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1. Introduction. In [8] Péter, Pintér and Schinzel give an inefficient

criterion for the Diophantine equation of the form

az™ 4+ bx" + ¢ = dyP + €,
where a, b, ¢, d, e rationals, abde # 0, m >n >0, p > g > 0, ged(m,n) = 1,
ged(p,q) = 1, and m, p > 3, to have infinitely many integer solutions.

In a later paper Schinzel [9] dropped the assumption ged(m,n) = 1,
ged(p, ) = 1 and gave a necessary and sufficient condition for such an equa-
tion to have infinitely many integer solutions.

In a recent paper Kreso [5] proved the finiteness of integral solutions for
the equation

arx™ + azx™ + - + " + a1 = bry™t + by,
where [ > 2 and m; > mg, ny > --- > n; are fixed positive integers satis-
fying ged(my, mo) =1, ged(nq,...,n) = 1, a1,...,a;,a;41, b1, by are ratio-
nals, non-zero except possibly for a;41, with n; > 3, m; > 2I(l — 1) and
(n1,n2) # (M1, ma).

All the above mentioned results rely on the Bilu-Tichy theorem [I] and
theorems concerning decompositions of trinomials [2]. No such results for
equations with at least three non-zero coefficients of positive powers on both
sides are known, mainly because we have no results concerning decomposi-
tions of lacunary polynomials with more than three non-zero coefficients [5].
Some partial results in this direction are given in [6].

In this note we describe all possible decompositions of quadrinomials.
Then we use the Bilu-Tichy theorem to prove the following generalizations
of Schinzel’s and Kreso’s results.
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THEOREM (A). Let f(x) = Ax™ + Ba"™ 4 Cx™ + D, g(x) = Ex™ +
Fx™2 + Ga™3 + H with f,g € Q[x], n1 > ny > n3 >0, my > mg > mg >0,
and ged(ny,n2,n3) = 1, ged(my, me,m3) = 1, (m1,ma, m3) # (n1,n2,n3),
ABC #0, EFG # 0 and n1,my > 9. Then the equation

f(z)=g(y)

has only finitely many integer solutions.

THEOREM (B). Letl >4 andny > --->mn; >0, m; >mg >ms >0 be
integers. Let

f($) = Algpnl +A2In2+' . "|‘AlCL'm—|—AH_1 and g(m) = Er™ +F$m2 _{_meg

be polynomials with rational coefficients such that ged(ng,...,n;) = 1,
gcd(ml,mg,mg) =1, Aq .. .Al 75 0, EFG 75 0 and my > 2[([ — 1), ni > 2l.
Then the equation

f(@) = g(y)
has only finitely many integer solutions.

Our results are ineffective as we use the theorem of Bilu and Tichy which
relies on the classical theorem of Siegel [10] on integral points.

2. Decompositions of quadrinomials. In this section we describe
decompositions of quadrinomials. We will use some classical lemmas. Let us
recall the Mason-Stothers theorem |7, [I1].

THEOREM 2.1. Let K be a field of characteristic zero. Let a,b,c € K|z]
be relatively prime, not all constant, such that a +b = c. Then

max{dega, degb, deg c} < deg(rad(abc)) — 1,
where rad(f) is the product of the distinct irreducible factors of f.

We will use the following lemma when the polynomials a, b, ¢ in the pre-
vious theorem are not coprime.

LEMMA 2.2. Let K be a field of characteristic zero. Let a,b,c € K|x] be
such that a +b = c. Moreover, assume that a,b, c are not proportional. Then

max{deg a, deg b, deg c} < dega + deg(rad(bc)) — 1.

Proof. Define d = ged(a, b, c) and write a1 = a/d, by = b/d, ¢c1 = c¢/d.
Applying Theorem [2.1] to the equality

(11+b1 = (1,

we get
max{degaj,degb;,degc;} < deg(rad(aibicy)) — 1.



