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IDENTITIES FOR LIKE-POWERS OF LUCAS SEQUENCES
FROM ALGEBRAIC IDENTITIES

BY

CURTIS COOPER (Warrensburg, MO)

Abstract. Let a and b be integers with b(a2 + 4b) # 0. Let up = 0, u; = 1, and
Up = QUp—1 + bup—2 for n > 2. Let vog = 2, v1 = a, and v, = aVp—1 + bUp—2 for n > 2.
Using algebraic identities we will prove some results, including the following ones. For
integers n > 0 and k > 1,
2

n sk = (var + (=0) )i ok — (=0)" (van + (=) Jun i + (=0)Fuy
Vngar = (v + (=) viior — (—)* (var + (=b)")vi i + (—0)* 07,
U g = (vak + (=) vp)ud ok — (—=0)* (var + (=) van + 2(=0)*F)ud o
(0 (v + (D) v — (—b)Fud
Unyar = (Vs + (=) or)0d 1o — (=0)* (var + (=) var + 2(=b)*")vl o5
+ (=0)** (vsk + (=b) o) vy p — (=b)% 0.
These results generalize some results of Gould (1963), Zeitlin and Parker (1963), Bicknell
(1972), and Prodinger (1997).

1. Motivation

DEFINITION 1.1. Let a and b be integers with b(a?+4b) # 0. Let ug = 0,

u1 = 1, and for n > 2,
Up, = QUp—1 + bUp_2.

Let vy = 2, v1 = a, and for n > 2,
Vp = QUp_1 + bv,_o.
These sequences were originally studied by Lucas [L].
The Binet formulas state that for all n > 0,

n __ Aan
unzia b and v, =a" + 38",
a—p
where
a+va?+4b a—+va®+4b
a=——"p— and (= —
These roots are distinct and o+ =a and a - § = —b.
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From the Binet formulas, it follows that

¢
uﬁ—&—jk — Z Ci,j,k,ﬂainﬁ(e_z)n
where Cj ;1 ¢ are some rational functions in o and . Fixing ¢, and giving
j values 0,1,...,¢ 4+ 1, we get £ + 2 left-hand sides uf;,uf;+k, ces ’ufz+(€+1)k
such that all of them are linear combinations of the £ + 1 monomials from
the set {amﬂ(é_i)"; 0 < i < ¢}. By linear algebra, we must have a linear
relation among uf; ik for 0 < j < ¢+ 1 whose coefficients depend on k£ and
£ but not n. Using linear algebra, this linear relation is in fact obtained by
expanding the determinant in the right-hand side of the relation

‘
Cooke  Croke - Croke Uy,
Corke Ciage - Crigye u
Ozdet Lyl yLafvy yLyfvy Tl+k
¢
Coerrke Crerike - Corrike Unyinyg

(whose jth row is (CO,j,k,Za Cl,j,k,éy ceey Cg,j,k’g, uf;-i-jk’) for j =0,...,0+1)
using the last column. Having understood that, it is clear that one gets

relations of the sort
V4

¢ ¢
(1.1) Unt(e+1)k = Z Dj e etty, 1 ji
§=0
valid for all n with some coefficients Dy 4.

The purpose of this paper is to effectively compute the coefficients of
(1.1) when ¢ <7 (and in the analog of (L.1)) with the u’s replaced by v’s).

2. History of identities. Let F), be the nth Fibonacci number. That
is, Fp =0, F; =1, and for n > 2, F,, = F,,_1 + F,,—2. Gould [G], Zeitlin and

Parker [Z], and Prodinger [P] showed that for any nonnegative integer n,
F2 4 =2F2 ,+2F2 , — F2
F3+4—3 S s+ 6E —3Fn+1—F3
Fl s =5F, 4+ 15F, 4 —15F  , —5F; + Fy,

Fo o =8F: 5+ 40F —60F), 5 — 40F>, , + 8F>,, + F?.

n

Bicknell [B] gave a generahzatmn of these results. For this generalization,
let p and q be integers and Hi = p, Hy = ¢, and for any integer n > 1, let

Hn+2 = Hn+1 + Hy.
Then it was shown that
Hjys=2H, o +2H;, — H) Hi,g=8H. ,—8H} ,+H;.
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Jarden [J] generalized these results using the u’s and v’s from Section 1.
He showed that for any positive integer k,

k+1
Z(_l)i(iﬂ)/zb(pl)m (k + 1> Wk =0,
¢ u

i=0
where e
m 1 if j =0,
() I T K T S T
i) W ... m.

