
ACTA ARITHMETICA

179.1 (2017)

Normal regular Hermitian lattices
over imaginary quadratic fields
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Poo-Sung Park (Changwon-si)

1. Introduction. A Hermitian lattice is said to be regular if it glob-
ally represents all the positive integers that are represented at every one of
its local completions. Earnest and Khosravani [5] showed that every imagi-
nary quadratic field allows finitely many classes of primitive regular binary
Hermitian lattices. Their result was generalized by Chan and Rokicki [3] to
CM extensions of number fields. The present author and his colleagues com-
pleted the list of binary normal regular Hermitian lattices over imaginary
quadratic fields [12] and found infinitely many imaginary quadratic fields
which allow binary subnormal regular Hermitian lattices [13]. Recently, Liu
and Marino [14] showed the finiteness of strictly regular ternary Hermitian
lattices.

In the present article, we show that every primitive normal regular Her-
mitian lattice over Q(

√
−m) is indeed universal if and only if m 6= 1, 2, 11, 23

and (m, 3 · 5 · 7) = 1. The term universal means that the lattice represents
all positive integers.

The classification of universal quadratic forms over Z was completed
thanks to the celebrated 15-Theorem proved by Conway, Schneeberger, and
Bhargava [4, 1]. The author and his colleagues [11] have proved an analogous
15-Theorem for Hermitian lattices: if a positive definite integral Hermitian
lattice represents 1, 2, 3, 5, 6, 7, 10, 13, 14, and 15, then it is universal.

2. Preliminaries. Let OE be the ring of integers of an imaginary
quadratic field E = Q(

√
−m), where m is a squarefree positive integer. Then

OE = Z[ωm] with ωm =
√
−m if m ≡ 1, 2 (mod 4) and ωm = (1 +

√
−m)/2

if m ≡ 3 (mod 4).
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A Hermitian space (V,H) is a vector space over E = Q(
√
−m) equipped

with a bilinear map H : V × V → E such that H(v,w) = H(w,v) and
H(αv, βw) = aβH(v,w) for any α, β ∈ E and v,w ∈ V .

Let L be a finitely generated OE-module on a Hermitian space (V,H). If
H(v) := H(v,v) > 0 for all nonzero v ∈ L, then we call L positive definite.
Throughout this article we call a positive definite OE-module a Hermitian
lattice, or briefly a lattice.

The scale ideal sL is the fractional OE-ideal generated by {H(v,w) :
v,w ∈ L}, and the norm ideal nL is the OE-ideal generated by {H(v) :
v ∈ L}. Clearly, nL ⊆ sL. The lattice L is said to be normal if equality
holds, and subnormal otherwise. If nL = OE , then we call L primitive.

We define rankL := dimE E⊗L. We can consider a Hermitian lattice of
rank n as a quadratic Z-module of rank 2n via a bilinear form B(v,w) :=
1
2 TrE/QH(v,w). This Z-module, called a Z-lattice associated with L, will
be distinguished by using subscript Z.

If n = rankL, then we can write

L = A1v1 + · · ·+Anvn

for some ideals A1, . . . ,An ⊆ OE and vectors v1, . . . ,vn ∈ E ⊗ L. The
volume ideal vL of L is defined to be A1A1A2A2 · · · AnAn det[H(vi,vj)].

Example 2.1. Note that L = OEv1 + (2, ω6)v2 with

H(v1,v1) = 2, H(v1,v2) = 0, H(v2,v2) = 1/2

is a binary Hermitian lattice over E = Q(
√
−6) and vL = 2OE . Then nL and

sL are OE , and thus L is normal. The Z-lattice associated with L is equipped
with a quaternary quadratic form Q(x, y, z, w) = 2x2 + 12y2 + 2z2 + 3w2.

We can also write L = OEv1 +OE(2v2) +OE(ω6v2) and describe L by
the 3× 3 matrix

GL :=

 H(v1,v1) H(v1, 2v2) H(v1, ω6v2)

H(2v2,v1) H(2v2, 2v2) H(2v2, ω6v2)

H(ω6v2,v1) H(ω6v2, 2v2) H(ω6v2, ω6v2)

 =

2 0 0

0 2 −ω6

0 ω6 3


formed using the generators v1, 2v2, ω6v2. That is, if x, y, z ∈ OE , then

H(xv1 + (2y + ω6z)v2) = [x y z]GL[x y z]∗.

We call such a matrix GL the formal Gram matrix of L. Henceforth, we
simply call it the Gram matrix and often identify a lattice with its Gram
matrix.

We define the discriminant dL of L as detGL. Note that a nonfree posi-
tive definite lattice is of discriminant 0. If L is free, then vL = (dL)OE and
NE/Q(vL) = |OE/vL| = (dL)2.
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Assume that lattices L and K have Gram matrices GL and GK , respec-
tively. If GL = XGKX∗ for some matrix X, then we write L→ K. If L→ K
and K → L, then we say L is isometric to K and write L ∼= K.

If a prime p does not split over E = Q(
√
−m), then Ep := Qp ⊗Q E =

Qp(
√
θ) with θ ∈ Qp which has a natural involution and Op = Zp ⊗Z OE .

If p splits, then Ep = Qp × Qp, which has an involution (a, b) = (b, a) and
Op = Zp×Zp. Thus, we can consider local lattices over Ep asOp-modules. We
often write them as Lp to distinguish a local lattice from a global lattice L.
The aforementioned terms can be defined for local lattices.

If a global lattice L represents all positive integers, we call it universal. If
a local lattice Lp represents all elements of Zp, we call it locally universal or
Zp-universal to specify p. It is clear that a regular lattice locally universal
for every prime is globally universal.

