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Summary. Given a topological structure and a coarse structure on a set, N. Wright gave
a necessary and sufficient condition for the set to have a metric inducing simultaneously
both the structures. We use the idea of the Alexandroff and Urysohn metrization theorem
for topological spaces, to investigate a simultaneous metrization problem for a set with a
uniform (and topological) structure and a coarse structure. In particular, we prove that
given two metrics dy and dc¢ on a set X such that the uniform (topological) structure
induced by dy is compatible in some sense with the coarse structure induced by dc,
there exists a metric d on X which is isometric to dy in a small scale and to d¢ in a
large scale. We then apply this idea to show that if, in addition, the uniform space has
uniform dimension 0 and the coarse space has asymptotic dimension 0, then there exists
an ultrametric d on X which is isometric to dy in small scale and to d¢ in large scale.

1. Introduction. A metric on a set X induces a topological structure, a
uniform structure and a coarse structure. Given one of the structures on X,
a metrization problem is to find a metric inducing the structure. N. Wright
[11] considered a simultaneous metrization problem for a set X with both a
topological structure and a coarse structure, which means finding a metric on
X inducing the topological structure and the coarse structure. Wright proved
that for every set X equipped with metrics dpr and d¢ such that the coarse
structure induced by d¢ is compatible with the topology induced by dr, i.e.,
there is an open entourage containing the diagonal, there exists a metric d
on X which induces the topology induced by dr and is quasi-isometric to d¢.

On the other hand, the metrization theorem of Alexandroff and Ury-
sohn [I], which states that every normal sequence of covers of a topological
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space X (satisfying some reasonable condition) admits a metric on X induc-
ing the topology, has proven to be useful in studying metric properties. In
this paper, using the idea of Alexandroff and Urysohn, we introduce a new
approach to the simultaneous metrization problem for a set with a uniform
structure (or a topological structure) and a coarse structure.

We define the notion of normal sequence, which is applicable to both
small scale and large scale. More precisely, a normal sequence on a set X
is a family {U; : i € Z} of covers of X such that U;4; star-refines U; and
some other conditions are satisfied. Simultaneous metrization of a set with
a uniform structure (or a topological structure) and a coarse structure is
considered in the following two theorems.

THEOREM 1.1. Let X be a set with a uniform structure and a coarse
structure. Then X is simultaneously metrizable if and only if there exists a
normal sequence s = {U; : i € Z} on X such that

(1) the family {U; : i <0} generates the coarse structure, and
(2) the family {U; : i > 0} generates the uniform structure.

THEOREM 1.2. Let X be a set with a topological structure and a coarse
structure. Then X s simultaneously metrizable if and only if there exists a
normal sequence st = {U; : i € Z} on X such that

(1) the family {U; : i <0} generates the coarse structure, and
(2) for each x € X, the family {St(x,U;) : i > 0} is a base at x for the
topological structure.

We then consider a situation where a set is given two metrics, one of
which gives a uniform structure and the other a coarse structure. Taking the
Alexandroff and Urysohn approach by normal sequences, we prove that if
the two structures are compatible in some natural sense, then there exists a
metric which is isometric to the given metrics in the corresponding scales.
Here we need the notion of small scale Lipschitz equivalence between metrics,
which is dual to the notion of quasi-isometric map.

THEOREM 1.3. Let X be a set with metrics dg and dy,. If the uniform
structure p induced by dg ts compatible with the coarse structure \ induced
by dr,, then there exists a metric d such that the metric space (X, d) is small
scale Lipschitz equivalent to (X, dg) and quasi-isometric to (X,dr).

An analogous problem is considered for a set with two metrics, one of
which gives a topological structure and the other a coarse structure. Here we
use the notion of lipeomorphism, which means a local Lipschitz equivalence.
The following theorem improves the result of Wright by showing that the
resulting metric is lipeomorphic to the given metric.
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THEOREM 1.4. Let X be a set with metrics dr and dy,. If the topologi-
cal structure T induced by dr is compatible with the large scale structure A
induced by dr,, then there exists a metric d such that (X,d) is lipeomorphic
to (X,dr) and quasi-isometric to (X,dr).