Cooper and Kennedy [C] proved Jarden’s result using matrices and eigen-
values.

We will generalize the above results in a different direction. One of our
results is that for integers n > 0 and k > 1,

Ui-s—sk = (vor + (—b)k)ufH_% - (_b>k(”2k‘ + (—b)k)u%_i_k + (_b)gku%a

Vnar = (Vo + (=0)")0p o — (=0)* (vak + (=0)*)vp iy + (=0)*or.

Our proofs will be algebraic in nature and will involve the use of the
Binet formulas for u,, and v,,.

3. Values of {u,} and {v,}. The following two tables give the first
several values of the sequences {u,} and {v,}.

Uy Sequence

1 b ¥ B R L LA S
1 1 1 1 1 1 1 1
a 1 2 3 4 5 6 7 8 9
a®> 1 3 10 15 21 28 36 45
a® 1 4 10 20 35 56 84 120
a* 1 5 15 35 70 126 210 330
a® 1 6 21 56 126 252 462
a® 1 7 28 84 210 462 924
a” 1 8 36 120 330 792
a® 1 9 45 165 495 1287
a® 1 10 55 220 715
a® 1 11 66 286 1001
a'®@ 1 12 78 364
a'? 1 13 91 455
a® 1 14 105
a* 1 15 120
a® 1 16
a'® 1
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The array is Pascal’s triangle and the wu, are formed in a manner
similar to how the Fibonacci numbers are obtained from Pascal’s triangle
[OL A000045]. The diagonals of slope 2 give the values of the {u,} sequence
by summing the values of the coefficient in the cell times the row label times
the column label. The sequence starts at u;. For example,

U1:1,
U2 = a,

us 202+b,
ug = a® + 2ab,

us = a* + 3a®b + b,
ug = a® + 4a’b + 3ab?,
ur = a® + 5a*b + 6a%0* + b°.

vy, Sequence

1 b ¥ B b ¥y
1 2 2 2 2 2 2 2 2 2
a 1 3 11 13 15 17
a®> 1 4 16 25 36 49 64 81
a® 1 5 14 30 55 91 140 204
a®* 1 6 20 50 105 196 336 540
a® 1 7 27 77 182 378 714
a® 1 8 35 112 204 672 1386
a” 1 9 44 156 450 1122
a® 1 10 54 210 660 1782
a® 1 11 65 275 935
a® 1 12 77 352 1287
a'' 1 13 90 442
a2 1 14 104 546
a® 1 15 119
a* 1 16 125
a® 1 17
a'® 1

The array is like Pascal’s triangle except the first row is all 2’s. The v,
are formed in a manner similar to how the Fibonacci numbers are obtained
from Pascal’s triangle [O, A000045]. The diagonals of slope 2 give the values
of the {v,} sequence by summing the values of the coefficient in the cell
times the row label times the column label. The sequence starts at vg. For
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example,
vy = 2,
vl = a,
vy = a® + 20,
v3 = a® + 3ab,

vy = a* + 4ab + 202,
vs = a® + 5a3b + 5ab?,
ve = a® + 6a*b + 9a%b? + 203,
vr = a’ + 7a°b + 14a®b* + Tab’.
The following theorem and proof will exemplify our results and proofs.

THEOREM 3.1. Let k> 1 and n > 0 be integers. Let {u,} and {v,} be
defined as in Definition [L.1]. Then

Unton = Vplnik — (—b)Fup,
Unt2k = UpUpg — (—0) vn.
Proof. Using elementary algebra, we can prove that
" g B = (aF 4 B7) (o TR £ B7TF) — (- B)F(a” £ B7).