Every local lattice can be decomposed orthogonally into lines and planes,
that is, lattices of the form Opv and Opv1 +Opv2 for some vectors v,v1,v2

[6, 9, 10]. This decomposition is called the Jordan splitting. In particular, if
p is unramified, then Lp has an orthogonal basis.

3. Watson transformation. Now we introduce the Watson transfor-
mation for Hermitian lattices, which was initiated in [3]. It plays a crucial
role because it produces a simpler lattice from a given regular lattice.

Definition 3.1 ([3, Definition 3.1]). For any positive integer n and any
prime p, let

Λn(L) = {v ∈ L : H(v + w)−H(w) ∈ nZ for all w ∈ L},
Λn(Lp) = {v ∈ Lp : H(v + w)−H(w) ∈ nZp for all w ∈ Lp}.

We can rescale Λn(L) to be primitive, which results in what is called the
Watson transformation of L, denoted by λn(L).

Lemma 3.2 ([3, Theorem 3.2]). For a positive integer n and a prime p,

(1) Λn(L) is a sublattice of L and Λn(Lp) is a sublattice of Lp.
(2) Λn(Lp) = (Λn(L))p.
(3) Λn(Lp) = Lp whenever p - n.
(4) nΛn(L) ⊆ nOE and nΛn(Lp) ⊆ nOp.

Lemma 3.3. If L is regular, so is Λp(L).

Proof. Suppose a → (Λp(L))q for every prime q. Then a → Lq since
Λp(L) ⊆ L. The regularity of L implies that a → L. So there exists v ∈ L
such that H(v) = a.

From v ∈ Λp(L)p = Λp(Lp), we have H(v + w) −H(w) ∈ pZp for any
w ∈ L ⊂ Lp. Since H(v + w) and H(w) are integers for any w ∈ L, it
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follows that H(v + w) − H(w) ∈ pZ. Hence we conclude that v ∈ Λp(L)
and a→ Λp(L).

Now we need some lemmas for the local representation of a Hermitian
lattice. In these lemmas, L is a primitive normal Hermitian lattice.

Lemma 3.4 (split case). If p is a prime which splits in E = Q(
√
−m),

then Lp is Zp-universal.

Proof. In this case, Ep = Qp × Qp and we can write Lp as a sum of
lines [6]. Since L is primitive, Lp represents a unit, say a, in Zp. Then the
unary sublattice 〈a〉 represents all elements of Zp [6, Lemma 1.1].

Lemma 3.5 (inert case). If p is an inert prime in E = Q(
√
−m) and Lp

is not Zp-universal, then we obtain a Zp-universal normal lattice from L by
applying λp(·) repeatedly.

Proof. The Jordan splitting of Lp is orthogonally

Lp
∼= 〈a1〉 ⊥ 〈a2pi2〉 ⊥ · · · ⊥ 〈anpin〉

with ai ∈ Z×p and 2 ≤ i2 ≤ · · · ≤ in [9].
Let v = x1v1 + x2v2 + · · · + xnvn ∈ Lp with orthogonal vectors vi.

By Lemma 3.2(4), if v ∈ Λp(Lp), then x1 is a multiple of p. Conversely, if
v = x1v1 + · · ·+ xnvn with x1 ∈ pOp, then

H(v + w)−H(w) = (x1x1 + x1y1 + x1y1)a1 + p(. . . ) ∈ pZp

for arbitrary w = y1v1 + · · ·+ ynvn ∈ Lp. Therefore,

Λp(L)p ∼= 〈a1p2〉 ⊥ 〈a2pi2〉 ⊥ · · · ⊥ 〈anpin〉.
Since H(Λp(L)) ⊆ pZp,

λp(L) ∼= Λp(L)1/p
2

= 〈a1〉 ⊥ 〈a2pi2−2〉 ⊥ · · · ⊥ 〈anpin−2〉.
By iterating this process, we see that λp ◦ · · · ◦ λp(L) contains a sublattice
〈a, b〉 or 〈a, bp〉 with a, b ∈ Z×p , which is Zp-universal.

Lemma 3.6 (odd ramified case). If p is an odd ramified prime in E =
Q(
√
−m) and Lp is not Zp-universal, then we obtain a Zp-universal lattice

from L by applying λp(·) repeatedly.

Proof. In this case, m is divisible by p and Ep = Qp(
√
π), where π = pε

for some unit ε ∈ Z×p .

Note that Lp can be represented as an orthogonal sum of lines 〈api〉 and
hyperbolic planes

H(i) =

[
0

√
π

i

√
π

i
0

]
with i odd.
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Since the non-Zp-universal Lp represents a unit, say a1, in Zp, the Jordan
splitting of Lp with nonincreasing scales is

〈a1〉 ⊥ 〈a2pi2〉 ⊥ K or 〈a1〉 ⊥ H(i2) ⊥ K
with ai ∈ Z×p , i2 ≥ 1, and sK ⊆ pi2Op [8, Proposition 8.1].

Similarly to the proof of Lemma 3.5, Λp(Lp) = {v ∈ Lp |H(v) ∈ pZp}.
Consequently, Λp(Lp) is one of the following:

〈a1pε〉 ⊥ 〈a2pi2〉 ⊥ K or 〈a1pε〉 ⊥ H(i2) ⊥ K.

Since λp(L)p = Λp(L)
1/p
p , we can obtain a unimodular binary sublattice

〈a, b〉 or a hyperbolic plane H(−1), each of which is Zp-universal, by iterating
the Watson transformation.

Remark 3.7. Unlike unramified cases, λp(L) can be subnormal for p
ramified prime, though L is normal.

Before investigating the dyadic ramified primes, we give an easy lemma
about representation of Z2-lattices.

