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HOMOGENEOUS ROTA-BAXTER OPERATORS ON
THE 5-LIE ALGEBRA A, (II)

BY

RUIPU BAI and YINGHUA ZHANG (Baoding)

Abstract. We study k-order homogeneous Rota—Baxter operators of weight 1 on the
simple 3-Lie algebra A, (over a field F of characteristic zero), which is realized by an
associative commutative algebra A equipped with a derivation A and an involution w
(Lemma . A k-order homogeneous Rota—Baxter operator on A, where k € Z, is a
Rota-Baxter operator R satisfying R(Ly,)= f(m+k) L4k for all generators {L,, | meZ}
of A, and a map f : Z — F. We prove that R is a k-order homogeneous Rota—Baxter
operator on A, of weight 1 with k& # 0 if and only if R = 0 (Theorem , and R is a
0-order homogeneous Rota—Baxter operator on A, of weight 1 if and only if R is one of

the thirty-eight possibilities which are described in Theorems 3. 10} 13.18]
and [3.22]

1. Introduction. Rota—Baxter operators are closely related to many
fields in mathematics and mathematical physics. They have played an im-
portant role in the Hopf algebra approach to renormalization of pertur-
bative quantum field theory [3} 4, 9, |L0], as well as in the application of
the renormalization method in solving diverse problems in number the-
ory [16, 18]. They are also of importance in many fields such as symplec-
tic geometry, integrable systems, quantum groups and quantum field the-
ory [1} 12, 18, |9} 12417} |19, [20].

Bai, Guo and Li [5] investigated Rota—Baxter operators on n-Lie alge-
bras [11] and the structure of Rota-Baxter 3-Lie algebras. They provided
a method to obtain Rota—Baxter 3-Lie algebras from Rota—Baxter Lie al-
gebras, Rota—Baxter pre-Lie algebras and Rota—Baxter commutative asso-
ciative algebras and derivations. Bai and Zhang [7] discussed 0-order homo-
geneous Rota—Baxter operators of weight zero on an infinite-dimensional
simple 3-Lie algebra A, over a field F of characteristic zero. A 0-order
homogeneous Rota—Baxter operator on A, is a linear map R satisfying
R(L,,) = f(m)Ly, for all generators {L,, | m € Z} of A, and a map
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f :+7Z — F. It is proved that R is a homogeneous Rota-Baxter opera-
tor on A, if and only if R is one of the five possibilities Ry, , Ro,, Ro,, Ro,
and Rp,. By means of homogeneous Rota-Baxter operators, new 3-Lie al-
gebras (A,[, , ]i) for 1 <14 <5 have been constructed with Ry, being their
homogeneous Rota—Baxter operators, respectively.

In this paper we investigate k-order homogeneous Rota—Baxter operators
of weight 1 on the simple 3-Lie F-algebra A,,, where F is a field of charac-
teristic zero. Throughout this paper, by an algebra we mean an F-algebra.

2. Preliminaries. We recall that a 3-Lie algebra over a field F is an
F-vector space A endowed with a ternary multi-linear skew-symmetric op-
eration [, , | such that for all z1,x2,z3,y2,y3 € A,

[[x1, 22, 23], Y2, y3]
= [[1,y2, ysls w2, 23] + [[x2, Y2, Y], 23, 21] + [[23, Y2, ys], ¥1, 2.
DEFINITION 2.1. Let A € F be fixed. A Rota—Baxter 3-algebra over F is
a 3-algebra (4, (, , )) with an F-linear map R : A — A such that
(2.1)  (R(x1), R(x2), R(x3)) = R({R(z1), R(z2), x3) + (R(z1), 2, R(x3))
+ <l‘1, R(xg), R(x3)> + )\(R($1), xa, x3> + /\(%1, R(:CQ), x3>
+ /\<JI1, 9, R($3)> + )\2<CC1, o, x3>) .

LEMMA 2.2. Let (A,(, , )) be a 3-algebra over F, R: A — A a linear
map and X € F, X # 0. Then (A,(, , ),R) is a Rota—Bazter 3-algebra
of weight X if and only if (A,(, , ),\"'R) is a Rota—Baxter 3-algebra of
weight 1.

Proof. Apply (2.1)). m
LEMMA 2.3 ([6]). Let A be an F-vector space with a basis {Ly, | n € Z}.

Then (A,[, , ]) is a simple 3-Lie algebra, where for all l,m,n € Z,
(1) (1 (-1
(22) [Ll7 Lma Ln] = 1 1 1 Ll+m+n71-
l m n

NOTATION. In the following, the 3-Lie algebra A in Lemma is de-
noted by A, and we set
()L (-1 (-1
D(l,m,n):=| 1 1 1
[ m n

LEmMMA 2.4 ([7]). D(I,m,n) =0 if and only if for all l,m,n,k,s,t € Z,
either
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e (l—m)(l—n)(m—n)=0, or
e[ =2k+1, m=2s+1,n=2t+1, or
o | =2k m=2s,n=2t.

3. Homogeneous Rota—Baxter operators of weight 1 on A,. By
Definition if (A,[, , ], R) is a Rota—Baxter 3-Lie algebra of weight 1,
then the F-linear map R : A — A satisfies, for all x1, 22,23 € A,

(3.1)  [R(z1), R(x2), R(x3)] = R([R(x1), R(22), x3] + [R(x1), 22, R(x3)]
+ [z1, R(z2), R(w3)] + [R(x1), ¥2, 73] + [21, R(22), 73]
+ 21, 22, R(x3)] + [21, 2, 23]).

DEFINITION 3.1. Let R be a Rota—Baxter operator on A,,. If there is a
map f:7Z — F and k € Z such that

(3:2) R(Ly) = f(m +k)Lyik, VmEZ,
then R is called a k-order homogeneous Rota—Baxter operator, and denoted

by Ry.

