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A unified approach to approximation properties and ideals
by

Ju Myung Kiv and KEUN YOUNG LEE (Seoul)

Abstract. We use a unified argument to obtain relationships between approximation
properties and ideals in spaces of some operators. We prove that a Banach space X
(respectively, the dual space X* of X) has the metric approximation property if and only
if for every Banach space Y and every operator T from Y to X (respectively, T from X
to Y), there exists a

@ € HB(F(X)T, span(F(X)T U{T}))
(respectively, @ € HB(TF(X), span(TF(X)U{T})))
such that
&(z* ® y)(R) = 2* (Ry) (respectively, (2™ @ y*)(R) = ™" (R*y"))

for every z* € X* and y € Y (respectively, z** € X** and y* € Y™), and every R €
span(F(X)T U{T?}) (respectively, R € span(TF(X)U{T})).

1. Introduction and main results. A Banach space X is said to
have the approximation property (AP) (resp. compact AP (CAP)) if for
every compact subset K of X and every € > 0, there exists an S in the
space F(X) := F(X, X) of all finite rank operators (resp. the space K(X)
of all compact operators) from X into X such that sup,cg [|Sz — z| < ¢;
moreover, if ||S|| < 1, then we say that X has the metric AP (MAP) (resp.
MCAP). Lima, Nygaard, and Oja [LNO] proved that a Banach space X
has the AP if and only if F(Y, X) is an ideal in W(Y, X)) for every Banach
space Y, where W(Y, X) is the space of all weakly compact operators from
Y to X (see below for the definition of an ideal). They also proved in [LNO]
that if X has the CAP, then K(Y, X) is an ideal in W(Y, X) for every Banach
space Y. But the converse does not hold in general (see [LNO, Example in
Section 4]).
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V. Lima, A. Lima, and Nygaard [LLN] obtained various characteriza-
tions of the CAP, and the main one is somewhat analogous to the above
characterization of the AP. The main purpose of this paper is to obtain
similar such characterizations of various approximation properties using an
argument in [L1].

Let F' be a linear subspace of a normed space E. A linear isometry
¢ F* — E* is called a Hahn-Banach extension operator if (¢f*)(f) =
f*(f) for every f € F and f* € F*. We say that F' is an ideal in E if the set
HB(F, E) is nonempty, where HB(F, E) is the collection of all Hahn-Banach
extension operators from F* to E*. We see that F' is an ideal in F if and
only if Fil (or F) is an ideal in gl (or E).

Let X be a Banach space and let A(X) be a convex subset of the space
L(X) of all bounded operators from X to X. Then X is said to have the
A-AP if for every compact subset K of X and every € > 0, there exists an
S € A(X) such that sup,cx [|Sz — z|| < &; moreover, if ||S|| < 1, then we
say that X has the A-MAP.

For a set A, we denote by (A) the linear span of A. Let X, Y, Z be
Banach spaces. For a subset A of L(Y), T € L(X,Y), and R € L(Y, Z), let
RAT := {RST : S € A} and A* := {S* : S € A}, where S? is the adjoint
operator of S. We denote by ix : X — X™* the canonical isometry. Recall
that the projective tensor product X ®,Y is a closed subspace of X ** &, Y **,
and (X ®, Y)* is isometrically isomorphic to £(X,Y ™) (cf. [R], Section 2]).
Moreover, X* @, Y** is embedded in £(Y, X)*. In this paper, all elementary
tensors are elements of projective tensor products. For T € L(Y, X ), we have
the dual actions (z* @ y)(T) = 2*(Ty) and (z* @ y**)(T') = y**(T?x™).

V. Lima and A. Lima [LLI] proved that a Banach space X has the MAP
(resp. MCAP) if and only if F(Y, X) (resp. K£(Y, X)) is an ideal in £(Y, X)
for every Banach space Y.

In this paper, we prove:

THEOREM 1.1. Let X be a Banach space. Suppose that A(X) is a linear
subspace of K(X) containing F(X) such that i'S*U € A(X) for every
S e AX) andU € L(X, X*). Then the following statements are equivalent:
(a) X has the A-MAP.

(b) For every Banach space Y and every T € L(Y, X), there exists a
& e HB(AX)T,(A(X)TU{T}))
such that
P(z" @y)(R) = =" (Ry)

for every z* € X* andy €Y, and every R € (A(X)T U{T}).

(¢) For every separable Banach space Z and every T € L(Z,X), the space

A(X)T is an ideal in (A(X)T U{T}).
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or every equivalent renorming X o , the space is an ideal in
d) F l 7 X of X, th A(X)I deal
(A(X)ITU{I}), where I : X — X is the identity map.

An unbounded version of Theorem 1.1 is the following, which is an exten-
sion of [LLN|, Theorem 2.2]. Here 7. is the topology of uniform convergence
on each compact set.

THEOREM 1.2. Let X be a Banach space. Suppose that A(X) is a linear
subspace of K(X) such that 5152 € A(X) for all S1,52 € A(X). Then the
following statements are equivalent:

(a) X has the A-AP.
(b) For every Banach space Y and every T € W(Y, X),

T € {ST:S € AX),|ST] < ITII}".
(¢) For every Banach space Y and every T € W(Y, X), there exists a
P € HB(AX)T, (A(X)T U{T}))

such that
P(z* ®@y)(R) = =" (Ry)
for every z* € X* andy €Y, and every R € (A(X)T U{T}).
(d) For every separable reflexive Banach space Z and every T € K(Z,X),
there exists a

O e LI(AX)T)*, (A(X)T U {T}))
such that
O(z* @ 2)(T) = x*(Tz)

for every x* € X* and z € Z.
(e) For every separable reflexive Banach space Z and every T € K(Z, X),

T e AX)T".