Decompositions of quadrinomials 3

Adding deg d to both sides yields
max{dega, degb, deg c} < deg(rad(aibic1)) + degd — 1
< deg(radai) + degd + deg(rad(bicy)) — 1
< dega + deg(rad(bic1)) — 1. =

Let us recall Hajos’ lemma [4].

LEMMA 2.3. Let K be a field o characteristic 0. If f € K[x] has a root
z # 0 of multiplicity n then f has at least n + 1 terms.

Proof. We use induction on n. When n = 1, the statement obviously
holds. For n > 1 write f(x) = 2 f1(x) where f1(0) # 0. Then z is a root of
f1 of multiplicity n — 1 and f] has exactly one term less than f. The result
follows. m

LEMMA 2.4. Let K be a field o characteristic 0. If f € K|z| satisfies the
equation f(z)? = 2™ + Ax"™ + B for some A, B € K\ {0} and n; > ng > 0
then f is a binomial.

Proof. Suppose that f has at least three non-zero coefficients, say
fl@)=a" +Uzk + ... Vb W
for some k1 > ko > ks > 0 and UVW # 0. Then
f(z)? =™ 4 2uzhthe 4o oV Waks 4 W2,
so f(x)? has at least four non-zero terms. m

LEMMA 2.5. Let K be an algebraically closed field of characteristic 0. Let
fyg,h € Klx] be such that f(z) = g(h(x)) and degg > 1. Then there exists
v € K such that

deg(ged(f(x) — 7, f'(z)) > degh.

Proof. Let 8 be a root of ¢'(x). Define v = g(8). Then h(z) — § divides
both f/(z) and f(z) — . =

Now we are ready to state the main theorem of this section.

THEOREM 2.6. Let K be an algebraically closed field of characteristic 0.
Let f(x) = Ax™ + Ba" + Cz™ + D for some A,B,C,D € K such that
ABC # 0 and n; > ny > ng > 0. Suppose that f(x) = g(h(x)) for some
g,h € K|x]. Then one of the following cases holds:

(1) g(x) = (Az™/¢ 4 Bx"2/¢ 4 Ca™3/4 - D)ol and h(x) = 1" ox? for some
linear polynomial | € K[x], and positive integer d|ged(ni, ng, n3).

(2) g(z) =Il(z) and h(xz) =171 o f(z) for some linear | € K[x].

(3) g(z) = (Az2+ D)ol and h(x) =11 o (z™/2 + %x"3/2) where | € K|z]
is some linear polynomial, 2ns = ny + n3 and C = B?/(4A).
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(4) g(z) = (Az(x — ) + D)ol and h(z) = 171 o (®™ + ca™) for some
linear | € K[z| and non-zero c; moreover ny = 4ng, ng = 3ng.

Proof. By replacing f and g by (Az 4+ D) ' o f and (Az + D)"! o g we
can assume that A = 1, D = 0. Moreover by replacing g, h by gol™!, loh for
a suitable linear [, we can assume that g, h are monic and ¢g(0) = h(0) = 0.

Write

g(x) =2 (x —x1)" - (x — xp)™

with ag,a1,...,ar € Ny, x; # 0 for ¢ = 1,...,k and z; # x; for i # j,
i,7=1,...,n. We have
h(@)* (h(x) — x1)™ - (h(x) — 2)*™ = 2™ + Ba"™ + Ca'™.
We write h(z) = x%h;(x), where hi(z) is some monic polynomial such that
hi(0) # 0. If hy = 1 then h(z) = 2% and g(z) = 2™/ + Bg"2/d 4 "3/,
This corresponds to the first case on our list.
Suppose that h; # 1, and thus h; has a non-zero root £. Then from

Lemma [2.3] we see that the multiplicity of £ as a root of 2™ + Ba™2 + Cz"s
is < 2, and therefore ag € {1,2}. We consider these two cases separately.

CASE 1: a9 = 1. If g(z) = z then we get the trivial decomposition,
ie. (2). If g(x) # x, then deg g > 2. We have

™ + Bz 4+ Cz™ = g(z"hyi(x)).

