the remainder of
the paper. Here we study the interaction between (weak) amenability and the Haagerup
property with various operator algebra approximation properties, like nuclearity, injec-
tivity, the Haagerup approximation property, and the completely bounded approximation
property. In the unimodular case, we prove several equivalences between quantum group
approximation properties and operator algebra approximation properties. In Section 7 we
introduce central analogues of (weak) amenability and the Haagerup property, and show
that these properties are equivalent to their non-central versions in the unimodular case.
In Section 8, we show how central approximation properties for discrete quantum groups
are preserved by monoidal equivalences between their compact duals. Finally, in Section 9
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we use the theory developed in the previous sections to study approximation properties
for free quantum groups, focusing mainly on the case of free orthogonal quantum groups.

1.2. Some further reading. As stated before, we only focus in this paper on a few
aspects of the theory of quantum group approximation properties. In particular, we do not
say anything about Kazhdan’s property (T) for locally compact quantum groups. For the
very recent and remarkable developments on this topic, we refer the reader to [22, 3, 41].
We also do not consider any of the applications of these approximation properties to
structural properties of the operator algebras associated to these quantum groups (e.g.
strong solidity, prime factorization results, . . . ). See [49, 50, 36]. Another aspect of the
theory that we do not touch here is the study of external approximation properties for
quantum groups. For example, there have been very recent and striking developments on
questions related to residual finiteness, (inner)linearity, hyperlinearity, and the Kirchberg
factorization property for discrete quantum groups. See [6, 7, 15, 24, 10].

Acknowledgements. First and foremost, I would like to thank Uwe Franz, Adam
Skalski, and Piotr Sołtan for organizing such a wonderful graduate school, for invit-
ing me to speak there, and for encouraging me to write this survey. I would also like to
thank Étienne Blanchard and Stefaan Vaes for kindly sharing with me their unpublished
notes [12].

2. Preliminaries. In the following, we write ⊗ for the minimal tensor product of
C∗-algebras or tensor product of Hilbert spaces, ⊗ for the spatial tensor product of von
Neumann algebras and � for the algebraic tensor product. All inner products are taken
to be conjugate-linear in the second variable. Given vectors ξ, η in a Hilbert space H, we
denote by ωξ,η ∈ B(H)∗ the vector state x 7→ 〈xξ | η〉. If ξ = η, we simply write ωξ = ωξ,ξ.

2.1. Locally compact quantum groups. Let us first recall from [56] and [57] that
a (von Neumann algebraic) locally compact quantum group (lcqg) is a quadruple G =
(M,∆, ϕ, ψ), where M is a von Neumann algebra, ∆ : M → M ⊗ M is a co-associative
coproduct, i.e. a unital normal ∗-homomorphism such that

(ι⊗∆) ◦∆ = (∆⊗ ι) ◦∆,

and ϕ and ψ are normal faithful semifinite weights on M such that

(ι⊗ ϕ)∆(x) = ϕ(x)1 and (ψ ⊗ ι)∆(x) = ψ(x)1 (x ∈M+).

We call ϕ and ψ the left Haar weight and the right Haar weight of G, respectively, and
we write L∞(G) for the quantum group von Neumann algebra M .

Associated with each locally compact quantum group G, there is a reduced quantum
group C*-algebra C0(G) ⊆ L∞(G) with coproduct

∆ : x ∈ C0(G) 7→ ∆(x) ∈M(C0(G)⊗ C0(G)) ⊆ L∞(G) ⊗ L∞(G).

Here we letM(B) denote the multiplier algebra of a C*-algebra B. Therefore, (C0(G),∆)
together with ϕ and ψ restricted to C0(G) is a C*-algebraic locally compact quantum
group in the sense of [56].
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Using the left Haar weight ϕ, we can apply the GNS construction to obtain an inner
product

〈Λϕ(x) |Λϕ(y)〉 = ϕ(y∗x)

on Nϕ = {x ∈ L∞(G) : ϕ(x∗x) < ∞}, and thus obtain a Hilbert space L2(G) =
L2(G, ϕ). Here, Λϕ : Nϕ → L2(G) is the canonical injection. The quantum group
von Neumann algebra L∞(G) is standardly represented on L2(G) via the unital normal
∗-homomorphism π : L∞(G) → B(L2(G)) satisfying π(x)Λϕ(y) = Λϕ(xy). There exists
a (left) fundamental unitary operator W on L2(G)⊗L2(G), which satisfies the pentagonal
relation

W12W13W23 = W23W12.

Here, and later, we use the standard leg number notation: W12 = W ⊗ I, W13 =
Σ23W12Σ23 and W23 = 1 ⊗W , where Σ : L2(G) ⊗ L2(G) → L2(G) ⊗ L2(G) is the flip
map. In this case, the coproduct ∆ on L∞(G) can be expressed as ∆(x) = W ∗(1⊗ x)W .

Let L1(G) = L∞(G)∗ be the predual of L∞(G). Then the pre-adjoint of ∆ induces
on L1(G) a completely contractive Banach algebra product

? = ∆∗ : ω ⊗ ω′ ∈ L1(G) ⊗̂ L1(G) 7→ ω ? ω′ = (ω ⊗ ω′)∆ ∈ L1(G),

where we let ⊗̂ denote the operator space projective tensor product. We will also use the
symbol ? to denote the induced left/right module actions of L1(G) on L∞(G):

ω ? x = (ι⊗ ω)∆(x) & x ? ω = (ω ⊗ ι)∆(x) (x ∈ L∞(G), ω ∈ L1(G)).

Using the Haar weights, one can construct an antipode S on L∞(G) satisfying
(S ⊗ ι)W = W ∗. Since, in general, S is unbounded on L∞(G), we cannot use S to
define an involution on L1(G). However, we can consider a dense subalgebra L1

] (G) of
L1(G), which is defined to be the collection of all ω ∈ L1(G) such that there exists
ω] ∈ L1(G) with 〈ω], x〉 = 〈ω, S(x)∗〉 for each x ∈ D(S). It is known from [55] and [57,
Section 2] that L1

] (G) is an involutive Banach algebra with involution ω 7→ ω] and norm
‖ω‖] = max{‖ω‖, ‖ω]‖}.

2.2. Representations of locally compact quantum groups. A representation
(π,H) of a locally compact quantum group G is a non-degenerate completely contractive
homomorphism π : L1(G) → B(H) whose restriction to L1

] (G) is a ∗-homomorphism. It
is shown in [55, Corollary 2.13] that each representation (π,H) of G corresponds uniquely
to a unitary operator Uπ in M(C0(G)⊗K(H)) ⊆ L∞(G) ⊗ B(H) such that

(∆⊗ ι)Uπ = Uπ,13Uπ,23.

The correspondence is given by

π(ω) = (ω ⊗ ι)Uπ ∈ B(H) (ω ∈ L1(G)).

We call Uπ the unitary representation of G associated with π.
Given two representations (π,Hπ) and (σ,Hσ), we can obtain new representations by

forming their tensor product and direct sum. The unitary operator

Uπ⊗σ := Uπ,12Uσ,13 ∈M(C0(G)⊗K(Hπ ⊗Hσ))
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determines a representation

π ⊗ σ : ω ∈ L1(G) 7→ (ω ⊗ ι)Uπ⊗σ ∈ B(Hπ ⊗Hσ).

We call the representation (π ⊗ σ,Hπ ⊗ Hσ) the tensor product of π and σ. The direct
sum (π ⊕ σ,Hπ ⊕Hσ) of π and σ is given by the representation

π ⊕ σ : ω ∈ L1(G)→ π(ω)⊕ σ(ω) ∈ B(Hπ ⊕Hσ).

For representations (π,H) of G, one can consider all of the usual notions of (ir)re-
ducibility, intertwiner spaces, unitary equivalence, and so on, that can be considered for
representations of general Banach algebras. In particular, given π, σ as above, we write

Mor(π, σ) = {T ∈ B(Hπ, Hσ) : Tπ(ω) = σ(ω)T (ω ∈ L1(G))}
= {T ∈ B(Hπ, Hσ) : (1⊗ T )Uπ = Uσ(1⊗ T )},

for the space of intertwiners between π and σ.
The left regular representation of G is defined by

λ : ω ∈ L1(G) 7→ (ω ⊗ ι)W ∈ B(L2(G)).

This is an injective completely contractive homomorphism from L1(G) into B(L2(G))
such that λ(ω]) = λ(ω)∗ for all ω ∈ L1

] (G). Therefore, λ is a ∗-homomorphism when
restricted to L1

] (G). The norm closure of λ(L1(G)) yields C∗-algebra C0(Ĝ) and the
σ-weak closure of λ(L1(G)) yields a von Neumann algebra L∞(Ĝ). There is a coproduct
on L∞(Ĝ) given by

∆̂ : x̂ ∈ L∞(Ĝ)→ ∆̂(x̂) = Ŵ ∗(1⊗ x̂)Ŵ ∈ L∞(Ĝ) ⊗ L∞(Ĝ),

where Ŵ = ΣW ∗Σ. We can find Haar weights ϕ̂ and ψ̂ to turn Ĝ = (L∞(Ĝ), ∆̂, ϕ̂, ψ̂) into
a locally compact quantum group — the Pontryagin dual of G. Repeating this argument
for the dual quantum group Ĝ, we get the left regular representation

λ̂ : ω̂ ∈ L1(Ĝ) 7→ (ω̂ ⊗ ι)Ŵ = (ι⊗ ω̂)W ∗ ∈ B(L2(G)).

It turns out that C0(G) and L∞(G) are just the norm and σ-weak closure of λ̂(L1(Ĝ)) in
B(L2(G)), respectively. This gives us the quantum group version of Pontryagin dualitŷ̂G = G.

There is a universal representation πu : L1(G) → B(Hu) and we obtain the univer-
sal quantum group C∗-algebra Cu0 (Ĝ) = πu(L1(G))

‖·‖
. By the universal property, every

representation π : L1(G)→ B(H) uniquely corresponds to a surjective ∗-homomorphism
π̂ from Cu0 (Ĝ) onto the C*-algebra Cπ(Ĝ) = π(L1(G))

‖·‖
such that π = π̂ ◦ πu. In

particular, the left regular representation (λ, L2(G)) uniquely determines a surjective
∗-homomorphism π̂λ from Cu0 (Ĝ) onto C0(Ĝ). Considering the duality, we can obtain
the universal quantum group C∗-algebra Cu0 (G) and we denote by πλ̂ : Cu0 (G)→ C0(G)
the canonical surjective ∗-homomorphism. As shown in [55], Cu0 (G) admits a coproduct
∆u : Cu0 (G)→M(Cu0 (G)⊗ Cu0 (G)) which turns (Cu0 (G),∆u) into a C∗-algebraic locally
compact quantum group with left and right Haar weights given by ϕ ◦ πλ̂ and ψ ◦ πλ̂,
respectively.
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It is also shown in [55] that the fundamental unitaryW of G admits a “semi-universal”
version W∈ M(C0(G) ⊗ Cu0 (Ĝ)) which has the property that for each representation
π : L1(G)→ B(H), the corresponding unitary operator Uπ can be expressed as

(ι⊗ π̂) W= Uπ.

Moreover, Wsatisfies the following relations

(∆⊗ ι) W= W13 W23 and (ι⊗ ∆̂u) W= W13 W12. (2.1)

2.3. Compact and discrete quantum groups. A locally compact quantum group is
called compact if C0(G) is unital, or equivalently ϕ = ψ is a ∆−bi-invariant state (up
to a scale factor). In this case, we will write C(G) for C0(G). We say G is discrete if
Ĝ is a compact quantum group, or equivalently, if L1(G) is unital. For a self-contained
treatment of compact/discrete quantum groups and their duality, we refer to [70, 39, 76].

Let G be a discrete quantum group. Denote by Irr(Ĝ) the collection of equivalence
classes of finite-dimensional irreducible representations of Ĝ. For each π ∈ Irr(Ĝ), select a
representative unitary representation (Uπ, Hπ). Then Uπ can be identified with a unitary
matrix

Uπ = [uπij ] ∈Mn(π)(C(Ĝ)),

where n(π) = dimHπ. The linear subspace O(Ĝ) ⊆ C(Ĝ) spanned by {uπij : π ∈ Irr(Ĝ),
1 ≤ i, j ≤ n(π)} is a dense Hopf-∗-subalgebra of C(Ĝ). The coproduct on O(Ĝ) is given
by restricting ∆̂ to O(Ĝ), and we have

∆̂(uπij) =
n(π)∑
k=1

uπik ⊗ ûπkj .

We call O(Ĝ) the algebra of polynomial functions on Ĝ.
The Haar state ϕ̂ = ψ̂ is always faithful when restricted to O(Ĝ), and Cu0 (Ĝ) can

be identified with the universal enveloping C∗-algebra of O(Ĝ). This allows us to regard
O(Ĝ) as a dense ∗-subalgebra of Cu0 (Ĝ), and the semi-universal fundamental unitary of
the discrete quantum group G is then given by

W=
⊕

π∈Irr(Ĝ)

(Uπ)∗ =
⊕

π∈Irr(Ĝ)

∑
1≤i,j≤dα

eπij ⊗ uπ∗ji ∈M(C0(G)⊗ Cu0 (Ĝ)). (2.2)

In general, for any discrete quantum group G, we have

C0(G) =
c0⊕

π∈Irr(Ĝ)

B(Hπ) and L∞(G) =
∏

π∈Irr(Ĝ)

B(Hπ).

Denote by Cc(G) the (algebraic) direct sum
⊕

π∈Irr(Ĝ) B(Hπ). Then Cc(G) forms a com-
mon core for the Haar weights ϕ and ψ on G.

For each π ∈ Irr(Ĝ), denote by pπ ∈ L∞(G) the minimal central projection whose
support is B(Hπ). Let Trπ be the canonical trace on B(Hπ) (with Trπ(1) = n(π)). One
can then find positive invertible matrices Qπ ∈ B(Hπ) which satisfy

d(π) = Trπ(Qπ) = Trπ(Q−1
π ) and ∆(Qπ) = Qπ ⊗Qπ.
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The left and right Haar weights on G are given by the formulas

ϕ(pπx) = d(π)Trπ(Q−1
π pπx) and ψ(pπx) = d(π)Trπ(Qπpπx). (2.3)

See [70, Equations (2.12)–(2.13)]. The number d(π) appearing above is called the quantum
dimension of π. Note that d(π) ≥ n(π), and we have equality for all π if and only if ϕ = ψ.
In this case, we say that G is a unimodular discrete quantum group.

The matricesQπ ∈ B(Hπ) defined above can be used to describe many other structures
associated to G and Ĝ. For G, the modular automorphism group σt turns out to be equal
to the scaling group τt, and

σt(x) = τt(x) = Q−itπ xQitπ (x ∈ B(Hπ), t ∈ R).

On the dual side, the Schur orthogonality relations for the Haar state ϕ̂ are given by

ϕ̂(uπij(uπ
′

kl )∗) = δππ′δikQπ,lj
d(π) & ϕ̂((uπij)∗uπ

′

kl ) = δππ′δjl(Q−1
π )ki

d(π) .

By the Woronowicz characters of Ĝ, we understand the family (fz)z∈C of multiplicative
linear functionals on O(Ĝ) given by

fz(uπij) = (Qzπ)ij (π ∈ Irr(Ĝ), 1 ≤ i, j ≤ n(π)).

Note that

fz ? fw = fz+w & fz(x∗) = f−z̄(x) (z, w ∈ C, x ∈ O(Ĝ)).

So that fz is a ∗-character if z ∈ iR. The Woronowicz characters can also be used to
describe the antipode Ŝ, the (analytic continuation of the) scaling group τ̂z and modular
group σ̂z, and the unitary antipode R̂:

τ̂z(x) = f−iz ? x ? fiz, Ŝ2(x) = τ̂−i(x), σ̂z(x) = fiz ? x ? fiz, R̂ = Ŝ ◦ τ̂i/2.

2.4. A few basic examples. We mention here a few examples of compact quantum
groups that we will come to at several points in this paper. These are the free unitary
quantum groups, the free orthogonal quantum groups, and Woronowicz’ SUq(2) quantum
group. We leave it to the reader to check that the following examples do indeed satisfy
Woronowicz’ axioms for a compact (matrix) quantum group [85].

Notation 2.1. Given a complex ∗-algebra A and a matrix X = [xij ] ∈ MN (A), we
denote by X̄ the matrix [x∗ij ] ∈MN (A).

Definition 2.2 ([80]). Let N ≥ 2 be an integer and let F ∈ GLN (C).

