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Finitely-generated left ideals in Banach algebras
on groups and semigroups

by

JARED T. WHITE (Lancaster)

Abstract. Let G be a locally compact group. We prove that the augmentation ideal
in L'(G) is (algebraically) finitely-generated as a left ideal if and only if G is finite.
We then investigate weighted versions of this result, as well as a version for semigroup
algebras. Weighted measure algebras are also considered. We are motivated by a recent
conjecture of Dales and Zelazko, which states that a unital Banach algebra in which every
maximal left ideal is finitely-generated is necessarily finite-dimensional. We prove that this
conjecture holds for many of the algebras considered. Finally, we use the theory that we
have developed to construct some examples of commutative Banach algebras that relate
to a theorem of Gleason.

1. Introduction. This article is concerned with finitely-generated ideals
in certain Banach algebras, where “finitely-generated” is understood in the
following sense:

DEFINITION 1.1. Let A be an algebra, and A? its (conditional) uniti-
zation. A left ideal I in A is finitely-generated if there exist n € N and
T1,...,Tn € A such that I=Alz;+---+ Az,

If a left ideal is finitely-generated, it is immediate that the generators
all belong to the ideal. Note also that when this definition is applied to
topological algebras we do not take the closure on the right-hand side.

The Banach algebras of most interest to us will be weighted group algebras
and weighted semigroup algebras, so next we define these terms precisely.

DEFINITION 1.2. Let S be a semigroup. Then a weight on S is a function
w: S — [1,00) such that

w(w) <w(uw)w() (u,v e S).
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In the case where S has an identity e, we insist that w(e) = 1. Moreover,
when G is a locally compact group, weights on G are always assumed to be
Borel functions, bounded on compact sets.

Given a semigroup S and a weight w on .S, we define

0Y(S,w) = {f LS C | fllw =Y 1f(w)w(u) < oo}.
uesS

The set ¢£!(S,w) is a Banach space under pointwise operations with the
norm given by | - ||», and a Banach algebra when multiplication is given
by convolution. By a weighted semigroup algebra, we shall mean a Banach
algebra of this form.

Now suppose that we have a locally compact group G. We shall denote
left Haar measure on G' by m. Suppose that w is a weight on G. We define

LG w) = { £ € LNG) < |fllw = [ 1F(0)elt) dm(r) < oo},

G

M(G,w) = {j € M(G): |lully := [w(t)dlul(t) < oo }.
G
The sets L' (G, w) and M (G, w) are Banach algebras with respect to convolu-
tion multiplication and pointwise addition and scalar multiplication. More-
over, L}(G,w) is a closed ideal in M(G,w). A Banach algebra of the form
LY (G, w) will be referred to as a weighted group algebra. When the group G
is discrete, this definition coincides with that given for a semigroup.

EXAMPLE 1.3. (i) The trivial weight w = 1 is always a weight on any
locally compact group G (or any semigroup), and in this case we recover the
group algebra L!(G).

(ii) Let G be a discrete group, fix a generating set X, and write |u|x for
the word-length of u € G with respect to X. Then

u— (1+ulx)®, G —I1,00),

defines a weight on G for each o > 0. We call this weight a radial polynomial
weight of degree a.
(iii) With notation as in (ii), the map

)
we d¥x G [1,00),
defines a weight for any ¢ > 1 and 0 < 8 < 1. We call this a radial exponential
weight with base ¢ and degree [3.

More generally, a weight on a finitely-generated group G is said to be
radial if there exists a generating set X such that |u|x = |v|x implies that
w(u) = w(v) for any u,v € G. When the generating set is clear, we shall
usually write |u| in place of |u|x.
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Let S be a semigroup, and take w to be a weight on S. We define the
augmentation ideal of £1(S,w) to be

038, w) = {f €M (Sow) Y flu) = o}.

u€eS
This is the kernel of the augmentation character, which is the map given by
fe > fw), 1(Sw) —C.
ues

The augmentation ideal is a two-sided ideal of codimension one, and it has
analogues in the weighted group algebras and the weighted measure algebras
of a locally compact group G, also referred to as the augmentation ideals of
those algebras:

LY(G,w) = {f € LNG,w): | fdm = o},
G
My(G,w) ={p € M(G,w) : u(G) = 0}.

There are also corresponding augmentation characters, given by

fe \f@dm(t),  LNG,w) —C,
G
p (@), M(G,w)—C,

respectively. Finally, for a semigroup S, we denote by CS the dense sub-
algebra of finitely-supported elements of £1(S), and define

CoS = £3(S)NCS.
One of the central themes of this paper will be the following question:

QUESTION 1.4. Which of the Banach algebras mentioned above have the
property that the underlying group or semigroup is finite whenever the aug-
mentation ideal is finitely-generated?

We now give this question some context. In 1974 Sinclair and Tullo [15]
proved that a left Noetherian Banach algebra, by which we mean a Banach
algebra in which all the left ideals are finitely-generated in the sense of
Deﬁnition is necessarily finite-dimensional. In 2012 Dales and Zelazko [6]
conjectured the following strengthening of Sinclair and Tullo’s result:

CONJECTURE 1.5. Let A be a unital Banach algebra in which every maz-
imal left ideal is finitely-generated. Then A is finite-dimensional.

It is this conjecture that motivates the present work. The conjecture is
known to be true in the commutative case by a theorem of Ferreira and
Tomassini 7], and Dales and Zelazko [6] presented a generalization of this
result. The conjecture is also known to be true for C*-algebras [1], and for
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B(E) for many Banach spaces £ [4]. For instance the conjecture is known to
be true when F is a Banach space which is complemented in its bidual and
has a Schauder basis, or when E = ¢o(I), for I an arbitrary non-empty index
set. However, the conjecture remains open for an arbitrary Banach space E.

We are interested in the conjecture for the Banach algebras arising in har-
monic analysis. Our approach is to note that an affirmative answer to Ques-
tion for some class of Banach algebras implies that the Dales Zelazko
conjecture holds for that class. As the Dales-Zelazko conjecture is about
unital Banach algebras, all the discrete semigroups that we consider will
be monoids, in order to ensure that we are in this setting (note, however,
that £1(S) can be unital without S being a monoid; see for instance [5], Ex-
ample 10.15]). However, in §3 we do prove some results about L'(G,w) for
a locally compact group G and a weight w, an algebra which of course is
unital only when G is discrete.

We now discuss our main results. Full definitions of the terminology used
will be given in the body of the article. We begin with the following answer
to Question for group algebras:

COROLLARY 1.6. Let G be a locally compact group. Then Li(G) is fi-
nitely-generated if and only if G is finite.

In particular the Dales-Zelazko conjecture holds for all group algebras.
This result follows from Theorems [3.2] and [3.5] which establish more general
results. In particular, Theorem states that My(G) is finitely-generated if
and only if G is compact, and Theorem states that, for non-discrete G,
L'(G) has no finitely-generated, closed, maximal left ideals at all.

The focus of §4 is semigroup algebras, and our main result is the following

THEOREM 1.7. Let M be a monoid. Then (M) is finitely-generated if
and only if M is pseudo-finite.

Here, “pseudo-finite” is a term defined in §4 which we deem too tech-
nical to describe here. For groups (and indeed for weakly right-cancellative
monoids) pseudo-finiteness coincides with being finite in cardinality, whence
the name.

We say that a sequence (7,) C [1,00) is tail-preserving if, for each se-
quence of complex numbers (z,,), we have 3 7¢ | 7,| 3272 1) @] < oo when-
ever » 2 Tp|zy| < oo. This notion is explored in §5. In §6 we prove the
following theorem:

THEOREM 1.8. Let G be an infinite, finitely-generated group, with finite,
symmetric generating set X. Let w be a radial weight on G with respect to X,
and write T, for the value that w takes on S,. Then (}(G,w) is finitely-
generated if and only if (1) is tail-preserving.
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Here S,, denotes the set of group elements of word-length exactly n with
respect to the fixed generating set X. This implies an affirmative answer to
Question for many weighted group algebras, but also provides examples
where the answer is negative:

COROLLARY 1.9. Let G be a finitely-generated, discrete group, and let w
be a weight on G.