Let us prove that hi(x) = ha(z™) for some polynomial hy(z). Suppose oth-
erwise; let hq(x) have non-zero coefficient ¢, of ¥ with ng t v, and suppose
v is the smallest integer with this property. Let us prove that g(h(z)) has at
least four non-zero coefficients. We have

degg

g(h(z)) = g(z™hy (z Z Ci(z"hy (z

where g(z) = Zdeg 9 C;xt. The polynomial hy () is not a monomial, and thus

Cleg o(x™h1 ()48 9 has at least two non-zero coefficients of powers which

cannot cancel Cj(z"3hy(x))? where j < degg. The coefficient of 2" in

g(h(x)) is equal to Cicy; it does not vanish, being the coefficient of the lowest

power which is not divisible by n3. So in that case g(h(x)) has at least four

non-zero coefficients, a contradiction. We have proved that hj(z) = ha(z"?).
As a consequence we get the equality

™ + Bx"? 4+ Cz™ = g(z"3ho(2™3)).
Therefore ng | ny and ng | ng, say ming = ny, mons = ng, and
(2.1) ™ 4+ Bz™? + Cx = g(zha(x)).

Let us write K = mq — mas.
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We claim that ho(z) = hg(2*) for some hg € K[z]. Equating the coeffi-
cients in (2.1) we get
B
ho(z) = ' + @xt_k + Lo.t.

for some t. Let us prove that if the coefficient Dy of z* in hg(x) is non-zero
then s =t (mod k). Suppose otherwise, and let v be the highest power such
that the coefficient D, of z¥ in ha(z) is non-zero and v # t (mod k). We
have

B degg
2™ + Bx™2 + Cx = gde8s <a:t 4tk 1.0.t.> + l.o.t.
deg g

Observe that the coefficient of zdegg+(degg—1t+v o the right hand side is
equal to D, deg g. It cannot vanish because it is the coefficient of the highest
power z" which satisfies u # deg g+t deg g (mod k). Of course mg = deg g+
(deg g—1)t+t—k > deg g+(deg g—1)t+v > 1, so we arrive at a contradiction.
We know that h2(0) # 0, so we deduce ho(x) = ha(z*).
We thus proved that

g(zhy(x)) = g(zhs(x¥)) = 2™ + Ba™ + C.

We will prove that g(z) = zg2(2*) for some polynomial go(x). Suppose
that this is not the case and write g(z) = 3989 C;z’. Let v be the smallest
integer such that v # 1 (mod k) and C, # 0. We have

degyg ‘
Z Cy(xhs(z*))! = 2™ + Ba2™ + C.
=1

The coefficient of ¥ on the left hand side is equal to C,h3(0) # 0. Thus
v =my or v = mgy. On the other hand,

my =my — k = deg(g(xzhs(z®) —k > v(k+1)— k= —1Dk+v >,

so we arrive at a contradiction.

We have
whz(x)ga (x"hs(2F)F) = 2™ + Ba™2 + Cu,
therefore my — 1 = kl and m; — 1 = k(I + 1) for some [. Consequently,
(2.2) ha(x)go(xhs(z)*) = !T1 + Bzl 4+ C.
Let us prove that k = 1. We write go(x) = Z?igogz Wz, and get

deg g2
(2.3)  (Wohs(z) — C) + (zha(x)F 1) Z Wj(zhs(x)F)? =1 = 21 4 Bal.
j=1
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We have
deg g2 .
degrabd((:z‘lJrl + Bl’l)$h3($)k+1 Z Wj(xhg,(:v)k)]_l)
j=1

< (kdeghs + 1)(degga — 1) + deg h3 + 2.