Lemma 3.8. Let ε1, ε2, ε3, ε4 be units in Z2. Then the following quater-
nary quadratic forms are all Z2-universal over Z:

〈ε1, ε2, ε3, ε4〉Z, 〈ε1, ε2, 2ε3, 2ε4〉Z, 〈ε1, 2ε2, 2ε3, 4ε4〉Z.
Lemma 3.9 (dyadic ramified case). If p = 2 is ramified in E = Q(

√
−m)

and L2 is not Z2-universal, then we obtain a Z2-universal lattice from L by
applying λ2(·) repeatedly.

Proof. In this case, there are two types of extension: R-P (ramified-
prime) and R-U (ramified-unit).

If E/Q is R-P, then m is even and E2 = Q2(
√
π), where π = 2ε for some

ε ∈ Z×2 . Note that O2 = Z2[
√
π ]. Since L is primitive, its Jordan splitting is

〈a1〉 ⊥ 〈2i2a2〉 ⊥ K or 〈a1〉 ⊥

[
2s

√
π

i2−1

−
√
π

i2−1 η2t

]
⊥ K

with a1, a2, η ∈ Z×2 , s, t ∈ N and some K such that sK ⊆ 2i2 . Thus i2 ≥ 2
and 2 ≤ s ≤ t. This is enough here, in contrast to Jacobowitz’s elaborate
theory [8, §9, §10]. If the second component represents an element in 2Z×2 ,
then L2 is Z2-universal by Lemma 3.8.

For this case, v =
∑n

i=1 αivi ∈ Λ2(L)2 if and only if H(v) ∈ 2O2.
Therefore, Λ2(L)2 is

〈2εa1〉 ⊥ 〈2i2a2〉 ⊥ K or 〈2εa1〉 ⊥

[
2s

√
π

i2−1

−
√
π

i2−1 η2t

]
⊥ K.

Iterating the Watson transformation, we obtain a lattice containing 〈a, b〉 or
〈a, 2b〉 with a, b ∈ Z×2 , which is Z2-universal.
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If E/Q is R-U, m ≡ 1 (mod 4) and E2 = Q2(
√
π) where π = 1 + 2ε for

some ε ∈ Z×2 . Then O2 = Z2[1 +
√
π]. The Jordan splitting of L2 is

〈a1〉 ⊥ 〈2i2a2〉 ⊥ K or 〈a1〉 ⊥

[
2s (1 +

√
π)i2

(1−
√
π)i2 η2t

]
⊥ K

with a1, a2, η ∈ Z×2 , s, t ∈ N and some K such that sK ⊆ 2i2O2.

If i2 < 2, then the second components represent an element in 2Z×2
and L2 is Z2-universal. Thus we may assume that i2 ≥ 2, 2 ≤ s ≤ t, and
nK ⊆ 22O2.

For v =
∑n

i=1 αivi with generators vi, we have v ∈ Λ2(L)2 if and only
if H(v) ∈ 2O2. Therefore, Λ2(L)2 is

〈2εa1〉 ⊥ 〈2i2a2〉 ⊥ K or 〈2εa1〉 ⊥

[
2s (1 +

√
π)i2

(1−
√
π)i2 η2t

]
⊥ K.

We can construct λ2(L)2 by scaling Λ2(L)2 by 1/2. Note that (1 +
√
π)i2/2 =

((1 + π)/2 +
√
π)(1 +

√
π)i2−2 ∈ O2. Iterating the Watson transformation,

we obtain a regular lattice containing 〈a, b〉 or 〈a, 2b〉 with a, b ∈ Z×2 , which
is Z2-universal.

Remark 3.10. Note that λ2(L) can be subnormal with some entries of
the form (a+ b

√
−m)/2 when 2 divides m. Otherwise, λ2(L) is still normal.

We denote by λ(p)(L) the Zp-universal lattice transformed from L in the
previous lemmas. If Lp itself is Zp-universal, we define λ(p)(L) as L.

Example 3.11. Let L = OEv1 + OEv2 + Ov3 be a lattice with Gram
matrix

〈1〉 ⊥

[
36 30 +

√
−30

30−
√
−30 60

]

over E = Q(
√
−30). Since dL = 1230 = 2 · 3 · 5 · 41, Lp is locally universal

for p 6= 2, 3, 5, 41. Jordan splittings for other primes are as follows:

L2
∼= 〈1〉 ⊥

[
22

√
2

−
√

2 22(−32 · 31−1)

]
, L3

∼= 〈1〉 ⊥

[
0

√
−3

−
√
−3 0

]
,

L5
∼= 〈1〉 ⊥ 〈1〉 ⊥ 〈5〉, L41

∼= 〈1〉 ⊥ 〈1〉 ⊥ 〈41 · 6〉.

Note that L2 and L3 are not locally universal.

If v = α1v1 + α2v2 + α3v3 ∈ Λ2(L), then NE/Q(α1) should be divisible

by 2. Thus α1 is in the ideal (2,
√
−30). Hence,
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Λ2(L) =

[
4 2

√
−30

−2
√
−30 30

]
⊥

[
36 30 +

√
−30

30−
√
−30 60

]
,

λ2(L) =

[
2

√
−30

−
√
−30 15

]
⊥

[
18 (30 +

√
−30)/2

(30−
√
−30)/2 30

]
.

In a similar way,

λ3(L) =

[
3

√
−30

−
√
−30 10

]
⊥

[
12 (30 +

√
−30)/3

(30−
√
−30)/3 20

]
.

Note that λ2(L)2 and λ3(L)3 are locally universal. Also,

λ2 ◦ λ3(L) =

[
6

√
−30

−
√
−30 5

]
⊥

[
6 (30 +

√
−30)/6

(30−
√
−30)/6 10

]
.