A Banach space X is said to have the weak MAP [LOI] if for every
Banach space Y and every R € W(X,Y), the identity map idy is in
{S € F(X): [RS[[ < [[R[[}. When the space F(X) is replaced by a convex
subset A(X) of L(X), we say that X has the weak A-MAP |LisO]. V. Lima

and A. Lima L2, LL2] studied the weak MAP and the weak K-MAP from
the point of view of ideals.

The following theorem is an extension of [LL2l Theorem 4.3].

THEOREM 1.3. Let X be a Banach space. Suppose that A(X) is a linear
subspace of K(X) such that S152 € A(X) for all S1,52 € A(X). Then the

following statements are equivalent:

(a) X has the weak A-MAP.
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(b) There exists a ¢ € HB(X,X**) such that ¢*ix« € .Aaa(X)Weak* in
L(X*).

(¢) There exists a ¢ € HB(X,X**) such that for every reflexive Banach
space Z and every T € W(Z, X*), there is a net (Sy) in A(X) with
sup,, [|S2T|| < ||T'|| such that (S3*T)*(z*) — T?(¢px*) for all x* € X*.

(d) There exists a ¢ € HB(X, X**) such that for every Banach space Y and
every T € W(Y, X™), there ezists a & € HB(A**(X)T, (A**(X)T U
{T})) such that

P(z" @y™)(R) =y (R ¢z")
for every x* € X* and y** € Y**, and every R € (A**(X)T U{T}).

(e) There exists a ¢ € HB(X, X™*) such that for every separable reflexive

Banach space Z and every T € K(Z, X**), there exists a

O € L((A*(X)T)*, (A**(X)T U{T})*)

such that
O(z* @ 2)(T) = ¢pz*(Tz)

for every x* € X* and z € Z.

It was shown in [LLN|, Lemma 3.5] that if X* has the K£*-AP, then for
every Banach space Y and every T' € W(Y, X*), K**(X)T is an ideal in
(K*2(X)T U{T}). But it was left open in [LLN|] whether the converse holds.
[LL2L Theorem 4.3] or Theorem 1.3 gives a negative answer to that question
because it is well known that there exists a Banach space B having the MAP
but with B* not having the CAP.

The following theorem provides conditions equivalent to the A*-AP in a
similar form to Theorem 1.3.

THEOREM 1.4. Let X be a Banach space. Suppose that A(X) is a linear
subspace of K(X) such that S1S2 € A(X) for all S1,52 € A(X). Then the
following statements are equivalent:

(a) X* has the A*-AP.
(b) For every reflexive Banach space Z and every T € W(Z, X**), there ex-
ists a net (Sy) in A(X) with sup,, ||S2T|| < ||T|| such that (S32T)*(z*)
— T?(ix=x™) for every x* € X*.
(¢) For every Banach space Y and every T € W(Y, X**), there exists a
D € HB(A*(X)T, (A**(X)T U{T}))

such that
b(z" @y™)(R) =y (RYix-a")
for every x* € X* and y** € Y**, and every R € (A**(X)T U{T}).
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(d) For every separable reflexive Banach space Z and every T € K(Z, X*),
there exists a © € L((A**(X)T)*, (A**(X)T U{T})*) such that
O(z" @ 2)(T) = (Tz)(z")
for every x* € X* and z € Z.

2. Proof of Theorem 1.1. The main argument in proofs of this paper
is due to [L1]. The prototype of Lemma 2.1 is [L1, Lemma 3.3].

LEMMA 2.1. Let X be a Banach space. Suppose that A(X) is a linear
subspace of K(X) such that S152 € A(X) for any S1,S2 € A(X). If X
has the A-MAP, then for every Banach space Y and every T € L(Y,X),
for every finite-dimensional subspace G of (A(X)T U {T}), every finite-
dimensional subspace H of L(Y, X)*, and every € > 0, there exists a linear
contraction U : G — A(X)T such that for every R € GNA(X)T,

IU(R) — R <el[R],
and for every x* @ y € H and every R € G,
[z*(U(R)y) — 2" (Ry)| < ellz" @yl [|R].-
Proof. Let Y be a Banach space and let T € L(Y, X). Let G be a finite-
dimensional subspace of (A(X)T'U{T'}) and let H be a finite-dimensional
subspace of L(Y,X)*. Let 0 < e < 1. Since {R € GNA(X)T : |R|| < 1} is

a relatively compact subset of (Y, X) and X has the A-MAP, there exists
a net (Sy) in A(X) with sup,, ||Sa|| < 1 such that

sup{||SaR—R||: Re GNA(X)T, |R|| <1} — 0,
and for every z* € X*, y € Y and R € G, we have
limz*(SoRy) = =*(Ry).
Now, let § > 0 be such that 0 < (3 —2§)d/(1 — J) < e. Consider the
finite-dimensional subspace H; := span{z*®y : 2*®y € H} of X*®, Y. We
may assume that Hy # {0}. Then there exist uq, ..., u,, in the unit sphere

of Hy such that the ball (1 —9)Bp, is a subset of the convex hull of {u;}",
(cf. [L2] Lemma 2.4]). For each i = 1,...,m, choose a representation

n;
wi =Y 2} Q Yk,
k=1

where all 27, ® y; ), are in H. Let {Rj}é.zl be a d-net for Bg. Choose an ag
such that