3.1. k-Order homogeneous Rota—Baxter operator on A, with
k # 0. Let Ry be a k-order homogeneous Rota—Baxter operator on A, with

k #0. By and , for all x,y,z € A,
[Ri(Li), Ri(Lm), Ri(Ln)] = [f(U+ k) Ligk, f(m + k) Lk, f(n + k) Ly
= [+ k) f(m+k)f(n+k)D(+k,m+kn+k)Litnmintse—1,
Ry ([Ly, Ri(Lim), Ri(Ln)] + [Ri(Ly), L, Re(Ln)] + [Ri(Lt), Ri(Lim ), L]
+ [Ri(L1), Lony L] + [Lt, Ri(Lum), Ln) + [Lts Lns Rie(Ln)] + (L, L, L))
— Ry([Lts £(m+ K) Lo £+ 8) L] + [0+ ) Li s L, Ll
+ [f(U+ )Ly, f(m + k) Lo, L)) + [f(U+ B) Lo, L, f(n+ k) Lypti]
+ [Li, f(m + k) Lk, L] + [Liy Lin, f (0 + k) L] + [Li, Lin, L))
= f( EYf(l+m+n+2k—1)D(l+ k,m,n)Litmintok—1
+fm+k)f(l+m+n+2k—1)D({,m+k,n)Litmin+ok—1
+fin+k)fl+m+n+2k—1)D({I,m,n~+k)Litmintok—1
+f(l+m+n+k—1)DI,m,n)Litmintk—1
+fm+k)f(n+k)fl+m+n+3k—1)D(I,m+k,n+k)Litmint3k—1
+fl+k)fn+k)fl+m+n+3k—1)D(+k,m,n+k)Litmintsk—1
+ fU+ k) f(m+E) f(l+m+n+3k—1)D(+k,m+k,n)Litminisr—1.
We deduce that if k # 0, then Ry ([L;, Ly, Ly]) = 0 for all I,m,n € Z. Since
A, = [Aw, Aw, Ay, we have Ri(Ay) = 0.
This shows the following result.
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THEOREM 3.2. A linear map Ry : A, — A, defined as in (3.2)) is a k-or-
der homogeneous Rota—Baxter operator of weight 1 if and only if Ry = 0.

3.2. 0-Order homogeneous Rota—Baxter operators of weight 1.
In the following we discuss 0-order homogeneous Rota—Baxter operators of
weight 1 on A,,. Then (3.2)) reduces to

(3.3) R(Ly,) = f(m)Ly,, VmeZ.
For convenience, throughout this paper a 0-order homogeneous Rota—
Bazxter operator of weight 1 on A, is simply called a homogeneous Rota—

Baxter operator on A,,.
Let R be an F-linear map on A, defined as in (3.3). Denote

Wi = {2m | m € Z\ {0}, f(2m) £ O},
Ur={2m+1|meZ\{0}, f(2m+1) # 0},
Wa = {2m | m € Z\ {0}, f(2m) = 0},
Uy={2m+1|meZ\{0}, f(2m+1) =0}.

LEMMA 3.3. Let R: A, — Ay be a linear map defined as in . Then

R is a homogeneous Rota—Bazter operator on A, if and only if the map f
has the property that for all I, m,n € Z with m # n,

(34) f@Cn+1)f2Cm+1)f2) = (f@Cn+1)fCm+1)+ f(2n+1)f(20)

+F@m+ D)D)+ f2n+1)+ F2m+ 1)+ f(20) +1) f(2n +2m + 21 + 1),

(3.5)  fRI+DfEm)f(2n) = (fFL+1)f(2m) + f(2L+ 1) f(2n)
+f2m)f(2n) + f(2L+ 1) + f(2m) + f(2n) + 1) f (20 4+ 2m + 2n).

Proof. By (3.1) and (3.3)), R is a homogeneous Rota-Baxter operator on
A, if and only if the map f : Z — F in ({3.3)) satisfies, for all [, m,n € Z,

FOfm)f(n)D(m,n) = (fF(D)f(m) + f(Df(n) + f(m)f(n)
+f()+ f(m)+ f(n) + 1) f(l+m+n—1)D(l,m,n).
Therefore, and hold. =
Ifl=n=0and m#0,1, thenbyand ,
(f(m)f(1) + F(0)f(m) + f(0) + f(1) + f(m) + 1) f(m) = 0.
Hence
(3.6) (f(0) + f(1) + 1) f(m)(f(m) + 1) = 0.
We consider several cases according to the value f(0) + f(1) + 1.

3.2.1. The case of f(0)+ f(1)+1 # 0. In this section we discuss homo-
geneous Rota-Baxter operators in (3.3]) which satisfy f(0) + f(1) +1 # 0.
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LEMMA 3.4. Let R be a homogeneous Rota—Baxter operator on A,, with
f(0)+ f(1)+1#0. Then
(3.7) Fm)(f(m) +1) =0,  VmeZ\ {01},

Proof. Apply (3.6)). =

THEOREM 3.5. Let R : A, — A, be a linear map defined as in (3.3))
with f(0) 4+ f(1) + 1 # 0. If at least one of the four subsets W;,U;, i = 1,2,
is finite, then R is a homogeneous Rota—Baxter operator on A, if and only

if the map f :7Z — T in (3.3) satisfies one of the following conditions, for
allm € Z:

(1) f(m) =

f(m
(2) f(m) =
(3) f(2 )—0 F@m4+1) = —1if m #0, and fF(O)(f(1) +1) = 0.
(4) f2m)=—-1,f2m+1)=04if m#0 and f(1)(f(0)+ 1) =0.

Proof. If f satisfies one of conditions (1)—(4), then R satisfies and
. Therefore, R is a homogeneous Rota—Baxter operator on A,.