4. Main theorem and its proof. Not every primitive normal regular
Hermitian lattice is universal. From the list of binary normal regular lattices
[12] we know that there exists a nonuniversal binary regular lattice over
Q(
√
−m) if m = 1, 2, 3, 5, 6, 7, 10, 11, or 15. But some imaginary quadratic

fields allow only universal lattices as regular lattices.

Main Theorem 4.1. Every primitive normal regular Hermitian lattice
is universal over Q(

√
−m) if and only if m 6= 1, 2, 11, 23 and m is prime to

3 · 5 · 7.

We will show that a primitive normal regular lattice L defined over
Q(
√
−m) with m as in the Main Theorem is Zp-universal for every prime p.

To do this, we construct a binary Zp-universal lattice from L via the Wat-
son transformation. But there is an obstacle: the binary sublattice could be
subnormal. So we proceed in five steps:

Step 1. Find odd ramified primes p for which Lp may not be Zp-universal.
Step 2. Show Lp is Zp-universal for p found in Step 1.
Step 3. Show L2 is Z2-universal.
Step 4. Show Lp is Zp-universal for other primes p.
Step 5. Give some nonuniversal primitive normal regular lattices for the

exceptional m’s.

Now we start the main proof. Let S be the set of primes that divide
2m · NE/Q(vL). If p 6∈ S, then Lp is Zp-universal. Thus λ(p)(L) = L for
almost all p.

Applying λ(q)(·) to L for all q 6= p, we eventually obtain a lattice which is
Zq-universal for every q 6= p by the lemmas in the previous section. Denote
the lattice obtained by applying the Watson transform at all but the target
prime p by WATp(L). Note that WATp(L)p = Lp by Lemma 3.2(3). If
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q1, . . . , qn are primes other than p such that λ(qi)(L) is subnormal, then
Q := q1 · · · qn divides m. If no such qi’s exist, we set Q = 1. Then we have
a useful lemma.

Lemma 4.2. Let p be an odd ramified prime. Suppose WATp(L) contains
a sublattice

` =

[
s (a+ bωm)/Q

(a+ bωm)/Q t

]
.

If `p is not Zp-universal, then

Q | TrE/Q(a+ bωm) and p | 4st− (TrE/Q(a+ bωm)/Q)2.

Proof. The sublattice ` is produced by scaling a normal lattice

`Q =

[
sQ a+ bωm

a+ bωm tQ

]
.

Since n(`Q) is supposed to be included in qOE for every prime q | Q, we see
that q divides T := TrE/Q(a+ bωm). Thus, Q |T .

We find that ` is not Zp-universal only when

d` = st−
NE/Q(a+ bωm)

Q2
=

1

4Q

[(
4st−

(
T

Q

)2)
Q− 4b2

(
m

Q

)]
is divisible by p. So p should divide 4st− (T/Q)2, since p | (m/Q).

4.1. Step 1. Assume thatm > 11 andm is prime to 3·5·7. Given a prim-
itive normal regular lattice L over Q(

√
−m), suppose Lp is not Zp-universal

for an odd ramified prime p. That is, p is a divisor of m and is not 3, 5, 7.

Let us consider WATp(L). If we could construct a binary unimodular Zp-
sublattice, then WATp(L)p = Lp would be Zp-universal. Thus, WATp(L)p
cannot contain any binary unimodular sublattice. Since L is primitive,
WATp(L)p should represent a unit in Z×p . We consider two cases according
to whether the unit is a square unit (Step 1-1) or a nonsquare unit (Step
1-2).

4.1.1. Step 1-1. Suppose that 1p → WATp(L)p. Then 1 → WATp(L)
globally by regularity of L.

Step 1-1-1. If
(
2
p

)
= 1, then WATp(L) contains a binary sublattice

` ∼=

[
1 (a+ bωm)/Q

(a+ bωm)/Q 2

]
∼=
〈

1, 2−
NE/Q(a+ bωm)

Q2

〉
.

By Lemma 4.2, ` is not Zp-universal when 4 · 1 · 2−A2 is divisible by p for
some integer A. But there is no such A. So Lp = WATp(L)p is Zp-universal.
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Step 1-1-2. Now, assume that
(
2
p

)
= −1 and

(
3
p

)
= 1. In this case,

the sublattice 〈1, 3 − NE/Q(a + bωm)/Q2〉 is not Zp-universal only when

4 · 1 · 3 − 12 = 11 is divisible by p. Thus, if a nonuniversal normal regular
lattice could exist, then it might be non-Z11-universal.

Step 1-1-3. If
(
2
p

)
=
(
3
p

)
= −1, then

(
6
p

)
= 1 and WATp(L) thus

contains 〈1, 6−NE/Q(a+ bωm)/Q2〉. The candidate is p = 23.

4.1.2. Step 1-2. Now, suppose that 1p9WATp(L) and4p→WATp(L).

Step 1-2-1. If
(
2
p

)
=
(
3
p

)
= −1, then WATp(L)p can contain a non-Zp-

universal sublattice
[ 2 (a+bωm)/Q
(a+bωm)/Q 3

]
only when p = 23. But

(
2
23

)
=(

3
23

)
= 1, contrary to the condition

(
2
p

)
=
(
3
p

)
= −1.

Step 1-2-2. If
(
2
p

)
= −1 and

(
3
p

)
= 1, then

(
6
p

)
= −1 and WATp(L)

contains a sublattice
[ 2 (a+bωm)/Q
(a+bωm)/Q 6

]
. For this sublattice not to be

Zp-universal, p should be 11, 13, 23, or 47 by Lemma 4.2. But 23 and 47 are
excluded since

(
2
23

)
=
(

2
47

)
= 1.