Z |27 1 (Sao Bjyi k) — o7k (Rjyik)| <0
k=1
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foralli=1,...,mand j=1,...,[, and
sup{[|SauR — R|| : R€ GNA(X)T, ||R| <1} <.
We now define the map U : G — A(X)T by
U(R) = Sa, R.
Since for every R := aST + 0T € G, we have Sp, R = (4SS + bSa,)T €

A(X)T, U is well defined and linear, and ||[U(R)| = ||Sa, R|| < || R|| for every
R € G. Also, for every R € G N A(X)T with ||R|| <1, we have

IU(R) = R|| = [|Sag R — R|| <6 <e.
Now, let z* ® y € H and R € Bg. Choose a j so that |R — R;|| < §.

Then
TRy
(1— ity = Ai Y T QYik,
Mm@yl Z Z Z b
where A\; > 0 for all ¢ and >~ )\Z- = 1. We now have
2" (U(R)y) — z*(Ry)|
< [z*(U(R)y) — 2™ (U(R;)y)| + 2" (U(R;)y) — =" (R;y)|

+ 2" (R;y) — ™ (Ry)|
< 20||z" @ yl| + 2" (U(R))y) — =" (Rjy)|

— 202" @y
e <D IRHCCE B0 B DENLIE)
=1 k=1 =1 =
<2t @yl + 12 S, ka (Soo Rjtie) — 2n(Ryvis)
=1 =
< B2 e gyl <o @yl =

- 1-9
One may use [LI), proof of Lemma 3.5] to obtain:

LEMMA 2.2. Let X and Y be Banach spaces. Suppose that C and B
are linear subspaces of L(Y,X) with C C B. If for every finite-dimensional
subspaces H C L(Y, X)* and G C B, and every € > 0, there exists a linear
contraction U : G — C such that for every R € GNC,

IU(R) — R[| < |||,
and for every x* @ y € H and every R € G,
2" (U(R)y) — 2" (Ry)| < ellz” @ y| [ R,
then there exists a ® € HB(C,B) such that
P(z" @ y)(R) = =" (Ry)
for every x* € X* andy € Y, and every R € B.
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Now, (a)=(b) of Theorem 1.1 is a consequence of Lemmas 2.1 and 2.2,
and (b)=-(c) and (b)=-(d) are trivial.

For the proofs of the next Lemmas 2.3 and 2.4, we note that one can read-
ily observe that [LL1, Theorems 3.1 and 3.3] are also true even if A(Y, X)
and B(Y, X) are linear subspaces of L(Y,X) with F(Y,X) Cc A(Y,X) C
B(Y,X) C L(Y,X) for given Banach spaces X and Y.

LEMMA 2.3. Let X be a Banach space. Suppose that A(X) is a linear
subspace of W(X) such that F(X) C A(X), iy S®U € A(X) for every
S € A(X) and U € L(X,X™*). If for every separable ideal Y in X and
every equivalent renorming Y of Y, A(X)I is ideal in (A(X)IU{I}), where
I:Y — X is the inclusion map, then X has the A-MAP.

Proof. This proof is essentially due to |[LLIl Theorem 1.1(c)=(a)]. Let
K be a compact subset of X and let € > 0. By a result of Sims and Yost
[SY] there exists a separable ideal Y in X such that K C Y C X. Let
€ HB(Y,X) and let I : Y — X be the inclusion map.

To use [LLI, Theorem 3.1], let Y be an equivalent renorming of Y. By
assumption the space A(X VI is an ideal in (A(X)TU{I}) C L(Y, X). To see
that F(V,X) c A(X)I, we only observe that for every y* @ x € F(Y,X),
we have y* ® = (py* ® z)I. Thus by [LLI, Theorem 3.1] there exists a
& € HB(A(X)I,(A(X)I U{I})) such that

P(z* @y)(R) = =" (Ry)

for every 2* € X*,y € Y and R € (A(X)IU{I}). Since ¢*(I) € (A(X)I)**,
by Goldstine’s theorem there exists a net (7,,) in A(X)I with sup, ||Tn] <1

weak™

and T, —— 9*(I) in (A(X)I)**. Thus for every z* € X* and y € Y,

" (Tay) = (2" @ y)(Ta) = (1) (2" @ y) = P(z” @ y)(I) = =" (1y).
By an argument of convex combinations we may assume that T,, — I in the
strong operator topology of L(Y, X).
Now, let S, := i T3 x € A(X) for every a. Then ||S,|| < 1 and one
may check that S,y = T,y for every y € Y. Thus by boundedness of the
net (Sq),

sup || Sqx — z|| — 0.
zeK

Hence we can conclude that there exists an S € A(X) with [|S]| < 1 such
that sup,cp ||Sz —z|| <e. =

(c)=(a) of Theorem 1.1 is a consequence of Lemma 2.3.
The prototype of the lemma below is [LLI, Corollary 3.4].

LEMMA 2.4. Suppose that A(X) is a linear subspace of L(X) such that
F(X) C A(X). If for every equivalent renorming X of X, the space A(X)I
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is ideal in (A(X)TU{I}), where I : X — X is the identity map, then X has
the A-MAP.