Using the “4” signs and Binet’s formulas proves the second equation. Using
the “—” signs, dividing by a — 3, and using Binet’s formula proves the first
equation. m

4. Squares of Lucas sequences. We are now ready to state and prove
a result for squares of Lucas sequences.

THEOREM 4.1. Let k> 1 and n > 0 be integers. Let {u,} and {v,} be
as defined in Definition [L.1]. Then

1) Unyse = (V2 + (=0)")up o — (=0)"(v2k + (=0)")upp + (—0)*u,
ipae = (ak + (=0)")vp o — (=0)* (var + (=) )vp oy + (=) or.
Proof. Using elementary algebra, we can prove that
(a"3k £ grHskY2 — (02K 4 g% 4 (. G)R)(qnT2k L gt2hy2
— (- BM @™ + 87 + (- B)F) (o HE £ g E)?
+(a- By (a" = )%

Using the “4” signs and Binet’s formulas proves the second equation. Using
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the “~” signs, dividing by (o — 8)?, and using Binet’s formula proves the
first equation. m

5. Special square sequences. We study some of the sequences in
equation for particular sequences {uy}.

In the first example, let n be a nonnegative integer and u,, = F},, where
F,, denotes the nth Fibonacci number. For the Fibonacci sequence, a = 1
and b = 1. Then equation becomes

Fiiar = (Lok + (1)) Fo oy
= (=D)*(Lar + (DML + (-1)FL
Here L, denotes the nth Lucas number. The sequence {Lgy, + (—1)"} is
[OL A047946]. The first few terms of the sequence are:

3, 2, 8, 17, 48, 122, 323, 842, 2208, 5777, 15128, 39602, 103683, 271442,
710648, 1860497, 4870848, 12752042, 33385283, 87403802, 228826128,
599074577, 1568397608,4106118242, 10749957123, 28143753122, ....

In the second example, let n be a nonnegative integer and u, = P,
where P, denotes the nth Pell number. For the Pell sequence, a = 2 and
b = 1. Then equation (4.1]) becomes

2 ky\ p2
Priar = (Qa + (=1)") Pryo
k ky p2 3k p2
— (=1)"(Qa + (=1)") Py + (1) Py
Here @, denotes the nth Pell-Lucas number. The first few terms of the
sequence {Q2y, + (—1)"} are:
3, b5, 35, 197, 1155, 6725, 39203, 228485, 1331715, 7761797, 45239075,
263672645, 1536796803, 8957108165, 52205852195, .. ..

For a third example, let n be a nonnegative integer and u,, = M,,, where
M,, denotes the nth Mersenne number. For the Mersenne sequence, a = 3
and b = —2. Then equation (4.1)) becomes

My gy, = (Nog + 25) MY oy — 25 (Noy, + 25) M, + 2% M3

n
Here N,, denotes the sequence Ng = 2, N1 = 3, and for n > 2,
Nn - 3Nn—1 - 2Nn—2~

The sequence { No,, +2"} is [O, A001576]. The first few terms of the sequence

are:
3, 7, 21, 73, 273, 1057, 4161, 16513, 65793, 262657, 1049601, 4196353,

16781313, 67117057, 268451841, 1073774593, 4295032833, 17180000257,
68719738881, 274878431233, 1099512676353, .. ..
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6. Cubes of Lucas sequences

THEOREM 6.1. Let k > 1 and n > 0 be integers. Let {u,} and {v,} be
defined in Definition [I.1 Then

6.1
( Ui)+4k = (vak + (=) vk )ty g, — (=0)" (var, + (=) w2k +2(=)* )up)
+ (=) (vk + (=) on)up 1 — (=0) %
and
ngar = (3t + (=0) 0r) 0] 3 — (=) (vag + (=0) vap +2(=0)*)up o,
+ (=) (vgk + (—=b)Fvg) o3, — (=)0}
Proof. Using elementary algebra, we can prove that

(an+4k + IBn+4k)3

_ (a3k + 8% 4 (a- BF(ak +ﬁk))(an+3k + grt3ky3
_ (a_/B)k(a4k +B4k+(o¢'ﬁ)k(a%—f—ﬁ%)—i—%a-B)%)(a”Hkiﬁ"Hk)?’
t(a- 5)3]“(@3]“ + 8% 4 (- )Rk _{_ﬁk))(an-&-k + prtkys
— (- B)*(a" £ 7).
Using the “4” signs and Binet’s formulas proves the second equation. Using

the “—” signs, dividing by (o — )3, and using Binet’s formula proves the
first equation. m

7. Fourth, fifth, and sixth powers of Lucas sequences. We next
state identities for the fourth, fifth, and sixth powers of Lucas sequences. The
proofs of these theorems follow directly from the corresponding algebraic
identity.