(1) If w is either a radial polynomial weight, or a radial exponential weight
of degree strictly less than 1, then E(l)(G,w) is finitely-generated only if
G s finite.

(ii) If w is a radial exponential weight of degree equal to 1, then (}(G,w) is
finitely-generated.

The proof of this corollary is given in §6. Finally, in §7, as an application
of the theory developed earlier in the paper, we construct weights w; and
wy on Z* and Z, respectively, for which the Banach algebras ¢£!(Z", w;) and
017, ws) fail to satisfy a converse to Gleason’s Theorem on analytic structure
(Theorem . We believe that these examples illustrate new phenomena.

2. Preliminary results. We first fix some notation. We shall denote by
7 the group of integers and by Z* the semigroup of non-negative integers,
{0,1,2,...}. For us, N={1,2,...}.

Let K be a locally compact space. We write Cy(K) for the space of all
complex-valued, continuous functions on K which vanish at infinity, and
C.(K) for the subspace of Cy(K) of compactly-supported functions. We
denote by C(K) the linear space of all continuous functions from K to C.

Let w be a weight on a locally compact group G. Then we define

Co(G,1jw)={f:G—=C: f/we Cy(G)},

which, as a Banach space, is isometrically isomorphic to Cy(G) when given
the norm |[|f[[,/, = ||f/w|c- Hence, M(G,w) may be identified with the
dual space of Cy(G, 1/w), where a measure p € M(G,w) acts as a bounded
linear functional on Cp(G,1/w) via

fe\fdp
G

By the hypothesis that w is bounded on compact sets, we have C.(G) C
LY(G,w), and in fact C.(G) is dense in L'(G,w) by [8, Lemma 1.3.5].

We next prove some lemmas about arbitrary Banach algebras.

LEMMA 2.1. Let A be a Banach algebra, let I be a closed left ideal in A,

and let E be a dense subset of 1. Suppose that I is finitely-generated. Then
1 is finitely-generated by elements of E.
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Proof. Suppose that I = Afz; +--- 4 Az, where n € N and z1,..., 2,
€ I. Define a map T : (A*)" — I by

(aty...,ap) — a1z + -+ + apTy.

It is a bounded linear surjection, and since the surjections in B((A*)", I') form
an open set [16, Lemma 15.3], there exists € > 0 such that S € B((A")", I)
is surjective whenever ||T'— S|| < e. Take y1,...,y, € E with

lyi — x| <e/n (i=1,...,n).
Then the map (A*)™ — I defined by

(at,...,ap) — a1y1 + -+ + anyn
is within € of T in norm, and hence it is surjective, which implies the result. =

LEMMA 2.2. Let X be a Banach space, with a dense linear subspace FE,
and let Y be a closed linear subspace of X of codimension one. Then ENY
1s dense in Y.

Proof. Since Y is a closed and codimension one subspace, Y = ker ¢ for
some non-zero bounded linear functional . Since Y is proper and closed, E
is not contained in Y. Hence there exists xg € E such that ¢(zg) = 1.

Now let y € Y, and take ¢ > 0. Then there exists z € F with ||y —z|| < e.
Set z = x — @(x)xg. Then ¢(z) = 0, so that z € ENY. Note that |p(z)| =
oy — )| < ellgll, and hence ||z — 2|l = [o(@)] [zoll < ellgl ol so that
Iy — 2 < (1 + llol lzoll)- Thus EAY =Y.

LEMMA 2.3. Let A be a Banach algebra, and let B be a dense left ideal
i A. Let I be a closed, mazimal left ideal. Then BN I is dense in I.

Proof. As I is a closed, maximal left ideal and B is dense in A, it follows
that B is not contained in I, so we may choose by € B\ I. Consider the left
ideal Abg + I of A. As I is maximal, either Aby + 1 = I or Abg + I = A.

In the first case, we see that abg € I for every a € A, so that Cby + [
is a left ideal strictly containing I. This forces Cby + I = A, so that I has
codimension one. Therefore, in this case, the result follows from Lemma [2.2

Hence we suppose that Aby + I = A. Define a map T': A — A/I by
a — abg 4+ I. Then T is a bounded linear surjection between Banach spaces,
so that, by the open mapping theorem, there exists a constant C > 0 such
that, for every y € A/I, there exists z € A with ||z|| < C|ly|| and Tx = y.

Let a € I and € > 0 be arbitrary. There exists b € B with |la — b|| < e.
It follows that [[b+ I]|4/; < &, so we can find ap € A with [[ag| < Ce and
Tay = agbg + 1 = b+ I. Let ¢ = b — agbg. Then ¢ € BN I, because B is a
left ideal, and ||b — ¢|| = |laobo|| < Ce||bg||. Hence |la — ¢|| < e(1 + C||bo]|).
As a and € were arbitrary, the result follows. =
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COROLLARY 2.4. Let A be a Banach algebra with a dense, proper left
tdeal. Then:

(i) A has no finitely-generated, closed, maximal left ideals;
(ii) A has no finitely-generated, closed left ideals of finite codimension.

Proof. (i) Assume towards a contradiction that I is a finitely-generated,
closed, maximal left ideal in A. The algebra A has a proper, dense left
ideal B. Then, by Lemma [2.3] BN I is dense in I, so that, by Lemma [2.1
we can find a finite set of generators for I from within B. But then, as B is
a left ideal, this forces I C B, and hence I = B by the maximality of 1. But
I is closed, whereas B is dense, and both are proper, so we have arrived at
a contradiction.

(ii) Let I be a proper, closed left ideal of finite codimension. Then I is
contained in some closed maximal left ideal M. We may write M =1 @ E,
as linear spaces, for some finite-dimensional space F£ C A. If I were finitely-
generated, then the generators together with a basis for £ would give a
finite generating set for M, contradicting (i). Hence I cannot be finitely-
generated. =

We note that the above corollary is of limited use since its hypothesis
cannot be satisfied in a unital Banach algebra. However, in the non-unital
setting it is quite effective, and we shall make use of it in §3. An example
of a Banach algebra satisfying the hypothesis of Corollary coming from
outside harmonic analysis is the algebra of approximable operators on an
infinite-dimensional Banach space.

3. The case of a non-discrete locally compact group. In this sec-
tion, we shall consider Question for L'(G,w) and M(G,w), where G is a
non-discrete, locally compact group and w is a weight on G. The first result
implies that, if L'(G) C C(G), then G is discrete.

LEMMA 3.1. Let G be a locally compact group. Suppose that, for every
precompact subset A of G, the function xa is equal to a continuous function
almost everywhere. Then G is discrete.

Proof. Assume to the contrary that G is not discrete. Then by [3, Corol-
lary 4.4.4], or [I3, Theorem 1], G cannot be extremely disconnected, so that
there are disjoint open sets A and B and x¢ € G such that z9 € AN B. By
intersecting with a precompact open neighbourhood of xgy, we may further
assume that A is precompact, and thus of finite measure.

Consider the function h = y4 € L'(G). Then, by hypothesis, there is a
continuous function f and a measurable function g such that suppg is an
m-null set, with the property that h = f + g. In particular, supp g must
have empty interior, so, for any open neighbourhood U of xg, we can choose
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xy € UNA such that xy ¢ supp g. Then (z) is a net contained in A\supp g
converging to xg. Similarly, we may find a net (yy) contained in B\ supp g
converging to zg. Then f(zy) = h(zxy) = 1 for all U, whereas f(yy) =
h(yy) = 0 for all U. As both nets have the same limit, this contradicts the
continuity of f. m

THEOREM 3.2. Let G be a non-discrete, locally compact group, and let w
be a weight on G. Then LY(G,w) has no finitely-generated, closed, maximal
left ideals, and no finitely-generated, closed left ideals of finite codimension.

Proof. Let J = LY (G,w) x Co(G) + C.(G) be the left ideal of L(G,w)
generated by C.(G). By [2, Theorem 3.3.13(i)], every element of J is contin-
uous, so that, by the previous lemma, J is proper, and of course it is also
dense. The result now follows from Corollary 2.4 =

When G is a compact group, L?(G) is a Banach algebra under convolu-
tion. A trivial modification of the previous argument shows that when G is
infinite and compact, L*(G) has no closed, finitely-generated maximal left
ideals.