Moreover the appropriate polynomials in (2.3) are not proportional. Apply-
ing Lemma [2.2| we get

1+ (k+1)deghs + (kdeghs + 1)(degga — 1)
< deghs+ (kdeghs + 1)(deggs — 1) + deghs +2 — 1,

thus (kK — 1) deghs < 0 and k = 1. Therefore hy = hs.
We set k =1 and hg = hg in ([2.2)) to obtain

g(zhy(x)) = xhe(x)ge(zhe(z)) = 2!72 + Bal™! 4 Cu.
Set F(z) = g(xhe(x)). By Lemma [2.5| there exists A € K such that
deg(ged(F(z) — A, F'(z)) > deg why(x),
and thus
degrad((F(z) — \)(z'2 + Ba!™)) < deg F — deg(ged(F(z) — X\, F'(z)) + 2
< deg F — deg(zhs(x)) + 2.

Since Cz — A and z!*2 4+ Bz!*! are not proportional, applying Lemma
to the equation

F(x) =X = (2% + Bz + (Cz = \)

yields
deg F' < 1+ (deg F — deg(zha(x)) +2) — 1.

Consequently, deg ho < 1. Let ho(xz) = x + ¢ for some non-zero c¢. We have
g(z(x +c)) = 2% + Ba!T + O

The left hand side is symmetric with respect to the line x = —¢/2, and thus
so is the right hand side. We get

2 4 Bt 4 Cx = (—2 — )"+ B(—z — o) + C(—z — ).
Taking the second derivative of both sides gives
(1+2)(1+1D)2' +Bl+Dia! ™ = (+2)(1+1)(—z— ) + B(l+1D)i(—z—c) 1,
which is equivalent to
(1+2)z+ Bl)a'™! = (z + )11+ 2)(x + ¢) — BI).

As ¢ # 0, we have | = 2. As a consequence, degg = 2 and g(x) = z(z + b)
for some non-zero b. Finally, the coefficient of x? in g(x(z + c)) is zero,
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which implies b = —c?. Summing up: for ap = 1 we get the solution of
g(h(x)) = f(x) of the form
2

o) =2 — P, hx) = (@ 4 o),
which corresponds to (4).

CASE 2: ap = 2. We know that agd = n3, so d = n3/2. If g(x) = 22 then
h(z)? = 2™ + Ba™ + Cz™ and hy(x)? = 2™ 7" 4 Bz~ 4 C. Lemma
implies that h(z) is a binomial, which corresponds to (3).

Now assume that g(z) # 22, so g has at least one non-zero root, and
deg g(z) > 3.

Let us prove that hi(z) = ho(z™/2) for some monic polynomial hs.
Suppose not, and assume that hj(z) has a non-zero coefficient ¢, of ¥ with
d = ng/2 { v. Choose v to be the smallest integer with this property. We will
prove that g(h(z)) has at least four non-zero coefficients. We have

degg
g(h(x)) = 2"hy (2)* (2 () —21)™ -+ (@ () —2)™ = Y Ciah (@),
i=2

where g(z) = Z?igzg C;z'. As hi(z) is not a monomial, Cyeg 4 (z%hy ()89
has at least two non-zero coefficients, of powers which cannot cancel
Cj(2%h1(z))? where j < degg. Moreover, the coefficient of 2t in g(h(x))
is 2C%¢,h1(0). It cannot vanish, being the coefficient of the lowest power
which is not divisible by d. So in that case g(h(z)) has at least four non-zero
coefficients, a contradiction.

We have proved that hi(z) = ha(2™/2), and thus

g™ 4 Ba™ + Cx™ = g(z%hy(x?)),
where d = n3/2. Therefore d|n1, d|na, say mid = ny, mod = na, and
(2.4) 2™ + Bz™ + Cx? = g(zhy(x)).