Step 1-2-3. Finally, consider the case
(
2
p

)
= 1. Note that p ≡ ±1

(mod 8). In this case, quadratic nonresidues could be large. So we need
some tools to bound them.

Step 1-2-3-1. Assume that p ≡ 1 (mod 8). Granville, Mollin, and
Williams [7] proved that if D > 3705 is a fundamental discriminant of a
real quadratic field, then the Kronecker symbol

(
D
q

)
is −1 for some prime

q <
√
D/2 (see also Sun [15]). Thus, if p > 3705 is a prime with p ≡ 1

(mod 4), then there exists a quadratic nonresidue q <
√
p/2 by the quadratic

reciprocity law.

Since we assume
(
2
p

)
= 1, q and 2q are two quadratic nonresidues and

WATp(L) contains a sublattice
[ q (a+bωm)/Q
(a+bωm)/Q 2q

]
. If this lattice is not

Zp-universal, then p divides 8q2 −A2 for some integer A by Lemma 4.2.

Assume that p > 3705. If A is even, say 2r, then p should divide 2q2−r2.
Since 2q2 < 4q2 < p, we obtain 2q2 − r2 = 0, which is absurd.

If A is odd, 8q2 − A2 ≡ 7 (mod 8) and thus (8q2 −A2)/p ≡ 7 (mod 8).
Then (8q2 −A2)/p ≥ 7. But 7p ≤ 8q2 −A2 ≤ 8q2 < 2p, a contradiction.

Assume now p < 3705. Let q1 and q2 be the two least quadratic non-
residues. Since

(2q1
p

)
=
(
2
p

)( q1
p

)
= −1, we have q1 < q2 ≤ 2q1 and WATp(L)

contains a sublattice
[ q1 (a+bωm)/Q
(a+bωm)/Q q2

]
. We should find when 4q1q2−A2

is divisible by p for some integer A, by Lemma 4.2.

From Table 1, we have q1q2 ≤ 13 · 17 = 221. Thus, 4q1q2 − A2 < p for
4 · 221 < p < 3705. This means 4q1q2 − A2 vanishes, but this is impossible
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for two least quadratic nonresidues q1 and q2. So the above sublattice is
Zp-universal.

Table 1. Two least quadratic nonresidues for p ≡ 1 (mod 8)

p q1, q2

17 3, 5

41 3, 6

73 5, 7

89 3, 6

97 5, 7

113, 137 3, 5

193 5, 10

233 3, 5

241 7, 11

257 3, 5

281 3, 6

313− 401 ≤ 10

409 7,11

p q1, q2

433− 593 ≤ 10

601 7, 11

617− 761 ≤ 10

769 7, 11

809− 977 ≤ 7

1009 11, 13

1033− 1097 ≤ 10

1129 11, 13

1153, 1193 ≤ 7

1201 11, 13

1217− 1297 ≤ 11

1321 7, 13

1361− 1481 ≤ 6

p q1, q2

1489 7, 13

1553, 1601 ≤ 6

1609 7, 14

1657− 2153 ≤ 13

2161 7, 14

2273− 2473 ≤ 13

2521 11, 17

2593− 2657 ≤ 7

2689 13, 17

2713− 3457 ≤ 14

3529 13, 17

3593− 3761 ≤ 10

Similarly, q1q2 ≤ 7 · 11 = 77 for p < 4 · 221. That is, if 4 · 77 < p, then
4q1q2 −A2 vanishes. This is impossible. So the sublattice is Zp-universal.

The sublattice is also Zp-universal for 41 ≤ p ≤ 4·77 = 308. For example,
p = 41 cannot divide 4 · 3 · 6−A2.

The only exception occurs when p = 17. That is, 4q1q2−A2 = 4·3·5−32 =
51 is divisible by 17.

Step 1-2-3-2. Now, finally, consider p ≡ −1 (mod 8). We have

q < (2p)2/5 + 3(2p)1/5 + 1,

where an odd prime q is the least quadratic nonresidue. This was proved
for p 6≡ 1 (mod 8) by Brauer [2]. If p ≥ 2034743, the above inequality yields

2q2 < p/4. If WATp(L) contains a sublattice
[ q (a+bωm)/Q
(a+bωm)/Q 2q

]
, then

by Lemma 4.2 we should check when 8q2 − A2 vanishes for some integer A
since 8q2 < p. But this value cannot vanish.

For p < 2034743, let q1 and q2 be the two least quadratic nonresidues.

Then WATp(L) contains a sublattice
[ q1 (a+bωm)/Q
(a+bωm)/Q q2

]
of discriminant

divisible by p.

From Table 2, q1q2 ≤ 47 · 53 = 2497. If 4 · 2497 < p < 2034743, then
p/4 > q1q2, and thus 4q1q2 − A2 = 0. But this does not hold for the two
least quadratic nonresidues q1 and q2.
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The same reasoning shows

q1q2 ≤ 19 · 29 = 551 for p < 4 · 2497 = 9988,

q1q2 ≤ 17 · 19 = 323 for p < 4 · 551 = 2204,

q1q2 ≤ 13 · 17 = 221 for p < 4 · 323 = 1292.

Hence 4q1q2 −A2 cannot be divisible by p for 4 · 221 = 884 < p < 2034743.