(1) The free unitary quantum group U+
F (with parameter matrix F ) is the compact

quantum group given by the universal C∗-algebra

Cu(U+
F ) = C∗

(
{vij}1≤i,j≤N |V = [vij ] is unitary & FV̄ F−1 is unitary

)
, (2.4)

together with coproduct ∆ : Cu(U+
F )→ Cu(U+

F )⊗ Cu(U+
F ) given by

∆(vij) =
N∑
k=1

vik ⊗ vkj (1 ≤ i, j ≤ N).
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(2) Let λ ∈ R\{0} and assume that FF̄ = λ1. The free orthogonal quantum group O+
F

(with parameter matrix F ) is the compact quantum group given by the universal
C∗-algebra

Cu(O+
F ) = C∗

(
{uij}1≤i,j≤N |U = [uij ] is unitary & U = FŪF−1), (2.5)

together with coproduct ∆ : Cu(O+
F )→ Cu(O+

F )⊗ Cu(O+
F ) given by

∆(uij) =
N∑
k=1

uik ⊗ ukj (1 ≤ i, j ≤ N).

Remark 2.3. In the above definition, the coproduct ∆ is defined so that the matrix of
generators V = [vij ] (resp. U = [uij ]) is always a (fundamental) representation of the
compact matrix quantum group U+

F (resp. O+
F ).

Remark 2.4. Note that the above definition for O+
F makes sense for any F ∈ GLN (C).

The additional condition FF̄ ∈ R1 is equivalent to the requirement that U is always an
irreducible representation of O+

F . Indeed, Banica [4] showed that U is irreducible if and
only if FF̄ = λ1 (λ ∈ R).

We now define Woronowicz’ SUq(2) quantum group.

Definition 2.5 ([86]). Let q ∈ [−1, 1] \ {0} and let C(SUq(2)) be the universal unital
C∗-algebra generated by elements α, γ subject to the relations which make the 2 × 2
matrix

W = [wij ] =
(
α −qγ∗
γ α∗

)
unitary.

Defining ∆(wij) =
∑2
k=1 wik ⊗ wkj , ∆ extends to a coproduct on C(SUq(2)), yielding

Woronowicz’ SUq(2)-quantum group.

Remark 2.6. Actually, the quantum groups SUq(2) are just special cases of free orthog-
onal quantum groups. Indeed, for q ∈ [−1, 1] \ {0}, we have

SUq(2) = O+
Fq

where Fq =
(

0 1
−q−1 0

)
∈ GL2(C).

That is, there is a ∗-isomorphism C(O+
Fq

) → C(SUq(2)) given by uij 7→ wij . This fact
can be readily checked by comparing generators and relations.

3. Amenability and co-amenability. We begin our discussion of approximation prop-
erties of locally compact quantum groups with arguably the most fundamental and natu-
ral approximation properties: amenability. Recall that a locally compact group G is said
to be amenable if there exists a finitely additive, left translation-invariant Borel proba-
bility measure on G. In functional analytic language, this means the existence of a state
m ∈ L∞(G)∗ such that

m(Lxf) = m(f) (f ∈ L∞(G), g ∈ G),

where Lgf : t 7→ f(g−1t) is the left translate of f by g. Such a state m is called a left
invariant mean on L∞(G). The class of amenable groups is quite broad and includes,
for example, all compact, abelian, solvable, and nilpotent locally compact groups. For
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a very nice introduction to the topic of amenability for locally compact groups, we refer
the reader to the monographs [68, 73].

Our goal now is to extend the concept of amenability to general locally compact
quantum groups. To do this, we first observe that if m ∈ L∞(G)∗ is left-invariant, then
m is also invariant under the natural dual right action of L1(G) on L∞(G):

(f, ω) 7→ f ? ω = (ω ⊗ ι)∆(f) (ω ∈ L1(G), f ∈ L∞(G)),

where ∆f(s, t) = f(st) is the usual coproduct on L∞(G). Thus, if m is a left-invariant
mean on L∞(G), then

m(ω ⊗ ι)∆(f) = m(f)
∫
G

ω(x) dx = ω(1)m(f) (ω ∈ L1(G), f ∈ L∞(G)). (3.1)

In [73], the above condition (3.1) is called topological left invariance for m. Although
topological left-invariance is an a priori weaker notion than left-invariance, it is known
[73, Chapter 1] that the existence of a topologically invariant mean on L∞(G) is equivalent
to amenability of G. Since the notion of topological left-invariance translates directly to
the quantum setting, we make the following definition.

Definition 3.1. A lcqg G is called amenable if there exists a state m ∈ L∞(G)∗ such
that m(ω⊗ ι)∆ = ω(1)m for all ω ∈ L1(G). We call such a state m a left-invariant mean
on L∞(G).

Remark 3.2. There is the obvious notion of a right-invariant mean m ∈ L∞(G)∗, which
satisfiesm(ι⊗ω)∆ = ω(1)m for all ω ∈ L1(G). Hence we could define amenability in terms
of right-invariant means. It turns out that our preference for left over right is irrelevant,
since an easy calculation shows that a state m ∈ L∞(G)∗ is a left-invariant mean if and
only if m ◦ R is a right-invariant mean, where R = S ◦ τi/2 : L∞(G) → L∞(G) is the
unitary antipode. (Recall that R is a ∗-anti-automorphism, R2 = ι, and ∆ = σ(R⊗R)∆R,
where σ is the tensor flip map.)

3.1. Some examples of amenable lcqgs. At this point we should mention at least
a few non-trivial examples: Every compact quantum group is clearly amenable (its Haar
state is an invariant mean), among the discrete quantum groups we will see later on that
Woronowicz’ ŜUq(2) is amenable and Ô+

F is amenable if and only if F ∈ GL2(C). In fact,
it is more generally known that the dual Ĝq of the q-deformation of a simply connected
semi-simple compact Lie group G is amenable (see, for example, [62] and the references
therein). In the locally compact quantum case, we just content ourselves to mention the
work of Caspers [19], showing that that dual of SUq(1, 1) is amenable.

3.2. Amenability, nuclearity, and injectivity. In this section we will show how
amenability for a lcqg is intimately related to two of the most fundamental approxi-
mation properties in operator algebra theory: injectivity and nuclearity. Let us begin by
recalling these concepts.

Definition 3.3. Let H be a Hilbert space andM ⊂ B(H) a von Neumann algebra.M is
called injective if there exists a conditional expectation E : B(H) → M , i.e., a unital
completely positive map E from B(H) onto M such that E2 = E.
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Although the above definition of injectivity may, at the face of it, appear to not
have anything to do with “approximations”, it turns out to be equivalent to the weak*
completely positive approximation property, thanks to some deep work of Connes [27].
For future reference, let us recall this concept.

Definition 3.4. A von Neumann algebra M has the weak* completely positive approx-
imation property (w*CPAP) if there exists a net of finite rank, σ-weakly continuous,
completely positive contractions Tα : M →M such that

Tα → idM pointwise σ-weakly.

In the C∗-algebra world, the corresponding analogue of injectivity is nuclearity. Just
like injectivity, nuclearity has many equivalent characterizations (see [17, Chapter 2]
for example). In the following, we take the so-called completely positive approximation
property as our definition of nuclearity.

Definition 3.5. A C∗-algebra is nuclear if there exists a net of finite rank, completely
positive contractions Tα : A→ A such that

Tα → idA pointwise in norm.

We now come to a result that connects amenability to injectivity/nuclearity.

Theorem 3.6 ([9]). Let G be an amenable lcqg with Pontryagin dual Ĝ, and let π̂ :
Cu0 (Ĝ) → B(H) be a non-degenerate ∗-representation. Then π̂(Cu0 (Ĝ)) is nuclear, and
π̂(Cu0 (Ĝ))′′ is injective. In particular, Cu0 (Ĝ) and C0(Ĝ) are nuclear, and L∞(Ĝ) is in-
jective.

Proof. Let π : L1(G)→ B(H) be the associated non-degenerate ∗-representation and let
U = Uπ ∈M(C0(G)⊗K(H)) be the corresponding unitary representation of G. First note
that the injectivity of π(Cu0 (Ĝ))′′ is equivalent to the nuclearity of π(Cu0 (Ĝ)) by some very
deep work of Connes [27] and Choi–Effros [25]. Moreover, by a result of Tomiyama [78],
injectivity of π(Cu0 (Ĝ))′′ is equivalent to that of π(Cu0 (Ĝ))′. It is this latter fact that we
will now prove.

To this end, letm be a right-invariant mean on L∞(G), let α : B(H)→ L∞(G)⊗B(H)
be given by

α(x) = U(1⊗ x)U∗ (x ∈ B(H)),

and define E : B(H)→ B(H) by

E(x) = (m⊗ ι)(α(x)) (x ∈ B(H)).

It is clear from the definitions that E is a unital and completely positive (ucp) map. We
now show that E(B(H)) = π(Cu0 (Ĝ))′ and E2 = E. Since (∆ ⊗ ι)U = U13U23, a simple
calculation shows that

(ι⊗ α)α = (∆⊗ ι)α.

From this equality, we get

α(E(x)) = (m⊗ α)α(x) = (m⊗ ι)(∆⊗ ι)(α(x))
= 1⊗ (m⊗ ι)α(x) = 1⊗ E(x) (x ∈ B(H)),
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where the last equality follows from the right-invariance of m. As a consequence,

E2(x) = (m⊗ ι)(α(E(x))) = (m⊗ ι)(1⊗ E(x)) = E(x) (x ∈ B(H)).

Next, observe that E(B(H)) = {y ∈ B(H) : α(y) = 1 ⊗ y}. Indeed, we have already
shown the inclusion “⊆”, and the inclusion “⊇” follows because the equality α(y) = 1⊗y
implies that E(y) = (m⊗ ι)(1⊗ y) = y. To finish, we note that

{y ∈ B(H) : α(y) = 1⊗ y} = {y ∈ B(H) : (1⊗ y)U = U(1⊗ y)}

=
{
y ∈ B(H) : π(ω)y = yπ(ω) ∀ω ∈ L1(G)

}
= π(L1(G))′ = π̂(Cu0 (Ĝ))′.

The above theorem raises the following natural question about the connection between
injectivity/nuclearity and amenability.

Question 3.7. For a locally compact quantum group G, does the injectivity of L∞(Ĝ)
or the nuclearity of C0(Ĝ) (respectively Cu0 (Ĝ)) characterize the amenability of G?

The answer to the above question (as stated) turns out to be no, even in the classical
case. Let G be any connected locally compact group. Connes [27] showed for instance
that the group von Neumann algebra L(G) = L∞(Ĝ) is always injective and that the
reduced group C∗-algebra C∗λ(G) = C0(Ĝ) is always nuclear. On the other hand, we will
see later in Theorem 7.3 that the answer is yes, provided G is a unimodular discrete
quantum group. In the general case, one has to impose some additional hypotheses on
the conditional expectations E : B(L2(G))→ L∞(Ĝ) in order to yield a characterization
of amenability.

One such additional hypothesis is given by the following definition.

Definition 3.8 (Sołtan–Viselter [74]). A lcqg G is called quantum injective if there exists
a conditional expectation E : B(L2(G)) → L∞(G) such that E(L∞(Ĝ)) ⊂ ZL∞(G)
(where ZL∞(G) denotes the center of L∞(G)).

It turns out that if one considers quantum injectivity instead of ordinary injectiv-
ity, then one obtains a characterization of amenability. The theorem presented below is
from [74], but similar results were obtained independently by Crann–Neufang in [30].

Theorem 3.9 (Sołtan–Viselter [74], Crann–Neufang [30]). The following conditions are
equivalent for a lcqg G:

(1) G is amenable.
(2) There exists a conditional expectation E : B(L2(G)) → L∞(Ĝ) with E(L∞(G)) =

C1.
(3) Ĝ is quantum injective.

Sketch. (1) =⇒ (2). Fix a left-invariant meanm and consider the right-regular represen-
tation V ∈ L∞(Ĝ)′ ⊗ L∞(G), which is unitary operator that implements the coproduct
on L∞(G) via ∆(x) = V (x⊗ 1)V ∗. Define E : B(L2(G))→ B(L2(G)) by

ω(E(x)) = m(ω ⊗ ι)(V (x⊗ 1)V ∗) (x ∈ B(L2(G)), ω ∈ B(L2(G))∗).
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Then, as in the proof of Theorem 3.6, one can show E : B(L2(G))→ (L∞(Ĝ)′)′ = L∞(Ĝ)
is a conditional expectation. Moreover

E(x) = (ι⊗m)(V (x⊗ 1)V ∗) = (ι⊗m)∆(x) = m(x)1 (x ∈ L∞(G)).

(2) =⇒ (3) is trivial.
(3) =⇒ (1). Let E be a conditional expectation satisfying (3). Fix a state ρ ∈ L∞(Ĝ)∗

and define a state m ∈ L∞(G)∗ by

m = ρ ◦ E|L∞(G).

We claim that m is a left-invariant mean on L∞(G). To see this, denote by

∆̄ : B(L2(G))→ B(L2(G)) ⊗ B(L2(G)); ∆̄(x) = W ∗(1⊗ x)W

the canonical extension to B(L2(G)) of the coproduct ∆. Since any conditional expec-
tation E : B(L2(G)) → L∞(Ĝ) is automatically an L∞(Ĝ)-bimodule map [78] (i.e.,
E ∈ CB

L∞(Ĝ)(B(L2(G)))), we can use a result of Effros–Kishimoto [38], which says that
E is a pointwise σ-weak limit of so-called elementary operators:

E = lim
α
Eα pointwise σ-weakly, where Eα(x) =

nα∑
i=1

ai,αxbi,α (ai,α, bi,α ∈ L∞(Ĝ)′).

Now fix ω ∈ L1(G) and x ∈ L∞(G). Then using the fact that W ∈ L∞(G) ⊗ L∞(Ĝ), we
get the following σ-weak limit.

E(ω ⊗ ι)∆̄(x) = E(ω ⊗ ι)(W ∗(1⊗ x)W ) = lim
α

nα∑
i=1

(ω ⊗ ι)(W ∗(1⊗ ai,αxbi,α)W )

= (ω ⊗ ι)(W ∗(1⊗ E(x))W ) = (ω ⊗ ι)(1⊗ E(x)),

where the last equality follows from the fact that E(L∞(G)) ⊆ ZL∞(Ĝ). Applying ρ to
both sides of the above equality, we get

m(ω ⊗ ι)∆(x) = m(x)ω(1) (x ∈ L∞(G)).

3.3. Co-amenability. Up to this point, we have essentially two ways to detect the
amenability of a lcqg G. Namely, finding a left or right-invariant mean on L∞(G), or
constructing a suitable conditional expectation E : B(L2(G)) → L∞(Ĝ). In order to
develop further (possibly simpler) means of checking amenability, we now turn to a notion
dual to amenability, called co-amenability.

Definition 3.10. A locally compact quantum group G is called co-amenable if there
exists a state ε : C0(G)→ C such that (ι⊗ ε)∆ = ι. Such a state ε is called a co-unit for
C0(G).

Lemma 3.11. If the co-unit ε exists, then it is unique.

Proof. Let R denote the unitary antipode for L∞(G). Since σ(R⊗R)∆ = ∆R, we have
(εR⊗ ι)∆ = ι. But then

εR = εR(ι⊗ ε)∆ = ε(εR⊗ ι)∆ = ε =⇒ (ι⊗ ε)∆ = (ε⊗ ι)∆ = ι.

Thus, if ε′ is any other co-unit, we have ε′ = (ε′ ⊗ ε)∆ = ε.
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In contrast to the notion of amenability, co-amenability turns out to have many equiv-
alent characterizations, several of which can be thought of as approximation properties
for the quantum group (or its dual).

Theorem 3.12. The following conditions are equivalent for a lcqg G:

(1) G is co-amenable.
(2) C0(G)∗ is unital (with respect to the convolution algebra structure induced by ∆).
(3) The canonical quotient map πu : Cu0 (G)→ C0(G) is injective.
(4) There is a state ε ∈ C0(G)∗ such that (ε⊗ ι)W = 1.
(5) There is a net (ξi)i ⊂ L2(G) of unit vectors such that

lim
i
‖W (ξi ⊗ η)− (ξi ⊗ η)‖ = 0 (η ∈ L2(G)).

(6) L1(G) has a bounded (left/right/two-sided) approximate identity.

Proof. (1) ⇐⇒ (2) ⇐⇒ (3): Clearly ε plays the role of the unit in the Banach algebra
C0(G)∗, so (1) and (2) are equivalent. Note that since

L1(G) ⊆ C0(G)∗ ⊆ Cu0 (G)∗

are identified as closed two-sided ideals [55], it follows that C0(G)∗ is unital if and only
if C0(G)∗ = Cu0 (G)∗, which happens if and only if πu is injective.

(1) =⇒ (4): From (1), we have

W = (ι⊗ ε⊗ ι)(∆⊗ ι)W = (ι⊗ ε⊗ ι)W13W23 = W (1⊗ (ε⊗ ι)W ),

which implies that (ε⊗ ι)W = 1, since W is unitary.
(4) =⇒ (5): Let ε ∈ C0(G)∗ satisfy (4), and extend it to a state ε̃ on B(L2(G)). Since

L∞(G) is in standard form on L2(G), we can find a net of unit vectors (ξi)i ⊂ L2(G)
such that

ε̃(x) = lim
i
ωξi(x) (x ∈ L∞(G)).