A separable metric space (X, d) has covering dimension 0 if and only if
there exists an ultrametric p on X such that the identity map 1x : (X, p) —
(X,d) is a homeomorphism (see [5], [9]); and a metric space (X, d) has uni-
form dimension 0 (resp., asymptotic dimension 0) if and only if there exists
an ultrametric p on X such that the identity map 1x : (X, p) — (X,d) is a
uniform equivalence (resp., coarse equivalence) (see [3], [7]). As an applica-
tion of the above results, we consider simultaneous ultrametrization for a set
with a 0-dimensional uniform structure and a 0-dimensional coarse structure.
We prove the following two theorems.

THEOREM 1.5. Let X be a set with metrics dg and dy,, and equip it with
the uniform structure p induced by dg and the coarse structure A induced
by dr. Suppose that p is compatible with A. Then the uniform space (X, )
has uniform dimension 0 and the coarse space (X, \) has asymptotic dimen-
sion 0 if and only if X admits an ultrametric d such that (X,d) is small
scale Lipschitz equivalent to (X, dg) and quasi-isometric to (X,dr).

THEOREM 1.6. Let X be a set with metrics dr and dj, and equip it
with the topological structure T induced by dr and the large scale structure
A induced by dy. Then the topological space (X, T) has covering dimension 0
and the coarse space (X,\) has asymptotic dimension 0 if and only if X
admits an ultrametric d such that (X,d) is lipeomorphic to (X,dr) and
quasi-isometric to (X,dr).

Throughout the paper, for uniform structures, we use the definition of
uniformity by J. R. Isbell [6], and for coarse strucures, we use the definition
by J. Dydak and C. S. Hoffland [4], who introduced the notion of large scale
structure using uniformly bounded families and showed its equivalence to the
notion of coarse structure. We use the terms “small scale structure” and “large
scale structure” for uniform structure and coarse structure, respectively.

2. Preliminaries. Let X be a set, and let I/, be families of subsets
of X. For each A C X, let St(A,U) = J{U eld : UNA # 0}, StU =
{St(U,U) : U € U}, and St(U,V) = {St(U,V) : U € U}. The family U is
called a refinement of V, in notation U < V, if for each U € U there is
V € V such that U C V, and U is a star refinement of V, written U <* V,
ifStU < V. Let UNYV ={UNV:UeclU,V € V}. If A={z}, we write
St(x,U) for St({z},U). Two points x and y in X are said to be U-near, in
symbols (z,y) < U, if z,y € U for some U € U. Write (z,y) £ U if z and y
are not U-near.
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Let d be a metric on a set X. For each r > 0, let By(z,r) = {y € X :
d(z,y) < r} and By(z,r) = {y € X : d(z,y) < r}. For every subset A of X,
let diamg(A) denote the diameter of A. The mesh of U, denoted meshy(U), is
defined as sup{diamy(U) : U € U}, and the Lebesque number of U, denoted
Lebgy(U), is the supremum of the positive real numbers r such that for every
A C X with diamg A < r there exists U € Y with A C U. A cover U of X is
said to be uniform if Lebg(U) > 0, and uniformly bounded if meshy(U) < oo.

A function f : (X,dx) — (Y,dy) between metric spaces is Lipschitz if
there exists ¢ > 0 such that dy (f(z), f(2')) < cdx(z,2’) for all z,2" € X,
and bi-Lipschitz if there exists ¢ > 0 such that dx (z,2")/c < dy (f(x), f(z'))
< cdx(x,2') for all z,2’ € X. The metric space (X,dx) is Lipschitz equiv-
alent to the metric space (Y,dy) if there exists a surjective bi-Lipschitz
function f: (X,dx) — (Y,dy).

A small scale structure ;1 on a set X is a family p of covers of X satisfying
the following conditions:

ifU e pand U <V, then V € u;

ifU,V € pu, then U AV € p;

for every V € u, there exists U € p such that U <* V;

for any distinct x,y € X, there exists U € p such that (z,y) £ U.

A subfamily u of p is a base if each U € p admits U’ € p such that U’ < U.
In this case, i is said to generate pu.

Our notion of small scale structure coincides with the notion of uniformity
in the sense of J. R. Isbell [6]. The family of all uniform covers of a metric
space (X, d) forms a small scale structure. A uniform space (X, p) consists
of a set X and a small scale structure p on X.