We now turn to the measure algebra. We shall exploit its duality with
Co(G), so we first fix the following notation. Let X be a Banach space with
dual space X’ and let £ C X and F C X’. We write

Et={\eX :(z,\N=0,zcE}, F ={zeX:{(x,\)=0,\eF}
It is well known that, for £ and F as above, we have
(3.1) (FL)" =span" F, (E*), =spanE.

The weak*-closed left ideals of a weighted measure algebra can be char-
acterized as follows. Analogous characterizations exist for the weak*-closed
right and two-sided ideals.

LEMMA 3.3. Let G be a locally compact group, and let w be a weight
on G. Then there is a bijective correspondence between the weak®-closed left
ideals in M(G,w) and the norm-closed subspaces of Cy(G,1/w) invariant
under left translation. This correspondence is given by

Ew B+
for E a closed subspace of Co(G,1/w) invariant under left translation.

Proof. Let E be a closed subspace of Cy(G,1/w) invariant under left
translation. That E+ is weak*-closed is clear. We show that it is a left ideal.
Let y € E+. Then for all f € E and y € G we have

(32) | flyz) dp(a) = | f(2)d(Sy * p)(x) = 0.
G G

Hence 6, * 1 € Et for all y € G. That E* is a left ideal now follows from
weak*-density of the discrete measures in M (G, w).
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Now suppose that I is a weak*-closed left ideal in M(G,w). Set E =1 .
Then, by , E+ = I. The linear subspace E is clearly closed, and for
yeG, pel and f € Cy(G,1/w), we have o, x p € I, so that, by ,
0y * f € E. Hence E is left-translation-invariant.

We have shown that the correspondence is well defined and surjective.
To see that it is injective, use (3.1)). =

LEMMA 3.4. Let G be a locally compact group. Then My(G) is weak”-
closed if and only if G is compact.

Proof. 1f G is compact, then My(G) = {constant functions}*, which is
weak*-closed.

Assume towards a contradiction that My(G) is weak*-closed, but that
G is not compact. By Lemma E = My(G), is invariant under left
translation, and using the formula E’ = M(G)/E+ = M(G)/My(G) we see
that £ has dimension one. So there exists f € Cy(G) of norm 1 such that
E = span f. There exists xg € G such that | f(zo)| = 1. Let K be a compact
subset of G such that |f(z)| < 1/2 for all 2 € G\ K. Then Kay' UazoK ™!
is still compact, so we may choose y € G not belonging to this set, so that
in particular yzg,y 'xg ¢ K. Then there exists A € C\ {0} such that
dy x f = Af. Hence

[f (yzo)| = [Af (zo)| = Al < 1/2,

whereas
1= |f(wo)| = | Flyy™ o)l = A [y~ o) < 1/2-1/2 =1/4.
This contradiction completes the proof. m

The next theorem characterizes when My(G) is finitely-generated. In par-
ticular Question [I.4) has a negative answer for the measure algebra.

THEOREM 3.5. Let G be a locally compact group. Then My(G) is finitely-
generated as a left ideal if and only if G is compact.

Proof. If G is compact, and m denotes the normalized Haar measure
on G, then 6. — m € My(G) and it is easily seen, by direct computation,
that . —m is an identity for My(G), so that in particular M (G) is finitely-
generated.

Assume that My(G) is finitely-generated, say

My(G) = M(G) *p1 + -+ M(G) * py,
for some n € N and 1, ..., u, € My(G). Define a linear map
S:M(G)" = M(G), (Vi,...,Un) = V1% 14+ U * lin.

As multiplication in M (G) is separately weak*-continuous, S is a weak*-
continuous linear map, and hence S = T* for some bounded linear map
T:Co(G) = (Co(G))™. We know that im S = My(G) is closed, implying that
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im T is closed and so we see that im S is weak*-closed. Hence, by Lemma
G is compact. =

We do not know of a weighted version of this theorem, but when G is
discrete we have M (G,w) = £1(G,w), and this case will be the focus of §6,
where it seems a very different approach is required as weak*-closedness of
the augmentation ideal no longer characterizes finiteness of the underlying
discrete group, and in particular it can happen that £ 6(G ,w) is weak*-closed,
but not finitely-generated.

Note that we have now proven Corollary

Proof of Corollary [1.6. By Theorem it is enough to consider the
discrete case, which follows from Theorem [3.5] =

We now prove the Dales—Zelazko conjecture for weighted measure alge-
bras on non-discrete groups. We have been unable to fully resolve the discrete
version, but again this is addressed in §6.

LEMMA 3.6. Let G be a discrete group, and w a weight on G. Sup-
pose that L}(G,w) is finitely-generated as a left ideal. Then G is finitely-
generated.

Proof. Suppose £}(G,w) is generated by hi, ..., h, € £}(G,w). By Lem-
ma[2.I] we may suppose that each h; is finitely-supported. Let H be the sub-
group of G generated by | JI._; supp h;. We show that H =G. Let g € (1(G, w).
Then, for each ¢ € {1,...,n},

D (gxhi)(u) =Y > g(hi(t) =) g(s) Y hi(t)=

ueH uEH st=u s€EG tes—1H

where the final equality holds because either s ¢ H, in which case s~'H
is disjoint from supp h;, or else s"'H = H O supp h;, in which case h; €
(G, w) implies that >, hi(t) = 0. Since the functions h; generate £ (G, w)
it follows that >, f(u) = 0 for every f € £§(G,w). This clearly forces
H = G, as claimed. =

THEOREM 3.7. The Dales—Zelazko conjecture holds for M(G,w) when-
ever G is a non-discrete locally compact group, and w is a weight on G.

Proof. 1t is a straightforward consequence of [2, Theorem 3.3.36(v)| that
¢1(G,w) is the quotient of M(G,w) by the closed ideal consisting of the
continuous measures belonging to M (G w). As G is non-discrete, it is un-
countable, and hence, by Lemma (3.6, £} (G, w) is not finitely-generated as a
left ideal. Taking the preimage of thlb ideal under the quotient map gives a
codimension 1 ideal of M (G, w), and this ideal is not finitely-generated as a
left ideal. m
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4. The case of a discrete monoid. We begin this section with some
definitions, which generalize ideas such as word-length in group theory to
the context of an arbitrary monoid. By a monoid we mean a semigroup
possessing an identity element e. Let M be a monoid, and let E be a subset
of M. Then for x € M we define

E-z={ur:uekFE}, z-E={zu:ueckFE}
and
E-z'={uecM:uzxcE}, z'-E={ucM:azucE}.

We abbreviate {u}-x~! to u-x~!, and similarly u-x represents the set {u}-z.
The important thing to note in these definitions is that there may not be an
element !, and that u - 27! represents not an element but a set, which in
general may be infinite or empty. Also, be aware that ‘-’ is not necessarily
associative: (z -y~!) - 27! is meaningful, whereas z - (y~! - 27!) is not.

Now let X C M, and fix u € M. We say that a finite sequence (z;)?"
in M is an ancestry for uw with respect to X if z1 = u, z, = e and, for each
1 € N with 1 < ¢ < n, there exists x € X such that either z;x = z;_1 or
Zi = Zi—1.

Denote by Hx the set of elements of M which have an ancestry with
respect to X. Then

Hx ={e}U U U (...((e-a()-a5?) ... an).
neN, z1,...,.2,€X (e1,...,6n)E{£1}"

We say that the monoid M is pseudo-generated by X if M = Hx; this is the
same notion as what is termed right unitarily generated by X in [9]. Observe
that when M is not just a monoid but a group, M is pseudo-generated by X
if and only if it is generated by X. We say that M is finitely pseudo-generated
if M is pseudo-generated by some finite set X.

Given a subset X of M we set By = {e} and for each n € N we define

B, = {e}U U U (. ((e-aft)-232) ... zF)
1, TRE€EX, kSN (£1,...,6) {1}
and
(4.1) S, = Bp\ Bn_1.