But then for all η ∈ L2(G), we have (ι⊗ ωη)W ∈ C0(G) ⊂ L∞(G), and therefore

‖W (ξi ⊗ η)− (ξi ⊗ η)‖2 = 2‖η‖2 − 2Re(W (ξi ⊗ η) | ξi ⊗ η)
= 2‖η‖2 − 2Re(ωξi ⊗ ωη)W → 2‖η‖2 − 2Re(ε⊗ ωη)W = 2‖η‖2 − 2ωη(1) = 0.

(5) =⇒ (6): Consider the net (ωi)i ⊂ L1(G) with ωi = ωξi . Then for any u, v ∈
L2(G), ω = ωu,v ∈ L1(G) and x ∈ L∞(G),

|ωi ? ω(x)− ω(x)|
=
∣∣〈(1⊗ x)W (ξi ⊗ u) |Wξi ⊗ v

〉
−
〈
(1⊗ x)(ξi ⊗ u) | ξi ⊗ v

〉∣∣
=
∣∣〈(1⊗ x)(W (ξi ⊗ u)− (ξi ⊗ u)) |Wξi ⊗ v

〉
+
〈
(1⊗ x)(ξi ⊗ u) |W (ξi ⊗ v)− ξi ⊗ v

〉∣∣
≤ ‖x‖

∥∥(W (ξi ⊗ u)− (ξi ⊗ u))
∥∥‖v‖+ ‖x‖

∥∥(W (ξi ⊗ v)− (ξi ⊗ v))
∥∥‖u‖ → 0.

This shows that (ωi)i is a contractive left BAI for L1(G). From this we get that (ωiR)i
is a right BAI. Then it is a standard Banach algebra fact that (ωi + ωiR − ωiR ? ωi)i is
a bounded two-sided approximate identity.

(6) =⇒ (1): Without loss of generality, we can assume that our (left) bounded
approximate identity (ωi)i converges weak∗ to ε̃ ∈ L∞(G)∗. Put ε = ε̃|C0(G). Then for



198 M. BRANNAN

any x ∈ C0(G), ω ∈ L1(G), we have

ω((ε⊗ ι)∆x) = ε((ι⊗ ω)∆x) = lim
i
ωi((ι⊗ ω)∆x) = lim

i
ωi ? ω(x) = ω(x).

This shows that (ε⊗ ι)∆ = ι. From this formula, it is easy to see that ε is a character on
C0(G), in particular, ε is a state.

As an almost immediate consequence of the above theorem, we obtain the following
important relationship between co-amenability and amenability with respect to Pontrya-
gin duality.

Corollary 3.13. If Ĝ is co-amenable, then G is amenable.

Proof. If Ĝ is co-amenable, then there exists a net of unit vectors (ξi)i ⊂ L2(G) such
that

‖Ŵ (ξi ⊗ η)− ξi ⊗ η‖ → 0 (η ∈ L2(G)).

But since W = σŴσ∗ is unitary, we get

‖W (η ⊗ ξi)− η ⊗ ξi‖ → 0 (η ∈ L2(G)).

Now let m ∈ L∞(G)∗ be any state which is a weak∗-limit point of the net (ωξi)i. Then
we have, for all ξ, η ∈ L2(G),

ωξ,η
(
(ι⊗m)∆(x)

)
= lim

i

〈
W ∗(1⊗ x)W (ξ ⊗ ξi) | (η ⊗ ξi)

〉
= lim

i

〈
(1⊗ x)(ξ ⊗ ξi) | (η ⊗ ξi)

〉
= ωξ,η(1) lim

i
ωξi(x) = ωξ,η(1)m(x).

Therefore m is a left-invariant mean on L∞(G).

A natural question that arises from the above result is whether the converse of Corol-
lary 3.13 is true for all locally compact quantum groups.

Question 3.14. Does the amenability of G imply the co-amenability of Ĝ?

In its full generality, the above question is still open, however there are some special
cases in which the answer is known to be yes: If G is a classical locally compact group,
a theorem of Leptin [61] says that G is amenable if and only if the Fourier algebra
A(G) ∼= L1(Ĝ) has a bounded approximate identity, which by Theorem 3.12 implies that
Ĝ is co-amenable. If G is compact, the answer is obviously yes as well, since L1(Ĝ) is
unital. If G is discrete, then the answer is again yes, but this is a highly non-trivial
theorem of Tomatsu [77], also proved independently by Blanchard–Vaes [12]. See also
earlier related work of Voiculescu [82].

Theorem 3.15 (Tomatsu [77], Blanchard–Vaes [12]). Let G be an amenable discrete
quantum group. Then Ĝ is co-amenable.

In what follows we give a very rough outline of the ideas behind this theorem. Our
arguments follow closely along the lines of the approach of Blanchard–Vaes [12]. In the
proofs in [12, 77], the modular theory of the Haar weights on L∞(G) plays a major role.
For another, very recent proof of Theorem 3.15 that avoids the use of modular theory,
we refer the reader to Crann [29].
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Rough Sketch of Theorem 3.15. Let m be a left-invariant mean on L∞(G). By a standard
Hahn–Banach plus convexity argument, we can write m as a weak∗ limit of a net of states
(ωj)j ⊂ L1(G) such that

‖ω ? ωj − ω(1)ωj‖L1(G) → 0 (ω ∈ L1(G)). (3.2)

Since L∞(G) is in standard position on L2(G) [46], there exists a unique unit vector ξj
in the positive cone L2(G)+ such that ωj = ωξj . Our claim is that co-amenability of Ĝ
will follow if we can show that

lim
i
‖λ(ω)ξi − ω(1)ξi‖L2(G) = 0 (ω ∈ L1(G)). (3.3)

Indeed, if (3.3) holds, then it follows that the unital linear functional

ω 7→ ω(1) (ω ∈ L1(G)) satisfies |ω(1)| ≤ ‖λ(ω)‖,

and therefore extends uniquely to a state ε̂ : C0(Ĝ) → C. But then one readily checks
that for ω belonging to the dense subspace {ω ∈ L1(G) : ω ◦ S ∈ L1(G)},

ω((ε̂⊗ ι)Ŵ ) = ε̂(ω ⊗ ι)W ∗ = ε̂(λ(ω ◦ S)) = ω(S(1)) = ω(1).

Thus, (ε̂⊗ ι)Ŵ = 1 and Ĝ is therefore co-amenable.
To prove (3.3), by linearity and density, it suffices to fix π ∈ Irr(Ĝ) and prove (3.3)

for ωπ ∈ B(Hπ)∗ = Mn(π)(C)∗ ⊂ L1(G). To this end, define positive normal linear
functionals ηj , µj ∈Mn(π)(L∞(G))∗ by

ηj([xmn]) = Tr⊗ ωj([xmn]) & µj(([xmn]) =
∑
m,n

〈ωπm,n, ωj ? xmn〉

([xmn] ∈Mn(π)(L∞(G))),

where ωπij(eπkl) = δikδjl is the dual basis for the fixed system of matrix units

(eπij)1≤i,j≤nπ ⊆ B(Hπ).

The positivity of ηj can readily be verified based on the equation∑
m,n

〈ωπm,n, ωj ? xmn〉 =
∑
m,n,k

〈
xmnλ(ωπkn)ξj |λ(ωπkm)ξj

〉
.

Now, by (3.2), we have ‖µj − ηj‖Mnπ (L∞(G))∗ → 0, and consequently we also have∥∥(Qπ ⊗ 1)µj(Qπ ⊗ 1)− (Qπ ⊗ 1)ηj(Qπ ⊗ 1)
∥∥
Mn(π)(L∞(G))∗

→ 0,

where Qπ is the modular matrix associated to π. At this point we would like to apply the
Powers–Størmer inequality [46] to the above equation, which requires us to identify the
unique elements in the tensor product positive cone (S2(Hπ)⊗L2(G))+, which implement
(Qπ ⊗ 1)µj(Qπ ⊗ 1) and (Qπ ⊗ 1)ηj(Qπ ⊗ 1), respectively. After some analysis, the two
families of elements in this cone turn out to be

(Qπ ⊗ 1)[λ(ωπsr)ξj ]rs & (Qπ ⊗ ξj) (respectively).
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From this, an application of Powers–Størmer inequality gives∥∥(Qπ ⊗ 1)µj(Qπ ⊗ 1)− (Qπ ⊗ 1)ηj(Qπ ⊗ 1)
∥∥
Mnπ (L∞(G))∗

→ 0

=⇒ ‖(Qπ ⊗ 1)[λ(ωπsr)ξj ]rs − (Qπ ⊗ ξj)‖(S2(Hπ)⊗L2(G)) → 0
⇐⇒

∥∥[λ(ωπsr)ξj ]rs − 1⊗ ξj
∥∥

(S2(Hπ)⊗L2(G)) → 0.

Applying ωπ ⊗ ι to the last line, where ωπ ∈ B(Hπ)∗, we get

‖λ(ωπ)ξj − ωπ(1)ξj‖ → 0.

3.4. The Kesten amenability criterion. We shall close our discussion of amenabil-
ity and co-amenability by presenting a very handy criterion for establishing the
(non-)amenability of a discrete quantum group, called the Kesten amenability criterion.
We then use this result to determine precisely when the duals of free orthogonal quantum
groups O+

F are amenable.
Let G be a discrete quantum group with compact dual Ĝ, and let U = [uij ] ∈

Mn(O(Ĝ)) be a finite-dimensional representation of Ĝ. Recall that the character of U is
the element χ = χU ∈ O(Ĝ) given by

χ =
n∑
i=1

uii ∈ O(Ĝ).

Note that χ always satisfies the following norm inequalities

‖χ‖
C(Ĝ) ≤ ‖χ‖Cu(Ĝ) = ε̂(χ) = n,

where ε̂ : Cu(Ĝ)→ C is the universal co-unit (which is a character satisfying ε̂(uij) = δij).
Moreover, the same inequalities hold for the real and imaginary parts <χ and =χ. Recall
that G is called finitely generated if Ĝ is a compact matrix quantum group, i.e., if there
is a finite-dimensional unitary representation U whose matrix elements generate O(Ĝ)
as a ∗-algebra. We call such a representation U a fundamental representation of Ĝ. The
following theorem is the Kesten amenability criterion, which we state in the finitely
generated case for simplicity. (We leave the obvious adaptation to the general case to the
reader.)

Theorem 3.16 (Banica [5]). Let G be a finitely generated discrete quantum group, let
U = [uij ]nij=1 be a fundamental (unitary) representation of Ĝ, and let χ = χU ∈ O(Ĝ) be
the character of U . Let σ ⊂ [−n, n] be the spectrum of <χ ⊂ C(Ĝ). Then G is amenable
if and only if n ∈ σ.

Remark 3.17. When G = Γ is a classical finitely generated discrete group with finite
generating set S, the above theorem reduces to the classical Kesten amenability crite-
rion [53], which says that Γ is amenable if and only if the Markov operator

T = 1
2
∑
γ∈S

λ(γ) + λ(γ)∗ ∈ C∗r (Γ) satisfies |S| ∈ σ(T ).

Proof. If G is amenable, then Ĝ is co-amenable and therefore there is a bounded co-unit
ε̂ : C(Ĝ)→ C which sends <χ to n. Thus n ∈ σ.
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Conversely, suppose that n ∈ σ. Put ai = 1 − <uii ∈ C(Ĝ), which is positive. Then
the positive operator

∑
i ai is not invertible. This means that there is a sequence (ξk)k ⊂

L2(G) of unit vectors such that
∑
i〈aiξk | ξk〉 → 0.

As each term in the above sum is non-negative, we get
〈aiξk | ξk〉 → 0 (1 ≤ i ≤ n)
⇐⇒ ‖uiiξk − ξk‖ → 0 (1 ≤ i ≤ n),

where the second line follows from the equality
‖(1− uii)ξk‖2 = 2〈(1−<uii)ξk | ξk〉+ ‖uiiξ‖2 − 1.

Now let Mn(C(Ĝ)) act on Cn ⊗ L2(G) in the canonical way. As U is unitary,

1 = ‖U(ej ⊗ ξk)‖2 =
∥∥∥∑

i

ei ⊗ uijξk
∥∥∥2

=
∑
i

‖uijξk‖2 (1 ≤ j ≤ n),

and as ‖uiiξk − ξk‖ → 0 we get ‖uijξk‖ → 0 if i 6= j. In summary, this means that
uijξk − δijξk → 0 (1 ≤ i, j ≤ n).

Multiplying the above limit by u∗il and summing over i, we also obtain∑
i

(u∗iluijξk − δiju∗ilξk) = δljξk − u∗jlξk → 0 (1 ≤ l, j ≤ n).

Extending linearly and multiplicatively (using the triangle inequality), we get from
the above two limits that

‖xξk − ε̂(x)ξk‖ → 0 (x ∈ O(Ĝ)).
In particular |ε̂(x)| = limk ‖xξk‖L2(G) ≤ ‖x‖C0(Ĝ), i.e., C0(Ĝ) has a bounded co-unit, and
therefore G is amenable.

As an application of the Kesten amenability criterion, we determine when the free
orthogonal quantum groups O+

F are co-amenable.
Theorem 3.18 (Banica [4]). Let n ≥ 2 and F ∈ GLn(C) be such that FF̄ = ±1. Then
O+
F is co-amenable if and only if n = 2. In particular, Woronowicz’ SUq(2) is co-amenable

for all q ∈ [−1, 1] \ {0}.
Sketch. Consider the character χ = χU of the fundamental representation U . Since,
by definition, we have Ū = F−1UF , it follows from the invariance of characters under
equivalence of representations that

χ∗ = χŪ = χF−1UF = χ.

Thus, to determine when O+
F is co-amenable, we can try to determine the spectrum

σ ⊂ [−n, n] of χ ∈ C0(O+
F ). To do this, we will identify the spectral measure µ of χ with

respect to the Haar state ϕ (whose support is σ), and this can be done by computing the
moments of µ. But in this case, we have∫

σ

tk dµ = ϕ(χk) = (ϕ⊗ Tr)(U⊗k) = Tr((ϕ⊗ ι)U⊗k) = dim(Mor(1, U⊗k)),

since (ϕ⊗ι)U⊗k is the orthogonal projection onto the space of fixed vectors Hom(1, U⊗k)
of the tensor product representation U⊗k.
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In [4], Banica showed that for all n ≥ 2, Mor(1, U⊗k) = {0} if k is odd, and

dim(Mor(1, U⊗2m)) = Cm = 1
m+ 1

(
2m
m

)
(the m-th Catalan number, m ∈ N).

The Catalan numbers are the well-known moment sequence for the semicircular measure
µ on the interval [−2, 2] (see for example [63]):

dµ(t) = 1
2π
√

4− t2 1[−2,2] dt.

Thus σ = [−2, 2] and therefore n ∈ σ ⇐⇒ n = 2.

4. Weakening the notion of amenability. We now consider various relaxations of
the notion of amenability and co-amenability for locally compact quantum groups. In
fact, in this survey, we will primarily focus on two such notions, namely the Haagerup
property and weak amenability for locally compact quantum groups. The primary goal
here will be to investigate the interplay between these approximation properties and the
structure of certain operator algebras associated to a locally compact quantum group.

4.1. Motivation — amenability and approximate units in the Fourier algebra.
Let G be a locally compact group and let λG : G→ U(L2(G)) denote the left regular rep-
resentation. The Fourier algebra is the subspace of A(G) ⊂ C0(G) consisting of coefficient
functions of λG, i.e.,

A(G) =
{
t 7→ φξ,η(t) = 〈λG(t−1)ξ | η〉 : ξ, η ∈ L2(G)

}
.

The Fourier algebraA(G) turns out to be a Banach algebra under the pointwise operations
inherited from C0(G), when it is equipped with the norm

‖φ‖A(G) = inf{‖ξ‖2‖η‖2 : φ = φξ,η}.
See [40] for details.

Since A(G) is a nice commutative Banach algebra that can be associated to any locally
compact group G, it is natural to ask what types of conditions on G ensure that A(G)
has a bounded approximate identity (BAI). It turns out that the existence of such a BAI
is equivalent to the amenability of G.
Theorem 4.1 (Leptin [61]). A locally compact group G is amenable if and only if the
Banach algebra A(G) has a bounded approximate identity.

Moreover, if G is amenable, we can always take the BAI (bi)i ⊂ A(G) to consist of
normalized positive definite functions associated to λG (i.e., for each i, bi = φξi,ξi for
some unit vector ξi ∈ L2(G)).