Let us write k = my — ma. We claim that ho(z) = hz(2*). Equating the

coefficients in (2.4]) we get
B
ha(z) = a' + ——a' % + Lo.t.
o(z) = 2" + deggx +
for some t. Let us prove that if the coefficient Dy of x° in hge(x) is non-zero

then s =t (mod k). Suppose otherwise, and let v be the highest power such
that ho(x) has coefficient D, # 0 and v # ¢ (mod k). We have

B degg
™ + Bx™ + Oz? = g8 <$t +— gtk l.o.t.> + l.o.t.
deg g

Observe that the coefficient of zde8g+(degg—1t+v on the right hand side is
D, deg g. It cannot vanish because it is the coefficient of the highest power
" which satisfies u # degg + tdegg (mod k). Of course ms = degg +
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(degg — )t +t — k > degg + (degg — 1)t + v > 2, so we arrive at a
contradiction. We know that ha(0) # 0, and thus ho(z) = hs(z*).
We can write

22h3(2%)? | g(zho(x)) = 2™ + Bz™ + Ca?,
therefore
ha(zb) | %(W* b Ba™ 2 4 ) = (my — 2)2™ 3 4 (my — 2)Ba™ 3
= :Um2_3((m1 — )z + (my — 2)B).

We know that h3(0) # 0, so hz(z*) | (my — 2)z* + (mg — 2) B, in particular
deg hs < 1. If h3(z) is constant then so is h(zx), and we arrive at a contra-
diction.

Suppose that hg(x) is linear. Then hg(z) = z* 4 ¢ for some non-zero c.
Write g(x) = 22g2(z). Then
2™ 4 Bz™ + Cx? = 2% (2* + ¢)2ga(z(2* + ¢)),
and thus
g™ 72 4 Ba™2 72 4 C = (a* + )% ga(a(a® + ),

Let us prove that go(z) = g3(«*) for some g3(x). Suppose not, and let
¥ be the lowest power such that g has non-zero coefficient of % and u #
0 (mod k). Then the coefficient of 2" in (z* + ¢)2g2(z(z* + ¢)) is non-zero,
SO u = m9 — 2 or u=mq — 2. In both cases we have

mg—2=(my—2)—k=2k+deggs-(k+1)) —k
>k4+ulk+1)>k+u>k+4 (me2—2) >mg —2,

a contradiction. Therefore go(z) = g3(x*).
We have

™72 4 B2 4 O = (:Ck + c)2gg(xk(xk + c)k),
in particular k |m; — 2 and k| me — 2, say k(s + 1) = mj — 2. We have
(2.5) T Ba® 4+ C = (z + ¢)?g3(z(x + o)F).
Let ga(x) = Y557 W27, and write

deg g3
(2.6) "' 4+ Ba® = Wo(a +¢)* = C) +a(z + )2 >~ Wyla(z+e)F)y .
=1
Then
deg g3 ‘
deg 1rad((:1:SJrl + Ba®)z(z + ¢)F+? Z Wi(x(z + C)k)J_l)
=1

< (k+1)(deggs — 1)+ 3.
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The polynomials in (2.6 are not proportional, because at least two of them
have different degrees. Applying Lemma to (2.6) we get

k4+3+4+ (k+1)(deggs —1) <24 (k+1)(deggs — 1) +3 —1,
so k = 1. We plug this into to obtain
(2.7) 2 4 Bt + C = (2 + ¢)%go(z(z + ¢)).
Consequently,
573 4 Ba* T2 4 Cx? = (2 + )% 2% go(z(z + ¢));
the right hand side is symmetric with respect to the line z = —¢/2, and thus
so is the left hand side. We get
e 4 B2 4 Ca? = (—z — o)* P + B(—x — ¢)*™? + C(—z — ¢)*.

Taking the second derivative of both sides we obtain

(s+3)(s+2)z* + (s +2)(s+1)Bz®
=(s4+3)(s+2)(—z — )T+ (s +2)(s + 1)B(—z — ¢)°.

If s > 1 then the only multiple root of the left hand side is x = 0, and
the only multiple root of the right hand side is * = —¢, thus s = 1. By
comparing degrees in we find that deg g2 = 0, a contradiction as go(x)
has a non-zero root. =

REMARK 2.7. In each of cases (1)-(4) of Theorem the polynomial
g o h is indeed a quadrinomial.