The set B, consists of those v in M which have an ancestry of length at most
n with respect to X. Of course the sets B, and S,, depend on X, but we
suppress this in the notation as X is usually clear from the context. Finally,
we say that M is pseudo-finite if there is some n € N and a finite subset X
of M such that every element of M has an ancestry with respect to X of
length at most n, or equivalently if M = B,,. Again, for a group M, M is
pseudo-finite if and only if it is finite.
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To see an example of a monoid which is pseudo-finite, but not finite, take
any infinite monoid M and add a zero 6 to obtain M° = M U {#}. Then

MO=6-071,

so that MY is pseudo-finite. Incidentally, this also furnishes us with an ex-
ample where associativity of ‘-’ fails, even though all expressions involved
are meaningful: we have (6 -071) - e = M°, whereas 0 - (67! -¢) = 0.

In the next two lemmas we establish a version of Lemma [3.6] for monoids.

LEMMA 4.1. Let M be a monoid, and let X C M. Then

HX-u,HX-u_chX (UEH)().
Proof. To see this, we define Hy = {e} U X, and subsequently

Hy, = (U Hy 1 - x) U (g{ Hy -x_1>

zeX
for £ € N. It is easily seen that

(0.9]
Hx = | J Hy.
k=0

We establish the lemma by induction on k such that v € Hy. The case
k = 0 follows just from the definition of Hx. So suppose that &k > 0, and
that the result holds for all elements of Hi_q. Then either u = zx or uxr = z
for some z € H_1 and x € X. Consider the first case, and let h € Hx. Then
hu = hzzx. By the induction hypothesis hz € Hx, and hence hu = hzx € Hx
by the case k = 0. Similarly, if y € M is such that yu = yza € Hy, then
yz € Hx, and so y € Hx by the induction hypothesis applied to z.

Similar considerations apply in the case where u has the property that
uzr = z for some z € Hi_1 and some = € X, and we see that in either case
Hyx -u, Hx -u~! € Hy, completing the induction. m

LEMMA 4.2. Let M be a monoid, let w be a weight on M, and suppose
that £5(M,w) is finitely-generated as a left ideal in £*(M,w). Then M is
finitely pseudo-generated.

Proof. Write A = ¢1(M,w). Since CoM is dense in £{(M,w), by Lem-
ma [2.1] we may suppose that
(4.2) (§(M,w)=Axhy+---+ Axh,
for some hq,...,h, € CoM. Set

n
X = Jsupph;,
i=1
so that X is a finite set. We shall complete the proof by showing that X
pseudo-generates M.
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Write H = Hy. We observe that, for s € M, if s7' - HN H # (), then
s € H. Indeed, suppose that u € s™' - H N H. Then su € H, and hence
s € H-u~!, which is a subset of H by Lemma

Now let g € A be arbitrary. Then, for every i € {1,... n} we have

D (gxh)w =23 > g@h®)=> > > ¢

uceH ueH st=u u€H seM tes—1u
= (g<s> 3 hi<t>) - Z(g<s> 3 m(t)),
seM tes—1-H seH tes—1.-H

where the last equality holds because s™' - H Nsupph; C s - HNH = ()
whenever s ¢ H. However, when s € H, then, for every x € supp h;, we have
sx € H by Lemma which implies that supp h; C s~1- H. It follows that

S hin -
tes—1.H
because h; € CyM. Hence

Z (g% hi)(u) =0.

ueH
By (4.2), this implies that
> flu) =
ueH

for every f € £3(M). But this clearly forces M = H, as required. m

Suppose that a monoid M is pseudo-generated by a finite set X. Given
f € £Y(M), we define a sequence (o,,(f)) of scalars by

u€Bnp,

LEMMA 4.3. Let M be a monoid, and take X C M. Let the sets B, in
the definition of o, refer to X. Then, for every g € £*(M) and every z € X,
we have

> 1onlg * (de — 82))| < o0.

n=1

Proof. Write o, = 0,,(g * (¢ — 0)). Since
g* (0e — 0z) = Z g(u)dy — g(u)dya,

ueM

on= Y g~ Y glv).

uwEBy, vEB, -z~

it follows that
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If w € B,,_1, then uz € B,,, implying that B,,_; C B, N B, - . Hence

= Y g+ X g > g+ Y gw)

uEBn\Bn,1 u€B, 1 ’uGBn-x_l\Bn_1 u€B,_1
= > glu) - > g(v).
u€Sh UGBn'wfl\anl

Notice that B,, -z~ ! C Bj411, so that
B, - -7)_1 \ B,-1C By \Bn—l =5, U Sn—l—l-
Hence
onl <> g+ >0 g =2 lgw)l+ D g,
UESy u€SRUSh+1 UESH UESp 41
so that >~ |on| < 3> ,carl9(u)| < oo, using the fact that the sets S, are
pairwise disjoint. m
We shall now prove Theorem via the next two propositions.

PROPOSITION 4.4. Let M be a monoid such that (M) is finitely-
generated as a left ideal. Then M is pseudo-finite.

Proof. By Lemmas and ¢§(M) is generated by finitely many
elements of CoM. Suppose that h = Zf\i 1 @0y, is one of these generators,

where N € N and uq,...,uy € M. Then a simple calculation exploiting the
fact that S°N | a; = 0 shows that
N-1 i
h = Z (Z aj) (5Uz - 5“1’—0—1)'
i=1 j=1

Writing du; — du;yy = (0e — Ouyyy) — (0 — 0y;) shows that

N
h=>Bi(de — bu,)
=1

for some S, ..., 8n € C. It follows that there is some finite subset Y of M
such that £1(M) is generated by elements of the form 6, — &, (u € Y).

By Lemma M is pseudo-generated by some finite set X. Enlarging
X if necessary, we may suppose that Y C X. It then follows from Lemma[4.3]
that (o, (f)) € ¢1(N) for every f € £(M), since now every element of £ (M)
is a linear combination of elements of the form considered in that lemma. We
now show that this gives a contradiction in the case where M is not pseudo-
finite by constructing an element f of £3(M) for which (o, (f)) ¢ ¢*(N).

Assume that M is not pseudo-finite. Then no B,, is the whole of M, but,
by the definition of X, |J;~, B, = M, so that there exists an increasing
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sequence (ny) of natural numbers such that B,, |, & B,, for every k € N.
Select up, € By, \ By, (k € N). Let (=322, 1/42, and define f € £§(M)
by f(e) =¢, f(un,) = —1/k* and f(u) = 0 otherwise. Then

k

ank(f)=<—2.i2= > %z (k € N).
Jj=k+1

=

i J

Hence > 72, |on, (f)| = o0, so that (0, (f)) ¢ ¢1(N), as required. m

The converse of Proposition [£.4]is also true, as we shall now prove, com-
pleting the proof of Theorem [I.7]

PROPOSITION 4.5. Let M be a pseudo-finite monoid. Then £§(M) is
finitely-generated.

Proof. Let X = {x1,...,x,} be a finite pseudo-generating set for M such
that B,, = M for some n € N. For k € N, we define

A =Af EE(I)(M):suppf C By},

and use induction on k to show that Ay is contained in a finitely-generated
ideal which is contained in £}(M).

Write A = ¢£!(M), and denote the augmentation character on ¢!(M)
by @g. For f € A1, we may write

f= f(e)(Se + Z f(xz)éwL
=1

= f(€)(0e = 02,) + (f(€) + f(21)) (62, — 0z,)
o+ (fle) + -+ f(@r-1)) 0z, y — Oz,)-

It follows that Ay C A% (0 — dgy) + -+ A% (05, , — 0z,). This establishes
the base case.

Consider the case where k£ > 1. By the induction hypothesis, there exist
m € N and py,...,pm € £5(M) such that

A1 CA*pyr+--+ Axpp.
Write By, as
r r
By ={e}U <U Bj_q - xl) U (U By -xi_1>,
i=1 i=1
and write f € Ay as

f=febe+g+---+g-+hi+--+h,



82 J. T. White
where supp g; C Bi_1 - x; and supp h; C Bp_1 -xfl. Then

f= Z —¢o(9i) xl+zh_@0(h)5)

=1
£3 ol + (£6)+ Yoo
i=1 i=1
We note that

S olgi)ba, + (fe +Z¢0 )00 € Ak (0= 00,) -+ Ak (00, — s,
1=1

by the base case. Fix ¢ € {1,...,r}. Each u € By_1 - z; can be written as
u = u'x; for some u' € By_1 (which depends on u, and may not be unique),
and we calculate

9i = Z gz(u) * 5u’mi = g; * 5%‘7

UEBK_1-T;

!/ __ .
where g; = >, cp, ... 9i(u)dy . Moreover,

9i — ¢0(9:)02, = (9; — @o(gi)de) * Oa,.