In other words, if G is not amenable, then the Banach algebra A(G) has no BAI.
However, it could still happen that A(G) has an unbounded approximate identity (bi)i
that is uniformly bounded in some other (smaller) norm on A(G). For example, we could
ask for the uniform boundedness of (bi)i in the multiplier norm on A(G):

‖bi‖MA(G) = sup
‖a‖A(G)=1

‖bia‖A(G).

Another scenario one could consider is a non-amenable group G for which there exists a
net (bi)i of normalized positive definite functions contained in the slightly larger space
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C0(G) (instead of A(G)) for which a BAI-type condition still holds for A(G). Namely,

‖bia− a‖A(G) → 0 (a ∈ A(G)).

It was discovered by Haagerup [47] that the above two scenarios actually hold for the
non-amenable free groups Fk on k ≥ 2 generators. With this seminal work of Haagerup,
the notion of weak amenability and the Haagerup property for groups was born. Our goal
now is to study these approximation properties in some detail in the general context of
locally compact quantum groups.

4.2. The Fourier algebra of a locally compact quantum group. We begin by
defining the quantum group analogue of the Fourier algebra. To do this, we consider
once again the classical situation: Let G be a locally compact group with fixed left Haar
measure and let W ∈ B(L2(G) ⊗ L2(G)) be the associated multiplicative unitary which
describes the lcqg structure associated to G. It turns out that W is given by

Wξ(s, t) = ξ(s, s−1t)
(
ξ ∈ L2(G×G) = L2(G)⊗ L2(G)

)
,

and from this it follows that the multiplicative unitary Ŵ = ΣW ∗Σ associated to the
Pontryagin dual Ĝ satisfies

Ŵ ξ(s, t) = ξ(ts, t) (ξ ∈ L2(G×G)).

In particular, the dual left regular representation λ̂ : L1(Ĝ)→ C0(G) is given by λ̂(ω) =
(ω⊗ ι)Ŵ . The following proposition shows that A(G) is nothing but the image of L1(Ĝ)
under λ̂.

Proposition 4.2. For a locally compact group G,

λ̂ : L1(Ĝ)→ A(G)

is an isometric isomorphism of Banach algebras.

Proof. Fix ω ∈ L1(Ĝ). Since L∞(Ĝ) is in standard position on L2(G), we can find a pair
of vectors ξ, η ∈ L2(G) such that ω = ωξ,η on L∞(Ĝ) and ‖ω‖L1(Ĝ) = ‖ξ‖‖η‖. Now, for
α, β ∈ L2(G), we compute

〈λ̂(ω)α |β〉 = 〈Ŵ (ξ ⊗ α) | (η ⊗ β)〉

=
∫
G

∫
G

ξ(ts)α(t)η(s)β(t) ds dt =
∫
G

〈λ(t−1)ξ | η〉α(t)β(t) dt.

Hence, λ̂(ωξ,η) = φξ,η ∈ A(G) and ‖φξ,η‖A(G) ≤ ‖ξ‖‖η‖. Taking the infimum over all ξ, η
above (noting that the homomorphism λ̂ is injective), we get ‖λ̂(ω)‖A(G) = ‖ω‖L1(Ĝ).

We now turn to the quantum setting and define the Fourier algebra and Fourier
multipliers.

Definition 4.3. For a locally compact quantum group G, the Fourier algebra is the
subalgebra

A(G) := λ̂(L1(Ĝ)) ⊆ C0(G).

For ω ∈ L1(Ĝ), we write ‖λ̂(ω̂)‖A(G) = ‖ω̂‖
L1(Ĝ), thus making A(G) a Banach algebra

with respect to the norm ‖ · ‖A(G).
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Remark 4.4. We regard the Fourier algebra A(G) as an operator space in the natural
way, by identifying it with the predual of the von Neumann algebra L∞(Ĝ).

Definition 4.5. An element a belonging to L∞(G) is called a (left) Fourier multiplier if
aA(G) ⊆ A(G).

Note that by the closed graph theorem, any Fourier multiplier a ∈ L∞(G) induces a
bounded linear map

ma : A(G)→ A(G); ma(b) = ab (b ∈ A(G)).

Equivalently, a induces a bounded linear map L∗ : L1(Ĝ)→ L1(Ĝ) such that

L∗(ω1 ? ω2) = L∗(ω1) ? ω2 (ωi ∈ L1(Ĝ)), (4.1)

where L∗(ω) = λ̂−1(ma(λ̂(ω))). In what follows, we will frequently identify a Fourier
multiplier a with the corresponding bounded map ma. We write MA(G) for the Banach
algebra of all Fourier multipliers, and letMcbA(G) := MA(G)∩CB(A(G)) be the Banach
space of completely bounded (cb) Fourier multipliers. Note that McbA(G) consists of
precisely those a ∈MA(G) for which the corresponding σ-weakly continuous map

L := (L∗)∗ : L∞(Ĝ)→ L∞(Ĝ)

is completely bounded on L∞(Ĝ). Finally, we call a ∈ McbA(G) a completely positive
multiplier (or a continuous completely positive definite function on Ĝ) if the corresponding
map L is completely positive.

The following proposition gives some useful equivalent characterizations of those
L ∈ CBσ(L∞(Ĝ)) that come from cb multipliers. (Here, CBσ(L∞(Ĝ)) denotes the subal-
gebra of σ-weakly continuous elements of CB(L∞(Ĝ))).

Proposition 4.6. Let L ∈ CBσ(L∞(Ĝ)) with pre-adjoint L∗ ∈ CB(L1(Ĝ)). Then the
following conditions are equivalent:

(1) L∗ satisfies (4.1).
(2) ∆̂ ◦ L = (L⊗ ι) ◦ ∆̂.
(3) There exists a unique a ∈ L∞(G) such that (L⊗ ι)(Ŵ ) = (1⊗ a)(Ŵ ).
(4) There exists a unique a ∈McbA(G) such that aλ̂(ω̂) = λ̂(L∗ω̂) for all ω̂ ∈ L1(Ĝ).

Moreover, we have McbA(G) ⊆M(C0(G)),

Sketch. The equivalence (1) ⇐⇒ (2) is clear, and so is (3) ⇐⇒ (4) =⇒ (1) (recall
that λ̂(ω̂) = (ω̂ ⊗ ι)Ŵ ). The hard part is (1) =⇒ (3) and the containment McbA(G) ⊆
M(C0(G)). See [52] and [31], respectively, for details.

Remark 4.7. Note that condition (3) in Theorem 4.6 implies that for any a ∈McbA(G),
the corresponding map L = L(a) ∈ CBσ(L∞(Ĝ)) leaves C0(Ĝ) invariant. Indeed, if
ω ∈ K(L2(G))∗, then (ι⊗ ω)Ŵ ∈ C0(Ĝ) and

L((ι⊗ ω)Ŵ ) = (ι⊗ ω · a)Ŵ ∈ C0(Ĝ).

The result now follows from the density of {(ι⊗ ω)Ŵ : ω ∈ K(L2(G))∗} in C0(Ĝ).
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Remark 4.8. When G is a locally compact group, a classical unpublished result of
Gilbert (see also [51]), gives a useful intrinsic characterization of McbA(G). Namely, a
function a ∈M(C0(G)) = Cb(G) belongs to McbA(G) if and only if there exists a Hilbert
space H and α, β ∈ Cb(G,H) such that

a(s) = 〈α(st) |β(t)〉 (s, t ∈ G). (4.2)

Moreover,
‖a‖McbA(G) = inf ‖α‖∞‖β‖∞,

where the infimum runs over all α, β,H for which (4.2) holds.
In particular, this implies that B(G), the Fourier–Stieltjes algebra of all coefficients

of unitary (or even uniformly bounded) representations of G on Hilbert space belong to
McbA(G), with ‖a‖McbA(G) ≤ ‖a‖B(G).

It turns out that there is a quantum analogue of Gilbert’s result which was obtained
by Daws [31]. We shall not need this result here and simply refer the interested reader
to the above reference. What will be essential for us is the quantum analogue of the
containment B(G) ⊆McbA(G), which we now state.

Proposition 4.9. Let H be a Hilbert space and U ∈ M(C0(G) ⊗ K(H)) a unitary rep-
resentation of a lcqg G. Let ω ∈ K(H)∗ and let

a = (ι⊗ ω)(U∗) ∈M(C0(G)).

Then a ∈ McbA(G) and ‖a‖McbA(G) ≤ ‖ω‖. Moreover, if ω ∈ K(H)∗ is positive, then a

is a completely positive definite function.

Proof. We start off by defining our candidate for the map L ∈ CBσ(L∞(Ĝ)) induced by a
(as in Proposition 4.6). Define

L ∈ CBσ(L∞(Ĝ),B(L2(G))); L(x) = (ι⊗ ω)(U(x⊗ 1)U∗).

It is clear from the structure of L that ‖L‖cb ≤ ‖ω‖ and that L is completely positive
if ω is positive. Next, we show that L ∈ CBσ(L∞(Ĝ)). To do this, observe that we can
write

(L⊗ ι)Ŵ = (ι⊗ ι⊗ ω)(U13Ŵ12U
∗
13).

But since Ŵ = ΣW ∗Σ, we also have

U13Ŵ12U
∗
13 = U13Σ12W

∗
12Σ12U

∗
13 = Σ12U23W

∗
12U

∗
23Σ12

= Σ12U23W
∗
12U

∗
23W12W

∗
12Σ12 = Σ12U23((∆⊗ ι)U∗)W ∗12Σ12

= Σ12U23U
∗
23U

∗
13W

∗
12Σ12 = Σ12U

∗
13W

∗
12Σ12 = U∗23Σ12W

∗
12Σ12 = U∗23Ŵ12,

and therefore
(L⊗ ι)Ŵ = (ι⊗ ι⊗ ω)(U∗23Ŵ12) = (1⊗ a)Ŵ .

From this last equation, it follows that L maps into L∞(Ĝ). (Indeed, just recall that the
set {(ι ⊗ µ)Ŵ : µ ∈ B(L2(G))∗} is σ-weakly dense in L∞(Ĝ).) Moreover, a ∈ McbA(G)
implements L by Proposition 4.6.
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Remark 4.10. In Proposition 4.9 it is shown that whenever we have a unitary representa-
tion U ∈M(C0(G)⊗K(H)) and a state ω ∈ K(H)∗, the adjoint map L(a) ∈ CBσ(L∞(Ĝ))
corresponding to the multiplier a = (ι⊗ ω)U∗ ∈ McbA(G) is unital and completely pos-
itive. In fact, the converse statement is also true: if L(a) ∈ CBσ(L∞(Ĝ)) is unital and
completely positive, then a ∈McbA(G) is of the form a = (ι⊗ω)U∗ for some unitary rep-
resentation U ∈M(C0(G)⊗K(H)) and some state ω ∈ K(H)∗. See [32] for details. The
proof of this result for classical locally compact groups is an easy exercise for the reader
(just observe that complete positivity of a ∈ McbA(G) implies that a is a continuous
positive definite function on G).

With the above remark in mind we will call any a ∈ McbA(G) of the above form
a (normalized) completely positive definite function on G. The general theory of (com-
pletely) positive definite functions on lcqgs was studied in detail by Daws and Salmi [34].
We refer the reader to this paper for some of the more subtle aspects of this theory in
the quantum context.

5. The Haagerup property and weak amenability. We now begin the discussion
of our two approximation properties for locally compact quantum groups—the Haagerup
property and weak amenability—which can be thought of as weak notions of amenability.
(Or more appropriately, weak notions of co-amenability for their duals, as we shall see
below.)

5.1. The Haagerup property. The Haagerup property for general locally compact
quantum groups was developed by Daws, Fima, Skalski and White [33]. In what follows,
we give a very brief and rather incomplete account.

Definition 5.1. We say that a lcqg G has the Haagerup property if there exists a
bounded approximate identity (ai)i for C0(G) consisting of normalized completely posi-
tive definite functions.

In the classical setting, the Haagerup property for a locally compact group is often
characterized in representation theoretic terms involving mixing unitary representations
and almost invariant vectors. We shall see now that this characterization carries through
in the quantum setting.

Definition 5.2. A unitary representation U ∈ M(C0(G) ⊗ K(H)) of a lcqg G is called
a mixing representation if all of its matrix elements belong to C0(G). That is,

(ι⊗ ωξ,η)U ∈ C0(G) (ξ, η ∈ H).

Example 5.3. The prototypical example of a mixing representation is the left-regular
representation W ∈ M(C0(G) ⊗ C0(Ĝ)). Indeed, by construction we have (ι ⊗ ω)W ∈
C0(G) for all ω ∈ K(L2(G))∗.

Remark 5.4. Let µ be a state on the universal C∗-algebra Cu0 (Ĝ), associated to the
dual quantum group Ĝ. Then, following [33], we can find a Hilbert space H, a unitary
representation U ∈M(C0(G)⊗K(H)) and a cyclic unit vector ξ ∈ H such that

〈πu(ω), µ〉 = 〈ω, a〉 (ω ∈ L1(G))
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where πu : L1(G)→ Cu0 (Ĝ) is the universal representation and a = (ι⊗ωξ)U ∈M(C0(G))
is the corresponding matrix element of U .

Clearly, if the representation U is mixing, then a ∈ C0(G). But in fact the following
lemma shows that the converse is true as well.

Lemma 5.5. Let µ ∈ Cu0 (Ĝ)∗ be a state and let a = (ι ⊗ ωξ)U ∈ M(C0(G)) be the
corresponding matrix element as above. If a ∈ C0(G), then U is a mixing representation.

Proof. Let π : L1
] (G) → B(H) be the involutive ∗-representation corresponding to U .

Then ξ is cyclic for π, and therefore it suffices to show that
(ι⊗ ωπ(ω1)ξ,π(ω2)ξ)U ∈ C0(G) (ω ∈ L1

] (G)).
But for ω ∈ L1

] (G),

〈ω, (ι⊗ ωπ(ω1)ξ,π(ω2)ξ)U〉 = 〈π(ω)π(ω1)ξ |π(ω2)η〉

= 〈π(ω]2 ? ω ? ω1)ξ | η〉 = 〈ω]2 ? ω ? ω1, a〉 = 〈ω, ω1 ? a ? ω
]
2〉,

so
(ι⊗ ωπ(ω1)ξ,π(ω2)ξ)U = ω1 ? a ? ω

]
2.

Thus our problem reduces to showing that the natural left/right module actions of L1
] (G)

on L∞(G) leave C0(G) invariant. To do this, we can assume by the Cohen factorization
theorem that ω1 = c · ω′1 and ω]2 = d · ω′2 for some c, d ∈ C0(G) and ω′1, ω′2 ∈ L1(G). But
then,

ω1 ? a = (ι⊗ c · ω′1)∆(a) = (ι⊗ ω′1)(∆(a)(1⊗ c)),

a ? ω]2 = (d · ω′2 ⊗ ι)∆(a) = (ω′2 ⊗ ι)(∆(a)(d⊗ 1)).
Finally, by observing that

∆(C0(G))(1⊗ C0(G)) ⊆ C0(G)⊗ C0(G) and ∆(C0(G))(C0(G)⊗ 1) ⊆ C0(G)⊗ C0(G)
(see [56, Section 3]), the result follows.

Next, we define the notion of almost invariant vectors for a unitary representation
and study its connection to the Haagerup property.

Definition 5.6. A unitary representation U ∈M(C0(G)⊗K(H)) of a lcqg G is said to
have almost invariant vectors if there is a net of unit vectors (ξi)i ⊂ H such that

‖U(η ⊗ ξi)− (η ⊗ ξi)‖ → 0 (η ∈ L2(G)).

Example 5.7. The left regular representation W of lcqg G has almost invariant vectors
if and only if Ĝ is co-amenable. See Theorem 3.12.

Example 5.8. Of course, any representation U ∈M(C0(G)⊗K(H)) of a lcqg G with a
fixed vector (i.e., 0 6= ξ ∈ H such that U(η⊗ ξ) = η⊗ ξ for all η ∈ H) trivially has almost
invariant vectors.

Theorem 5.9. The following conditions are equivalent for a lcqg G:

(1) G has the Haagerup property.
(2) There is a mixing representation U ∈ M(C0(G) ⊗ K(H)) with almost invariant

vectors.



208 M. BRANNAN

Remark 5.10. Before starting the proof, we make one observation. Recall that the an-
tipode S : L∞(G) → L∞(G) is a densely defined invertible operator which satisfies the
formal identity

(S ⊗ ι)U = U∗

for any unitary representation U ∈ M(C0(G) ⊗ K(H)) of G. In particular, a rigorous
formulation of this identity is that any coefficient of a unitary representation
b = (ι⊗ ωξ,η)U belongs to the domain D(S) of S, and Sb = (ι⊗ ωξ,η)U∗ ∈McbA(G).