3. A Diophantine equation. In this section we give a sufficient con-
dition for two quadrinomials to have only finitely many common integral
points. We recall the Bilu—Tichy result. To state it we will need the notion
of standard pairs over Q. We list them in the table below.

Kind Standard pair (or switched) Parameter restrictions
first (™, az"p(z)™) r<m, ged(r,m) =1,
r+degp >0
second (22, (az® + b)p(x)?)
third (Dm(z,a™), Dp(x,a™)) ged(m,n) =1
fourth | (a=™/2Dy,(z,a), —b~"/*D,(z,b)) ged(m,n) =2
fifth ((ax? — 1), 3z* — 42%)

Here a, b are non-zero rationals, m, n are positive integers, r is a non-negative
integer, p € Q[x] (maybe constant) and D,,(x, a) is the nth Dickson polyno-
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mial with parameter a, given by

[n/2] .
n_(n—t i, n—2i
Dn($7a)zzn_i< i >(—(1)LU %,

=0

Now we are ready to recall the theorem of Bilu and Tichy [I].

THEOREM 3.1. Let f,g € Q[z] be non-constant. Then the following as-
sertions are equivalent:

e The equation f(x) = g(y) has infinitely many rational solutions with a
bounded denominator.

e We have
f(@) =p(fi(A(@)), g(x)=e(g1(p(x))),

where ¢ € Q[z], A\, u € Q[x] are linear polynomials, and (f1,91) is a
standard pair over Q such that the equation f1(x) = g1(y) has infinitely
many rational solutions with a bounded demominator.

Before stating the main theorem we prove some lemmas concerning de-
compositions of certain polynomials. As the main ingredient in the proofs
we will use the classical theorem of Gessel and Viennot [3] concerning deter-
minants with binomial coefficients.

THEOREM 3.2. Let0< a1 <---<a, and 0 < by < --- < by, be integers.

Then the determinant
a;
()] )
bj i,j=1,..n

s mon-negative, and positive iff b; < a; for all i.
LEMMA 3.3. Let f,g € Q[z] and u,v € Q be non-zero such that
f(x) = g(uz +v).

Suppose that g(x) has exactly | non-zero coefficients and f(x) has exactly k
non-zero coefficients, and n = deg f = deg g. Then

n+2<k+1.

Proof. We write g(z) = Efj:l Cy, "™, where (n;)}_, is a decreasing se-
quence of non-zero integers, and the C),, are non-zero rationals. The coeffi-
cient of 27 in the polynomial g(uz + v) is equal to

I
wv™d g Cm( ,Z> ™.
i=1 J

Suppose this coefficient vanishes for j = m1,..., ms, where s=n+1—k > 1
and (m;){_, is a decreasing sequence of non-zero integers. We observe that
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the vector (Cp,v™,...,Cy,v™) is perpendicular to every row of the matrix

Mi/) 1i=1,..1,j=1,..s

We set t = max{i | n; > m;, 1 < i <I}; of course n = n; > mq, and so ¢ is
well-defined. By Lemma [3.2] the determinant of the matrix

u=[(m)]
mi/ 1ij=1,.1t

is non-zero. Moreover the vector (Cy,v™,...,Cy,v™) is in the kernel of M,
therefore v = 0. This contradicts the assumption v # 0. We have proved
that s=n+1—k <, therefore n +2 < k+1[1. =

LEMMA 3.4. Let ny > -+ > ng > 0 be integers and Aq,...,Asy1 be
non-zero rational numbers, and set f(x) = Ajx™ + -+ + Agx™ + Agpq. If

Dy, (x,7) = f(uz +v)
for some u,v,v € Q such that uy # 0, then ny < 2s.
Proof. If v =0 then
[n1/2] ,
Dy (a,7) = 3 (” ) ) (=)™ = fluz).

ny —1 )
i—0 1

The polynomial on the left hand side has exactly [n1/2] + 1 non-zero coeffi-
cients, while f(uz) has s or s+1 non-zero coefficients. Hence [n;/2]+1 < s+1,
so n; < 2s + 1. The equality n; = 2s + 1 cannot hold, because it implies
that Asy1 = 0 and f(ux) has s non-zero coefficients, so [n1/2] +1 < s and
thus n; <2s—1.
Suppose that v # 0 and ny > 2s 4+ 1. From Lemma [3.3] we get
degDn1<m77) =ny < [nl/Q] +1+(s+1)—-2= [nl/Q] + s,

therefore n; < 2s. m

Now we are ready to state the main theorems of this section.