The support of g; — ¢o(gi)de is contained in Bj_1, and so, by the induction
hypothesis, we have

= ¢0(gi)0e € Axp1+ -+ Ak pp,
whence
Gi — ©0(gi)0z;, € Axp1 %0y, + -+ Ak Py * 0g,.
Now consider h; — ¢g(h1)d.. We have
hi* 05, = Z hi(w)6yz,,

-1
uEBk,1~$i

so that supp(h; * dz,) C Bji—1, and in particular supp(h; * 0, — @o(hi)dz,)
C By—1 (as k > 2). It then follows from the induction hypothesis that

(hi —@o(hi)de) * 0z, = a1 %P1+ -+ + Qm * P
for some ay,...,am € A. So
hi — @o(hi)de = (hi — @o(hi)de) * (0¢ — 0g;) + a1 %P1 + -+ + am * D,
€ Ak (0 — 0z,) + Axpr+ -+ Axpm.

We now conclude that

m T r—1
Ay, C ;A*pi—l—ZA*p@'*éxj +;A* (0 — 0a,) +;A* (6 — Oy
1= 1,] 1= 1=

This completes the induction. When k& = n, we obtain the theorem. u
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We recall the following standard definitions:
DEFINITION 4.6. Let M be a monoid. Then:

(i) M is right cancellative if a = b whenever ax = bz (a,b,z € M);
(ii) M is weakly right cancellative if, for every a,x € M, the set a -1 is
finite.

It is easily seen from the definitions that a weakly right cancellative
monoid is pseudo-finite if and only if it is finite. Hence, Question [I.4] and
the Dales Zelazko conjecture both have answers in the affirmative for the
class of Banach algebras of the form ¢!(M), where M is a weakly right
cancellative monoid. However, it remains open whether the Dales—Zelazko
conjecture holds for £(M) for an arbitrary monoid M.

5. 7-Summable sequences. In this section 7 = (7,,) will always be a
sequence of real numbers, all at least 1. We say that a sequence of complex
numbers (x,,) 7-summable if

o0
Z Tn|Tn| < 00.
n=1

Note that if (z,,) is 7-summable for some 7, then in particular (z,,) € £1.
We say that 7 is tail-preserving if the sequence (Ej‘;n 41 7;5) is T-summable
whenever (z,,) is 7-summable. For example, the constant 1 sequence is not
tail-preserving (as can be seen by considering, for instance, the sequence x,, =
1/n? (n € N)), but it will be a consequence of Proposition below that
(tn) = (") is tail-preserving for each ¢ > 1. The main result of this section
is an intrinsic characterization of tail-preserving sequences, given in Proposi-
tion[5.2l The results of this section will underlie our main line of attack when
we consider questions involving weights on discrete groups in §6 and §7.
Our approach is to consider the Banach spaces £!(7), defined by

(Hr) = {(xn) eClN: i7n|:rn| < oo},

n=1

with the norm given by
o0
l@a)lle = 3 aleal,
n=1

so that £1(7) is exactly the set of T-summable sequences. Each space £1(7)
is in fact isometrically isomorphic to £1.

In the next lemma, we shall denote by cqp the space of finitely-supported
complex sequences, and we write C(TO for the set of those sequences in cqq
whose terms are all non-negative reals.
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LEMMA 5.1. Let 7 = (1,) be a sequence in [1,00). Then the following
are equivalent:

(a) T is not tail-preserving;
(b) the set {x € LX) : (3252, 12;5) € L1(7)} is meagre in £1(T);

(c) there is a sequence (x*)) of vectors in cgyy such that
|z®|, <1 (keN) and lim ZTn) Z m(k)‘ = 00.

Proof. For x = (x;) € £1(7), write

[e.9] o0

T(ZC):ZTn Z xj

n=1 j=n+1

9

which may take the value infinity. Define

o
Ep={zectl(r):T(x)<m} (meN) and E= U E,,.
m=1
Fixm € N. We claim that Ey, is closed in (¢1(7),]|-|l+). For this, suppose
(z) is a sequence in E,, which converges to some point y € £1(7). Then
for each p,i € N, we have
o )

SUDSITES SA(P SRS D S

M= 10

<p

n=1 j=n+1 j=n+1 j=n+1
o0 .
(2
< Tn |yj - ng )| +m
n=1  j=nt1
0 .
< p( max Tk> Z ly; — $(?)| +m
k:17"'7p — J
]:

ax 77.:) ly — w(i)HT + m.
k:17""p

Letting ¢ — oo, we obtain

p o0
ZTn Zg/j‘ < m.

n=1 n+1

As p was arbitrary, this implies that T'(y) < m, and so y € E,,, giving the
claim.

We first prove that (c) implies (b). Take (z(®)) as in (c). Let m € N
and £ > 0. Then we can find k € N such that T(z®*)) > (2m + 1)/e. Let
y = ex®). Then ||y||, < ¢, but, for each = € E,,,, we have

Tx+y) >T(y) —T(x) >2m+1)—m=m+1,
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showing that « +y ¢ E,,. It follows that each E,, has empty interior, and
hence E is meagre, which is exactly the statement in (b).

By the Baire category theorem, (b) implies (a).

Suppose that (a) holds and that x = (x,,) is a sequence in £!(7) such
that T'(z) = oco. Since replacing (zy,) by (|z,|) only increases T'(z) whilst
preserving the norm, we may assume that each x, is a non-negative real

number. By scaling, we may suppose that ||| < 1. Given k£ € N, choose

N € N such that
N 0o

ZTn( Z mj) > k.

n=1 j=n+1
Take an integer M > N such that

i xj < (;Tn)_l.

j=M+1

=

Define z(%) € coo by
L) {%‘ if j < M,

0 otherwise.

n=1 Jj=n+1 n=1 j=n+1 j=M+1
N o0 N 0

:ZT”(Z .CC]‘)—ZT”< Z {L'j)Zk‘—l.
n=1 j=n+1 n=1 j=M+1

Hence T'(x*)) — oo as k — oo, whilst ||z*)||; < ||lz||» < 1, so (c) holds. m

We are now able to give our intrinsic characterization of tail-preserving
sequences.

PROPOSITION 5.2. Let 7 = (13,) be a sequence in [1,00). Then the fol-
lowing are equivalent:

(a) T is tail-preserving;
(b) there exists a constant D > 0 such that

n
(5.1) 1> DY 7 (neN);
j=1
(c) liminf, (7p41/ >y 7i) > 0.
Proof. The equivalence of (b) and (c) is clear. We show the equivalence
of (a) and (b).
Suppose that (b) holds. Assume towards a contradiction that 7 is not tail-
preserving. Then there exists a sequence (x(k)) C C(J)FO as in Lemma (c)
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Let s, = maxsuppz®. Let ) denote the sequence which has a one in
the jth place and is zero elsewhere, and let T" be defined as in the proof of
Lemma [5.1l Then

S s ]_1
(k) — Zk: 20T(e) = Zk: A ().
= j=1 n=1

where the first equality holds because the terms of z(*) are presumed non-
negative. Take k € N. Then

S S j—l
Hx(k)HT = zk:x;k)Tj > Dixg-k) (Z Ti) = DT(x(k))-
j=1 j=1 i=1

This gives a contradiction because the final term tends to infinity with k&,
whereas ||z®)|, < 1 for all & € N. Hence we have established that (b)
implies (a).