A large scale structure A on a set X is a non-empty collection A of families
of subsets of X satisfying the following conditions:

o if Ve Xand U < e(V), then U € A, where the trivial extension e(U) of a
family U is defined as the family 4 U {{z} : 2z € X };

o if U,V €\, then St(UU,V) € \;

e for any x,y € X, there exists U € A such that (z,y) < U.

A subfamily X of X is a base if each U € X admits U’ € N such that U < e(U’).
In this case, X is said to generate A. A coarse space (X, \) consists of a set
X with a large scale structure A on X.

The definition of large scale structure is due to J. Dydak and C. S. Hoff-
land [4]; it is equivalent to the notion of coarse structure [10]. The family of
all uniformly bounded families of subsets in a metric space (X, d) forms a
large scale structure.

The multiplicity of a cover U, denoted mul(if), is the largest integer n
such that there exist n elements of U with nonempty intersection.
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A uniform space (X, p) has large uniform dimension at most n, written
Ad(X, p) < n, if every uniform open cover U admits a uniform open cover
V such that V < U and mul(V) < n+1 (see [6]).

A metrizable space X has covering dimension at most n, in symbols
dim X < n, provided every finite open cover I admits an open cover V such
that V < U and mul(V) < n + 1.

A coarse space (X,)\) has asymptotic dimension at most n, written
asdim(X,\) < n, if every cover Y € A admits a cover V € A such that
U<V and mul(V) <n+1 (see [2]).

Let R>o denote the set of all non-negative real numbers, and Zx>( the set
of all non-negative integers.

3. Metrics induced by normal sequences. For each family 3 = {Uf; :
i € Z} of covers of a set X, consider the following three conditions:

(Nl) Ui <* U; for i € Z.
(N2) For any z,2" € X, there exists ¢ € Z such that (z,2’) < U;.
(N3) For any distinct x,2’ € X, there exists i € Z such that (x,2') £ U;.

For each family 4 = {U; : i € Z} of covers satisfying (N1) and (N2), there is
a function Dy : X x X — R>( well-defined by

0 (x=1")
no__ )
L s
where a(z,z’) = max{i € Z : (z,2’) < U;}. Then define dgy : X x X — R>g
by
dy(z,2") = inf{Dy(z, z1) + Dy(x1,72) + - - - + Dy(zn, ")},
where the infimum runs through all finite sequences x1, ..., x, of points in X.

PROPOSITION 3.1. The following statements hold:

(1) For each family 4 = {U; : i € Z} of covers satisfying (N1) and (N2), the
function dy is a pseudometric on X, and the following inclusions hold
for every x € X and i € Z:

(a) St(z,U;) C Ba, (7,1/3") C By (z,1/377Y), and
(b) Bdu(a:, 1/31) C St(l‘,ui_z).

(2) If Y additionally satisfies (N3), then dy is a metric on X.

Proof. That dy is a pseudometric easily follows from the definition. The
inclusions (a) and (b) in (1) follow from the inequalities dy(z, 2’) < Dy(x,2’)
< 6dy(x, ) for z,2' € X (proven analogously to [8 2-16]). To see (2), for
any distinct z, 2’ € X, there exists ¢ € Z such that (z,2") £ U;. This together
with (b) implies dy(z,2") > 1/312, showing that dy defines a metric on X. m
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A family U = {U; : i € Z} of covers of X is called a normal sequence if it
satisfies conditions (N1)—(N3).

PROPOSITION 3.2. Let (X, d) be a metric space, and let 4 = {U; : i € Z}
be the normal sequence consisting of the covers U; of X by the open 1/3'-

balls. Then:

(1) dy(z,2")/3 < d(z,2") < 8ldy(z, ") for x,2’ € X.
(2) The metric space (X, dy) is Lipschitz equivalent to (X,d).