Proof. (1) =⇒ (2). Let (ai)i ⊆McbA(G)∩C0(G) be a bounded approximate identity for
C0(G) consisting of normalized completely positive definite functions. For each i, Remark
4.10 supplies us with a Hilbert space Hi, a state ωi ∈ K(Hi)∗ and a unitary representation
Ui ∈M(C0(G)⊗K(Hi)) such that

ai = (ι⊗ ωi)U∗i ∈ C0(G).

Moreover, we may assume that ωi = ωξi for some unit vector ξi ∈ Hi and that ξi is
cyclic for Ui. Indeed, we can amplify (Ui, Hi) if necessary to obtain ξi, and then we can
restrict Ui to the cyclic representation generated by ξi.

Set bi = (ι ⊗ ωξi)Ui = S−1ai. Since S−1 : D(S−1) ∩ C0(G) → C0(G) (see [56,
Section 5]), bi ∈ C0(G) for each i, and therefore each Ui is a mixing representation by
Lemma 5.5. Put H =

⊕
iHi and U =

⊕
i Ui ∈ M(C0(G) ⊗ K(H)), where H =

⊕
Hi.

Then U is again a mixing representation, since direct sums of mixing representations are
obviously still mixing. Now, since (ai)i is a bounded approximate identity for C0(G), it
follows that ai → 1 σ-weakly in L∞(G), and the same is true for (bi)i. Indeed, since (bi)i
is a bounded net, it suffices to show that

〈ω, bi〉 → 〈ω, 1〉 (ω ∈ L1
] (G)).

But for this dense subspace we have

〈ω, bi〉 = 〈(ω])∗ ◦ S, S−1ai〉 = 〈(ω])∗, ai〉 → 〈(ω])∗, 1〉 = 〈ω, 1〉.

In particular, this σ-weak convergence implies that for any η ∈ L2(G)

‖U(η ⊗ ξi)− (η ⊗ ξi)‖2 = 2‖η‖2 − 2<〈ωη, bi〉 → 2‖η‖2 − 2<〈ωη, 1〉 = 0. (5.1)

Therefore the vectors (ξi)i ⊆ H are almost invariant for the representation U .
(2) =⇒ (1). We only outline this direction and refer the reader to the proof of [33,

Theorem 5.5] for the full details. Let U ∈M(C0(G)⊗K(H)) be a mixing representation,
let (ξi)i ⊂ H be a family of almost invariant vectors for U , and let bi = (ι⊗ωξi)U ∈ C0(G).
It then follows from equation (5.1) that bi → 1 σ-weakly in L∞(G). Working a little
harder, one can actually show that bix → x and xbi → x weakly in C0(G) (x ∈ C0(G)),
and thus the convex hull of (bi)i contains a bounded approximate identity (BAI) for
C0(G). In particular, this yields a BAI (cj)j for C0(G) consisting of elements of the
form cj = (ι ⊗ ωj)U , where ωj ∈ K(H)∗ is a state. Setting aj = S(cj) = (ι ⊗ ωj)U∗,
we obtain a net of normalized completely positive definite functions on G which is also
a BAI for C0(G).

Corollary 5.11. A locally compact quantum group has the Haagerup property if Ĝ is
co-amenable.
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Proof. If Ĝ is co-amenable, then the left-regular representation has almost invariant
vectors.

5.2. Weak amenability. We now define another approximation property for locally
compact quantum groups, called amenability. For locally compact groups, this concept
is due to Cowling and Haagerup [28].
Definition 5.12. A locally compact quantum group G is called weakly amenable if there
exists a net (ai)i ⊆ A(G) such that
‖aib− b‖A(G) → 0 (b ∈ A(G)) and Λ((ai)i) := lim sup

i
‖ai‖McbA(G) <∞. (5.2)

In short, G is weakly amenable precisely when A(G) has a left approximate identity
that is uniformly bounded in the ‖ · ‖McbA(G)-norm. We define the Cowling–Haagerup
constant for G to be the number

Λcb(G) := inf
{

Λ((ai)i) : (ai)i ⊂ A(G) satisfies (5.2)
}
.

Remark 5.13. It is of course possible to formulate a left-handed or two-sided version of
Definition 5.12, and to the best of the author’s knowledge, it is not known whether or
not these variants of Definition 5.12 are all equivalent in the non-Kac-algebraic setting.

The next proposition shows that weak amenability is really a weak form of co-
amenability for Ĝ.
Proposition 5.14. If Ĝ is co-amenable, then G is weakly amenable and Λcb(G) = 1.
Proof. When Ĝ is co-amenable, A(G) has a left bounded approximate identity consisting
of normalized completely positive definite functions.

When G is a classical group or a discrete quantum group, we know that Ĝ is co-
amenable if and only if G is amenable. This equivalence is unknown for general locally
compact quantum groups. A positive solution to this problem would provide an affirma-
tive solution to the following open problem.
Question 5.15. Let G be an amenable locally compact quantum group. Does G have
the Haagerup property and is Λcb(G) <∞?

5.3. Some examples
Example 5.16 (See [47, 28]). If G = Fn, SL2(Z), SL2(R), SU(n, 1), SO(n, 1), then G has
the Haagerup property and Λcb(G) = 1.
Example 5.17 (See [48]). If G is any connected simple Lie group of real rank greater
than 1 with finite center, then G does not have the Haagerup property and Λcb(G) =∞.
Example 5.18 (See [66]). Let G be a finitely generated word hyperbolic group, then
Λcb(G) <∞.

In the quantum setting, we have the following examples.
Example 5.19 (See [33, 44]). Let (Gi)i∈I be a family of discrete quantum groups. If
each Gi has the Haagerup property, then their free product G = ∗i∈IG has the Haagerup
property. Similarly, if

Λcb(Gi) = 1 for each i, then Λcb(G) = 1.
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Example 5.20 (See [13, 14, 45, 36, 59]). Let G be the discrete quantum group such
that Ĝ is one of the following compact quantum groups: O+

F , U
+
F , S

+
N , H

+(s)
N , where F ∈

GLN (C). Then G has the Haagerup property and Λcb(G) = 1. We will discuss some of
these examples in more detail in Section 9.

In the non-discrete quantum setting, there turns out to be a scarcity of examples. We
highlight the following remarkable result of Caspers [19].

Example 5.21 (See [19]). The (non-discrete) locally compact quantum group G =
SUq(1, 1) is weakly amenable with Λcb(G) = 1, co-amenable, and has the Haagerup
property.

6. Discrete quantum groups and operator algebra approximation properties.
In this section we restrict our attention to discrete quantum groups and explore some
connections between amenability, weak amenability and the Haagerup property forG, and
various approximation properties for C∗-algebras and von Neumann algebras associated
to G.

6.1. Some operator algebra approximation properties. Let us start by defining
the operator algebra approximation properties that will be relevant to us.

Definition 6.1. Let M be a von Neumann algebra. We say that M has the weak∗
completely bounded approximation property (w∗CBAP) if there is a net of normal, finite
rank cb maps Ti : M →M such that Ti → ιM pointwise σ-weakly and lim supi ‖Ti‖cb :=
C < ∞. We call the infimum of all these C’s Λcb(M), the Cowling–Haagerup constant
of M .

Definition 6.2. Let A be a C∗-algebra. We say that A has the completely bounded
approximation property (CBAP) if there is a net of finite rank cb maps Ti : A→ A such
that Ti → ιA pointwise in norm and lim supi ‖Ti‖cb := C < ∞. We call the infimum of
all these C’s Λcb(A), the Cowling–Haagerup constant of A.

Definition 6.3. LetM be a von Neumann algebra equipped with a faithful normal semi-
finite weight ϕ. We say that (M,ϕ) has the Haagerup approximation property if there
exists a net (Φi)i unital completely positive maps Φi : M →M such that ϕ(Φi(x)) ≤ ϕ(x)
for all x ∈M+, and such that the induced maps

Ti ∈ B(L2(M,ϕ); TiΛϕ(x) = Λϕ(Φi(x)) (x ∈ Nϕ)

are compact and converge strongly to ιL2(M,ϕ).

Remark 6.4. The above definition of the Haagerup property for a von Neumann algebra
is taken from [21], where this notion is studied in detail. In particular, it is shown there
that this property is independent of the choice of weight ϕ on M , and therefore one
can simply say that M has the Haagerup property, without reference to a choice of
weight. It should also be mentioned that another approach to the Haagerup property for
von Neumann algebras was developed at the same time in [65], but this time using the
standard form of a von Neumann algebra. It turns out that both of these approaches to
the Haagerup property are equivalent [20].



APPROXIMATION PROPERTIES FOR LOCALLY COMPACT QUANTUM GROUPS 211

Remark 6.5. The above three definitions should be regarded as weaker forms of nucle-
arity (in the C∗-context) and injectivity (in the von Neumann context). Indeed, all three
of the above properties are implied by nuclearity/injectivity — compare with Definitions
3.4–3.5.

We now come to the main theorem of this section, which connects quantum group
approximation properties to operator algebra approximation properties in the discrete
case.

Theorem 6.6. Let G be a discrete quantum group with compact dual Ĝ. Then we have
the following implications.

(1) G is amenable =⇒ L∞(Ĝ) is injective and C(Ĝ) is nuclear.
(2) G has the Haagerup property =⇒ L∞(Ĝ) has the Haagerup approximation prop-

erty.
(3) G is weakly amenable =⇒ L∞(Ĝ) has the w∗CBAP and C(Ĝ) has the CBAP. In

this case we also have

Λcb(L∞(Ĝ)),Λcb(C(Ĝ)) ≤ Λcb(G).

If G is, in addition, a unimodular discrete quantum group, then the reverse implications
in (1)–(3) hold, and moreover

Λcb(L∞(Ĝ)) = Λcb(C(Ĝ)) = Λcb(G).

6.2. Some preparations. Before beginning the proof of Theorem 6.6, let us first recall
that for a discrete quantum group, we have

L∞(G) =
∏

π∈Irr(Ĝ)

B(Hπ), C0(G) =
c0⊕

π∈Irr(Ĝ)

B(Hπ),

L2(G) = L2(Ĝ) =
`2⊕

π∈Irr(Ĝ)

L2(B(Hπ), d(π)Tr(Qπ·)),

and the left regular representation of Ĝ is given by

Ŵ =
∏

π∈Irr(Ĝ)

∑
i,j

uπij ⊗ eπij ,

where (eπij)1≤i,j≤n(π) denotes a fixed system of matrix units for B(Hπ) and

Uπ = [uπij ] ∈Mn(π)(C(G)) = C(G)⊗ B(Hπ)

is a corresponding representative of π. Also recall that

Cc(G) =
⊕

π∈Irr(Ĝ)

B(Hπ) ⊂ L∞(G)

denotes the σ-weakly dense subspace of finitely supported elements. A standard but
crucial observation regarding Cc(G) is that we have the norm-dense inclusions

Λϕ(Cc(G)) ⊆ L2(G) & Cc(G) ⊆ A(G)
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for any discrete quantum group G. In particular, if 0 6= a ∈ A(G), then (owing to
the fact that L∞(Ĝ) is in standard position on L2(G)) we can find non-zero vectors
ξ, η ∈ L2(G) such that a = λ̂(ωξ,η) and ‖a‖A(G) = ‖ξ‖2‖η‖2. Then for any ε > 0 we can
find x, y ∈ Cc(G) such that ξ′ = Λϕ(x) and η′ = Λϕ(y) satisfy

‖ξ − ξ′‖2 <
ε

2‖η‖2
& ‖η − η′‖2 <

ε

2‖ξ‖2
.

Setting b = λ̂(ωξ′,η′), we then have b ∈ A(G) ∩ Cc(G) and
‖a− b‖A(G) ≤ ‖ξ − ξ′‖2‖η‖2 + ‖ξ‖2‖η − η′‖2 < ε.

Note that the above type of estimate easily implies that any normalized completely posi-
tive definite function in A(G) can be A(G)-norm approximated by normalized completely
positive definite function in Cc(G) ∩A(G).

Now suppose L = L(a) ∈ CBσ(L∞(Ĝ)) is the adjoint of a cb multiplier
a = (aπ)

π∈Irr(Ĝ) ∈McbA(G) ⊂ L∞(G),

then the defining formula (L⊗ ι)Ŵ = (1⊗ a)Ŵ tells us that

(L⊗ι)
∑
i,j

uπij⊗eπij =
∑
i,j

uπij⊗aπeπij =
∑
i,j,k

uπij⊗aπkieπkj =
∑
kj

∑
i

aπkiu
π
ij⊗eπkj (π ∈ Irr(Ĝ)).

In other words, L acts by the formula

L(uπij) =
n(π)∑
k=1

aπiku
π
kj (1 ≤ i, j ≤ n(π), π ∈ Irr(Ĝ)). (6.1)

6.3. Proof of Theorem 6.6
6.3.1. For general discrete G. We give here only a general outline of the proof of the
theorem. For further details, we refer the reader to [13, 44, 33, 54].

Implication (3): Suppose we have a net (ai)i ⊂ A(G) such that
‖aib− b‖A(G) → 0 (b ∈ A(G)) & lim sup

i
‖ai‖McbA(G) = C <∞.

Since ‖ai‖A(G) ≤ ‖ai‖McbA(G) for each i, we can, without loss of generality, assume that
(ai)i ⊂ Cc(G) ∩A(G).

Consider now the adjoint maps (Li)i ⊂ CBσ(L∞(Ĝ)), where Li = L(ai). Then
lim supi ‖Li‖cb = C < ∞, and the condition ‖aib − b‖A(G) → 0 (b ∈ A(G)) implies
by duality that Li → ι

L∞(Ĝ) pointwise σ-weakly. Finally formula (6.1) combined with
the fact that ai ∈ Cc(G) implies that each Li is finite rank. Thus Λcb(L∞(Ĝ)) < Λcb(G).
For the C∗-variant, we just need to make the additional observation that Li → ι

L∞(Ĝ)
pointwise σ-weakly implies in particular that ai → 1 pointwise in L∞(G), which then
implies that ‖Lix− x‖C(Ĝ) → 0 for all x ∈ O(Ĝ). Since O(Ĝ) is norm dense in C(Ĝ), we
see that Li|C(Ĝ) → ι

C(Ĝ) pointwise in norm. In particular, Λcb(C(Ĝ)) ≤ Λcb(G).
Implication (1): Thus is just a variant of the above argument, except now we have

the additional fact that our net (ai)i ⊆ A(G) ∩ Cc(G) consists of normalized completely
positive definite functions. This additional condition forces Li to be completely positive
and unital, and we are done.



APPROXIMATION PROPERTIES FOR LOCALLY COMPACT QUANTUM GROUPS 213

Implication (2): This is just another minor modification of ideas in the previous two
implications. Suppose (ai)i ⊆ C0(G) is a bounded approximate identity consisting of
normalized completely positive definite functions. (Recall that normalized means simply
that aπ0

i = 1, where π0 is the equivalence class of the trivial representation of Ĝ.) Then
Li is a unital completely positive map and it is ϕ̂-preserving, since

ϕ̂(Liuπkl) =
∑
r

aπi,krϕ̂(uπrl) = δπ,π0 = ϕ̂(uπkl) (1 ≤ k, l ≤ n(π), π ∈ Irr(Ĝ)).

Finally, we observe that the L2-extension Φi of Li is precisely ai ∈ C0(G) ⊂ K(L2(G)) ⊂
B(L2(G)). In particular, Φi is compact, and Φi → ιL2(G) strongly, since (ai)i is a bounded
approximate identity for C0(G).

Remark 6.7. Before going to the unimodular case, we would like to point out that
recently a remarkable extension of the above implication (2) has been obtained by
Okayasu, Ozawa and Tomatsu [64]. Namely, for any locally compact quantum group G
the Haagerup property implies that L∞(Ĝ) has the Haagerup approximation property.
This result is even new for classical locally compact groups.

6.3.2. The unimodular case. Now suppose that G is unimodular. This is equivalent to
saying that the dual Haar state ϕ̂ : L∞(Ĝ) → C is tracial. To get the converse of
the implications (1)–(3) above, we need a way of manufacturing a completely bounded
multiplier on G from an arbitrary completely bounded map T ∈ CB(L∞(Ĝ)). When G is
unimodular, this is possible thanks to an “averaging trick” introduced by Haagerup [48]
(for discrete groups) and later extended to unimodular discrete quantum groups by Kraus
and Ruan [54].

The idea of this averaging trick is as follows: Given a completely bounded map
T : C(Ĝ)→ L∞(Ĝ) (we choose this domain/range to be as general as possible), define
a = aT ∈ L∞(G) by

a = (ϕ̂⊗ ι)
(
[(T ⊗ ι)Ŵ ]Ŵ ∗

)
.