Proof. By [LLI, Theorem 3.3] there exists a & € HB(A(X), (A(X) U
{idx})) such that
&(x* @ x)(R) = z*(Rx)
for every 2* € X*, x € X and R € (A(X) U {idx}). Since 9*(idx) €
A(X)**, by Goldstine’s theorem there exists a net (S,) in A(X) such that

weak™

sup,, ||Sall <1 and S, —— P*(idx) in A(X)**. As in the proof of Lemma
2.3, we may assume that lim, || Sqz — z|| = 0 for every x € X. By bounded-
ness of the net (S,) we have S, =% idx. Hence X has the A-MAP. u

Theorem 1.1(d)=-(a) is a consequence of Lemma 2.4.

3. Proof of Theorem 1.2. (a)=(b) is a consequence of [K3, Theorem
5.4].
LEMMA 3.1. Let X be a Banach space. Suppose that A(X) is a linear

subspace of K(X) such that S152 € A(X) for all Sy, 52 € A(X). If for every
reflexive Banach space Z and every T € W(Z, X),

T e {ST:S e AX),[IST[ < T]}",
then for every Banach space Y and every T € W(Y, X), for every finite-
dimensional subspace G of (A(X)T U{T}), every finite-dimensional sub-

space H of L(Y,X)*, and every € > 0, there exists a linear contraction
U:G— AX)T such that for every R € GNA(X)T,

IU(R) — R|| < e[|R],
and for every ¥ @ y € H and every R € G,
[z*(U(R)y) — =" (Ry)| < ellz" @yl | R].-

Proof. Let Y be a Banach space and let T € W(Y, X). Let G be a finite-
dimensional subspace of (A(X)T U{T}) and let H be a finite-dimensional
subspace of L(Y,X)*. Let 0 < ¢ < 1. By [LNO| Theorem 2.3] there exist
a reflexive Banach space Z, a norm one operator J : Z — X and a linear
isometry ¥ : G — W(Y, Z) such that R = J¥(R) for all R € G. Here the
closed convex hull of |Jpc Be R(By) is contained in By C Bx.

Now, by our assumption there exists a net (S,) in A(X) with sup,, ||Sa /||
< ||J]| = 1 such that

Sad 55 J.
By [LNO| Theorem 2.3(ii)] we see that K := UREBGnA(x>T R(By) is a rela-
tively compact subset of Z. Thus

sup ||SaJz — Jz|| = 0
zeK
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and for every z* € X*, y € Y and R € G, we have
limz*(SoRy) = limz*(So JY(R)y) = " (J¥(R)y) = z*(Ry).
Then we can use the proof of Lemma 2.1 to complete our proof. =

Now, (b)=-(c) of Theorem 1.2 is a consequence of Lemmas 3.1 and 2.2,
and (c¢)=(d) is trivial.

LEMMA 3.2. Let X be a Banach space. Suppose that A(X) is a linear

subspace of L(X). If for every separable reflexive Banach space Z and every
T € K(Z,X), there exists a

0 € LIAX)T)", (A(X)T U{T})")
such that
O(z* ® 2)(T) = 2™ (T=z)

for every x* € X* and z € Z, then for every separable reflexive Banach
space Z and every T € K(Z,X),

T e AX)T".

Proof. Let Z be a separable reflexive Banach space and let T' € K(Z, X).
Let © be the operator in the assumption. Then ©*(T') € (A(X)T)**. By
Goldstine’s theorem there exists a net (S,) in A(X) with sup, ||S.T|| <
|©@*(T")|| such that

weak*

SoT —— 0%(T).
Then for every z € Z and z* € X*, we have

lién (S Tz) = lién (2" @ 2)(SaT) = 0T (2" ® z) = 2" (T=2).

By an argument of convex combinations and boundedness of (S,7") we com-
plete the proof. m

(d)=(e) of Theorem 1.2 is a consequence of Lemma 3.2, and (e)=(a) is
a consequence of [K4, Theorem 1.4].

4. Proofs of Theorems 1.3 and 1.4. The proof of the following lemma
is the same as the one of [L2 Proposition 2.5].

LEMMA 4.1. Let X be a Banach space. Suppose that A(X) is a con-
vex subset of L(X). If X has the weak A-MAP, then there exists a ¢ €

HB(X, X**) such that ¢*ixe € A(X)" " in L(X*).
LEMMA 4.2. Let X be a Banach space. Suppose that A(X) is a convex
subset of IC(X) containing 0. If there exists a ¢ € HB(X, X*) such that

—————weak™

PPix € A3 (X) in L(X**), then X has the weak A-MAP.
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Proof. It was shown in [K1, Proposition 3.1] that X has the weak
A-MAP if and only if for every reflexive Banach space Z and every R €
W(X, Z),

Re{RS:Se AX), RS <RI}

We will use that characterization.

Let Z be a reflexive Banach space and let R € W(X, Z). By assumption
there exists a net (S,) in A(X) such that for every > 2 @zr* € Z* @, X*,
we have

D (R¥SEa) (=) = D (Satay ) (Rz,)
= Y (@tixeay)(Rz) = Y (R0 ixa7) (2.

n

Thus by Grothendieck’s representation theorem of (L(X™**,Z**), 1.)* (cf.
[LT], Proposition 1.e.3]), for every f € (L(X**, Z**), .)*, we have f(R**S3%)
— f(R*@?ix++), hence

Ry € {R?22S22: S € A(X)}".
By [K2l Corollary 1.4] there exists a net (S,) in A(X) with
sup [ RSa|| < [[R*¢% x| < |[R||

T

such that R**S3* %5 R**¢*ix«-. In particular, for every z € X and z* € Z*,
2" (RSax) = (SAR2")(x) = (R*™S3ixx)(2")
— (R*®¢Yix=~ixx)(2")
= ¢rix=ixx(R*2") = (pR*2")(ixz) = 2" (Rx).
By an argument using convex combinations and boundedness of (RS, ) we
conclude that

Rc{RS:Sc AX), ||RS| <|R|} ‘. =
Now, Theorem 1.3(a)<(b) is a consequence of Lemmas 4.1 and 4.2.