THEOREM 7.1. Let k: > 1 and n >0 be integers. Let {un} and {v,} be
defined in Definition [1.1. Then

Un sk = (var + (=) vk + (=) )up 4
— (=0)" (ver + (=b) var, + 2(=b) P vap + 2(=b)*)up 3
+ (=) (vok + (=b) var, + 2(=b)*vap + 2(=b)** ) up .o
= (=0) % (vag + (=0) vap + (=0)* ) up, 1
+( b)lo
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and

Up sk = (var + (=) Fvoy + (=) ) vy

— (=0)* (vor + (=) var + 2(=b)* var + 2(=b)**) vy 34
+ (=0)** (vor + (=) var + 2(=b)* vay, + 2(=0)"" ) vy o1
- (= b)6k(v4k+( b)*vok + (=0)*)vn 1k
+( b)lO

THEOREM 7.2. Let k > 1 and n > 0 be integers. Let {u,} and {v,} be
defined in Definition [1.1]. Then
U)o = (Vs + (=b)Fvz + (=) vp)ud 5

— (=b)* (vsk + (=b)*ver + 2(—b)* var + 2(—b)3kv2k +3(=b)*") 751+4k

+ (=b)** (vor, + (=b)Fvrs, + 2(=b) sy, + 3(=b)*Fvgy, + 3(=b)¥up)ud 4,

— (=) (vs + (—=b)*ver + 2(=b)Hvas, + 2(—b)* vy + 3(=b)**)ud ,op
(=)' (vsk + (=0)*vap, + (=b)vg)up oy — (=) Puy,

—+

and
02 oe = (Vs + (=0)Fvsi + (=) vi)v] sy,
— (=b)* (vsk + (—b)*ver + 2( b)%mk + 2(=b)* vy, + 3(=b)") 0, 4
+ (=) (vor, + (=0) o7y, + 2(=b)*vsp + 3(=b)*vzg + 3(=b)"vr) vy 15y,
— (=0)%* (vs + (=b)* ver + 2(=b)* vag, + 2(=b)* vay, + 3(=b)"")vp a1
+ (=b)"* (vsk + (=b) vsr + (=b) vk )v) 1y — (—=0)'7F0).
THEOREM 7.3. Let k: > 1 and n >0 be integers. Let {u,} and {v,} be
defined in Definition |1.1. Then

up 7 = (vek + (b) var + (—b)* vap + (=b)**)ud g,
— (=b)" (viok + (=) vgk + 2(=b)* ver + 2(—b)* vy, + 3(—b) ¥ vy
+3(=b)"")u n+5kz
+ (=) (viok + (=) v10k + 2(—b) * var + 3(—b)* ver +4(—b) Fvap
+ 4(=)*vap, + 5(—b) % )uf n+4k
— (=) (v12k + (=)*v10k + 2(—b)* v + 3(—)*ver, + 4(—b) vy
+ 4(—b) vy, +5( b)) ub |
+ (=) (viok + (=) vsg + 2(—b) * v + 2(—b)* var + 3(—D) kUQk
1 3(=b)*) a8
— (—b)l5k (Uﬁk + (—b)kv4k + (_b)Zk’UQk + (—b)gk)u?H_k
+ (=b)*"u

n+2k
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and
vl 7k = (Vo + (=) vak + (=b)* var, + (=) )05 61
— (=b)*(viok + (=b)Fvsy, + 2(=b)* ver + 2(—b)? v4k+3( b) ¥y,
+3(=b)")up ¢
+ (=b)** (v12k + (=b) V105 +2(—D)? USk+3( ) ver, +4(—b) Fugp
+ 4(=b)" gy, + 5(—b) )0l n+4k
— (=)™ (v12k + (=b)*v10k +2(—b) *vs), +3(—b) *ver, +4(—b) Fvar
+ 4(=b) vy, + 5(—b)%F)vf n+3k
+ (=) "% (v10p + (—b)*vsk + 2(—b)*Fver +2(—b)? U4k+3(
+3(=b)
— (=0)"* (ver + (—=b)"var + (=b)*var, + (=)o
+ (=b)2Hy5,

b) VoL

5k
)U +2k

8. Constructing a seventh powers of Lucas sequence identity.
The fourth, fifth, and sixth powers of Lucas sequence identities were dis-
covered by some simple guesses for the corresponding algebraic identity.
However, for higher powers, a systematic way forward is needed. We were
able to find a seventh powers of Lucas sequence identity using the following
method.