Table 2. Two least quadratic nonresidues for p ≡ −1 (mod 8)

p q1, q2

7 3, 5

23 5, 7

31 3, 6

47 5, 10

71 7, 11

79 3, 6

103 3, 5

127 3, 5

151 3, 6

167 5, 10

191 7, 11

199 3, 6

223 3, 5

239 7, 13

263 5, 7

271 3, 6

311 11, 17

359 7, 13

367 3, 5

383 5, 10

431 7, 13

439 3, 6

463 3, 5

479 13, 17

487 3, 5

503 5, 10

p q1, q2

599 7, 11

607 3, 5

631 3, 6

647 5, 10

719 11, 17

727 3, 5

743 5, 7

751 3, 6

823 3, 5

839 11, 13

863 5, 7

887− 1103 ≤ 14

1151 13, 17

1223− 1303 ≤ 10

1319 13, 17

1327− 1487 ≤ 11

1511 11, 22

1543− 4007 ≤ 19

4079 11, 22

4111− 5647 ≤ 19

5711 19, 29

5743− 6367 ≤ 17

6551 17, 29

6599− 10487 ≤ 23

10559 23, 29

10567− 15767 ≤ 23

p q1, q2

15791 23, 29

15823− 18143 ≤ 23

18191 29, 31

18199− 31327 ≤ 29

31391 31, 37

31511− 38567 ≤ 31

38639 29, 41

38671− 95383 ≤ 37

95471 29, 43

95479− 366727 ≤ 41

366791 43, 47

366967− 514711 ≤ 43

514751 43, 47

514783− 572687 ≤ 41

572711 29, 47

572791− 701383 ≤ 41

701399 41, 47

701447− 1062263 ≤ 43

1062311 29, 47

1062343− 1139503 ≤ 43

1139519 41, 47

1139623− 1412711 ≤ 43

1412759 41, 59

1412767− 2449871 ≤ 53

When 31 ≤ p < 884, we can verify that there exists no integer A such
that 4q1q2 − A2 is divisible by p. The only exception is 4 · 5 · 7 − 52 for
p = 23.
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From the above results, we can summarize that if Lp is not locally uni-
versal for an odd ramified prime p, then p is 11 (Steps 1-1-2, 1-2-2), 13 (Step
1-2-2), 17 (Step 1-2-3-1), or 23 (Steps 1-1-3, 1-2-3-2).

4.2. Step 2. We know that if p is an odd divisor of m and is not 11, 13,
17, 23, then Lp is locally universal. Recall that Lq is also locally universal
for q 6∈ S = {p : p | 2m ·NE/Q(vL)}.

Now, let L̂ = WATS∩{11,13,17,23}(L) be the lattice obtained from L by
applying λ(q)(·) for q 6∈ S ∩ {11, 13, 17, 23}. By the lemmas in the previous

section, L̂q is normal for every q 6= 2.

If L̂ contains a locally nonuniversal sublattice
[ s (a+bωm)/Q
(a−bωm)/Q t

]
,

then Q = 1 or Q = 2 and d` = st − NE/Q(a + bω)/Q2 ∈ pZp for p ∈
S ∩ {11, 13, 17, 23}. Note that Q = 2 is possible when m is even.

Table 3 shows numbers represented by L depending on S∩{11, 13, 17, 23}.
If S ∩ {11, 13, 17, 23} = ∅, go to Step 3. By Lemma 4.2, p | (4st − A2) for
some A. Among the 80 cases in Table 3, this is possible only for five cases:
Nos. 1, 2, 4, 6, and 8.

4.2.1. No. 1: 11 | (4 · 1 · 3 − 12). In this case L̂ contains a lattice ` =[ 1 (a+bωm)/Q
(a−bωm)/Q 3

]
with 11 | (3Q2−NE/Q(a+bωm)). This is possible only

for Q = 2 and a+ bωm = 1, since m > 11. Hence, we can say that m is even

and ` =
[ 1 1/2
1/2 3

]
must be produced by scaling

[
2 1
1 6

]
by 1/2 in calculating

λ2(L). But 〈a1〉 ⊥
[
2 1
1 6

]
with a1 ∈ Z·2 before being transformed is locally

universal, and thus
[ 1 1/2
1/2 3

]
cannot be produced.

4.2.2. No. 2: 11 | (4 · 2 · 7 − 12). In this case, if L̂ contains a non-Z11-

universal sublattice, it is
[ 2 1/2
1/2 7

]
or
[ 2 (1+ω22)/2
(1−ω22)/2 7

]
. But, by a rea-

soning similar to the previous case, these lattices cannot be produced in
calculating λ2(L) since 7 ∈ Z·2.

4.2.3. No. 4: 13 | (4 · 2 · 5 − 12). Similarly to the previous case, since

5 ∈ Z×2 , L̂ cannot contain a non-Z13-universal sublattice produced by λ(2)(·).

4.2.4. No. 6: 17 | (4 · 3 · 5 − 32). Since 3, 5 ∈ Z·2, L̂ cannot contain a
non-Z17-universal sublattice produced by λ(2)(·).

4.2.5. No. 8: 23 | (4 · 5 · 7 − 52). Since 5, 7 ∈ Z·2, L̂ cannot contain
non-Z23-universal sublattice produced by λ(2)(·) unless m = 23.