Now suppose that (b) does not hold. Then there exists a strictly increas-
ing sequence (ng) in N such that

ny,
1i]I€n(Tnk+1/ Zn) =0.
=1

Define ) = (1/7,,+1)e™*D (k € N), so that |||, = 1. Then

nk+1
Ta®)y=—>"n (keN),
Trg+1 =1
which tends to infinity as k tends to infinity. Hence clause (c) of Lemma
is satisfied, and this concludes the proof. =

As we remarked above, it is an immediate consequence of this proposition
that the sequence (c") is tail-preserving for each ¢ > 1.

The following lemma concerns the growth of tail-preserving sequences.
Part (ii) implies that if (73,) is tail-preserving and 7;, > 7, for all n, then (7))
is not necessarily tail-preserving.

LEMMA 5.3.

(i) Let 7 = (1) be a tail-preserving sequence, and let D > 0 satisfy (5.1]).
Then A
Tj+1 ZD(D—l—l)]_lTl (] EN).
(ii) Let p > 1. There exists a sequence (1,) C [1,00) such that p™ < 7, for
all n € N, but (15,) is not tail-preserving.

Proof. (i) We proceed by induction on j € N. The case j = 1 is immediate
from ([5.1)). Now suppose that j > 1, and assume that the result holds for all
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1 < j. Then we have

J
741 =D 7> DIDMD+1Y %4+ D(D+1)+ D+ 1n
i=1
=D(D+ 1)y 17.
Hence the result also holds for j.

(ii) Define integers nj, recursively by ny = 1 and ny = ng—1 + k + 1 for
k > 2. Then define

Tj:pn’f+1 (nk_1+1<j§nk+1).
Then clearly 7; > p! for all j € N, and

Tnp+1 Tnp+1 _ 1 =0

Hence (7,,) violates condition (c) of Proposition so cannot be tail-pre-
serving. m

6. Weighted discrete groups. In this section, G will denote a discrete
group, with finite generating set X, and w will be a weight on G. Without loss
of generality we may suppose that X is symmetric (we recall that a subset
X of a group G is symmetric if X = X~1). We shall investigate whether
(3(G,w) is finitely-generated. We note that when considering Question
and Conjecture for L'(G,w), Theorem and Lemma allow us to
reduce to this setting; as noted at the end of Section 3, similar remarks
pertain to M (G,w). We define a sequence of real numbers, all at least 1, by

6.1 = mi

(6.1) 0 = min (),

where S, is defined by (4.1)). As we are now in the group setting, S, is exactly
the set of group elements of word-length n with respect to X. We write

6.2 C= .

(6.2) max w(x)

LEMMA 6.1. With 7, (n € N) and C' defined by (6.1) and (6.2)), respec-
tively, we have 1, < CTpq1 for all n € N.

Proof. For each n € N, take y, € S, satisfying w(y,) = 7,. Then
UYn+1 = 2 for some z € S, and some z € X, and so

Tn = wW(Yn) Sw(z) = w(yn+133_1) < Cw(yny1) = CTyy1.

In the next lemma, notice that parts (i) and (ii) depend on the weight
having the specified properties, whereas part (iii) is a purely algebraic result
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that can be applied more broadly. In fact, Lemma (iii) is well known; see
e.g. [12, Chapter 3, Lemma 1.1]. We include a short proof for the convenience
of the reader.

LEMMA 6.2. Let G be a group with finite generating set X, and denote
word-length with respect to X by |-|. Let w be a radial weight on G, and denote
by T, the value that w takes on S,. Assume that (7,) is tail-preserving, and
let D >0 be a constant as in (5.1)). Consider CG C £1(G,w).

(i) Let uw € G be expressed as u = y1--Yn for y1,...,yn € X, where

n = |u|. Then
56_5u: Zfa:*(‘se_(sm)

zeX
for some f, € CG (x € X) each of which may be taken to have the form

n—1
fp = Z a;j),
5=0
(4)

where each az’ is either O or dy,..,,. in the case that j # 0, and either
0 or . in the case that 7 = 0.

(ii) Each f, in (i) satisfies
1

(63) Ifoll € G (@€ X).

(iii) As a left ideal in CG, CoG is generated by the elements
de — 0y (x€X).

Proof. (i) We proceed by induction on n = |u|. The case n = 1 is trivial,
so suppose that n > 1. Set v = y3 -+ - Yy, € Sp—1. By the induction hypothesis

applied to v,
b =0y =Y gu* (0 —62),

rzeX
where

Gz = Zbg) (x € X)

and each by is either 0, Oyy-yj4q1 O 0. We have

de — Oy = 0y, * (de — Oy) + (e — Oy,) = 0y, * ng (6e — 6z) + (e — by, )
zeX
= Z Syn * Gz * (0e — 0z) + (81 * Gy + Oe) * (8 — 8y )
TFEY1
We define

fz:

{5?41 * gz (x#yl),
5y1 * Gy, T de (-T = yl),
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and check that each f, can be written in the required form. To see this, set
Sy +b97Y (G=1,...,n—1),
aif) =0 (¢ #y1,5=0),
e (r=vy1,7=0).

It is easﬂy checked that each ag(ﬁ) has the required form, and that f, =

>0 Lqd) (x € X). This completes the induction.
(ii) Using part (i), we see that

n—1
12 =D e (= € X),
0

()

and since for each € X, every non-zero a;’ is d,, for some w € S;, we have

\
—

[ fe S 7j <

<.
é
U\H
3

as required.
(iii) Let SN, iy, € CoG. A simple calculation shows that

N N i
Z azéuL = Z (Z ai) (6uz - 5'U«i+1)'
i=0 =0 j=0

Moreover, for each i € N, we have 6,;, — 0y;,; = (de — duyyy) — (de — ;) SO
that the result follows from (i). =

By analogy to our approach in Section 4, we associate to each function
f € £1(G,w) a complex-valued sequence (O’n( f)) defined by

(6.4) on(f) =D flu)
u€E B,

LEMMA 6.3. Let G be a group generated by a finite, symmetric set X,
and let w be a weight on G. Let T = (1,,) be defined by (6.1). Let g € £1(G,w)
and x € X, and write

on =oplg* (e —dz)]  (n€N).
Then (o,,) € £1(7).

Proof. Begin by repeating exactly the argument from the beginning of
the proof of Lemma [.3] to obtain

=Y gw— S gl

u€Sh UEBn-wfl\anl
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Again we have B,,-27 !\ B,,_1 C S,US,,11. Taking C as in (6.2), we compute
Tlonl <2 lglm + D lg(w)lm

ueS’n uGSn_H

<2 Z lg(w)|m + C Z lg(w)|Tt1

u€Sny UESn+1

<2 Y gl +C 3 lg(ew),
u€Sy ueSn+l
where we have used Lemma in the second line, and (6.1)) in the third
line. Since the sets S, are pairwise disjoint, we conclude that

ZTn|an| <2+ 0)|gllw < oo

n=1
Hence (0,,) € £1(7), as claimed. =

The following gives a strategy for showing that (}(G,w) fails to be
finitely-generated for finitely-generated groups G and certain weights w on G.

THEOREM 6.4. Let G be an infinite group generated by a finite, symmet-
ric set X, and let w be a weight on G. Let T = (1,,) be defined by (6.1)).
Suppose that E(I)(G,w) 1s finitely-generated. Then T is tail-preserving.

Proof. By Lemmas and we may suppose that £}(G,w) is gen-
erated by a finite subset of CoG, and hence, by Lemma [6.2iii), we may
suppose that each generator has the form 9. — §, for some x € X. Therefore
every element of £}(G,w) is a finite linear combination of elements of the
form g * (8. — d,) where g € £}(G,w) and = € X, and so, by Lemma
(o (f)) € L1(7) for every f € £3(G,w).

Assume for contradiction that 7 fails to be tail-preserving. Then there
exists a sequence () of non-negative reals such that (a,,) € £1(7), but such
that (322, 11 ;) ¢ 01(7). For n € N, let y, € S, satisfy w(y,) = 7, and
define 0o
f = (e — Zandyna

j=1
where ¢ = 3777 ;. Then f is well defined, because (a,) € £ L(7), and clearly

©o(f) = 0. However,
Un(f) :C_Zaj = Z Qaj,
j=1

Jj=n+1
so that (0, (f)) & £1(7) by the choice of «, contradicting Lemma .