LEMMA 4.3. Let X be a Banach space. Suppose that A(X) is a convex
subset of K(X) containing 0. Let ¢ € L(X*, X***) with ||¢|| < 1. If ¢p¥ix=~ €

————weak™

A2a(X) in L(X**), then for every reflexive Banach space Z and every
T € W(Z,X™), there exists a net (Sy) in A(X) with sup,, ||S2T|| < ||
such that (S2T)*(z*) — T?(¢px™) for every z* € X*.

Proof. Let Z be a reflexive Banach space and let T € W(Z, X**). Let
R € W(X*, Z*) be such that T = R*. By assumption there exists a net (Sy)



Approzimation properties and ideals 259
in A(X) such that for every >z} ® 2, € X* ®, Z, we have
5 an(RS) = 3O(SETo0) o)
n
— Z " ix o (Tzn)(x,)
= Z o(xp)(Tzn) = Z 2 (T dx),)
n

It follows that for every f € (L(X*,Z*),7.)*, we have f(RS%) — f(T%¢p).
Thus

T c {RS>: S c A(X)}*
By [K2l, Corollary 1.4] there exists a net (S,) in A(X, X) with
sup [|S3*T'|| = sup [[RSG || < [|T]

such that RS% IS Te¢. Now, for every z* € X* and z € Z, we have
2((S3AT)*x*) = (S5*Tz)(z") = z(RShx™) — 2(T%¢px™).
By an argument of convex combinations we complete the proof. m

Theorem 1.3(b)=-(c) is a consequence of Lemma 4.3.
weak™

Since X* has the A*-AP if and only if i5.ix~ € A%(X) , by Lemma
4.3 we have:

COROLLARY 4.4. Let X be a Banach space. Suppose that A(X) is a
convex subset of K(X) containing 0. If X* has the A*-AP, then for every
reflexive Banach space Z and every T € W(Z, X**), there exists a net (Sy)
in A(X) with sup, |SG*T|| < |T|| such that (SG*T)*(x*) — T*(ix-x*) for
every x* € X*.

Theorem 1.4(a)=-(b) is a consequence of Corollary 4.4.
The following lemma stems from [L1, Lemma 3.3].

LEMMA 4.5. Let X be a Banach space. Suppose that A(X) is a lin-
ear subspace of K(X) such that S1S2 € A(X) for all S1,S2 € A(X).
Let ¢ € HB(X,X*™). If for every reflexive Banach space Z and every
T e W(Z, X*), there exists a net (Sq) in A(X) with sup,, ||S2T|| < ||
such that

(Sa™T)*(z") = T*(pa™)
for every x* € X*, then for every Banach space Y and every T € W(Y, X**),
for every finite- dzmenszonal subspace G of (A**(X)T'U{T'}) and every finite-
dimensional subspace H of L(Y,X)*, and every e > 0, there exists a linear
contraction U : G — A**(X)T such that for every R € G N A**(X)T,

IU(R) — R|| < el[R],
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and for every z* @ y** € H and every R € G,
[y (U(R)2") — y™* (R*¢a™)| < ellz” @ y™ || || R]|.

Proof. Let Y be a Banach space and let T € W(Y, X**). Let G be
a finite-dimensional subspace of (A**(X)T U {T'}) and let H be a finite-
dimensional subspace of £L(Y, X)*. Let 0 < ¢ < 1. By [LNO, Theorem 2.3]
there exist a reflexive Banach space Z, a norm one operator J : Z — X**
and a linear isometry ¥ : G — W(Y, Z) such that R = J¥(R) for all R € G
and the closed convex hull of (Jpcp, R(By) is contained in Bz C Bx+».

Now, by our assumption there exists a net (S,) in A(X) with sup,, ||S22J||
< ||J]| such that

(SaJ)*(x%) = J*(pz)
for every 2* € X*. Consider the operators S5*J and J from Z Nix(X) to X.
Then for every z € ZNix(X) and every z* € X*, we have
2 (S20.72) = ((S2T)7)(2) = (J*6a™)(2) = a7 (J2) = 5°(J2).

By an argument of convex combinations we see that there exists a net (7) in
the convex hull of {S,, } such that for every z € ZNix(X) and every z* € X*,
T5%Jz — Jz and (T§*J)*(z") — J*(ox").

By boundedness of the net (7 i ) the first convergence implies
(T5* )| z0vix (x) ~ T 2005 ()
Also, from the second convergence, for every x* € X*, we have

sup (T R)*x”) — y™* (R ¢a”)
y**€Byx, REBG

= sup [y w(R)*((T5*J)*x") — y™ (R px”)]
y**EByx*x, REBg
= sup [y (R)* (T T)*2") — y" W (R)*(J ")

y**eBY**7R€BG
< [[(T5*1)*(z") — J* (™) || — 0.
Since by [LNO, Theorem 2.3(ii)], K := URGBGﬁAaa(X)T R(By) is a rela-
tively compact subset of Z Nix(X),
sup |75 Jz — Jz|| — 0.
zeK
Now, let § > 0 be such that 0 < 6/(1 — §) < e. Consider the finite-
dimensional subspace Hj := span{z* @ y** : 2* @ y** € H} of X* @, Y**.