In other words, if we write a = (aπ)
π∈Irr(Ĝ) with aπ ∈ B(Hπ), then

aπij =
n(π)∑
k=1

ϕ̂((Tuπik)(uπjk)∗) =
n(π)∑
k=1
〈Λϕ̂(Tuπik) |Λϕ̂(uπjk)〉

(1 ≤ i, j ≤ n(π), π ∈ Irr(Ĝ)), (6.2)

where in the last equality we have used the trace property of ϕ̂. Our claim is that in
fact a ∈ McbA(G) with ‖a‖McbA(G) ≤ ‖T‖cb. To verify this, recall that since ϕ̂ is a
faithful tracial state, there exists a unique normal faithful (ϕ̂⊗ ϕ̂)-preserving conditional
expectation

E : L∞(Ĝ) ⊗ L∞(Ĝ)→ ∆̂(L∞(Ĝ)),

which at the L2-level just corresponds to the orthogonal projection P : L2(Ĝ)⊗L2(Ĝ)→
L2(∆̂(L∞(Ĝ))). In particular, it follows from the Schur orthogonality relations for matrix
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elements of irreducible unitary representations of Ĝ that the following formula for E holds:

E(uπij ⊗ uσkl) = δπ,σδj,k
n(π)

( ∑
1≤r≤n(π)

uπir ⊗ uπrl
)

= δπ,σδj,k
n(π) ∆̂(uπil) (π, σ ∈ Irr(Ĝ)). (6.3)

Now define a linear map

L = LT : C(Ĝ)→ L∞(Ĝ); L = ∆̂−1 ◦ E ◦ (T ⊗ ι) ◦ ∆̂.

Evidently L is completely bounded with ‖L‖cb ≤ ‖T‖cb, and L is completely positive/
unital/trace-preserving whenever T has these properties. Let us now evaluate Luπij , for
some π ∈ Irr(Ĝ) and 1 ≤ i, j ≤ n(π). First note that

(T ⊗ ι)∆̂(uπij) =
n(π)∑
k=1

Tuπik ⊗ uπkj

=
n(π)∑
k=1

∑
σ∈Irr(Ĝ)

∑
1≤r,s≤n(σ)

n(σ)
〈
Λϕ̂(Tuπik) |Λϕ̂(uσrs)

〉
uσrs ⊗ uπkj .

The last equality follows from the fact that (
√
n(σ)Λϕ̂(uσrs))σ,r,s is an orthonormal basis

for L2(Ĝ) (since ϕ̂ is tracial), and thus

Tuπik =
∑

σ∈Irr(Ĝ)

∑
1≤r,s≤n(σ)

n(σ)
〈
Λϕ̂(Tuπik) |Λϕ̂(uσrs)

〉
uσrs

(with respect to L2-convergence). From these equations we then get

Luπij = ∆̂−1 ◦ E
(n(π)∑
k=1

∑
σ∈Irr(Ĝ)

∑
1≤r,s≤n(σ)

n(σ)
〈
Λϕ̂(Tuπik) |Λϕ̂(uσrs)

〉
uσrs ⊗ uπkj

)

= ∆̂−1 ◦
n(π)∑
k=1

∑
σ∈Irr(Ĝ)

∑
1≤r,s≤n(σ)

n(σ)
〈
Λϕ̂(Tuπik) |Λϕ̂(uσrs)

〉 δπ,σδs,k
n(π) ∆̂(uπrj)

=
∑

1≤r,k≤n(π)

〈
Λϕ̂(Tuπik) |Λϕ̂(uσrk)

〉
uπrj =

∑
1≤r≤n(π)

aπiru
π
rj .

Comparing this calculation with formula (6.1), we conclude that a ∈ McbA(G) and
L = L(a) is the adjoint of the multiplier a, and in particular ‖a‖McbA(G) ≤ ‖T‖cb.

Remark 6.8. In the case that our map T ∈ CB(C(Ĝ), L∞(Ĝ)) is finite rank, we can say
even more about the resulting multiplier a. Namely, that a ∈ A(G). Indeed, if T is finite
rank, then there exist x1, . . . , xm ∈ L∞(Ĝ) and τ1, . . . , τm ∈ C(Ĝ)∗ such that

T (x) =
∑

1≤r≤m
τr(x)xr (x ∈ C(Ĝ)),

which yields

aπij =
∑

1≤r≤m

n(π)∑
k=1

τr(uik)
〈
Λϕ̂(xr) |Λϕ̂(uπjk)

〉
.
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This suggests we define br, cr ∈ L∞(G) by
bπr = [τr(uπij)]ij & cπr = [〈Λϕ̂(xr) |Λϕ̂(uπji)〉]ij ,

so that a =
∑
r brcr. Moreover, an easy calculation using the Schur orthogonality relations

shows that
‖Λϕ(cr)‖2L2(G) =

∑
π

n(π)Tr((cπr )∗cπr ) =
∑
π

n(π)
∑

1≤i,j≤n(π)

∣∣〈Λϕ̂(xr)|Λϕ̂(uπji)
〉∣∣2

= ‖Λϕ̂xr‖2
L2((Ĝ)

<∞ (1 ≤ r ≤ m).

In particular,

‖Λϕ(a)‖L2(G) ≤
∑

1≤r≤m
‖br‖∞‖Λϕ(cr)‖L2(G) <∞

=⇒ a ∈ Nϕ = {z ∈ L∞(Ĝ) : ‖Λϕ(z)‖2 <∞}.
But in the unimodular case, Nϕ = N∗ϕ ⊆ A(G), more explicitly, if p0 ∈ L∞(G) denotes
the rank one projection corresponding to the trivial representation of Ĝ, and S(= R)
denotes the unitary antipode for L∞(G), then also Sa ∈ Nϕ = N∗ϕ and

a = S2(a) = S
(
(ι⊗ ωΛϕ(p0),Λϕ((Sa)∗))W

)
= (ι⊗ ωΛϕ(p0),Λϕ((Sa)∗))W ∗ = λ̂(ωΛϕ(p0),Λϕ((Sa)∗)) ∈ A(G).

For details, see for example [16, Proposition 3.9].
Let us now use our averaging trick to sketch the following implications:

(a) L∞(Ĝ) injective =⇒ G is amenable.
(b) Λcb(L∞(Ĝ)) ≥ Λcb(G).
(c) L∞(Ĝ) has the Haagerup property =⇒ G has the Haagerup property.

(Note: The C∗-variants of (a),(b) require only minor modifications which are left to the
reader.)

(a) Since L∞(Ĝ) is injective, there exists a net of normal finite rank UCP maps
(Ti) ⊂ CBσ(L∞(Ĝ)) such that Ti → ι

L∞(Ĝ) pointwise σ-weakly. Let (ai)i ⊂ A(G) be the
corresponding net of normalized completely positive definite functions obtained by the
averaging trick. Since Ti → ι

L∞(Ĝ) pointwise σ-weakly, a comparison with formula (6.2)
shows that aπi → 1 ∈ B(Hπ) in norm for all π ∈ Irr(Ĝ). In particular,

‖aib− b‖A(G) → 0 (b ∈ Cc(G)).
But since Cc(G) is dense in A(G), this implies that (ai)i is a bounded approximate
identity for A(G).

(b) The argument is almost identical to (a): If there exists a net of normal finite
rank completely bounded maps (Ti) ⊂ CBσ(L∞(Ĝ)) such that Ti → ι

L∞(Ĝ) pointwise
σ-weakly, the corresponding net (ai)i ⊆ A(G) will be a left approximate identity for
A(G) with

lim sup
i
‖ai‖McbA(G) ≤ lim sup

i
‖Ti‖cb.

Thus Λcb(G) ≤ Λcb(L∞(Ĝ)).
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(c) This is yet another variant of (a): Since L∞(Ĝ) has the Haagerup approximation
property, then we can find a net of UCP ϕ̂-preserving maps (Ti) ⊂ CBσ(L∞(Ĝ)) such
that the corresponding L2-extensions Φi are compact, and Φi → ι

L2(Ĝ) pointwise in norm.
Again, the point-norm convergence of Φ, when compared with formula (6.2), tells us that
aπi → 1 for all π ∈ IrrĜ), and therefore

‖aib− b‖C0(G) → 0 (b ∈ C0(G)).
Moreover, the L2-compactness of Φi turns out to imply each ai ∈ C0(G). See [33, Theorem
6.7] for details.

Remark 6.9. From Theorem 6.6, we see that for unimodular discrete quantum groups,
there is a tight connection between approximation properties of G in terms of completely
bounded Fourier multipliers and various approximation properties for C(Ĝ) and L∞(Ĝ).
In the non-unimodular case, this connection only goes one way and it is an important
problem in quantum group theory to understand to what extent the unimodular results
persist. At this time we still do not know whether (with respect to approximation proper-
ties) non-unimodular discrete quantum groups behave more like classical discrete groups
or rather like general locally compact groups. In this vein, let us conclude this section
with the following open questions.

Question 6.10. Let G be a non-unimodular discrete quantum group. Do we then have
the following implications?

(1) C(Ĝ) is nuclear =⇒ G is amenable. L∞(Ĝ) is injective =⇒ G is amenable.
(2) C(Ĝ) has the CBAP =⇒ G is weakly amenable. L∞(Ĝ) has the w∗CBAP =⇒

G is weakly amenable.
(3) L∞(Ĝ) has theHaagerup approximation property =⇒ G has theHaagerup property.

7. Central approximation properties for discrete quantum groups. Let G be
a (discrete) quantum group. A multiplier a ∈ MA(G) is called central if a ∈ ZL∞(G),
the center of L∞(G), i.e., if L∞(G) =

∏
π∈Irr(Ĝ) B(Hπ), and pπ ∈ B(Hπ) is the cen-

tral projection corresponding to the π-th component of L∞(G). Then a ∈ ZMA(G) =
MA(G) ∩ ZL∞(G) if and only if

a = (cπpπ)
π∈Irr(Ĝ) (with cπ ∈ C).

In a similar fashion, we define ZMcbA(G) := McbA(G) ∩ ZL∞(G).
When studying approximation properties for G such as amenability, weak amenabil-

ity, or the Haagerup property, we can impose an additional requirement on the Fourier
multipliers that implement these properties, namely that they be central. This idea natu-
rally leads to the notion of central approximation properties for discrete quantum groups.
More precisely, we have the following definition.

Definition 7.1. A discrete quantum group G is centrally amenable/centrally weakly
amenable/has the central Haagerup property if:

(1) G is amenable/weakly amenable/has the Haagerup property, and
(2) there exists a net (ai)i ⊂ ZMcbA(G) that implements the corresponding approxi-

mation property from (1).
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Remark 7.2. For a discrete quantum group G, we see that the central version of an
approximation property for G implies the corresponding non-central one. In particular,
in the case of weak amenability, we can define a central Cowling–Haagerup constant

ZΛcb(G) := inf
{

lim sup
i
‖ai‖McbA(G) :

(ai)i ⊂ A(G) ∩ ZL∞(G) is a left approximate unit for A(G)
}
,

and we have ZΛcb(G) ≥ Λcb(G).
In Section 8 we will see that there are amenable discrete quantum groups G that fail

to be centrally amenable. However, in the unimodular case, it turns out that G has a
given approximation property if and only if it has the corresponding central version.
Theorem 7.3 ([45]). Let G be a unimodular discrete quantum group. Then:
(1) G is centrally amenable ⇐⇒ G is amenable.
(2) G is centrally weakly amenable ⇐⇒ G is weakly amenable (and ZΛcb(G) =

Λcb(G)).
(3) G has the central Haagerup property ⇐⇒ G has the Haagerup property.

Proof. The key idea is to start with an arbitrary element a ∈ McbA(G) and construct
from a a new multiplier ã ∈ ZMcbA(G) that retains the “good” properties of the original
multiplier (i.e., positive definiteness, cb norm bounds, belonging to C0(G) or A(G), . . . ).
With this in mind, fix a ∈McbA(G) and consider the element ã = (ãπ)

π∈Irr(Ĝ) ∈ ZL
∞(G)

given by

ãπ = Trπ(aπ)
n(π) pπ (π ∈ Irr(Ĝ)).

Let R̂ denote the unitary antipode of L∞(Ĝ). If we fix our representatives (Uπ)
π∈Irr(Ĝ) of

Irr(Ĝ) so that U π̄ = Uπ, then R̂ is a σ-weakly continuous ∗-antiautomorphism of L∞(Ĝ)
satisfying

R̂(uπij) = (uπji)∗ = uπ̄ji (π ∈ Irr(Ĝ), 1 ≤ i, j ≤ n(π)).
Define a σ-weakly continuous map

L̃ ∈ CBσ(L∞(Ĝ)); L̃ = ∆̂−1 ◦ E ◦ ((R̂ ◦ L(a) ◦ R̂)⊗ ι)∆̂, (7.1)

where E : L∞(Ĝ) ⊗ L∞(Ĝ) → ∆̂(L∞(Ĝ)) is the conditional expectation from (6.3)
and L(a) is the adjoint of the left multiplier represented by a. Now, since R̂ is a ∗-
antiautomorphism,

‖R̂ ◦ L(a) ◦ R̂‖cb = ‖ma‖cb,
and therefore ‖L̃‖ ≤ ‖L(a)‖cb.

We now claim that L̃ = Lã, so ã ∈ ZMcbA(G) and ‖ã‖McbA(G) ≤ ‖a‖McbA(G). To
check this, we fix a matrix element uπij ∈ O(Ĝ) and calculate

L̃uπij = ∆̂−1 ◦ E ◦ (R̂ ◦ma ◦ R̂⊗ ι)∆̂(uπij) = ∆̂−1 ◦ E
(∑
k,l

aπ̄klR(uπ̄li)⊗ uπkj
)

= (∆̂)−1 ◦ E
(∑
k,l

aπ̄klu
π
il ⊗ uπkj

)
=
∑
k,l

δk,la
π̄
kl

uπij
n(π) = Tr(aπ̄)

n(π) uπij = L(ã)uπij .
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Now that we have a natural method for constructing elements of ZMcbA(G) from
elements of McbA(G), the rest of the proof is relatively straightforward: One simply has
to check that if a net (ai)i ⊆ McbA(G) implements an approximation property for G
such as (weak) amenability/the Haagerup property, then the corresponding net (ãi)i will
implement the central version of this approximation property. We leave the details to the
reader.

7.1. Going beyond the unimodular case. It is natural to wonder whether it is
possible to generalize the centralization procedure for cb multipliers used in the proof
of Theorem 7.3 to general discrete quantum groups. Looking at the above proof, one can
see that a crucial tool available in the unimodular case was the existence of a ϕ̂ ⊗ ϕ̂-
preserving conditional expectation E : L∞(Ĝ) ⊗ L∞(Ĝ) → ∆̂(L∞(Ĝ)), from which we
could build a completely positive right inverse ∆̂] := ∆̂−1 ◦E for the coproduct ∆̂. When
G is not unimodular, it turns out that there can never exist such a ϕ̂ ⊗ ϕ̂-preserving
conditional expectation E, since by [75], this can happen if and only if ∆̂ intertwines the
modular groups σ̂t and σ̂t⊗ σ̂t of L∞(Ĝ) and L∞(Ĝ)⊗L∞(Ĝ), respectively. But for every
discrete G, it turns out that

∆̂ ◦ σ̂t = (τ̂t ⊗ σ̂t)∆̂,

where τ̂t is the scaling group for L∞(Ĝ), and from this formula it follows that ∆̂ inter-
twines σ̂t and σ̂t ⊗ σ̂t if and only if σ̂t = τ̂t = ι (i.e., G is unimodular!).

However, not all is lost in the non-unimodular case. Following [2, Equation (2.2)] (see
also [1]), we can define a normal Haar state-preserving unital completely positive map
∆̂] : L∞(Ĝ) ⊗ L∞(Ĝ)→ L̂∞(Ĝ) by the pairing

(ϕ̂⊗ ϕ̂)
(
[σ̂i/2 ⊗ σ̂i/2](x)∆̂(a)

)
= ϕ̂(∆̂](x)σ̂−i/2(a)) (a ∈ O(Ĝ)�O(Ĝ), x ∈ O(Ĝ)).

Unraveling this definition, one obtains the following concrete formula

∆̂](uπij ⊗ uσk,l) = δj,kδπ,σ
uπil
d(π) (π, σ ∈ Irr(Ĝ), 1 ≤ i, j ≤ n(π), 1 ≤ k, l ≤ n(σ)).

Now, if we use the map ∆̂] in place of ∆̂−1 ◦ E in formula (7.1), we obtain from any
a ∈McbA(G) a new element ã ∈ ZMcbA(G) with

ãπ = Tr(aπ̄)
d(π) pπ (π ∈ Irr(Ĝ)) & ‖ã‖McbA(G) ≤ ‖a‖McbA(G).

Observe that the only difference between this formula and the one in the unimodular
case is that the classical dimension n(π) is replaced by the quantum dimension d(π).
This difference has the unfortunate effect of producing only central multipliers which are
“uniformly far” from the identity multiplier 1 ∈McbA(G). Indeed, if ‖a‖Mcb(G) ≤ C, then
‖ãπ‖∞ ≤ C n(π)

d(π) . In conclusion, this approach to constructing central multipliers in the
non-unimodular setting for the purpose of proving central approximation properties is
destined to fail.