We are now ready to prove Theorem [I.8| which completely characterizes
finite generation of the augmentation ideal in the case where the weight
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is radial. In particular, this characterization establishes the Dales-Zelazko
conjecture for £1(G,w) for many groups G and weights w.

Proof of Theorem . If (}(G,w) is finitely-generated, then, by Theo-
rem [6.4] () is tail-preserving.

Suppose that (7,) is tail-preserving. Write X = {x1,...,2,} and enu-
merate G as G = {ug = e,ur,ug,...}. Let f = > > by, € (H(G,w),
and let D > 0 be as in (5.1). By Lemma for each n € N, there exist
gfll), e ,gﬁf") € CG such that d¢ — 0y, = D> g gff) * (de — 0,) and

i 1 )
lgi < Hlouall  (E=1,...,7).

This implies that, for each i = 1,...,r, we may define an element of £!(G,w)

by -
s == angl).
n=1

Then

[e.e]

f= ian(sun - (i @n)8e = =D an(de = du,)
n=0 n n=1

=0
. ian(iggﬂ % (0, — 5@)) - zr:s@ % (80 — 0p,).
n=1 =1 =1

As f was arbitrary, it follows that £}(G,w) is generated by the elements
de — Opyyevy 0 — Oy, m

We now prove Corollary part (ii) of which shows that it can happen
that £}(G,w) is finitely-generated for certain infinite groups G and certain
weights w.

Proof of Corollary . (i) Lemma (1) implies that, for such a weight,
the sequence (7,,) defined in Theorem is not tail-preserving, and the result
follows from that theorem.

(ii) By Theorem 5.2 the sequence (7;,) of Theorem|L.8|is tail-preserving. m

Let G be a discrete group, and G’ its commutator subgroup. We conclude
this section by remarking that, if [G : G'] = oo, then ¢1(G,w) safisfies the
DalesZelazko conjecture for every weight w. The reasoning is as follows.
By [7, Corollary 1.7], the conjecture holds for ¢1(H,w) whenever H is an
abelian group and w is a weight on H. Then, by [14, Theorem 3.1.13|, given G
and w, there exists a weight @ on G/G’ such that ¢1(G/G',@) is a quotient
of £1(G,w). Finally, by the commutative result, there is some maximal ideal
in /1(G/G’,©) which is not finitely-generated, and taking its preimage under
the quotient map gives a maximal left ideal in £'(G,w) which is not finitely-
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generated. However, we have not been able to establish the Dales-Zelazko
conjecture for an arbitrary weighted group algebra.

7. Examples on Z and Z". In this section, we shall look at some
specific examples of weighted algebras on Z and Z*, and consider how they
fit into the more general theory of maximal ideals in commutative Banach
algebras. When convenient, we shall sometimes write w;, in place of w(n).

For a commutative Banach algebra A we shall denote the character space
of A by @4, and for an element a € A, we shall denote by a its Gelfand
transform. We first recall Gleason’s Theorem [16, Theorem 15.2]:

THEOREM 7.1. Let A be a commutative Banach algebra with unit 1 and
take oo € @ 4. Suppose that ker g is finitely-generated by gi,...,gn, and
take v : @4 — C" to be the map given by

Y(p) = (0(91);---9(gn) (¢ € Pa).
Then there is a neighbourhood {2 of 0 in C™ such that:

(i) 7 is a homeomorphism of v~ 1(£2) onto an analytic variety E of 2;
(ii) for every a € A, there is a holomorphic function F on {2 such that
a=Foyony1(0);
(iii) if @ € y~1(92), then ker ¢ is finitely-generated by

g1 —@(90)1, ..., gn — ©(gn)1.

It is natural to wonder whether there are circumstances under which a
converse holds. For instance, suppose we have a commutative Banach algebra
A such that there is an open subset U of the character space such that U is
homeomorphic to an open subset of C", and such that @ is holomorphic on U
under this identification for every a € A. Does it then follow that the max-
imal ideals corresponding to points of U are finitely-generated? T. T. Reed
gave an example [16, Example 15.9] which shows that this need not be true
in general, even for uniform algebras. We note that the character space in
Reed’s example is very complicated. In this section we give two examples of
commutative Banach algebras for which the converse to Gleason’s Theorem
fails to hold, and whose character spaces are the disc and the annulus re-
spectively. The first (Theorem shows that there is no general converse
to Gleason’s Theorem for the class of natural Banach function algebras on
simply connected compact plane sets. The second (Theorem [7.6)) shows that
there is no general converse to Gleason’s Theorem for the class of weighted
abelian group algebras. Interestingly, these examples rely on constructing
counterparts to the sequence (7,,) of Lemma [5.3(ii) satisfying the additional
constraints that the sequence must now be a weight on Z* in Theorem
and a weight on ZT admitting an extension to Z in Theorem
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We note that many authors have considered similar questions for the
algebras A(f2) and H*>(f2), for 2 C C" a domain, and this is sometimes
referred to as Gleason’s problem; see e.g. [10], [11].

Before we construct our examples, we first recall some facts about weights
on Z and Z*; see |2, Section 4.6] for more details.

Let w be a weight on Z. The character space of £!(Z,w) may be identified
with the annulus {z € C: p; < |z| < pa}, where
1/n

p1L = lim w:n

: 1/n
n—00 and P2 = nh—{go wn/ ’
The identification is given by ¢ +— ©(d1) for ¢ a character. Note that p; <
1 < pg. As 1(Z,w) is easily seen to be semisimple, it may be thought of
as a Banach function algebra on the annulus, and in fact these functions
are all holomorphic on the interior of the annulus. We denote by M, the
maximal ideal corresponding to the point z of the annulus, and observe that
the augmentation ideal is Mj.

Now instead let w be a weight on Z*. The situation for £}(Z*,w) is
analogous to the situation above. This time the character space is identi-
fied with the disc {z € C: |z| < p}, where p = lim,,_, wi/™, and NZF W)
may be considered as a Banach function algebra on this set, with the prop-
erty that each of its elements is holomorphic on the interior. In this con-
text M, denotes the maximal ideal corresponding to the point z of the
disc.

Before giving our examples we characterize those weights for which
l 6(Z,w) is finitely-generated. Note that this is a slight improvement, for
the group Z, on Theorem [I.8] since we no longer need to assume that the
weight is radial.

THEOREM 7.2. Let w be a weight on Z. Then {}(Z,w) is finitely-gener-
ated if and only if both sequences (wy)nen and (wW_p)pen are tail-preserving.

Proof. Set A = {Y(Z,w). Suppose that (wy)ney is not tail-preserving.
Then we can repeat the proof of Theorem with G = 7Z essentially un-
changed, except that now we insist that all functions appearing in it have
support contained in ZT, to show that £}(Z,w) is not finitely-generated.
By symmetry, the same conclusion holds if instead (w_p)nen fails to be
tail-preserving.

Now suppose that (wp)neny and (w_p)nen are both tail-preserving. Let
f € 4L(Z,w), and suppose for the moment that supp f C Z. Then

3 if(z‘)( Byby 16)] < oc,
n=0 i=1 n=0

i=n+1




94 J. T. White

and so we may define g € A by

o= 3(3£@)on

n=0 i=0
Then
g% (01 =00) = = > (D £(0) a1 = 60)
n=0 =0
o) n n—1 [e'e)
=3 (=D £@D)on =D F)dn = .

n=0 =0 =0 n=0

Hence

f:g*(él—do) EA*(51—50).
A similar argument shows that if supp f C Z~, then
feAx (5,1 — 50)
But any f € £}(Z,w) can be written as f = f; + fa for f1, fo € }(Z,w),
with supp fi C Z" and supp fo C Z~, and so we see that
0§(Z,w) = Ax (51 — 69) + A* (51 — &)
is finitely-generated, as required m

We now construct the first of our special weights described at the begin-
ning of the section. This is a weight on Z* such that neither the augmentation
ideal nor My are finitely-generated.

LEMMA 7.3. Let p > 1. Then there exists a weight w on Z* satisfy-
mg limg, oo w}/ " = p and such that there exists a strictly increasing se-
quence (ny) of natural numbers with

Wny+1 < p+1
Wp, ~  k

(7.1) (k€N).