In order to find an identity involving seventh powers of Lucas sequences,
we will determine constants a’s, b’s, ¢’s, and d’s such that if

f — al(oz7k +ﬁ7k) +a2(a-ﬁ)k(a5k +B5k) —|—a3(a-ﬁ)2k(a3k +53k)
+asg(a- B)*(a* +b"),

g= bl(al% +612k) 4 bg(a i ﬁ)k(alok +ﬂ10k> +b3(a . B)2k(a8k —l—,BSk)
—I—b4(a~ﬁ)3k(a6k+ﬁ6k)+b5(oz i ﬁ)4k(a4k+ﬁ4k)+66(a i ﬁ)5k(a2k+ﬂ2k)
+ br(a- B)°F,

h = Cl(alsk +615k> +02(a . B)k(amk +513kz) —i—c;;(a-ﬁ) ( 11k Bllk)
+ea(a- B)*F (@™ + %) +cs(a - B)* (o™ + B™) +cs(a - B)F (o™ + 87F)
+er(a- B)F (@™ + B%) + cg(a - B) (¥ + 8),

i = dl(alﬁk _{_ﬁlﬁk) +d2(()é . ﬁ)k(aMk _|_514k) —|—d3(a . ﬁ)%(al% _|_512k)
—{—d4(0¢ . 5)3k(a10k +610k) +d5(a . ﬁ)4k(a8k _|_/38k)
+d6(a . ﬁ)5k(a6k +66k) + d7(0¢ i ﬁ)Gk(a4k +ﬂ4k)

—l—dg(oz . ,3)7k(a2k +52k) —i—dg(& . 5)8k7
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then

(8.1) an+8k _|_5n+8k)7
=f. (an+7k + 6n+7k>7 _ (a . B)k g- (an-‘rﬁk + Bn—l—Gk)?
+ (a . B)Sk h- (an+5k 4+ 5n+5k)7 o (a . ﬁ)ﬁk .- (an+4k + 5n+4k)7
+ (a . 5)10]6 “h- (an+3k + 6n+3k)7 _ (a . 5)15k g- (an+2k + Bn+2k)7
+ (a . B)Qlk . f . (an+k + ﬂn+k)7 _ (a . ﬂ)%k . (an + Bn)?
Expanding the LHS of (8.1)) we have
QTE0k 7 6n-ABkyn+8k | 91 5nt-A0kp2n+16k | gr An+32kp3n+24k
4 35324k pAnt32k | o 2 16kySntA0k | g n+8ky6n+dsk | pTnt56k
Expanding the RHS of (8.1) is quite a lengthy task. However, this must be
done to determine the a’s, b’s, ¢’s, and d’s. Our first task is to determine
the coefficients of all the terms of the form a™*** on the RHS of the equa-
tion where x = 56,55, ...,42. The other x values give redundant equations.

Equating the coefficients of the LHS and RHS of the equation results in a
set of equations involving the a’s, b’s, ¢’s, and d’s. This set of equations is

1. a1 =1,

2. as—b; =0,

3. a3 —by =0,

4. a4 —bg+c1 =0,

5. a4 —bs+co =0,

6. az3—bs+c3=0,

7. ao—bg+cg—di =0,
8. a1 —br+c5—dy =0,
9. —bg+cg—d3=0,

10. —bs+c7—ds =0,

11. —by+cg—ds+c1 =0,
12. —b3+cg—dg+co=0,
13. —bo+cr—d7+c3=0,
14. —by+cg—dg+cqs =0,

15. ¢35 —dg+c5 =0.