Proof. Tt suffices to verify (1). Let z,2’ € X, and let i,j € Z be such
that 1/371 < d(z,2’) < 1/3" and 1/3/T! < dy(x,2') < 1/37. Then
dy(z,2") < 1/3° < 3d(x,2") and d(x,2") < 2/3772 < 81dy(x,2') (see Propo-
sition [3.1(1)). =

Our notion of normal sequence demonstrates the micro-macro analogy
between small and large scales. The notion of normal sequence unifies the
notions of Cech approximation in small scale and anti-Cech approximation
in large scale. A sequence {4 = {U; : i € Z} of covers satisfying the condition
StU;+1 < U; is a normal sequence if the positive part {{; : i > 0} and the
negative part {U_; : i < 0} are a Cech approximation and an anti-Cech
approximation, respectively.

4. Lipschitz functions. In this section, we consider three types of Lip-
schitz function: large scale Lipschitz functions, small scale Lipschitz func-
tions, and locally Lipschitz functions. We characterize each type of Lipschitz
function in terms of a normal sequence.

DEFINITION 4.1. A function f : (X,dx) — (Y,dy) between metric

spaces is large scale Lipschitz if there exist ¢,d > 0 such that
dy (f(z), f(2')) < edx(z,2') +d forall z,2’ € X.

A function f: (X,dx) — (Y, dy) is a quasi-isometry if there exist ¢ > 1 and
d > 0 such that

dx(z,2) /e —d < dy(f(z), f(2") < ecdx(z,2')+d forall z,2’ € X
and the image f(X) is a net in Y, i.e., there exists M > 0 such that for
each y € Y, there exists € X with dy (f(z),y) < M. Two metric spaces
(X,dx) and (Y, dy) are quasi-isometric if there exists a quasi-isometry f :
(X, dx) — (K dy).

The following is the definition of small scale Lipschitz function, a notion
dual to large scale Lipschitz function.

DEFINITION 4.2. A function f : (X,dx) — (Y,dy) is small scale Lip-
schitz if there exist ¢, > 0 such that

dy (f(z), f(2')) < cdx(x,y) for all x,2" € X with dx(x,2") <7,
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and f is a small scale Lipschitz equivalence if f is bijective and both f
and f~! are small scale Lipschitz. Two metric spaces (X,dx) and (Y, dy)
are small scale Lipschitz equivalent if there exists a small scale Lipschitz
equivalence f: (X,dx) — (Y,dy).

We recall the definition of local Lipschitz function.

DEFINITION 4.3. A function f : (X,dx) — (Y,dy) is locally Lipschitz
if for each € X, there exist ¢,e > 0 such that f|B(x,¢) is a Lipschitz
function, and f is a lipeomorphism if f is bijective and both f and f~! are
locally Lipschitz. Two metric spaces (X, dx) and (Y, dy) are lipeomorphic if
there exists a lipeomorphism f: (X,dx) — (Y, dy).

EXAMPLE 4.4. It can be proven that every locally Lipschitz function on
a compact space is Lipschitz. Clearly, every small scale Lipschitz function is
locally Lipschitz. The function f : [0,00) — [0,00) defined by f(z) = /x is
large scale Lipschitz but not locally Lipschitz at 0. The function g : R — R
defined by g(x) = 22 is locally Lipschitz but neither small scale Lipschitz
nor large scale Lipschitz. The function h : N — R defined by h(z) = 2? is

small scale Lipschitz but not large scale Lipschitz.

The three types of Lipschitz functions are characterized by normal se-
quences.

PROPOSITION 4.5. Let d and d' be two metrics on a set X, and let U;
and U] be the covers by the open 1/3'-balls with respect to the metrics d
and d’, respectively. Then:

(1) The metric spaces (X,d) and (X,d') are quasi-isometric if and only if
there exist m € Zxo and ig € Z such that U; < U]_,, and U] < Ui_m,
for each i < iyg.

(2) (X,d) and (X,d') are small scale Lipschitz equivalent if and only if there
exist m € Lo and ig € Z such that U 1m < U] and Ui, <U; for each
1> 1.

(3) (X,d) and (X,d) are lipeomorphic if and only if for each = € X,
there exist m € Zx>o and iy € Z such that St(z,Uiym) C St(z,U;) and
St(x,U;,,,) C St(x,U;) for each i > ig.