Conversely, let R be a homogeneous Rota—Baxter operator on A,,.

We first prove that if W; (or U;) is finite, where ¢ = 1 or 2, then it is
empty.

Without loss of generality, we can suppose that |Wi| = s < oc.

If s > 1, then without loss of generality, we can suppose that W; =
{2my,...,2ms_1} and |Uy| # 0. Then there is ng # 0 such that f(2ng + 1)
= —1. If |Us| = oo, then there exist distinct 2m,2n € Wy and 21 4+ 1 € Uy
such that 2m + 2n + 2] = 2my. We arrive at the contradiction f(2mg) =
f(2m)f(2n)f(2l + 1) = 0. Therefore, |Us| < 0o, and |U;| = oco. Then there
exist distinct 21+ 1,2n+1 € Uy and 2m € W5 such that 2m+ 2n+ 21 = 2ny.
We get the contradiction f(2ng +1) = f(2m)f(2n+1)f(20+1) = 0.

Therefore, W is empty, that is, f(2m) = 0 for all m € Z \ {0}.

Now we need to discuss the following three cases.

e Uy is non-empty. There is 2ng + 1 € Uz such that f(2no+1) =0, and
for all m € Z\ {0,—ng} and s € Z,
f(2no + 1) f(2m) f(—2n9 — 2m) = f(0) =0,
f@2no+ 1) f(1)f(=2n0) = (f(1) +1)f(1) =0,
f@Cng+1)f(1)f(2s) = f(2np+2s+1) =0.

Therefore, f(0) = f(1) =0, and for all I € Z\ {—no} we have f(2[+1) = 0.
We obtain (1).

o Uy is empty. Then for all | € Z\{0}, f(2[+1) = —1, and f(0)(f(1)+1)
= 0. We obtain (3).

o Wy is empty. Then for all m € Z\ {0}, we have f(2m) = —1.
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If U; is empty, then we obtain (4). If Uz is empty, then we obtain (2).
The proof is complete. m

Now we discuss the case |W;| = |U;| = o0, i =1, 2.

LEMMA 3.6. Let R be a homogeneous Rota—Bazxter operator on A, with
FO)+FfA)+1#0. If Wy = {2mg < 2my < ---}, then Uy = {2lg + 1 <
211 +2 < -+ }, where ly > —my and l; > —my.

Proof. By (3.4) and (3.5)), for all 20 +1 € U;, we have f(2mg+2m +21)
= —1. Then 2l+2mg+2mq > mg, and [ > —m;y. Therefore, U is as stated. =

THEOREM 3.7. Let R be a homogeneous Rota—Baxter operator on A,
with f(0)+ f(1) + 1 #0. Then the map f:7Z — F in (3.3) satisfies one of
the following conditions:

(1) There exist mg,m1 € Z with mo < my such that f(2mg) = f(2m1 +
2k:(m1 — mo)) =—1, f(—2m1 + 1) = f(—2m0 + 2k(m1 — mo) + 1) =—1
for all k € Z>¢, and f(m) =0 for the remaining m € Z.

(2) f(2k)=f(—1)= f(2k+1) = —1 for all k € Z~o, and f(m) =0 for the
remaining m € 7.

(3) There is my € Z=q such that f(2kmg) = f(—2mo + 1) = f(2kmo + 1)
= —1 for all k € Z>¢, and f(m) =0 for the remaining m € 7Z.

(4) There is my € Z<o such that f(2mg) = f(2kmg) = f(2kmo+ 1) = —1
for all k € Z<o, and f(m) =0 for the remaining m € Z.

(5) f(0) = f(1) = —1, and there is mg € Z~1 such that f(m) = —1 for all
m € Lsm,y, and f(m) =0 for the remaining m € 7Z.

(6) f(0)= f(1) = —1 and there exist distinct mg,ly € Z~q such that for all
m,n € Z, if m > mg and n > ly, then f(2m) = f2n+ 1) = —1, and
f(m) =0 for the remaining m € Z.

Proof. Suppose Wi = {2mg < 2my < ---}, Uy = {2lp+1 < 2l; + 1
<---}. By Lemma we have lg > —mj and mg > —I;.

(i) The case lp = —my. By (3.4) and (3.5)), for all i € Z>1,
mi:ml—i—(i—l)(ml—mo), l1 = —myg, l; = —mo—i—(i—l)(ml—mo).
We obtain (1).

(ii) The case —my < lg < —mg. Since 2(mg + lop +m1) € Wi and mg +
lo + m1 < my, we see that mg + o + m1 = mgy. We obtain the contradiction

lo < —my. Therefore, this case does not occur.
(iii) The case —my < lyp = —myg. Since

£(0) = £(0)f(2mo) f(2lo +1) = F(0)f(2mo) f(~2mo + 1) = —f(0)?,
F(1) = F(1)f(2mo) f(2lo +1) = F(1) f(2mo) f(=2mo + 1) = —f(1)*,
we have either f(0) = f(1) =0, or f(0) = f(1) = —1.