Let us scrutinize regular sublattices for m = 23. Note that λ2(L) is
normal, since 2 - 23. From the above results, we can assume that WAT23(L)
contains a normal sublattice ` =

[
5 2+ω23

2+ω23 7

]
.
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Table 3. Square and nonsquare units for p = 11, 13, 17, 23

No. L11 L13 L17 L23 L

1 111 · · · 1, 3

2 411 · · · 2, 7

3 · 113 · · 1, 3

4 · 413 · · 2, 5

5 · · 117 · 1, 2

6 · · 417 · 3, 5

7 · · · 123 1, 2

8 · · · 423 5, 7

9 111 113 · · 1, 3

10 111 413 · · 5, 15

11 111 · 117 · 1, 15

12 111 · 417 · 3, 5

13 111 · · 123 1, 3

14 111 · · 423 5, 14

15 411 113 · · 10, 17

16 411 413 · · 2, 6

17 411 · 117 · 2, 13

18 411 · 417 · 6, 7

19 411 · · 123 2, 6

20 411 · · 423 7, 10

21 · 113 117 · 1, 30

22 · 113 417 · 3, 10

23 · 113 · 123 1, 3

24 · 113 · 423 10, 14

25 · 413 117 · 2, 15

26 · 413 417 · 5, 6

27 · 413 · 123 2, 6

28 · 413 · 423 5, 7

29 · · 117 123 1, 2

30 · · 117 423 15, 19

31 · · 417 123 3, 6

32 · · 417 423 5, 7

33 111 113 117 · 1, 38

34 111 113 417 · 3, 14

35 111 113 · 123 1, 3

36 111 113 · 423 14, 38

37 111 413 117 · 15, 47

38 111 413 417 · 5, 31

39 111 413 · 123 31, 47

40 111 413 · 423 5, 15

No. L11 L13 L17 L23 L

41 111 · 117 123 1, 26

42 111 · 117 423 15, 38

43 111 · 417 123 3, 31

44 111 · 417 423 5, 14

45 411 113 117 · 30, 35

46 411 113 417 · 10, 29

47 411 113 · 123 29, 35

48 411 113 · 423 10, 17

49 411 413 117 · 2, 19

50 411 413 417 · 6, 7

51 411 413 · 123 2, 6

52 411 413 · 423 7, 19

53 411 · 117 123 2, 13

54 411 · 117 423 19, 21

55 411 · 417 123 6, 29

56 411 · 417 423 7, 10

57 · 113 117 123 1, 35

58 · 113 117 423 30, 38

59 · 113 417 123 3, 29

60 · 113 417 423 10, 14

61 · 413 117 123 2, 47

62 · 413 117 423 15, 19

63 · 413 417 123 6, 31

64 · 413 417 423 5, 7

65 111 113 117 123 1, 179

66 111 113 117 423 38, 42

67 111 113 417 123 3, 82

68 111 113 417 423 14, 113

69 111 413 117 123 47, 59

70 111 413 117 423 15, 67

71 111 413 417 123 31, 58

72 111 413 417 423 5, 37

73 411 113 117 123 35, 87

74 411 113 117 423 30, 43

75 411 113 417 123 29, 62

76 411 113 417 423 10, 61

77 411 413 117 123 2, 123

78 411 413 117 423 19, 21

79 411 413 417 123 6, 41

80 411 413 417 423 7, 57
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Since 10 is a nonsquare unit in Z23 and 10 9 `, we can escalate ` to 5 2 + ω23 α

2 + ω23 7 β

α β 10


with some α, β ∈ Z[ω23]. Since every binary or ternary sublattice is of dis-
criminant divisible by 23, we obtain seven candidates:

vol = 23OE :

 5 2 + ω23 1 + 2ω23

2 + ω23 7 2ω23

1 + 2ω23 2ω23 10

 ,

 5 2 + ω23 −3 + 2ω23

2 + ω23 7 −1
−3 + 2ω23 −1 10

 ,

vol = 46OE :

 5 2 + ω23 2

2 + ω23 7 2ω23

2 2ω23 10

 ,

vol = 69OE :

 5 2 + ω23 1 + 2ω23

2 + ω23 7 1

1 + 2ω23 1 10

 ,

 5 2 + ω23 −3 + 2ω23

2 + ω23 7 −2 + 2ω23

−3 + 2ω23 −2 + 2ω23 10

 ,

vol = 138OE :

 5 2 + ω23 −2
2 + ω23 7 −2 + 2ω23

−2 −2 + 2ω23 10

 8 14,

vol = 207OE :

 5 2 + ω23 2

2 + ω23 7 1

2 1 10

 8 14.

We can check that the first five lattices are regular. The last two are
almost regular with the only exception 14.

Now we can conclude that Lp itself is Zp-universal for each odd ramified
prime p if m 6= 1, 2, 11, 23 and (m, 3·5·7) = 1. But Q(

√
−23) allows primitive

normal regular lattices which are not Z23-universal.

4.3. Step 3. Consider p = 2. Assume that m 6= 1, 2, 11, 23 and m is
prime to 3 · 5 · 7. Let L be a non-Z2-universal lattice. Note that WAT2(L) is
normal and Zp-universal for odd primes p from the previous steps.

We consider eight cases depending on m modulo 16. We denote the four
types of units in Z2 by 12, 32, 52, 72.

4.3.1. m ≡ 1 (mod 8). Note that 〈1〉2 is associated with 〈1,m〉Z2
∼=

〈1, 1〉Z2 and it thus represents 12, 52, 2 · 12, 2 · 52.
If 12 → WAT2(L)2, then 1, 2 → WAT2(L). Thus WAT2(L) contains

〈1, 1〉 or 〈1, 2〉, each of which is Z2-universal.

Now assume that 32 → WAT2(L)2. Then 3, 6 → WAT2(L) and[
3 a+bωm

a+bωm 6

]
is contained in WAT2(L). If the discriminant is not divisible

by 4, the binary sublattice is Z2-universal by Lemma 3.8. The discriminant
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is divisible by 4 only when a+bωm = ±1±ω17. The sublattice
[

3 1+ω17
1+ω17 6

]
represents 72 locally, but does not represent 15 globally. So, it is escalated
by attaching a vector v with H(v) = 15. But this escalation process results
in Z2-universal lattices.

On the other hand, since 〈5〉2 represents 12 locally and 〈7〉2 represents
32 locally, we return to the previous cases.