7
Proof. (1) Suppose that there exist ¢,d > 0 such that d'(z,2’)/c —d <
d(z,z") < cd(z,2')+d for any z, 2" € X. Take m € Z>¢ and iy € Z such that
¢ < 3™ 1 and d < 1/3°F! respectively. Then Uiy, < U! and U], < U
for i < ig. Indeed, to see the first refinement, note that d(x,z’') < 1/3™
implies
d'(z,2') < ed(x,z') +d < 3mL.1/3+m 41 /3004 < 9/30+1 < 1/31,

The other refinement can be verified similarly.

—m



88 T. Miyata

Conversely, suppose that there exist m € Z>¢ and i9 € Z such that
Uipm < U} and U, < U; for each i < ig. Let ¢ = 2-3™T! and d = 2/3,
and let z,2" € X. If d(x,2') > 1/30+™+ let i < iy be the unique inte-
ger such that 1/377™H < d(z,2') < 1/3""™; then d'(z,2') < 2-1/3% =
2 . gmtl/gitmtl < cd(z,2’). If d(x,2’) < 1/30+m+L then this implies
d'(z,2') < d. Thus d'(z,2") < cd(xz,2’) + d. The other inequality can be
verified similarly.

(2) Suppose that there exist ¢,7 > 0 such that d'(z,2’) < ed(x,2’) for
any z,r" € X with d(x,2') < r, and d(x,2") < cd'(z,2") for any x,2' € X
with d'(z,2") < r. Take m € Z>q such that ¢ < 3™, and then iy € Z such
that 1/30+™ < r. Then U, < U] for i > ig since d(z,2) < 1/377™ implies
d'(z,2") < ¢/37™ < 1/3". Similarly, U], < U,

Conversely, suppose that there exist m € Zs>o and i9 € Z such that
Uitm < Uj and U], < U; for each i > ig. Take r such that 0 < r
< 1/3%0t™ and let z,2’ € X satisfy d(x,z’) < r. Then, for each s > 0 with
dy(z,z") < s, there exist finitely many points xy = z,x1,...,2p4+1 = 2’ such
that 37 o Du(xj, xj+1) < s and Dy(zj, vj41) = 1/3%+m for some k; > ig.
Since Uy, 4m < Z/l,’gj, we get Dy/(zj,2j41) < 1/3% = 3™Dy(x;,x;41). This
implies dy (z,2") < 3™ 3% Du(xj, xj+1) < 3™s, and hence dy (z,2") <
3Mdy(z,2’). This together with Proposition [3.2(1) implies d'(z,2’) <
3mt4d(z, ') for any x,2’ € X with d(z,2’) < r. The opposite inequality
d(x,z") < 3m*T4d'(z, ") is proven similarly.

(3) is proven by the same argument as for (1). =

Normal sequences U = {U; : i € Z} and U' = {U] : i € Z} on a set X are
said to be quasi-isometric, small scale Lipschitz equivalent or lipeomorphic if
they satisfy the conditions in (1), (2) and (3) of Proposition [4.5] respectively.
Proposition [3.2] immediately implies

COROLLARY 4.6. Let U = {U; : i € Z} be a normal sequence on a set X,
and let U = {U] : i € Z} be the normal sequence consisting of the covers U]
of X by the open 1/3'-balls with respect to the metric dgy. Then i and ' are
quasi-isometric, small scale Lipschitz equivalent and lipeomorphic.

5. Metrization and normal sequences. N. Wright [I1] defined a set
X with both a topological structure and a large scale structure to be si-
multaneously metrizable if there exists a metric d on X which induces both
structures. Analogously, we define a set X with both a small scale structure
and a large scale structure to be simultaneously metrizable if there exists a
metric d on X which induces both structures.

The following theorem gives a necessary and sufficient condition on nor-
mal sequences for a set with a small scale structure and a large scale structure
to be simultaneously metrizable.
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THEOREM 5.1. Let X be a set with both a small scale structure and a
large scale structure. Then X is simultaneously metrizable if and only if

(1) {U; : i <0} generates the large scale structure, and
(2) {U; :i >0} generates the small scale structure.

Proof. Suppose that (X,d) is a metric space which induces the given
small scale and large scale structures. For each i € Z, let U; be the cover
consisting of the open 1/3%-balls. Then {U; : i € Z} is a normal sequence
satisfying (1) and (2).