=/
=f
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o If f(0) = f(1) =0, then for all k,l € Z~o,

f(2mo = 2k) f(=2mo — 21+ 1) f(0) = f(=2(k +1)) =0,

f(2mo —2k)f(—2mo — 20+ 1) f(1) = f(—2(k+ 1)+ 1) = 0.
We obtain mg > 1, —mg = lp > —1. If there is ky > 1 such that f(2ky) = 0,
then f(—2kg — 2+ 1) = 0. We get the contradiction

F)F2ko)f(=2ko =2+ 1) = f(=2+1) = f(2lo + 1) = 0.
Therefore, Wy = {2k | k € Z~o} and Uy = {-1,2k+ 1 | k € Z~o}. This
yields case (2).

o If f(0) = f(1) = —1, then for I,m,n,s € Z \ {0}, from
fL+1)=f(2n+1) = f(2m) = f(2s) = —1,
we have f(2l+2n+1) = f(2m+2s) = f(2l+2m) = f(2l+2m + 1) = —1.
Then 2mq + 2lg = 2mq — 2mg € W7 and 201 +2lp+1 = 2l1 —2mog+ 1 € Uj.
If mo > 0, then by Lemma [3.6] we have mq —mg > 0, l; — mgy < 1, and
my = 2myg, l1 = my. Inductively, suppose my = (k + 1)mg, I = kmyg. Since
Mmi—1 = kmgo = my — mo < Mgp1 — Mo < Mp41,
we have
my1 = (k+2)mo,  lg—1 = (k= 1)mg =l — mo < lpg1 — mo < 41,
and lg11 = (k+ 1)mg. Then
Wy = {2]677”60 | ke Z>0}, U = {—2m0 +1,2kmog + 1 | ke Z>0}.

We obtain case (3).
If mg < 0, then Wy = {Qmo, —2kmg | k € Z>0} and U; = {Qkimo +1 |
k € Z~o}. We obtain case (4).

(iv) The case lp > —my. If there is m’ > mg such that f(2m’) = 0, then
from m’ > mgy and —m’ < —mgy < ly, we have f(—2m’ + 1) =0, and
F0)f2m/) f(=2m/ + 1) = (£(0) + 1) f(0) = 0,
fFAfEm)f(=2m' +1) = (f(1) + 1) f(1) = 0.
Thus either f(0) = f(1) =0, or f(0) = f(1) = —1.
o If f(0) = f(1) = —1, then from f(2mo+2lp) = f(2mo+2lp+1) = —1,

we obtain mg, g > 0.
If mg = lp, then from f(k2mg) = —1, we have lp = mo > 1, and

{2km0 | ke Z>0} C Wy, {2]€m0 +1 ‘ ke Z>0} CcU.

If there exist r,k € Z~g such that r < mg and f(2mok + 2r) = 0, then
from f(—2r) = f(—2kmo + 1) = 0, we get the contradiction

0= f(2mok + 2r) f(—2r)f(—2kmo + 1) = f(0) = —1.
Therefore, for all m > mg, we have f(2m) # 0. We obtain case (5).
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If lp # mo, then from f(2lp + 2mg) = f(2mo + 2lp + 1) = —1, we have
{Qk'mo + 2Ing ‘ k € Z-g, 1l € Zzo} C Wy,
{kao + 2lng + 1 ’ ke 2207 l e Z>0} Cc U;.
We obtain Wy = {2m | m € Zzp, }, Ur = {2n+1 | n € Z>,}, and f(I) = —1
for all I € W U U;. This gives (6).
e Now we prove that the case f(0) = f(1) = 0 does not occur.
If £(0) = f(1) = 0, then from ly > —mg > —m’ and Iy > —m/ + 1, we
have f(2m') = 0, and
FO)f@2m) f(=2m" +241) = (f(0) + Df(2) =0,
FfEm)f(=2m" +241) = (£(0) + 1)f(3) = 0.
Then f(2) = f(3) =0. If f(2k) = f(2k+ 1) = 0 for k € Z~o, then by (3.4)
and (3.5)), we have
FO)FERR)F(2+1) = (f(0) + 1) f(2k +2) = f(2k +2) =0,
FOfRE)f2+1)=(f0)+ 1) f(2k+24+1)=f(2k+2+1)=0.
Therefore, f(2k) = f(2k+2+1) = 0 for all k € Z>(. We get the contradiction

|U1| = oo. Thus the case f(0) = f(1) = 0 does not occur. The proof is
complete. m

LEMMA 3.8. Let R be a homogeneous Rota—Baxter operator with f(0) +
f()+1#0, and Wy ={2my >2mq > ---}. Then Uy = {2lp+1 > 2l; + 1
> b with lp < —my and 1y < —my.

Proof. By (3.5), f(2mg + 2mq + 21) = —1 for all 2l + 1 € U;. Then
20+2mo+2my < 2my andl < m1 Therefore, Uy = {2lp+1 > 2l;+1 > ---}
with lo < —mj. Thanks to , m[) *ll | ]

THEOREM 3.9. Let R be a homogeneous Rota—Baxzter operator with f(0)

+ f(1) +1 # 0. Then the map f : Z — F in (3.3) satisfies one of the
following conditions:

(1) There exist mg,my € Z with mgy > my such that
f(2m0) = f(2m1 + 2k(m0 - ml)) =—1, ke Zgo,
f(=2m1 4+ 1) = f(—2mo + 2k(mo —mq1) + 1) = -1, k€ Z<o,

and f(m) =0 for the remaining m € Z.

(2) f(2) = f(2k) = f(2k+ 1) = —1 for all k € Z<o, and f(m) = 0 for the
remaining m € 7.

(3) There is mg € Z<o such that f(2kmo)=f(—2mo+1)=f(2kmo+1)=—1
for all k € Z>o, and f(m) =0 for the remaining m € Z.

(4) There is mo € Zsq such that f(2mg) = f(2kmg) = f(2kmo+ 1) = —1
for all k € Z<o, and f(m) =0 for the remaining m € Z.
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(5) f(0) = f(1) = —1, and there is mg € Z<_1 such that f(l) = —1 for all
[ <2mo+1, and f(m) =0 for the remaining m € Z.

(6) f(0) = f(1) = —1, and there exist distinct mo,lo € Z<o such that
f@2m) = f@2l+1)=—1 for allm < mg and | < ly, and f(m) =0 for
the remaining m € Z.

Proof. Apply the arguments used in the proof of Theorem .