In the next section we will see an alternate approach to establishing central approxi-
mation properties for non-unimodular discrete quantum groups using tools from monoidal
equivalence for compact quantum groups.
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8. Central approximation properties and monoidal equivalence. We continue
our discussion of central approximation properties for discrete quantum groups by con-
necting these properties with the powerful notion of monoidal equivalence for compact
quantum groups. This remarkable connection between these seemingly unrelated con-
cepts has had a profound impact on the operator algebraic theory of compact quantum
groups, and has led (for instance) to the proof of central weak amenability and central
Haagerup property for all free quantum groups and the duals of quantum automorphism
groups of finite-dimensional C∗-algebras. See [36] and Section 9.

We begin with the definition of monoidal equivalence.

Definition 8.1 (Bichon–De Rijdt–Vaes [11]). Let G1,G2 be two compact quantum
groups. We say that G1 and G2 are monoidally equivalent, and write G1 ∼mon G2, if
there exists a bijection

Φ : Irr(G1)→ Irr(G2)

together with linear isomorphisms

Φ : Mor
(
π1 ⊗ . . .⊗ πn, σ1 ⊗ . . .⊗ σm

)
→ Mor

(
Φ(π1)⊗ . . .⊗Φ(πn),Φ(σ1)⊗ . . .⊗Φ(σm)

)
such that Φ(1G1) = 1G2 (1Gi being the trivial representation of Gi), and such that for
any morphisms S, T ,

Φ(S ◦ T ) = Φ(S) ◦ Φ(T ) (whenever S ◦ T is well-defined)
Φ(S∗) = Φ(S)∗

Φ(S ⊗ T ) = Φ(S)⊗ Φ(T ).

A monoidal equivalence between G1 and G2 means that the abstract monoidal
C∗-tensor categories Rep(Gi) (consisting of all finite-dimensional Hilbert space repre-
sentations of Gi equipped with their morphism spaces Mor(·, ·) and the tensor product
operation ⊗) are isomorphic.

As a first (and very important) example, we consider monoidal equivalences between
free orthogonal quantum groups O+

F , where F ∈ GLN (C) with N ≥ 2 and FF̄ ∈ R1.

Theorem 8.2 ([11]). For i = 1, 2, fix Fi ∈ GLNi(C) with FiF̄i = ci1 and ci ∈ R. Then
the corresponding free orthogonal quantum groups O+

F1
and O+

F2
are monoidally equivalent

if and only if
c1

Tr(F ∗1 F1) = c2
Tr(F ∗2 F2) .

Moreover, any compact quantum group G such that O+
F1
∼mon G is isomorphic to an O+

F2

of the above form.

Sketch. The basic idea (going back to Banica’s seminal work [4]) is that if Ui is the
fundamental representation of O+

Fi
, then the defining relations for this quantum group are

equivalent to the requirement that Ui be irreducible and self-conjugate (Ui = FiŪiF
−1
i ),

and that the vector

tFi =
Ni∑
k=1

ek ⊗ Fiek ∈ CNi ⊗ CNi

belongs to Mor(1, Ui ⊗ Ui).



220 M. BRANNAN

Now, since O+
Fi

is the universal compact quantum group with the above properties,
the Tannaka–Krein–Woronowicz reconstruction theorem [87] implies that Rep(O+

Fi
) must

then be generated as a monoidal C∗-tensor category by the object Ui together with the
basic morphisms ιCNi and tFi . The monoidal equivalence Φ : O+

F1
∼mon O+

F2
can then be

defined on these generators by setting

Φ(U1) = U2, Φ(ιCN1 ) = ιCN2 , Φ
( 1
Tr(F ∗1 F1)1/2 tF1

)
= 1

Tr(F ∗2 F2)1/2 tF2 ,

and extending to all of Rep(O+
F1

) via the categorical operations. Of course, one has to
verify some details, but they can be found in [11].

As a particular instance of the above theorem, recall that for q ∈ [−1, 1] \ {0},

SUq(2) = O+
Fq

where Fq =
(

0 1
−q−1 0

)
∈ GL2(C).

Noting that FqFq = −q1 and Tr(F ∗q Fq) = 1 + q−2, we immediately obtain the follow-
ing corollary, which says that every free orthogonal quantum group O+

F is monoidally
equivalent to a suitable SUq(2). The result is quite remarkable, since SUq(2) is always
co-amenable, while O+

F is generally not.
Corollary 8.3. Let F ∈ GLN (C) and FF̄ = c1 for c ∈ R. Then O+

F is monoidally
equivalent to SUq(2) for the unique value of q ∈ [−1, 1] \ {0} satisfying Tr(F ∗F ) =
−c(q + q−1).

8.1. Central multipliers and monoidal equivalence. We now make the connection
between monoidal equivalence and central approximation properties. The key to every-
thing is the following theorem of Freslon [45] on transferring central completely bounded
multipliers between duals of monoidally equivalent compact quantum groups.
Theorem 8.4 (Freslon [45]). Let G1,G2 be discrete quantum groups and assume that Φ :
Ĝ1 ∼mon Ĝ2 is a monoidal equivalence. Given any central function a1 = (aπpπ)

π∈Irr(Ĝ1) ∈
ZL∞(G1), define a2 = (aπpΦ(π))π∈Irr(Ĝ1) ∈ ZL

∞(G2). Then a1 ∈ ZMcbA(G1) if and only
if a2 ∈ ZMcbA(G2), and

‖a1‖McbA(G1) = ‖a2‖McbA(G2).

Moreover, a1 is a normalized completely positive definite function if and only if a2 is.
In order to prove this theorem, the key idea is to compare the cb multiplier norms for

a1 and a2 using the algebraic/analytic structure of the linking algebra associated to the
given monoidal equivalence.
Theorem 8.5 (Bichon–De Rijdt–Vaes [11]). Let G1 ∼mon G2 be monoidally equivalent
compact quantum groups with monoidal equivalence Φ. Then
(1) There exists a unique unital ∗-algebra B := O(G1,G2) (the linking algebra) equipped

with a faithful state ω and unitary elements Xπ ∈ B(Hπ, HΦ(π))) ⊗ B for each
π ∈ Irr(G), satisfying
(a) The matrix elements of (Xπ)π form a linear basis of B.
(b) Xσ

13X
γ
23(S ⊗ 1) = (Φ(S)⊗ 1)Xπ for each S ∈ Mor(π, σ ⊗ γ).

(c) (ι⊗ ω)(Xπ) = 0 if π 6= 1.
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(2) There exists a unique pair of commuting actions G1 yδ1 B xδ2 G2 (i.e., unital
∗-homomorphisms δ1 : B → B ⊗O(G1) and δ2 : B → O(G2)⊗ B) such that

(δ1 ⊗ ι)δ1 = (ι⊗∆1)δ1, (ι⊗ δ2)δ2 = (∆2 ⊗ ι)δ2, (ι⊗ δ1)δ2 = (δ2 ⊗ ι)δ1
and
span(δ1(B)(1⊗O(G1))) = B ⊗O(G1), span(δ2(B)(O(G2)⊗ 1)) = O(G2)⊗ B.

These actions are given by the formulas
(ι⊗ δ1)(Xπ) = Xπ

12U
π
13 , (ι⊗ δ2)(Xπ) = U

Φ(π)
12 Xπ

13 (π ∈ Irr(G1)). (8.1)
(3) The state ω : B → C is invariant under the actions δ1, δ2, i.e.,

(ι⊗ ω)δ2 = (ω ⊗ ι)δ1 = ω(·)1.

Denote by Br the C∗-algebra generated in the GNS-representation with respect to ω and
by Bu = C∗u(B) the universal enveloping C∗-algebra of B. Then δi extends uniquely to a
coaction of C∗-algebraic CQGs on Br and Bu, respectively.

In order to motivate what follows, it is helpful to keep in mind the trivial example of
a monoidal equivalence G1 ∼mon G1 given by the identity map. In this case, O(G1,G1) =
O(G1), ω = ϕG1 is the Haar state, and δi is just the left/right action of G1 on O(G1)
induced by the coproduct ∆G1 . Thinking about the linking algebra B in terms of this
special case will help make the formulas in the above proposition appear more natural.

Rough outline of Theorem 8.5. As a vector space, we define
B =

⊕
π∈Irr(G)

B(Hπ, HΦ(π))∗

and we define natural elements Xπ ∈ B(Hπ, HΦ(π)) ⊗ B by (ωσ ⊗ ι)Xπ = δπ,σωσ for all
ωσ ∈ B(Hσ, HΦ(σ))∗. We can then define a unique bilinear map B × B → B using the
relation (b) from the statement of the theorem. The associativity of this map follows
from the calculation

(Xa
14X

b
24)Xc

34((S ⊗ 1)T ⊗ 1) = (Φ((S ⊗ 1)T )⊗ 1)Xx

= Xa
14(Xb

24X
c
34)((S ⊗ 1)T ⊗ 1) (S ∈ Mor(y, a⊗ b), T ∈ Mor(x, y ⊗ c)),

and the fact that maps of the form (S ⊗ 1)T linearly span Mor(x, a⊗ b⊗ c).
The involution b 7→ b∗ on B is defined by

(Xπ)∗13(Φ(t)⊗ 1) = X π̄
23(t⊗ 1) (t ∈ Mor(1, π ⊗ π̄)).

Equivalently, we have
((ωξ,η ⊗ ι)(Xπ))∗ = (ω(ξ∗⊗1)t,(1⊗η∗)Φ(t̃) ⊗ ι)X π̄,

where t̃ ∈ Mor(1, π̄ ⊗ π) is such that (t∗ ⊗ 1)(1⊗ t̃) = 1.
One can then check that the elements Xx constructed above are unitaries with respect

to this ∗-algebra structure. One can also check that if a =
∑
π,i(ωξπi ,fπi ⊗ι)X

π ∈ B, where
(fπi )i is an orthonormal basis for HΦ(π), then

ω(aa∗) =
∑
π,i

1
d(π)

〈
Qπξ

π
i |ξπi

〉
≥ 0.

Hence ω is a state.
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Given the above description of B, the construction of the actions δ1, δ2 according to
(8.1) is well-defined, and they automatically satisfy the claimed ω-invariance condition.
This ω-invariance in turn implies the existence of the extension of δi to a C∗-algebraic
action of Gi on Br. The case of δi extending to an action on Bu follows from standard
considerations. See for example [35, Lemma 2.13].

By symmetry, for every monoidal equivalence of compact quantum groups

Φ : G1 ∼mon G2,

we have the inverse monoidal equivalence Φ−1 : G2 ∼mon G1, and we can repeat the above
construction for Φ−1 which yields a corresponding ∗-algebra (B̃, ω̃) with faithful state ω̃.
Let (Y π)π∈Irr(G1) be the unitary matrices corresponding to the algebra B̃ = O(G2,G1).
Then one has a canonical ∗-anti-isomorphism

ρ : Br → B̃r; (ι⊗ ρ)(Xπ) = (Y π)∗ (π ∈ Irr(G1)).

Thus B̃r ∼= Bop
r . See [79] for details.

Before getting to the proof of Theorem 8.4, we need one more important lemma due
to Vaes and Vergnioux. See [79, Theorem 6.1].

Lemma 8.6. Let Φ : G1 ∼mon G2 be a monoidal equivalence with reduced linking algebras
Br and B̃r as above. Then there exists an injective ∗-homomorphism θ : C(G1)→ B̃r⊗Br,
given by

(ι⊗ θ)Uπ = Y π12X
π
13 ∈ B(Hπ)⊗ B̃r ⊗Br (π ∈ Irr(G1)).

Proof. A priori, θ is defined as a map from O(G1) to B̃ � B, and the fact that it is
a ∗-homomorphism is a routine calculation based on the definitions of B and B̃. To
obtain the extension to a ∗-homomorphism θ : C(G1) → B̃r ⊗ Br, we just observe that
(ω̃ ⊗ ω)θ = ϕG1 . Therefore θ extends to the GNS completions.

Proof of Theorem 8.4. Fix a monoidal equivalence Φ : Ĝ1 ∼mon Ĝ2 and let Br be the
corresponding reduced linking algebra. For each π ∈ Irr(Ĝ1), let Bπ ⊂ Br denote the
linear span of the coefficients of the unitary Xπ (the so-called spectral subspace of π),
and observe that with respect to the L2(Br, ω)-Hilbert space structure, Br is the or-
thogonal direct sum

⊕`2

π∈Irr(G1)Bπ. Finally, denote by Pπ : Br → Br the orthogonal
projection onto the spectral subspace Bπ, but viewed as a finite rank idempotent map
on the C∗-algebra Br.

Now, observe that for each π ∈ Irr(Ĝ1), our action δ1 : Br → Br ⊗ C(Ĝ1) from
Theorem 8.5 satisfies the equation

(ι⊗ L(pπ)) ◦ δ1 = δ1 ◦ Pπ,

where L(pπ) ∈ CB(C(Ĝ1)) is the adjoint of the multiplier pπ ∈ ZMcbA(G1). By continuous
linear extension, this yields the equality of (possibly unbounded) linear maps

(ι⊗ L(a1)) ◦ δ1 = δ1 ◦
( ∑
π∈Irr(Ĝ1)

aπPπ

)
,
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for any a1 = (aπpπ)
π∈Irr(Ĝ1) ∈ ZL

∞(G1). But δ1 is an injective (hence completely iso-
metric) ∗-homomorphism, hence we obtain∥∥∥ ∑

π∈Irr(Ĝ1)

aπPπ

∥∥∥
CB(Br)

=
∥∥∥δ1 ◦ ( ∑

π∈Irr(Ĝ1)

aπPπ

)∥∥∥
CB(Br)

= ‖(ι⊗ L(a1)) ◦ δ1‖cb ≤ ‖a1‖McbA(G1) . (8.2)

On the other hand, Lemma 8.6 provides an injective ∗-homomorphism θ̃ : Cr(G2) →
Br ⊗ B̃r, which, by construction, satisfies

θ̃ ◦ L(pΦ(π)) = (Pπ ⊗ ι)θ̃ (π ∈ Irr(Ĝ1)) =⇒ θ̃ ◦ L(a2) =
((∑

π

aπPπ

)
⊗ ι
)
θ̃,

where a2 = (aπpΦ(π))π ∈ ZL∞(G2). Therefore

‖a2‖McbA(G2) = ‖θ̃ ◦ L(a2)‖cb =
∥∥∥((∑

π

aπPπ

)
⊗ ι
)
θ̃
∥∥∥
cb
≤
∥∥∥ ∑
π∈Irr(Ĝ1)

aπPπ

∥∥∥
CB(Br)

. (8.3)

From (8.2) and (8.3), we obtain

‖a1‖McbA(G1) ≥ ‖a2‖McbA(G2),

and by switching the roles of G1 and G2, the reverse inequality must hold as well. Finally,
we observe that complete positive definiteness is preserved by the bijection ZMcbA(G1) 3
a1 ←→ a2 ∈ ZMcbA(G2), since L(a1) is unital complete contraction if and only L(a2) is.

9. Application: Approximation properties for free quantum groups. In this fi-
nal section, our goal is to apply some of the techniques of the previous sections to study
the Haagerup property and weak amenability for some examples of discrete free quantum
groups. The main family of examples that we will consider are the free orthogonal quan-
tum groups. This class of examples turns out to be the key to understanding all discrete
free quantum groups. The main result we plan to discuss is the following:

Theorem 9.1 ([36]). Let N ≥ 2, F ∈ GLN (C) with FF̄ ∈ R1, and put FOF = Ô+
F .

Then the discrete quantum group FOF has the central Haagerup property and is centrally
weakly amenable with ZΛcb(FOF ) = 1.

Remark 9.2. The quantum group FOF is an example of a (discrete) free quantum group
in the sense of [81]. In fact, as a consequence of a structure theorem of Wang [84] a general
free quantum group turns out to be a free product of the form

G = FOF1 ∗ FOF2 ∗ . . . ∗ FOFk ∗ FUQ1 ∗ . . . ∗ FUFl ,

where FUQi := Û+
Qi

for some Qi ∈ GLNi(C) and Fj ∈ GLNj (C), FjF̄j ∈ R1.
In fact, Theorem 9.1 is true for any free quantum group G of the above form. The key

idea to proving the more general form of Theorem 9.1 is to first prove it for the special
case as stated above, then extend to the FUQ case using a free product argument, and
then get the general case with yet another free product argument. See [36, Section 5] for
details. In summary, the study of FOF with FF̄ ∈ R1 is the crucial one.
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Remark 9.3. It is also worth mentioning that Theorem 9.1 has also been used together
with monoidal equivalence and free product results from [37] and [36] to obtain analo-
gous results for the discrete duals of quantum automorphism groups of finite-dimensional
C∗-algebras.