Conversely, suppose that a normal sequence i = {U; : i € Z} satisfies
(1) and (2). Then Y induces a metric dy satisfying (a) and (b) in Proposi-
tion (1) If B; is the cover by the open 1/3!-balls in (X, dy), then U; < B;_1
and B; < U;_3. This shows that dg induces the small scale and large scale
structures generated by il. =

The following theorem, which is proven by a similar argument, gives a
necessary and sufficient condition on normal sequences for a set with both a
topological structure and a large scale structure to be simultaneously metriz-
able.

THEOREM 5.2. Let X be a set with both a topological structure and a
large scale structure. Then X is simultaneously metrizable if and only if
there exists a normal sequence h ={U; : i € Z} on X such that

(1) {U; : i <0} generates the large scale structure, and
(2) for each x € X, the family {St(x,U;) : i > 0} is a base at x.

The following two theorems are variations of Theorems [5.1] and [5.2]

THEOREM 5.3. Let X be a set with both a small scale structure p and
a large scale structure . Then X is simultaneously metrizable and satisfies
Ad(X,pu) < n and asdim(X,\) < m if and only if X admits a normal
sequence M = {U; : i € Z} such that

(1) {U; : i <0} generates A and mul(U;) < m+1 fori <0, and
(2) {U; : i >0} generates p, and mul(U;) <n+1 fori > 0.

Proof. Suppose that d is a metric which induces the given small scale
and large scale structures. Let Uy be the cover by open 1-balls. Then Uy € p
and Uy € \. As Ad(X,p) < n, we can inductively find covers U; € u for
i > 0 such that U1 <* U, mul(U;) < n+ 1 and meshy(U;) < 1/3%. Since
asdim(X, ) < m, we can inductively find covers U; € u for i < 0 such that
Uipr <* U;, mul(U;) < m+1 and Lebg(U;) > 1/3%. Then U = {U; : i € Z} is
a normal sequence on X which satisfies (1) and (2).

Conversely, suppose that a normal sequence 4 = {Uf; : i € Z} satisfies (1)
and (2). By the same argument as in the proof of Theorem the metric
dy induced by 4 induces the small scale and large scale structures generated
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by Y. Conditions (1) and (2) imply Ad(X,u) < n and asdim(X,\) < m,
respectively. m

THEOREM 5.4. Let X be a set with both a topological structure T and
a large scale structure . Then X is simultaneously metrizable and satisfies
dim(X,7) < n and asdim(X,\) < m if and only if X admits a normal
sequence = {U; : i € Z} such that

(1) {U; : 1 <0} generates A and mul(U;) < m+1 fori <0, and
(2) for each x € X, the family {St(z,U;) : i > 0} is a base at x, and
mul(U;) <n+1 fori>0.

Proof. The proof is similar to that of Theorem [5.3] =

6. Compatibility of small and large scale structures. Given a set
X equipped with a topological structure and a coarse structure, Wright [11]
defined the notion of compatibility of the two structures: the topological
structure is compatible with the coarse structure if every entourage is con-
tained in an open entourage, equivalently, there exists an open entourage
containing the diagonal. Wright proved

THEOREM 6.1. Let X be a set with metrics dr and dy,. If the topologi-
cal structure T induced by dp is compatible with the large scale structure A
induced by dr,, then there exists a metric d such that the metric space (X, d)
is homeomorphic to (X,dr) and quasi-isometric to (X,dr).

In this section, extending this definition, we define compatibility of a
small scale structure and a large scale structure. For any set X equipped
with a small scale structure p and a large scale structure A, p is said to be
compatible with A if there exists a cover U such that 4 € pand U € .
For any set X equipped with a topological structure 7 and a large scale
structure A, 7 is said to be compatible with X if there exists a cover U such
that each element of U is open in 7 and U € A. It is easy to see that 7 is
compatible with A in our sense if and only if 7 is compatible with the coarse
structure induced by A in the sense of [11].

In this section, we show the following two theorems:

THEOREM 6.2. Let X be a set with metrics dg and dy,. If the small
scale structure p induced by dg is compatible with the large scale structure A
induced by dy,, then there exists a metric d such that the metric space (X, d)
is small scale Lipschitz equivalent to (X,dg) and quasi-isometric to (X, dr).