THEOREM 3.10. If inf W; = infU; = —oco and sup W; = supU; = oo,
then R is a homogeneous Rota—Baxter operator on A, with f(0)+ f(1) +1
# 0 if and only if the map f : Z — F in satisfies one of the following
conditions:

(1) There is my € Z \ {0} such that f(2kmo) = f(2mok + 1) = 0 for all
k€ Z, and f(m) = —1 for the remaining m € Z.

(2) There is mg € Z\ {0} such that f(2kmo) = f(2mok + 1) = —1 for all
k € Z, and f(m) =0 for the remaining m € Z.

Proof. Let R be a homogeneous Rota—Baxter operator on A,,. Suppose
Wy = {2mi,2mg | 1 € ZZO}’ U, = {211‘ + 1,2[2 +1 ’ 1 € ZZO}7 where for
1€ Zzo,

My <my, mi < mipr, mo<0<mg, L <l, L<lgi, lj<0<l.

If f(0) =0b+# 0,—1, then for distinct [,k € Z with f(21+1) = f(2k+ 1)
= 0, we have f(2l +2k + 1) = f(2lp + 2lj + 1) = 0. Since 2ij + 1 <
20y + 21y + 1 < 2lp + 1, we see that f(1) = 0. From f(2mg + 2m() = 0 and
2m{, < 2mg+ 2my < 2mg, we get the contradiction f(0) = b = 0. Therefore,
either f(0) =0, or f(0) = —1.

If £(0) = 0, then from 2l + 1 < 2lp + 2l + 1 < 2lp + 1 and (3.4), we
have f(0)f(2lo + 1)f(2ly + 1) = f(2lp + 2l + 1) = 0. Therefore, I{, = —I
and f(1) = 0. We deduce that m; = —m/, l; = —I} for all i € Z>¢. Since
0 < 2my — 2mg = 2my + 2m6 < 2m1, we have m; = 2myg. Inductively, we
obtain m; = (i + 1)mg, m, = —(i + 1)mo, l; = (i + 1)lp and I, = —(i + 1)l
for all ¢ € Z>o.

If mg # lo, then from 2mg — 21y = 2mg + 21 < 2my, we have 2mg — 2l
€ Wa, 2lj + 1 < 2mg — 2lp + 1, and 2mg — 2lp + 1 € Uy, and we get the
contradiction 2mg — 2lp < 0 and 2mg — 2lg > 0. Therefore, mg = ly. This
gives case (1).

Similarly, we obtain (2) for f(0) = —1. The proof is complete. =

3.2.2. The case f(0)+ f(1)+1 =0 and f(0) = a # 0. In this section we

discuss homogeneous Rota—Baxter operators on A4, with f(0)+ f(1)+1 =0
and f(0) =a €\ {0}.

LEMMA 3.11. Let R be a homogeneous Rota—Baxter operator on A,, with
fO)+ f(1)+1=0 and f(0) =a € F\ {0}. Then f satisfies the following
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equations, for l,m,n € Z:
(1) af@l+1)f2m+1) = ((a+ 1 fl+1)+(a+1)fCm+1)+a+1
+ fRU+ 1) f2m 4+ 1)) f(2L+2m+ 1) if | # m.
(2) (a+1)f(2m+1)f(2n) = (af(2m +1) + af(2n)
— f2m+1)f(2n) —a) f(2m + 2n + 1) if m # 0.
(3) af2l+1)f2m) = ((a+1)f(2L+ 1)+ (a+ 1) f(2m) + a+1
+ f(2L+ 1) f(2m)) f (21 + 2m) if m # 0.
(4) (a+1)f(2m) £(2n) = (af (2m) + af (2n) — F(2m) f(2n) — a) f(2m + 2n)
if m # n.
Proof. This follows from ) and .

THEOREM 3.12. Let R be a homogeneous Rota—Baxter operators on A,
with f(0)+ f(1)+1 =0 and f(0) =a € F\ {0}, then the map f:Z — F in
(3.3) satisfies

(3.8) fd=m)+ f(m)+1=0, VmeZ.
Proof. From Lemma for all m,n € Z\ {0}, we have
—f(2m+1)f(2n)

= f@m+2n+1)(—afm+1) —af(2n) —a+ f(2m+1)f(2n))
+ f(2m+2n)((a+1) f(2m+1)+(a+1) f(2n)+ f(2m+1) f(2n) +a+1).

Therefore, f(2m + 1)+ f(—2m)+1=0for allm € Z. =

THEOREM 3.13. Let R be a homogeneous Rota—Baxter operator on A,
with f(0)+ f(1)+1 =0 and f(0) =a € F\ {0}. If

fRE)f2Of2m+1)f(2n+1)#0  fork,l,m,n € Z\ {0},

then
(1) f(2k+20) #0; (2) f(2k+2m) #0; (3) f(2k+2m+1) #0;
(4) f(2m+2n+1) #0; (5) f(2m+2n+2k+1) # 0; (6) f(2m+2k+2l) # 0;
(7) f(1=2k+2m) #0, m # —k; (8) f(4k) #0; (9) f(1—2k—2m)+1#0;
(10) f(2k—2m)+1+#0; (11) f(1 —4k)+1#0.

Proof. (1), (2), (3) and (4) follow from (4), (2), (3) and (1) in Lemma

3.11} respectively. (5) and (6) follow from and (3.5).
(7) follows from Lemma [3.11{(1) and | = 0, m # —k.
(8) follows from Lemma [3.11[3) and &k # 0.
(9), (10) and (11) follow from (2), (7) and (10), respectively. =

COROLLARY 3.14. Let R be a linear map on A, defined by (3.3 with
fO)+ f(1)+1 =0 and f(0) = a € F\ {0}. If at least one of the subsets
W;, U, i = 1,2 is finite, then R is not a homogeneous Rota—Bazter operator.
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Proof. This follows from Theorem [3.13] =

THEOREM 3.15. If R is a homogeneous Rota—Baxter operator on A,
with f(0)+ f(1)4+1 =0 and f(0) = a € F\ {0}, then inf W; = inf U; = —o0,
sup W; = sup U; = oo, and there is my € Z \ {0} such that

Wi ={2mok | k € Z\{0}}, Ur={2mok+1[k € Z}.