Then there exist uy, ..., uy € SH, such that (1 — 0)Bpg, is a subset of the
convex hull of {u;}" ;. For each i = 1,...,m, choose a representation

n;

* ko

u; = E xzk; Q) Yi k>
k=1
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where all x;‘k ® yf 7. are in H. Choose a 3y such that

n;
S W (T5R) s ,) — yin(RPga,)| <6
k=1

foralli=1,...,m and all R € Bg, and
sup | TGz — Jz|| <e.
We now define the map U : G — A*(X)T by
U(R) =Tz}
Then U is well defined and linear, and for every R € (G, we have
[UR)|| = T3 Je(R)|| < ¥ (R)[| = [|R]-
Also, for every R € Bgnsea(x)r

IU(R) — Rl = sup HTgaRy Ryl = sup 1755 J Ry — JRy||
yeB yeB
< sup HTBS‘Jz —Jz|| <e.
zeEK

Finally, let 2* @ y** € H and let R € Bg. Then
r* ®y**
1-96 il i T . ® ,
P §: ’ ?; 2;’k ik
where \; > 0 for all 7 and Zi:l )\i = 1. We now have

" (U(R)* ") — y™ (R ¢x”)|
=" @y™)(U(R)) — (¢ @idy+)(z" @ y™)(R)|

yxleizg**ll <2A lek@)yzk) U(R))
¢ ® idy =) (Z)\ szk(@ylk) )‘

2™ @ y™|| wx (s pya, k a
T 1_s Z Wik (Thy R) i g) — yi,k(R wa-,k)!

k=1

IN

< e @yl < elle” @y

Since ix+ € HB(X, X*), by Lemma 4.5 we have:
COROLLARY 4.6. Let X be a Banach space. Suppose that A(X) is a
linear subspace of K(X) such that S152 € A(X) for all Si,S2 € A(X). If

for every reflexive Banach space Z and every T € W(Z, X**), there exists a
net (Sa) in A(X) with sup, ||S2T| < ||T|| such that

(55" (") = T*(ix-2")



262 J. M. Kim and K. Y. Lee

for every x* € X*, then for every Banach space Y and everyT € W(Y, X**),
for every finite-dimensional subspace G of (A**(X)TU{T}) and every finite-
dimensional subspace H of L(Y,X)*, and every e > 0, there exists a linear
contraction U : G — A**(X)T such that for every R € GN A**(X)T,

IU(R) — R|| <¢|R],
and for every x* @ y** € H and every R € G,
" (U(R)* ") — y™ (RYix-a")| < ellz" @ y™ || | R].
As in the proof of |[L1, Lemma 3.5], we have the following lemma. Here
we note that the map ¢ need not be a Hahn—Banach extension operator.

LEMMA 4.7. Let X and Y be Banach spaces and let ¢ € L(X*, X**¥).
Suppose that C C L(Y,X) and B C L(Y, X™) are linear subspaces such that
C C B. If for any finite-dimensional subspaces H C L(Y,X)* and G C B,
and every € > 0, there exists a linear contraction U : G — C such that for
every R e GNC,

IU(R) — R[| < ][R,

and for every r* @ y** € H and every R € G,
™ (U(R)*2") — y™* (Ra™)| < el|a™ @ y™| | R]|,
then there exists a ® € HB(C,B) such that
P(z" @y™)(R) =y (R¢x")
for every x* € X* and y** € Y**, and every R € B.

Theorem 1.3(c)=(d) is a consequence of Lemmas 4.5 and 4.7, and The-
orem 1.4(b)=-(c) is a consequence of Corollary 4.6 and Lemma 4.7.
Theorem 1.3(d)=(e) and Theorem 1.4(c)=(d) are trivial.

LEMMA 4.8. Let X be a Banach space and let ¢ € L(X*, X***). Sup-
pose that A(X) is a linear subspace of L(X). If for every separable re-
flexive Banach space Z and every T € K(Z,X**), there exists a © €
L((A*2(X)T)*, (A**(X)T U{T})*) such that

O(z* @ 2)(T) = ¢pa*(Tz)

for every x* € X* and z € Z, then ¢%ix+ € Aaa(X)Weak* in L(X*).

Proof. Let Z be a separable reflexive Banach space Z and let T €
K(Z,X**). Since ©%(T) € (A**(X)T)**, by Goldstine’s theorem there ex-
ists a net (Sy) in A(X) with sup,, ||S22T|| < ||©*(T')|| such that S2*T weald
O*(T) in (A**(X)T)**. Thus for every z* € X* and z € Z, we have

lim (S3°T2) (") = lim (2" @ 2)(S3°T)
=0%(T)(z" ® 2) = (¢a")(T2).
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We have shown that for every separable reflexive Banach space Z and
every T € K(Z, X**), there exists a net (Sy) in A(X) with sup, ||S2T| <
|@|| || T|| such that

lim (53°T'z)(x7) = (¢27)(Tz) = (¢*ix-+T2)(z")
«

for every x* € X* and z € Z. By boundedness of the net (S2*T) we see that
Plix~T € {52 : 5 € AX), ||S*2T|| < [0 |T}

in L(Z, X**).
Now, let > 2 @ 2}* € X* @, X**. We may assume that Y o0 | ||z} ||
<ooand 1> |z — 0. Consider the closed balanced convex hull beo{z**}
C Bx=+. Then by [LNOL Lemmas 1.1 and 1.2] there exist a separable reflexive