These results for quantum automorphism groups have, in turn, been used to prove
central approximation properties for the discrete duals of free wreath products of compact
quantum groups by quantum automorphism groups. See for example [58, 60, 42].

9.1. Theorem 9.1 in the unimodular case. Let us first sketch the proof of Theorem
9.1 in the simplest case where FOF is unimodular. The results obtained in this case will
give us some intuition for what to expect when we consider the general case.

Now, if FOF is unimodular, then (up to isomorphism) this corresponds to only two
cases: the first one being where F = 1 ∈ GLN (C), or N = 2l and

F = diag(F0, . . . , F0︸ ︷︷ ︸
l times

), where F0 =
[

0 1
−1 0

]
.

See [43, Remark 4.3] and [11, Remark 5.7].
We begin with a useful lemma.

Lemma 9.4. Let G be a unimodular discrete quantum group and let ZCu(Ĝ) ⊆ Cu(Ĝ) be
the C∗-subalgebra generated by the irreducible characters {χπ}π∈Irr(Ĝ) ⊂ Cu(Ĝ). Then a
central element a = (aπpπ)

π∈Irr(Ĝ) ∈ ZL
∞(G) is a normalized completely positive definite

function if and only if there exists a state ψ ∈ ZCu(Ĝ)∗ such that

aπ = ψ(χπ)
n(π) (π ∈ Irr(Ĝ)).

Proof. If a = (aπpπ)
π∈Irr(Ĝ) ∈ ZMcbA(G) is a normalized completely positive definite

function, then the corresponding map
L(a) : O(Ĝ)→ O(Ĝ); L(a)uπij = aπuπij (1 ≤ i, j ≤ n(π), π ∈ Irr(Ĝ))

is unital and completely positive. It then follows that the linear functional
ψ̃ : O(Ĝ)→ C; ψ̃ = ε̂ ◦ L(a).

is a state, and hence extends to a state ψ̃ ∈ Cu(Ĝ)∗. Setting ψ = ψ̃|ZCu(Ĝ) (which is
a state on ZCu(Ĝ)), we obtain

ψ(χπ) =
n(π)∑
i=1

ψ̃(uπii) =
n(π)∑
i=1

ε̂(aπuπii) = n(π)aπ (π ∈ Irr(Ĝ)).

Conversely, let ψ ∈ ZCu(Ĝ)∗ be a state. Then we can extend ψ to a state ψ̃ ∈ Cu(Ĝ)∗
(by the Hahn–Banach theorem). Let ã = (ãπ)

π∈Irr(Ĝ) ∈ L
∞(G) be given by

ãπij = ψ̃((uπji)∗) (1 ≤ i, j ≤ n(π), π ∈ Irr(Ĝ)).

Then ã is a normalized completely positive definite function on G. (Indeed, since ψ◦Ŝ is a
state, it follows that the map ((ψ̃◦Ŝ)⊗ι)∆̂ is unital, completely positive and ϕ̂-preserving
on Cu(Ĝ). In particular, ((ψ̃◦ Ŝ)⊗ ι)∆̂ drops to a well defined map on the quotient C(Ĝ),
and this induced UCP map is precisely L(ã).)
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Applying the averaging argument in the proof of Theorem 7.3 to the multiplier ã, we
obtain a new central normalized completely positive definite function a = (aπ)

π∈Irr(Ĝ)
given by

aπ = Tr(ãπ)
n(π) = ψ(χ∗π)

n(π) = ψ(χπ̄)
n(π) (π ∈ Irr(Ĝ)).

So, in order to prove the central Haagerup property for FOF in the unimodular case,
we need to get our hands on ZCu(O+

F ). For this, we recall a few facts from Banica’s
seminal work [4], where he describes the category of finite-dimensional representations
of O+

F in terms of Temperley–Lieb categories.

Theorem 9.5 ([4]). Let F ∈ GLN (C) with FF̄ = ±1. There is a maximal family
(Uk)k∈N0 of pairwise inequivalent irreducible unitary representations of O+

F such that
U0 = 1, U1 = [uij ]1≤i,j≤N (the fundamental representation),

and for k ≥ 1, we have
Uk ∼= Uk & U1 ⊗ Uk ∼= Uk+1 ⊕ Uk−1 ∼= Uk ⊗ U1. (9.1)

Moreover, if (µk)k∈N0 denote the (dilated) type 2 Chebyshev polynomials determined by
the initial conditions and recursion

µ0(x) = 1, µ1(x) = x, xµk(x) = µk+1(x) + µk−1(x) (k ≥ 1), (9.2)
and q ≤ q0 ∈ (0, 1] are defined so that

N = q0 + q−1
0 & Tr(F ∗F ) = q + q−1,

then we have the following (quantum) dimension formulas for Uk:
n(k) = µk(q0 + q−1

0 ) & d(k) = µk(q + q−1) (k ∈ N0).

Using Theorem 9.5 we can obtain the following proposition.

Proposition 9.6. Let N ≥ 2 and let F ∈ GLN (C) with FF̄ = ±1 with FOF unimodular.
Then there is a ∗-isomorphism

ZCu(O+
F ) ∼= C([−N,N ]) such that χk 7→ µk|[−N,N ] (k ∈ N0),

where χk is the character of the representation Uk and µk is the k-th Chebyshev polyno-
mial defined above.

Proof. We have ZCu(O+
F ) = C∗(χk : k ∈ N0) = C∗(1, χ1), where the last equality follows

from the self-conjugacy and fusion rules for the irreducible representations (Uk)k∈N0 given
by (9.1). Moreover, χ1 is self-adjoint, so the Gelfand map yields a ∗-isomorphism

ZCu(O+
F )→ C(σ(χ1)); 1 7→ 1, χ1 7→ µ1|σ(χ1),

where σ(χ1) is the spectrum of χ1 ∈ Cu(O+
F ). Since we also have also χk = µk(χ1) for

each k ≥ 0, it remains to show that σ(χ1) = [−N,N ].
To this end, we first note that σ(χ1) ⊆ [−N,N ], since χ1 =

∑N
i=1 uii is a sum of

N contractions. For the reverse inclusion, consider first the case where F = 1. Then
there is a quotient map Cu(O+

F )→ C(ON ) (= the C∗-algebra of continuous functions on
the orthogonal group ON ). This map sends χ1 to the character χON1 of the fundamental
representation of ON , hence σ(χ1) ⊇ σ(χON1 ). But this latter set is well known to be
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[−N,N ] — since the trace of an N × N orthogonal matrix can be any real number in
[−N,N ]. For the other case, we have N = 2l and

F = diag(F0, . . . , F0︸ ︷︷ ︸
l times

), where F0 =
[

0 1
−1 0

]
.

In this case, one readily sees that we have a quotient map from Cu(O+
F ) onto C(T)

given by

U1 = U 7→ V =
{
θ 7→ diag(Φθ, . . . ,Φθ︸ ︷︷ ︸)} ∈M2l(O2l), Φθ =

[
cos θ sin θ
− sin θ cos θ

]
(θ ∈ R).

In particular, χ1 gets sent to the function θ 7→ f(θ) = Tr(V (θ)) = 2l cos θ, whose spectrum
is [−2l, 2l] = [−N,N ], completing the proof.

Combining Lemma 9.4 and Proposition 9.6, we immediately obtain the following
characterization of completely positive definite functions on FOF in the unimodular case.
This result was implicitly obtained in the F = 1 case in [13]. See also [26] for a nice
treatment.

Theorem 9.7. Let FOF be unimodular as in Proposition 9.6. Then there is a one-
to-one correspondence between central normalized completely positive definite functions
a = (ak)k∈N0 ∈ ZMcbA(FOF ) and Borel probability measures ν on [−N,N ] given by

ak =

∫
[−N,N ] µk(s) dν(s)

µk(N) (k ∈ N0).

We are almost ready to prove Theorem 9.1 in the unimodular case. The last ingredient
we need is a remarkable result of Freslon, which gives polynomial bounds on the growth of
the McbA(FOF )-norm of the sequence of finite rank central projections pk ∈ ZL∞(FOF )
corresponding to the irreducible representation Uk of O+

F . The following theorem should
be thought of as a quantum group analogue of Buchholz’s operator-valued Haagerup
inequality on free groups [18] and the resulting cb-norm estimates for projections onto
the space of convolution operators on free groups supported on words of a fixed length
[69, Section 9].

Theorem 9.8 ([44]). Let N ≥ 3, F ∈ GLN (C) with FF̄ = ±1, and let 0 < q < 1 be such
that Tr(F ∗F ) = q + q−1. Let pk ∈ ZL∞(FOF ) be the central projection corresponding to
the k-th irreducible representation of O+

F . Then there is a constant C(q) > 0 so that
‖pk‖McbA(FOF ) ≤ C(q)k2 (k ≥ 1).

Proof of Theorem 9.1 (unimodular case). We can assume N ≥ 3, since N = 2 corresponds
to SU±1(2), which are centrally amenable. For 2 < s0 < s < N , consider the Dirac
measure on [−N,N ] supported at s. From Theorem 9.7, we obtain a net of normalized
completely positive definite functions (as)s∈(s0<s<N) ⊂ ZMcbA(FOF ) such that

aks = µk(s)
µk(N) (k ∈ N0).

From the structure of the Chebyshev polynomials (µk)k it is possible to show (see [13,
Proposition 4.4]) that there is a constant D > 0 such that

0 < aks ≤ D
( s
N

)k
(k ∈ N0, s0 < s < N). (9.3)
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Since also lims→N as = 1 pointwise on N0, (as)s0<s<N is a bounded approximate identity
for C0(FOF ). Therefore FOF has the central Haagerup property.

To prove that ZΛcb(FOF ) = 1, the idea is to use a standard technique of truncating
the net (as)s ⊂ ZMcbA(FOF ) to obtain a net of finitely supported central elements of
A(FOF ) with the following properties: (1) they still converge pointwise to 1, and (2) we
still have control over their McbA(FOF )-norms.

To this end, for each s0 < s < N and n ∈ N define

as,n =
n∑
k=0

askpk ∈ ZA(FOF ).

Then we have from Theorem 9.8 and inequality (9.3)

‖as − as,n‖McbA(FOF ) ≤
∞∑

k=n+1
aks‖pk‖McbA(FOF ) ≤

∞∑
k=n+1

D
( s
N

)k
C(q)k2.

Hence
lim
n→∞

‖as − as,n‖McbA(FOF ) → 0 (s0 < s < N).

Thus the net (as)s0<s<N can be approximated in the cb-multiplier norm by elements of
A(FOF ). It is then a routine exercise to extract a net (ai)i∈I from the family (as,n)s,n
such that ai → 1 pointwise and lim supi ‖ai‖McbA(FOF ) = sups ‖as‖McbA(FOF ) = 1. In
particular, ZΛcb(FOF ) = 1.

9.2. Theorem 9.1 in the non-unimodular case. We now consider a general FOF
with F ∈ GLN (C), N ≥ 2 and FF̄ ∈ R1. We start by recalling Corollary 8.3, which says
that there is a unique q ∈ [−1, 1] \ {0} such that the compact dual O+

F is monoidally
equivalent to SUq(2). Therefore it suffices by Theorem 8.4 to show that ŜUq(2) has
the central Haagerup property and ZΛcb(ŜUq(2)) = 1. But from the arguments in the
previous section in the unimodular case, Theorem 8.4 already tells us that this is true
for certain values of q. More precisely, we have
Corollary 9.9 ([45]). Let q ∈ [−1, 1] \ {0} be such that q + q−1 ∈ Z. Then SUq(2) is
monoidally equivalent to a Kac type O+

F quantum group for some F ∈ GLN (C) satisfying
FF̄ ∈ R1 and N = |q|+|q|−1. In particular, ŜUq(2) has the central Haagerup property and
Λcb(ŜUq(2)) = 1. Moreover, if q 6= ±1, the central Haagerup property for ZŜUq(2) is im-
plemented by the net of central multipliers (as)s0<s<|q|+|q|−1 ∈ ZMcbA(ŜUq(2)) given by

aks = µk(s)
µk(|q|+ |q|−1) (k ∈ N0).

Interpreting the multipliers (as)s appearing in Corollary 9.9 in terms of the states on
C(SUq(2)) = Cu(SUq(2)) that they implement via the formula

x 7→ ψs(x) = ε(L(as)(x)) (x ∈ O(SUq(2))),
this suggests that for any q ∈ (−1, 1)\{0}, there ought to exist states (ψs)s0<s<|q|+|q|−1 ⊆
C(SUq(2))∗ defined by

ψs(ukij) = δijµk(s)
µk(|q|+ |q|−1) (9.4)

(where Uk = [ukij ] is the k-th irreducible representation of SUq(2)).
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It turns out that such states do indeed exist, as was shown by De Commer, Freslon
and Yamashita in [36]. The main idea is to consider some ∗-representations of C(SUq(2))
constructed by Voigt [83] in his study of the Baum–Connes conjecture for free orthogonal
quantum groups. Let us outline the main ideas, referring the reader to [36, 83] for the
details.

We begin by considering some representations of O(SUq(2)). Given z ∈ C, we can
define an algebra homomorphism πz : O(SUq(2))→ End(O(SUq(2))) by

πz(x)y = x(1)y(f1−z ? S(x(2))) (x, y ∈ O(SUq(2))),
where f1−z : O(SUq(2))→ C is the Woronowicz character and f1−z ?x = (ι⊗f1−z)∆(x).
Using πz, we define a family of linear functionals

ωz : O(SUq(2))→ C; ωz(x) = ϕ(πz(x)1) = 〈πz(x)1 |1〉L2(SUq(2)).

A direct calculation (see [36, Proposition 10]) shows that for any matrix element
ukij ∈ O(SUq(2)) of the k-th irreducible representation of SUq(2), we have

ωz(ukij) = ϕ(πz(ukij)1) = ϕ((ukij)(1)(f1−z ? S((ukij)(2)))) = δijµk(|q|z̄ + |q|−z̄)
µk(|q|+ |q|−1) .

In particular, when z = t ∈ (−1, 1), the functional ωt has the desired form of (9.4) (just
take ψs = ωt with s = |q|t + |q|−t). Moreover, ωt turns out to be a state in this case: In
[83, Section 4], it is shown that the unital ∗-subalgebra

O(SUq(2)/T) = {x ∈ O(SUq(2)) : (ι⊗ πT)∆(x) = x⊗ 1}
of polynomial functions on the standard Podleś Sphere SUq(2)/T is invariant under each
homomorphism πz. (Here, πT : C(SUq(2))→ C(T) is the canonical quotient map associ-
ated to the quantum subgroup T). If z = t ∈ (−1, 1), [83, Lemma 4.3] shows that we can
moreover deform the L2(SUq(2)) inner product on O(SUq(2)/T) in a t-dependent way so
that πt extends to ∗-representation of C(SUq(2)) on Ht, the Hilbert space completion of
O(SUq(2)/T) with respect to this new inner product. From the structure of this deformed
inner product, it follows (see [36, Proposition]) that the following formula holds:

ωt(x) = ϕ(πt(x)1) = 〈πt(x)1 |1〉Ht (x ∈ O(SUq(2))).

In particular, ωt (and thus also ψs) is always a state. Conclusion: ŜUq(2) has the central
Haagerup property.

To prove ZΛcb(ŜUq(2)) = 1, the idea is exactly the same as in the unimodular case:
we need to truncate our net of normalized completely positive definite functions coming
from the central Haagerup property in a cb-norm controlled way. Now, if q is such that
SUq(2) happens to be monoidally equivalent to an O+

F for which Theorem 9.8 can be
applied, then our truncation argument in the unimodular case carries over verbatim. For
the remaining range of values of q (i.e., |q| near 1), we need another approach.

The alternate approach is in the spirit of the classical paper of Pytlik and Szwarc [71],
where one wants to show that the family of normalized completely positive definite func-
tions (bt)t∈(0,1) ⊂ ZMcbA(ŜUq(2)) associated to the above states ωt can be analytically
continued to an analytic family

S 3 z 7→ bz ∈ ZMcbA(ŜUq(2)),
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where S ⊂ C is a domain containing (−1, 1) ⊂ R. In [36, Theorem 11], this is shown

to be possible. It is moreover shown there that b3z ∈ ZCc(ŜUq(2))
‖·‖

ZMcbA(ŜUq(2))
, for |z|

sufficiently small, where ZCc(ŜUq(2)) denotes the center of Cc(ŜUq(2)). But since the
family S 3 z 7→ b3z is analytic, it follows that in fact

b3z ∈ ZCc(ŜUq(2))
‖·‖

ZMcbA(ŜUq(2))
(z ∈ S).

Using this last fact, together with the fact that b3t ∈ ZMcbA(ŜUq(2)) is a normal-
ized completely positive definite function with limt→1 b

3
t = 1, we easily deduce that

ZΛcb(ŜUq(2)) = 1 by taking appropriate finitely supported truncations of the net
(b3t )t∈(−1,1).
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