Proof. Without lost of generality, suppose that there is my € Z such
that f(2mg) # 0, and m > mg (or m < myg) for all 2m € W;. By Theorem
f(2m + 2mg) # 0 and f(4mg) # 0 for all 2m + 1 € U;. We obtain
2m 4+ 2mg > 2mg and mg > 0. Then there is [y € Z~ such that 21+ 1 € U;
for all 21 + 1 > 2ly 4+ 1. From Theorem [3.13(7), f(1 + 2lp — 2mg) # 0.
We get the contradiction 2lp + 1 < 1+ 2lyg — 2mg < 1 4 2lg. Therefore,
inf W; = infU; = —oo and supW; = supU; = oo. Then we can suppose
Wi ={2m;,2m! | i € Z>o} and Uy = {21 + 1,2, + 1 | i € Z>(}, where

mi g <mp<0<mg <miyr, g <li<0<l<lipy, i>0.
Thanks to Theorem 2mg + 2m{, € Wi, my < mo + mj < mg, and
my = —my.

From 0 < 2m;+m({ = 2m;—2mg < 2my, we have m; = 2my. Inductively,
we get m; = (i+1)mg, m, = —(i+1)my, l; = (i+1)lp and I; = —(i+1)l for all
i > 0. Then there exist positive s,t € Z such that 2ly + 2mg = 2smg = 2tlj.
Therefore, lg = mg. The proof is complete. m

Let R be a homogeneous Rota-Baxter operator on A,,. The subset T}, =
W1 UU; is called the mg-supporter of R. Then for all m € Z\{0, 1}, f(m) #0
if and only if m € T}, .

COROLLARY 3.16. Let R be a homogeneous Rota—Baxter operator with
fO)+ f(1)+1 =0 and f(0) =a € F\{0}. Then the map f :Z — F in

has the property that for k € Z, if f(2mok) # 0, then f(2mok) # —1,
f(1+2mok) #0,—1, and
1 1 1 142
B FameR) T amok) T T@moR) 2ok
Proof. From Theorem [3.13(9)&(10), if f(2mok) # 0, then f(2kmg) #—1,
f(1+2kmg) #0,—1. By Lemma [3.11](4),
(14 2a) f(2mok) f(—2mok) = a®(f(2mok) + f(—2mok) + 1)

for m = —n = 2mpyk # 0. This yields (3.9). =

COROLLARY 3.17. Let R be a homogeneous Rota—Baxter operator with
FO)+f(1)+1=0, f(0) =a € F\{0} and mq-supporter T,,,. Then the map
f:Z — Fin (3.3) has the property that for all ki, ko, ks € Z with ko # ks,
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1 1 1 1
(3.10) f(2m0k2) * f(2m0k'3)f(2m0k2) * f(2m0k3) - f(2m0k1)
1 1

+ + .
f(2m0k1)f(2m0(—k1 + ko + k3)) f@2mo(—k1 + k2 + kg))
Proof. Apply the arguments used in the proof of Corollary .

THEOREM 3.18. Let R be a homogeneous Rota—Baxter operator on A,
with f(0)+ f(1)+1 =0 and f(0) = a € F\ {0}. Then there is mo € Z\ {0}
such that the map f : Z — F in (3.3]) satisfies one of the following conditions:

(1) f(2mok) = a, f(2mok +1) = =1 —a for all k € Z, and f(m) =0 for
the remaining m € Z.

(2) If there is ko € Z\ {0} such that f(2moko) # a, then a # —1, —1/2, and
f(dmok) = a, f(4mok+1) = —1—a, f(4mok+2) = 135., f(4mok+3) =

- 11;*'2“& for all k € Z, and f(m) =0 for the remaining m € Z.

Proof. By Theorems and there is my € Z \ {0} such that
f(l) # 0 if and only if either I = 2mgyk or | = 2mpk + 1. Thanks to (3.10)),
for k # 0,

(3.11) f(2mok) = f(—2mok).

Then for all distinct I,k € Z\ {0},
f(1+2mok) = f(1 —2mok) = —1 — f(2mok),
(f(2mok) — f(2mol))(f (2mok) + 2f (2mok) f (2mol) + f(2mol)) = 0,
(f(2mok) — a)(f(2mok) + 2af(2mok) + a) = 0.

We deduce that if f(2mgl) # a, then a # —1,—1/2, and

f(2mol) = f(—2mol) = 1_17@2&, f2mol+1) = f(—2mol +1) _11:22-

If there exist no, ko € Z \ {0} such that f(2moko) # a and f(2mong) = a,
then ko # £ng and f(2mg(no + ko)) # a. By , for k1 # ko and ny # no,
if f(2mon1) = a and f(2mok1) # a, then f(2mgo(ko+k1)) = f(2mo(no+n1))
= a. Without loss of generality, we can suppose mg > 0. Then for positive
ko,ng € Z with f(2mgk) # a and f(2mgs) = a, we have k > ko, s > ng and
f(2m0(k‘0 — ’I’Lo)) 75 a. Since kg — ng < kg, we get kg = 1.

If ng > 2, then f(2mo2) # a, and f(2mo(1 + 2)) = a. We obtain
nog = 3. Therefore, f(2m3) = a, f(2mo(2+3)) # a, f(2mp(2+5)) = a, and
f(2mo(1+ 3)) # a. We get the contradiction f(2mg(3 +4)) # a. Therefore,
no = 2, and f(2mok) = a for k = 21, and f(2mgk) # a for k = 21 + 2. This
gives (2).