Banach space Z C X** with bco{x**} C By such that the inclusion map
J:Z — X*™ is a norm one compact operator. By the above result,

PrixJ € {S2J 1 § € A(X), [[S2J]| < O]}

We now have

Re Z(qﬁaix**x;"l* Rez PrixeJy ) (x))
n=1

weak™*

weak™®

| /\

Sanw**)(w*) 5 € A(X), [[15™J] < ||@||}

ar)(ah) 5 € AX), 5] < 0]}

el
s {Re (577
<sup{ i:o:saa Nay,) 0 S € AX )}

———weak*
Hence ¢p*ix+ € A2a(X )Wea by an application of the separation theorem. m

COROLLARY 4.9. Let X be a Banach space. Suppose that A(X) is a
linear subspace of L(X). If for every separable reflexive Banach space Z and
every T € K(Z, X**), there exists a © € L((A**(X)T)*, (A**(X)T U{T})*)
such that

O(z" ® 2)(T) = (Tz)(z")
for every x* € X* and z € Z, then X* has the A*-AP.

Theorem 1.3(e)=-(b) is a consequence of Lemma 4.8, and Theorem 1.4
(d)=(a) is a consequence of Corollary 4.9.

5. Approximation properties for dual spaces. In this section, we
obtain some symmetric forms of statements in Theorems 1.1 and 1.2 to
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characterize some approximation properties for dual spaces. It is well known
that X* has the MAP if and only if X* has the F2-MAP (cf. [J, Lemma 2]).

THEOREM 5.1. Let X be a Banach space. Suppose that A(X) is a linear
subspace of K(X) containing F(X) such that S152 € A(X) for all S1,55 €
A(X). Then the following statements are equivalent:

(a) X* has the A*-MAP.
(b) For every Banach space Y and every T € L(X,Y), there exists a

U e HB(TAX), (TAX)U{T}))
such that
V(z™ @y )(R) = =™ (RY")

for every ™ € X** and y* € Y™, and every R € (TA(X)U{T}).

(c) For every equivalent renorming X of X, the space IA(X) is ideal in
(IA(X)UA{I}), where I : X — X s the identity map.

Proof. (a)=(b). Let Y be a Banach space and let 7" € £(X,Y). Con-
sider the subspaces A*(X)T* and (A*(X)T*U{T*}) of L(Y™*, X*). By (a)
and Lemmas 2.1 and 2.2 there exists a

& € HB(A*(X)T?, (A*(X)T*Uu{T"}))
such that
for every ™ € X** and y* € Y*, and every R € (TA(X)U{T}).

Now, let 41 : A*(X)T* - TA(X) and is : (TAX)U{T}) = (A*(X)T*
U {T?}) be the isometries defined by i;(U?%) = U and i2(V) = V. Then a
simple verification shows that the map i§®:§ : (T A(X))* — (TA(X)U{T})*
is a Hahn—Banach extension operator. Moreover, for every z** € X** and
y* € Y*, and every R € (T A(X)U{T}), we have

@it (z™ @ y*)(R) = Pif(z™ @ y")(RY) = 2™ (RYY").
(b)=(c) is trivial.
(c)=(a). By an application of [LL1, Theorem 4.3] there exists a
& e HB(A(X), (A(X)U{idx}))
such that
for every ** € X* and z* € X*, and every R € (A(X) U {idx}). Since
P*(idy) € A(X)*™, by Goldstine’s theorem there exists a net (S,) in A(X)

weak*

such that sup,, ||Sq|| < 1 and S, —— #*(idx) in A(X)**. As in the proof
of Lemma 2.3, we may assume that lim,, ||S3z* —2*|| = 0 for every z* € X*.
By boundedness of the net (S2) we see that S2 7% idx~. Hence X* has the
A*-MAP. u
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We remark that X* has the A®-AP if and only if X* has the weak
A*-MAP whenever A(X) is a convex subset of K(X) containing 0 (see [K1l,
Theorem 1.2]).

THEOREM 5.2. Let X be a Banach space. Suppose that A(X) is a linear
subspace of K(X) such that S152 € A(X) for all S1,S2 € A(X). Then the
following statements are equivalent:

(a) X* has the A*-AP.
(b) For every Banach space Y and every T € W(X,Y), there exists a
U e HB(TA(X), (TAX)U{T}))
such that
V(™ @y)(R) =27 (RYY")
for every ™ € X** and y* € Y*, and every R € (TA(X)U{T}).

(¢) For every separable reflexive Banach space Z and every T € K(X, Z),
there exists a

O € L((TAX))", (TAX)U{T})")
such that
for every x** € X** and z* € Z*.