Next, we determine the coefficients of all the terms of the form a8 t=kpntvk
on the RHS of the equation where x = 49,48, ...,38. The other x values
give redundant equations. Equating the coefficients of the LHS and RHS of
the equation results in a second set of equations involving the a’s, b’s, ¢’s,
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and d’s. This set of equations is

16. a1 — by =0,

17. as—by+c1 =1,

18. agz — b3+ co =0,

19. a4 —by+c3—d; =0,

20. a4 —bs+c4—dy =0,

21. a3 —bg+c5—d3 =0,

22. ag—by+cg—dy+c1 =0,

23. ay—bg+cyr—ds+co =0,

24. —bs+cg —dg+c3 =0,

25, —bs+cg—dy+c4 =0,

26. —bs+cy—dg+c5—b =0,

27. —bg+cg—dg+ cg — by = 0.
Next, we determine the coefficients of all the terms of the form o®?*+#kp2ntyk

on the RHS of the equation where x = 43,42, ...,33. The other = values
give redundant equations. Equating the coefficients of the LHS and RHS of
the equation results in a third set of equations involving the a’s, b’s, ¢’s, and
d’s. This set of equations is

28.
29.
30.
31.
32.
33.
34.
35.
36.
37.

*lerCl:O,

a; —ba+co—dy =0,

ag —bs +c3 —dy =0,

a3 —by+cg—ds+c =0,
ag —bs+c5 —dg+co=0,
ag —bg+cg —ds+c3=0,

ag —br+cr—dg+cy — by =0,
as —bg+cg —d7+c5 — by =0,
a1 —bs +cg —dg+cg — b3 =0,

—bs+cr—dg+c7—by=0.

Finally, we determine the coefficients of all the terms of the form
a*ntekp3ntvk on the RHS of the equation where z = 38,37,...,30. The
other = values give redundant equations. Equating the coefficients of the
LHS and RHS of the equation results in a fourth set of equations involving
the a’s, b’s, ¢’s, and d’s. This set of equations is

38. C1

_d1:07

39. —bi+cy—do+a; =0,
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40. —by+c3—ds+as =0,

41. a1 —bz3+cy—dyg+c3—b; =0,

42. a9 —bs+c5—ds+cq4 —by =0,

43. a3 —bs+cg—dg+c5 — b3 =0,

44. a4 —bg +c7 —dr+cg —by+ar =1,
45. a4 — by +cg —dg+cr —bs+az =0,
46. a3 —bg+cg —dyg+cg —bg+az=0.

The equations for the coefficients of all the terms of the form a®"t@kptntvk

are the same as the fourth set of equations. The equations for the coefficients
of all the terms of the form a?*+#¥p>"*¥k are the same as the third set of
equations. The equations for the coefficients of all the terms of the form
a™tkRpdn Yk are the same as the second set of equations. And the equations
for the coefficients of all the terms of the form b"¥* are the same as the
first set of equations.

Many of the above equations listed are dependent. Using Maxima, equa-
tions 39, 40, 9, 32, 41, 10, 37, 42, 33, 46, 45, 36, 35, 13, 44, 43, 12, 34
were eliminated as dependent equations. And solving the remaining set of
equations yields a unique solution. That solution is

t 1 2 3 4 5 6 7 8 9
a; 1 1 1 1
b 11 2 2 3 3 4
¢ 1 1 2 3 4 5 6 6
d 1 1 2 3 5 5 7 7 8

Therefore, the identity for the seventh powers of Lucas sequences is
0l sk = (V7k + (=b) s + (=b)* vz + (—b)* vr)v] 471
— (=b)* (v12k + (=0)*v10x + 2(=b) P vsk + 2(—b)* v + 3(—b)* va
+ 3(=b)kvgy, + 4(=b)F )0l 6k
+ (=) (V1 + (=b)Fv1zk + 2(=b)*Fv11x + 3(—b)*vgy, +4(—b) ¥ vy,
- 5(—b) s, + 6(—b) g + 6(—b) v 5
— (=b)5% (w161 + (=) v145 4 2(=b) Fv10k + 3(—b)**v10k + 5(—b) Fugy,
+ 5(=b) gk + 7(=) vy + T(=b) Fvgy, + 8(—)** )0, 41
+ (=) 1% (0151 4 (=b)*v135 + 2(=D)* 0115 + 3(—b) F gy + 4(—b) ¥ vy
+ 5(=b) sy, + 6(—b) sy, + 6(—b) Fug)v] g

v



IDENTITIES FOR LUCAS SEQUENCES 177

— (=b) % (010 + (—=b) K v10k + 2(—b)Fvgy, + 2(—b)**vgy, + 3(—b) gy
+ 3(=b) g + 4(—b) )] o
+ (—b)mk(vm + (—b)kv5k + (—b)%vgk + (—b)gkvk)vz_,_k

— (b

A similar identity follows for the {u,}.
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