If for all k € Z, f(2mok) = a, then by [3.8), f(2mok +1) = —1 —
f(2mok) = —1 — a. This yields (1). =
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3.2.3. The case f(0) = 0 and f(1) = —1. In this section we discuss
homogeneous Rota-Baxter operators R with R(Lg) =0 and R(L;) = —L,
that is, the map f : Z — F in (3.3) has the property that f(0) = 0 and
71 =1,

LEMMA 3.19. Let R be a homogeneous Rota—Baxter operator on A, with
f(0)=0 and f(1) = —1. Then the map f :7Z — F in (3.3)) has the property
that for alll,m,n € Z:

1) (FQL+ 1)+ 1) (f2m+1)+ 1) (2 +2m+1) =0 if | £ m.
(2) fCm+1)f2n)(1+ f(2m+2n+1)) =0 if m #0.

(3) (F(21+ 1)+ 1)(F(2m) + 1) f(20 +2m) = 0 if m # 0.

(4) f(2 )(2n)(1+f(2m+2n)):0ifm7én.

Proof. This follows from and .

COROLLARY 3.20. Let R be a homogeneous Rota—Baxter operator on A,
with f(0) = 0 and f(1) = —1. Then the map f : Z — F in (3.3)) has the
property that for k,l,m,n € Z\ {0}:

(1) If f(2k) #0 and f(2l) # 0, k # £, then f(2k +21) =

(2) If f(2k) #0 and f(2m + 1) # 0, then f(2k + 2m + 1) = —1

(3) If f(2k) =0 and f(2n+ 1) =0, then f(2k + 2n) = 0.

4) If fCm+1) = f(2n+1) =0 with m # +n, then f(2m +2n+1) =0.
(5) 1(20)f(~2k) = 0.

(6) (f(2m+ )+1)(f(—2m+1)+1):0.

(7) [Wa| = |U1| =

Proof. This follows from Lemma .

THEOREM 3.21. If |Wi| < oo, then R is a homogeneous Rota—Bazter
operator on A, with f(0)=0 and f(1)=—1 if and only if the map f : Z — F
in (3.3) satisfies one of the following conditions:

(1) [Wi|=|Ua| =0, and f(2m) =0, f(2m+1) = —1 for all m € Z.

(2) |[Wi| = |Usz| =0, and there is ng € Z\ {0} such that f(2no+1) # 0, —1
and f(2m) =0, f(2n+1) = —1 for all m,n € Z with n # ny.

(3) [Wi| =0, |Uz| =1, and there is ng € Z \ {0} such that f(2no+1) =0
and f(2m) =0, f(2n+1) = —1 for all m,n € Z with n # ny.

(4) |Wi| =1, |Ua| =0, and there is mg € Z\ {0} such that f(2mg) # 0 and
f@2m) =0, f2n+1)=—1 for all m,n € Z with m # my.

Proof. Apply the arguments used in the proof of Theorem .

From Theorem if R is a homogeneous Rota—Baxter operator, then
|W1| # 0 and |Us| # 0 if and only if |W;| = |Uz| = oo. So in the rest of this
section, we discuss the case |W| = |Uz| = oo
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THEOREM 3.22. If |Wi| = oo, then R is a homogeneous Rota—Baxter
operator with f(0) = 0 and f(1) — 1 if and only if the map f : Z — F in
(3.3) satisfies one of the following conditions:

(1) There exist mg € Zso and ng € Z<q such that f(2n+1) = f(2m) = —1
for all n > ng and m > myg, and f(m) = 0 for the remaining m € Z.

(2) There exist mg € Zso and ¢,d € F\{0, —1} such that f(2m) = f(2n+1)
=—1, f(—=1) =c and f(—3) =d for allm € Z>p, and n € Z>o, and
f(m) =0 for the remaining m € Z.

(3) There exist mg € Zso, and ¢’ € F\{0,—1} such that f(2m) = f(2n+1)
= f(-=1)=f(-3)=—-1and f(3) = forallm >my,n >0 andn # 1,
and f(m) =0 for the remaining m € Z.

(4) There exist mg € Zsg, and g € F\{0,—1} such that f(2m) = f(2n+1)
= —1 and f(=1) = g for allm > mg, n > 0, and f(m) = 0 for the
remaining m € 7.

(5) There exist my, my,ng € Z with my > mo > 0 and ng < 0, and h €
F\ {0, -1} such that f(2my) = h, f(2m) = f(2n+ 1) = —1 for all
m > mg, m#my and n > ng and f(m) =0 for the remaining m € Z.

(6) There exist my, mg,ni,ng € Z with my > mg > 0, ng < ny, ng < 0,
and h,h' € F\ {0,—1} such that f(2my1) = h, f(2n1 +1) = A’ and
f@2m) = f(2n+1) = —1 for all m > mg, n > ng with m # my and
n #ny, and f(m) =0 for the remaining m € Z.

(7) There exist mg,mi,ma € Zso with my,mg > mgy, m1 # ma, ng € Z<
and g,r € F\ {0,—1} such that f(2my1) =g, f(2m2) =r, f2n+1) =
f(2m) = —1 for all n > ng, m > mgy with m # my and m # ma, and
f(m) =0 for the remaining m € Z.

(1)" There exist mg € Z<o and ng € Zsgo such that f(2n+1) = f(2m) = —1
for all n < ng, m < mg, and f(m) =0 for the remaining m € Z.

(2)' There exist mg € Z<o and ¢ € F\{0,—1} such that f(2m) = f(2n+1) =
—1 and f(3) = ¢ for allm < mgy and n < 0, and f(m) = 0 for the
remaining m € Z.

(3)" There exist mg € Zeo and ¢',d" € F\ {0,—1} such that f(—1) = ¢
and f(=3) =d', and f(2m) = f(2n+1) = f(1) = f(3) = —1 for all
m < mg and n < =2, and f(m) =0 for the remaining m € Z.