Proof. First, we define inductively a non-increasing null sequence (¢(n))
of positive reals, as follows. Set £(0) = 1. Since lim,, 00 (1/7)"/" = 1, we can
find an integer ni such that

1 1/n1
0<<> (p+1)—np.
ni
Define £(n) = 1 for n < ny, and then choose £(n; + 1) such that

l/nl
1

Note also that (n; + 1) < 1.
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Now take k > 2, and assume that we have already defined a strictly
increasing sequence of integers nq,...,ni_1 and that we have defined £(n)
for n < mng_1 + 1. Then choose n; € N with ng > ni_1 and such that

0< <W>1/nk(p+ (s + 1))~ p.

Define e(n) = e(ng—1 + 1) for ny_; +1 < n < ny, and then choose e(ny + 1)
such that

1/nyg
o<+ < (o) otelma+1) -
k
whilst ensuring that e(ng +1) < min{1/k,e(ng)}. This completes the induc-
tive construction of ¢.
Now define

wp = (p+en)” (nezt).
Then w := (wy,) is a weight on Z*, because
Watn = (p+ £(m + )™ (p+ £(m + )"
< (p+em)™(p+en)" = wpwn  (m,n € L),
where we have used the fact that e is non-increasing. As lim,,_,~ e(n) = 0,
we have lim,,_ oo w}/ " = p. It remains to show that holds.
For k € N, we have

< G

However,

pe(m+1) < (o) el + 1) = (+) M ),

which implies that
(ptetmp+ 1) 1 _1

CEEC T
and ([7.1) now follows. m
As lim,, oo w,:h/n = infpeN wi/n by [2, Proposition A.1.26(iii)|, the weight

constructed in Lemma satisfies w, > p" (n € N). However, Proposi-
tion [5.2] implies that w is not tail-preserving, as

n
. 1 L LW
hH?;llnf (wn+1< E w]) ) S hn}nlnf 717-1—1 =0.

W
j=1 "

Hence we have a version of Lemma [5.3[ii) in which the sequence is also a
weight.



96 J. T. White

THEOREM 7.4. Let w denote the weight constructed in Lemma [7.3] Then
neither My nor My is finitely-generated, even though both 0 and 1 correspond
to interior points of the character space.

Proof. Set A = ('(Z*,w) and assume towards a contradiction that My
is finitely-generated. Note that My = {f € A : f(0) = 0}, so that every
finitely-supported element of My is of the form ¢ % 6; for some g € A. By
Lemmas [2.1] and [2.2] we may suppose that the generators of My have finite
support, and as they also lie in My, we may factor out a d; from each one.
It follows that My = A % §;. Define a sequence of non-negative reals by

{ (kwp, )7t if§ =y + 1,
a; = .

0 otherwise.
Let f =372, a;d;. Then by (7.1) we have

o0

+1 1
Z|%|WJ “netl <(p+1)) 5 <oo
Ko, 2%

This shows that f € A, and so clearly f € My. Assume that f = g x 41 for
some g € A. Then g must satisfy g(j — 1) = f(j) (j € N). However,

IGEEEDWEE
j=1 k=1

so that g ¢ A.

The case of Mj is very similar. This time we know that if M; is finitely-
generated, it must equal A (6g — d1). By the remark preceding the theorem,
w is not tail-preserving, and so there exists some sequence (o) € £1(w) such

that
an > o=

Jj=n+1

Let ( =3 02 ap, and let f = (0o — > o7 | andpn. Then f € M;. Assume that
f=gx*(dp —01) for some g € A. A short calculation implies that

=Dt == > o
j=0

j=n+1

for all n > 1, contradicting the fact that > 7 jwn|g(n)| < co. =

We remark that a weight w on Z* extends to a weight on Z if and
only if sup,eywn/wnt+1 < oo. The “only if” direction just follows from
submultiplicativity of the weight at —1. For the “if” direction, set C =
SUP,en Wn/wWnt1. Then it is routine to verify that w_, = C"w, (n € N)
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defines an extension. It follows from this observation that the weight con-
structed in Lemma [7-3] admits no extension to Z. However, a different con-
struction does allow us to do something similar on Z.

LEMMA 7.5. Let p > 1. Then there exists a weight w on Z satisfying

lim,, oo w,l/n = p and lim, w;ll/n < 1, but such that (wp)nen 1S not

tail-preserving.
Proof. With the preceding remark in mind, we construct first a weight ~
on Z* satisfying sup,,cy Yn/Yn+1 < p+ 1, which ensures that v extends to a
weight on Z. In the end we shall define w by w, = p/™~, (n € N).
We set ny, = 28 — 1 (k € N). We define v on {0,1,2,3} by
=1, m=p+l, Y=(p+1)?* a=p+1.
We then recursively define
=P+ D)y (e <G <nggr, k22).
We observe that
(7.2) Vi = (p+ 1) (0<i<k—1,k>2).
This follows by an easy induction on k. Indeed, the base case can be seen to
hold by inspection, and for k > 3 we see that
Yg—i = (P + D¥ng—imng 1 = (P + D) Vny_y 41
=+ D+ =+ )" (1<i<k-1)
and
T, = (P + D) (Vn—ni) = (P + )0 = (p+1).
We now claim that
(7.3) v < (p+ v (JEN).

Again, this can be seen by inspection for j < ns, and we then proceed by
induction on k. Indeed, if j € [ng, ngy1 — 2] then
Yo D) Yn Vi
Vit (Pt DYjtion,  Viriom
When j =ngiq1 — 1 and j + 1 = ngyq, then by (7.2), we have
v o_(p+1)?

= —p+1,
Vj+1 pr1 "

<p+1

establishing the claim.

Now we are ready to prove that ~ really is a weight. That v is submul-
tiplicative on {0, 1,2,3} can be seen by inspection. Let i,j € N with ¢ < 7,
and let k € N satisfy i + j € [ngy1, ngsr2). We proceed by induction on i+ j.
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If j < ng then i+ j < 2ni < ng41, so we must have j > ng. There are three
cases. Firstly, if j > ngy1, then
Yits = (P + 1) Yitj—n < (P4 1)7%i%j—ny. = Y-
If instead j < ngy1, but @ > ng, then
Yirs = (P + 1) Vitjnppr = (0 + DV mn)+(i—1-ny)
1
< (p+ 1)%ien,Vj—1-n), = PR
by (7.3). Finally, suppose that i < ny and ny < j < ngy1. In this case we
have i + j — 2% < ngq, and since i + j > ny,1, we also have
i+ =28 > — 28 =ny,
0 14 j — 2% € [ng, npy1). Then the formula i+ j —ngyq =i+ j — (ng +2%)
implies that
Yi+j = (p+ 1)7’i+]’*nk+1 =(p+ 1)%‘+j—2k—nk = Yigj—2k-
Therefore
Yitj = Vitjok < Vie1Vjp1-2k = Vi-1Vj-n, < (0 + 1)ViVj-n, by (7.3)
= Y-

This concludes the proof that v is a weight. By ([7.3)), v extends to a weight
on Z, which we also denote by ~.

Define w = (wy) by wp = p"ly, (n € Z). As 'y%énk = (p+ D)™ for

n

all £k > 2, we must have lim,,_, 7&/ = 1, and hence lim,,_, w}«/ "= p-
Furthermore,
_ 1 _ 1
lim w_}l/" = — lim 7_,1/” <-<1,
n—00 p n—00 P

as required.
It remains to show that (wy)nen is not tail-preserving. We compute

Wnp  __Wn __ p™(pt 1) :< p )’“_1
Z?iIle_wnk—(k—l) preti=k(p + 1)k p+1 7

which tends to 0 as k goes to infinity. In particular, (wy,)nen violates (5.1)),
so it is not tail-preserving. =

THEOREM 7.6. Let w be the weight constructed in Lemma [7.5] Then the
augmentation ideal £ §(Z,w) fails to be finitely-generated, despite correspond-
ing to an interior point of the character space.

Proof. By construction, M; corresponds to an interior point of the an-
nulus. Now apply Theorem .
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