THEOREM (A). Let f(x) = Az™ +Bax™ +Cx™ +D and g(x) = Ex"™ +
Faz™2 + Ga™ + H with f,g € Q[z], n1 > na > n3 >0, m; > mg >mg >0,
and ged(ni,n2,n3) = 1, ged(my, ma, m3) = 1, (m1,ma,m3) # (n1,n2,n3),
ABC #0, EFG # 0 and ny,my > 9. Then the equation

f(z) =g(y)
has only finitely many integer solutions.

Proof. If the equation has infinitely many integer solutions, then

f=pofiod g=¢ogiop,
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where ¢, u, A, f1,91 € Q[z], (f1,91) is a standard pair, and p, A are linear
polynomials.

Let us consider standard pairs of the first kind. By symmetry we can
assume that

fi(z) =2™, gi(z) = ax"p(x)™
fora € Q\ {0}, 0 < r <m, ged(r,m) =1, p(z) € Q[z] and r + degp > 0.
From Theorem [2.6] we get degy < 2 or deg fi = degg; = 1. If degp =1
then

o lof(z)=amo\= (ux+v)™

for some u, v € Q. The polynomial o' o f has at least three non-zero coeffi-
cients, so v # 0. Therefore ¢! o f has exactly four non-zero coefficients and
(ux 4+ v)™ has exactly m + 1 non-zero coefficients. Therefore m = deg f = 3,
which contradicts deg f > 9.

If deg o = 2 then from Theorem we deduce that 2™ o A has two or
three non-zero coefficients. As in the previous case we get m =1 or m = 2,
so deg f < 4, a contradiction.

Ifdeg fi =deggy = 1thenm =1,r =0, degp = 1. So f = gol for some
linear [, and from Lemma [3.3| we find that either (m1, ma, m3) = (n1,n2,n3)
ordeg f <4+ 4 —2 =06, a contradiction.

Let us consider pairs of the second kind. By symmetry we can assume
that fi(z) = x2. Then from Theorem we get degp < 2, and therefore
deg f < 4, a contradiction.

Let us consider pairs of the fifth kind. By symmetry we can assume that
fi(z) = 32* — 42% and g1 = (ax® — 1)3. Then from Theorem we get
deg ¢ < 2. Therefore deg f = deg(p o f1 o A) < 8, a contradiction.

Let us consider pairs of the third and fourth kind. If deg f; = degg; =1
then we proceed as in the case of pairs of the first kind. We can assume
that deg fi > 2. From the definition of pairs of the third and fourth kind
we have fi = aD,,(x,7) for some a,y € Q \ {0}. From Theorem [2.6{ we get
degy < 2. If degp = 1 then Dy,(z,7) = ¢ 1o foA™! and Lemma
yields deg f = m < 6, a contradiction. If degp = 2 then f; o A has two or
three non-zero coefficients. Therefore Lemma [3.4] implies that deg f1 < 4, so
deg f < 8, a contradiction. m

To prove a theorem concerning equations with lacunary polynomials we
will use the following result of Zannier [12].

THEOREM 3.5 (Zannier). Suppose that g,h € Clz] are non-constant,
h(z) is not of the shape ax™ + b, and g(h(x)) has at most I > 0 non-zero
coefficients of positive powers. Then degg < 2I(l —1).