(4)" There exist mg € Z<o and g € F\{0, —1} such that f(—1) = g, f(2m) =
f@2n+1) = —1 for all m > mgy, n < 0 with n # —1, and f(m) =0 for
the remaining m € Z.

(5)" There exist mg,m1,ng € Z with m; < mg < 0 and ng > 0 and h €
F\ {0,—1} such that f(2m1) = h, f(2m) = f(2n+ 1) = —1 for all
m > mg with m # mq and n < ng, and f(m) = 0 for the remaining
m € Z.
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(6)" There exist my, mg,n1,n9 € Z with my < my < 0, n1 < ng, ng > 0
and h,h' € F\ {0,—1} such that f(2m1) = h, f(2n1 +1) = I’ and
f2m) = f(2n+1) = —1 for allm < mg with m # my and n # ny with
n < ng, and f(m) =0 for the remaining m € 7Z.

(7)! There exist mg € Z<o and distinct mi,ma € Z<my, no € Zso and
g, € F\{0,—1} such that f(2m1) = g, f(2ma) =7, and f(2n +1) =
f(2m) = —1 for all m € Z<p, \ {m1,ma} and n < ng, and f(m) =0
for the remaining m € Z.

Proof. Since |W7| = oo, without loss of generality we can suppose that
there is m € Z~o with f(2m) # 0.

Then there is my € Z~q such that if 2m € W7 and m > 0, then m > my.
We will prove that W7 = {2m | m € Z\ {mo}} and Uy = {2n+1 | n €
Z\ {no}} for some ng € Zo.

If f(2n+ 1) # 0 for all negative n € Z, then by Corollary we have
f(2n+ k2mo+ 1) = —1 for all k € Z~(. We get the contradiction |Us| = 0.

Therefore, there is ng € Z~¢ such that f(2ng+1) =0, and f(2n+1) #0
for all n € Z with np <n < 0.

First, if there is m < 0 such that 2m € W7, then there is my, € Z such
that 2m ¢ Wi with mj < m < 0. By Corollary 2m{) + 2mg € Wi.
Since 2my{, < 2my + 2mo < 2mg, my = —mp. We get the contradiction
f(2mg) f(—=2myg) = 0. Therefore, m > mg for all 2m € Wj.

If there is n > ng such that 2n+1 ¢ Uy, then there is 2n’ € U, such that
n' > ng, and 2n+1 ¢ U, for all ng < n < n'. From f(2n'+2ny+1) = 0 and
ng < 0, we get 2n’+2ng < 2n’ and 2n'+2ng < 2ng. Therefore, n’ < 0. We get
the contradiction ng > n’. Therefore, n > ng for all 2n+1 € U;. We deduce
that f(2n +1) = f(2m) = 0 for m < mg and n < ng, f(2n +1) = —1 for
n > —ng, f(2n+1) # 0 for ng <n <0, and f(2m) =0 for all 0 < m < my.

If there is n € Z with 0 < n < —ng such that f(2n + 1) = 0, then there
is " € Z with f(2n” +1) =0, and f(2n+ 1) # 0 for all 0 < n < n”. Then
f(2no+2n"+1) = 0, and we get the contradiction 2ng+1 < 2ng+2n"+1 <
2n” + 1. Therefore, f(2n + 1) # 0 for all n € Z with 0 < n < —ny.

If there is m € Z with —mg < m < 0 such that f(2m) = 0, then there
is m"” € Z with —mg < m” < 0 such that f(2m”) # 0, and f(2m) = 0 for
all m"” < m < 0. Then f(2mo + 2m”) # 0, and we get the contradiction
2m” < 2mo+2 < m” < 2myg. Therefore, there exist mg € Z~q and ng € Zq
such that Wi = {2m | m € Zspo}, Wo={2m | m € Zep,}, U = {2n+ 1|
NELonyt, Uso={2n+1|n € Zcp,}.

If there is m € Z«o such that f(2m) # 0, then there exist mg € Z-g
and ng € Zso such that Wi = {2m | m € Z<py}, Wo = {2m | m € Zspm, },
Uh={2n+1|n€Zcp,}, Us={2n+1|n € Z>y,}



208 R. P. BAI AND Y. H. ZHANG

For the case mo > 0 and ng < 0, by Corollary [3.20] for all I, k,s € Zxg
with [ k.

(3.12)  (f(2mo +2s) + 1)(f(2no + 2k + 1) +
(3.13)  (f(2no + 25+ 1) + 1)(f(2mo + 2k) +

o If f(2m) = f(2n+1) = —1 for all
obtain (1).
If f(2m) = —1 for all m > my, and there is ny € Zs,, such that
f(2ny + 1) # —1, then by Corollary we have ng > —3 and either
= -1 if n Z —no,

f@2n+1)¢ #0  ifng<n<0, or f(2n+1){
=—-1 if0<n< —ng;

Therefore, in the case ng = —3, we get (2) and (3). If np = —2, we obtain (4).

o If there is a unique m; € Zsn,, such that f(2m;) # 0,—1, then by
(3-12), f(2n+1) = —1 for all n > ng, and we obtain (5). If there is a unique
Ny € Zsn, such that f(2n; +1) #0,—1 and f(2n+ 1) = —1 for all n > ng
with n # nj, then we obtain (6).

o If the subset S = {my | my € Z>m,, f(2my) # 0,—1, k € Z} is
non-empty, then by and (3.13)), either S = {m1} or S = {m1, ma}.
Therefore, we obtain (6) and (7).

Similar to the above discussion, we obtain (1")—(7’) for the case mg < 0
and ng > 0. The proof is complete. u

(2ng+21+1)+1) =0,
(2mg + 20) + 1) = 0.

> mg and n > ng, then we

(f
(s

=-1 ifng<n<0,
#0 if0<n< —ng.
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