THEOREM 6.3. Let X be a set with metrics dr and dr. If the topologi-
cal structure T induced by dp is compatible with the large scale structure A
induced by dp, then there exists a metric d such that (X,d) is lipeomorphic
to (X,dr) and quasi-isometric to (X,dr).
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Proof of Theorem [6.3. Let U be a cover of X such that Y € p and
U € ), and take ip > 0 such that 2/3% < Lebg, (U), and jo < 0 such that
meshy, (U) < 1/37%°. For each i > 0, let U; be the cover consisting of the open
1/3" 0 balls in (X, dr), and for each i < 0, let U; be the cover consisting of
the open 1/3"/0-balls in (X,dr). Then Uy < U and U <* U_1, 80 Uy <* U_1.
Thus & = {U; : i € Z} is a normal sequence, and induces the metric dy on X.
If, for each ¢ € Z, U] is the cover by the open 1/3%-balls with respect to d,
then (a) and (b) in Proposition (1) imply Ui41 < U] and U] 5 < U;. This
together with Proposition [£.5(1)&(2) implies that (X, dy) is quasi-isometric
to (X, dr) and small scale Lipschitz equivalent to (X, dg) as required. m

Proof of Theorem [6.3 Let U be an open cover of X such that U € A.
Then there exists a sequence of open covers U; for ¢ > 0 consisting of open
balls in (X,dr) such that meshg,.(U;) < 1/3", Uy <* U and Uip1 <* U,.
There also exists a sequence of open covers U; for ¢ < 0 consisting of open
balls in (X,d) such that Lebg, (U;) > 1/3", U < U-1 and U; < U;—;. Then
W= {U,; :i € Z} is a normal sequence and induces the metric dg on X. Let
U! be the cover by the open 1/3%-balls in (X,dy) for i € Z. Then (a) and
(b) in Proposition B.1(1) imply St(x,U1) C St(x,U;) and St(x, U], 3) C
St(z,U;) for each i € Z. This together with Proposition [4.5(1)&(3) implies
that (X, dy) is quasi-isometric to (X, dy,) and lipeomorphic to (X,dr). m

The following two theorems concern the problem of simultaneous ul-
trametrization for a set with a 0-dimensional small scale structure and a
0-dimensional large scale structure.

THEOREM 6.4. Let X be a set with metrics dg and dr, and equip it
with the small scale structure p induced by dg and the large scale structure
A induced by dyr,. Suppose that T is compatible with A\. Then Ad(X,pu) = 0
and asdim (X, ) = 0 if and only if there exists an ultrametric d on X such
that the metric space (X, d) is small scale Lipschitz equivalent to (X,dg) and
quasi-isometric to (X, dr).

Proof. There exists a cover U of X such that Y € p and U € X. Let
Uy = U. Then Ad(X, ) = 0 implies that there exist U; € p for i > 0 such
that U1 <* U;, mul(Y;) < 1 and meshq (U;) < 1/3%. Then asdim(X, \) = 0
implies that there exist U; € p for i < 0 such that U; 11 <* U;, mul(U;) <1
and Lebg, (U4;) > 1/3%. Then 4l = {U; : i € Z} is a normal sequence on X, and
it induces the metric dg. The condition mul(Z4;) < 1 implies that dy = Dy.
To see that this is an ultrametric, let z, y, 2 € X, and suppose dy(x,y) = 1/3
and dy(y,2) = 1/37. Without loss of generality, assume i < j. Then there
exist U,V € U; such that z,y € U and y,z € V. Since mul(l4;) < 1 and
UNV # 0, we have z,z € U =V, which implies

du(l',y) = Dﬂ(l"z) < 1/3Z = max{du(:v,y),du(y, Z)}
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Similarly to the proof of Theorem (6.2 Proposition 1)&(2) implies that
(X,d) is quasi-isometric to (X,dr) and small scale Lipschitz equivalent to
(X,dg). =

Similarly to Theorem [6.4] we can prove

THEOREM 6.5. Let X be a set with metrics dr and dp, and equip it
with the topological structure T induced by dp and the large scale structure
A induced by dr. Then dim(X,7) = 0 and asdim(X,\) = 0 if and only if
there exists a ultrametric d on X such that the metric (X,d) is lipeomorphic
to (X, dr) and quasi-isometric to (X, dr).
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