Now we are ready to prove
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THEOREM (B). Letl >4 andny; > --->mn; >0, m; >mg >mg >0 be
integers. Let

f(@) = Aa™ + -+ A4z™ + Ay and g(z) = Ex™ + Fa™ + Ga™

be polynomials with rational coefficients such that ged(nq,...,n;) = 1,
ged(my,mo,mg) =1, Ay --- A #0, EFG # 0 and my > 20(l — 1), n; > 2l.
Then the equation

f(z) =g(y)
has only finitely many integer solutions.

Proof. If the equation has infinitely many integer solutions, then

f=wofiod g=¢ogiop,

where ¢, u, A, f1,91 € Q[z], (f1,91) is a standard pair, and u, A are linear
polynomials.

Suppose that deg ¢ > 2. From Theorem we know that either g opu =
pox? for some linear p € Q[z] and positive integer d > 2, or deg(grop) = 1.
The first case is impossible in view of the assumption ged(myq, mo, mg) = 1.
In the second case we get

f=pofiox=go(giop) " ofio

From Zannier’s theorem we get (g3 o )~ o f1 o A = uz® 4 v for some
rationals u, v and positive integer k. We claim that & = 1. Suppose not; then
all non-zero coefficients of f are of powers divisible by k, which contradicts
the assumption ged(ny, ..., n;) = 1. In the case of £ = 1 we have the equation
f = gop for some linear p € Q[z]. From Lemma we get

200 —1) <degg<(I+1)+3—-2=1+2,

or f(z) = g(ux) for some non-zero rational u. The former is impossible since
[ > 4. The latter is impossible since g has three non-zero coefficients and f
has at least four non-zero coefficients.We have proved that deg ¢ < 2.

Let us consider standard pairs of the first kind. Suppose that g;(x) = ™
for some m. If deg ¢ = 1 then

o log=a"opu= (ux+v)™

for some rationals u,v. Suppose that v = 0. Then g(x) = ¢((uz)™) has
at most two non-zero coefficients, a contradiction. If v # 0, we find that
(uz+v)™ = ¢ loghas m+1=degg+1 > 4 non-zero coefficients, whereas
g has three non-zero coefficients, a contradiction.

If deg ¢ = 2 then Theorem implies that g1 o 4 = 2" o u has two or
three non-zero coefficients, as in the previous case we get m = 1 or m = 2.
This contradicts 2m = deg g > 4.
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Suppose that (fi, g1) is a switched pair of the first kind, namely g;(z) =

ax"p(x)™, fi(z) = a™. If degp = 1 then

po(ur+v)" =f
for some rationals u,v. If v = 0 then the polynomial ¢ o (ux + v)™ has
at most two non-zero coefficients, a contradiction because | > 4. If v # 0
then ¢ o (uz + v)™ has non-zero coefficient of every non-zero power, which
contradicts deg f > 21.

If deg p = 2, write ¢(z) = ez + eax + e3 for some eq, ez, e3 € Q. From

the equality

f(x) = o (ur +v)™ = ey (ux +v)*™ + ex(ux +v)™ + e3
we see that 2] < deg f = 2m. If v = 0 then f has at most three non-zero
coefficients, contrary to [ > 4. If v # 0 then f has non-zero coefficients of
g™t g™ *2 . 2?™ On the other hand, f has at most [ < m non-zero
coefficients of non-zero powers, a contradiction.

Observe that (f1, g1) cannot be a standard pair of the second kind, since
deg(p o x?) < 4 and ny,m; > 4.

Let us consider pairs of the third and fourth kind. In both cases we
have g1 = aDy,(z,7v) for some a,v € Q \ {0}. If degy = 1 then we have
aDp(x,7) = ¢t ogoA™! and from Lemma we get degg = m < 6,
a contradiction. If deg ¢ = 2 then g0\ has two or three non-zero coefficients.
Therefore Lemma yields deg g1 < 4, so degg < 8, a contradiction.

Finally, (f1,g1) cannot be a standard pair of the fifth kind. Since deg g;
< 6 and deg ¢ < 2, we deduce that 24 < 2[(l — 1) < degg = deg(p 0 g1 o )
< 12, a contradiction. =
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