4.3.2. m ≡ 3 (mod 8). Note that 〈1〉2 represents all units in Z2. If
WAT2(L)2 represents a unit, it represents 12 and 32. Thus WAT2(L) contains
〈1, 2〉 or 〈1, 3〉. These two lattices are Z2-universal.

4.3.3. m ≡ 5 (mod 8). Note that 〈1〉2 represents 12, 52, 2 · 32, 2 · 72.
If 12 → WAT2(L)2 or 52 → WAT2(L)2, then WAT2(L) represents both 1
and 5. Then WAT2(L) contains 〈1, 1〉, 〈1, 4〉, or 〈1, 5〉. From Lemma 3.8,
〈1, 1〉2 and 〈1, 5〉2 represent all elements of Z2. Since 〈1, 4〉2 represents 12
and 2 · 12, WAT2(L) contains 〈1, 2〉 or 〈1, 1〉, each of which is Z2-universal.

If 32 → WAT2(L)2 or 72 → WAT2(L)2, then WAT2(L) represents 2
and 3. Thus WAT2(L) contains

[
2 a
a 3

]
with a = 0, 1, or 2. These three sub-

lattices represent all elements of Z2 locally.

4.3.4. m ≡ 7 (mod 8). For any unit ε ∈ Z2, the unary local sublattice
〈ε〉2 is associated with the isotropic Z2-lattice 〈ε,−ε〉Z2 . So WAT2(L)2 is
Z2-universal.

4.3.5. m ≡ 2 ·1 (mod 16). In this case, 〈1〉2 represents 12, 32, 2 ·12, 2 ·32.
If 12 →WAT2(L)2, then 2 ·12 →WAT2(L)2. Thus WAT2(L) should contain
a binary sublattice 〈1, 1〉 or 〈1, 2〉. These sublattices are all Z2-universal from
Lemma 3.8. If 32 →WAT2(L)2, then 12 →WAT2(L)2 and we return to the
previous case.

If 52 → WAT2(L)2 or 72 → WAT2(L)2, then WAT2(L) represents 5
and 7 globally. Thus WAT2(L) should contain a sublattice

[
5 a+bωm

a+bωm 7

]
.

Every candidate is Z2-universal except for a+bωm = 1+ω34. But all regular
lattices escalated from

[
5 1+ω34

1+ω34 7

]
are Z2-universal.

4.3.6. m ≡ 2 · 3 (mod 16). Note that 〈1〉2 represents 12, 72, 2 · 32, 2 · 52.
If 12 → WAT2(L)2 or 72 → WAT2(L)2, then WAT2(L) represents both 1
and 6. Thus WAT2(L) contains

[
1 a
a 6

]
. These sublattices are Z2-universal.

If 32 → WAT2(L)2 or 52 → WAT2(L)2, then WAT2(L) represents 2
and 3. Thus WAT2(L) contains

[
2 a
a 3

]
. These sublattices are also Z2-uni-

versal.

4.3.7. m ≡ 2 · 5 (mod 16). Note that 〈1〉2 represents 12, 32, 2 · 52, 2 · 72.
If WAT2(L)2 represents 12 or 32, then it should represent both 1 and 3.
If WAT2(L)2 represents 52 or 72, then it should represent 2 and 5. Thus
WAT2(L) contains

[
1 a
a 3

]
or
[
2 a
a 5

]
. These sublattices are all Z2-universal.
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4.3.8. m ≡ 2 · 7 (mod 16). Note that 〈1〉2 represents 12, 72, 2 · 12, 2 · 72.
If 12 → WAT2(L)2 or 72 → WAT2(L)2, then WAT2(L) represents both 1
and 2. If WAT2(L)2 represents 32 or 52, then it represents both 3 and 5.
Thus WAT2(L) contains

[
1 a
a 2

]
or
[
3 a
a 5

]
. These lattices are Z2-universal.

From the above results, we conclude that L2 is Z2-universal if m 6=
1, 2, 11, 23 and (m, 3 · 5 · 7) = 1.

4.4. Step 4. Now, consider an odd unramified prime p. Then WATp(L)
is normal and Zq-universal for all q 6= p. Since L is primitive, Lp=WATp(L)p
represents a unit, say ε. Then 〈ε〉p is associated with 〈1,m〉Zp , and thus it
represents all unit elements in Zp. Therefore, WATp(L) contains a binary

sublattice
[

1 a+bωm
a+bωm 2

] ∼= 〈1, 2 − NE/Q(a + bωm)〉, which is isometric to

either 〈1, 1〉 or 〈1, 2〉. But both are Zp-universal.
We conclude that if m 6= 1, 2, 11, 23 and m is divisible by neither 3, 5,

nor 7, then every primitive normal regular lattice is universal over Q(
√
−m).

4.5. Step 5. To complete the proof, we find some nonuniversal regular
lattices L over Q(

√
−m).

We can find 〈1, 4〉 over Q(
√
−1), 〈1, 8〉 over Q(

√
−2), and 〈1, 4〉 over

Q(
√
−11) [12]. We already found such a lattice over Q(

√
−23) in 4.2.5.

For Q(
√
−m) with (m, 3 · 5 · 7) 6= 1, it is easy to check that the following

lattices are regular over the stated imaginary quadratic fields:

〈1, 3, 3, 3〉 over Q(
√
−m) with 3 |m,

〈1, 5, 5, 5〉 over Q(
√
−m) with 5 |m,[

3 1

1 5

]
⊥ 〈7, 7〉 over Q(

√
−m) with 7 |m.

The above results entail that every primitive normal regular Hermi-
tian lattice is universal over Q(

√
−m) if and only if m 6= 1, 2, 11, 23 and

(m, 3 · 5 · 7) = 1.
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