Proof. (a)=(b). Let Y be a Banach space and let " € W(X,Y). Con-
sider the subspaces A*(X)T? and (A*(X)T*U{T?}) of W(Y*, X*). By (a)
and Theorem 1.2 there exists a

& € HB(A*(X)T?, (A*(X)T* U{T*}))
such that
P(z™ @y )(R) = 2™ (R'Y")
for every z** € X** and y* € Y*, and every R € (T'A(X) U{T'}). Then (b)
follows from the proof of Theorem 5.1(a)=(b).
(b)=(c) is trivial.
(c)=(a). We use Theorem 1.2(e) to show (a). Let Z be a separable

reflexive Banach space and let T' € K(Z, X*). Consider T%ix € K(X,Z").
Then let

O e LI(TYx AX))*, (T*ix AX)U{T?x})")
be the operator in (c). Then ©*(T?ix) € (T*ix A(X))**. By Goldstine’s the-
orem there exists a net (S,) in A(X) with sup,, ||S2T|| = sup,, ||T%ix Sa| <
|©2(T%ix)|| such that

weak™

T%’XSa Em— @a(Taix).
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Then for every z € Z and «** € X™**, we have
lién x**(SETz) = lién (T xSa)z = lién (™ ® 2)(T*x Sa)

= OT%x) (2" ®z) =0 ®2)(Tx) = ™ (T%x)*2) = 2™ (Tz2).
By an argument of convex combinations and boundedness of (S2T) there
exists a net (T,,) in A(X) such that 72T 7S T. Hence T € A2(X)T °. u

6. Extensions of some results. We need some approximation prop-

erties of finite rank operators to extend some results in this paper.
LEMMA 6.1. Let Z and X be Banach spaces. If T : Z — X* is an
weak™

injective operator, then Z* = T%ix(X)

Proof. By injectivity of T' and weak™* to weak* continuity of T® we have

—————weak™ —————weak™

Z* =Ta(X*) =T2ix(X) . m
COROLLARY 6.2. Let Z and X be Banach spaces. If Z is reflexive and
T:Z — X* is an injective operator, then Z* = TaiX(X)M.

PROPOSITION 6.3. Let Z and X be Banach spaces. Suppose that Z is
reflexive.

(a) If T: Z — X is an injective operator, then
F(Z,X)C{ST:SeF(X)}

(b) If T : Z — X* is an injective operator, then
F(Z,X*)cC{S2T:S e F(X)}

Proof. (a) Since the operator ixT : Z — X** is injective, by Corollary
6.2 we have

Z* = (ixT)rix- (X)),

Let R =Y} ;2 @ xp € F(Z,X). We may assume that >, [|zx] = 1.
Let € > 0. For every k = 1,...,n, there exists an x; € X™ such that

Iz — (ixT)ix~(zp)| < e
Let S:= >} ix«(z}) @z € F(X™,X). Then

SixT = (ixT)"ix(z}) @ zp.
k=1
We see that |R — SixT|| < e. Hence
Re[SixT:5 e Fx= X c 157 5 € F(X)}

(b) By Corollary 6.2, Z* = Toix(X) . Let R = S0, 2f @ a, €
F(Z,X*). We may assume that » ., ||zf|| = 1. Let ¢ > 0. For every




Approximation properties and ideals 267

k=1,...,n, there exists an z;, € X such that
[z, = T*ix (zp)]| < e
Let S:=>}_ 2 ® x € F(X, X). Then
n
ST = ZTaz’X(m‘k) ®a;, and ||[R— ST <e.
k=1
Hence R € {S°T : S € ]:(X)}'l‘”. .

We now extend Theorem 1.2.

COROLLARY 6.4. Let X be a Banach space. Suppose that A(X) is a
linear subspace of K(X) containing F(X) such that S1S2 € A(X) for all
S1,82 € A(X). Then X has the A-AP if and only if for every separable
reflexive Banach space Z and every T € K(Z,X), A(X)T is an ideal in
(AX)T U{T}).

Proof. By Theorem 1.2 we only need to show the “if” part. Let K be
a compact subset of the unit ball of X and let ¢ > 0. Then there exist a
separable reflexive Banach space Z, which is a linear subspace of X, such
that the inclusion map J : Z — X is a norm one compact operator and K
is a compact subset of Bz. By Proposition 6.3(a) we have

F(z,x)c FxI « aco

Now, by assumption A(X)J A7 s an ideal in

Ao = @ oy
Thus A(X)J A7 is an ideal in (A(X)J A7y {J}). By [LNO| Lemma 1.4],

Je{UeAX) I o<1y

Choose a U € A(X)JH.” with ||U|| < 1 such that sup,cg [|Jz — Uz|| < e/2,
and let Sp € A(X) be such that || SoJ — Ul| < &/2. Then

sup ||Sox — z|| < sup ||SoJz — Uz|| + sup Uz — Jz|| < e.

zeK zeK zeK
Hence X has the A-AP. =

The following corollary extends Theorem 5.2.

COROLLARY 6.5. Let X be a Banach space. Suppose that A(X) is a
linear subspace of K(X) containing F(X) such that S152 € A(X) for all
51,52 € A(X). Then X* has the A*-AP if and only if for every separable
reflexive Banach space Z and every T € K(X,Z), TA(X) is an ideal in
(TA(X)UA{T}).



268 J. M. Kim and K. Y. Lee

Proof. By Theorem 5.2 we only need to show the “if” part. Let K be
a compact subset of the unit ball of X* and let ¢ > 0. Then there exist a
separable reflexive Banach space Z, which is a linear subspace of X*, such
that the inclusion map J : Z — X* is a norm one compact operator and K
is a compact subset of Bz. By Proposition 6.3(b) we have

Fz,x) c Fax) 0 e g,
Now, let Jx : X — Z* be such that J% = J. By the assumption Jx.A(X)
is an ideal in (Jx A(X) U {Jx}). Then as in the proof of Theorem 5.1, we

see that A*(X)J is an ideal in (A*(X)JU{J}). As in the proof of Corollary
6.4, we complete the proof. m
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