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1. Introduction. Let d > 1 be a positive integer which is not a perfect
square. Consider the Pell equation

(1) X% —dYy? = +1.
All its positive integer solutions (X,Y") are given by
X, 4 YoVd = (X1 + YiVd)"

for some positive integer n, where (X1, Y1) is the smallest positive solution.
In several recent papers, the following problem was investigated. Let U =
{Un}n>0 be some interesting sequence of positive integers. What can one
say about the square-free integers d such that X,, € U has at least two
solutions n? For most sequences, one expects the answer to be that X,, € U
has at most one positive integer solution n for any given d except maybe for a
few (finitely many) values of d. In [3], this was shown to be so when U is the
sequence of all base 10-repdigits, that is, numbers of the form ¢(10™ —1)/9
for some positive integers m > 1 and ¢ € {1,...,9}. The only exceptional
d’s in this case were d = 2, 3. For each of these two values of d, the equation
X, € U has two solutions n. In [5], it was shown, more generally, that if
b > 2 is any fixed positive integer, U is the sequence of base b-repdigits, and
d is such that X,, € U has two solutions n, then

d< exp((lOb)105).

In [7], it was shown that if U is the sequence of Fibonacci numbers, then
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X, € U has at most one positive integer solution n, except when d = 2 for
which there are exactly two solutions.

In this paper, we consider the same problem for the sequence U := T
of Tribonacci numbers given by Ty = 0, 71 = T = 1 and T3 = Tipq2 +
Tont1 + Ty, for all m > 0. Our result is the following.

THEOREM 1.1. Let d > 2 be square-free. The Diophantine equation
(2) X, =Tn

has at most one solution (n,m) in positive integers with the following excep-
tions:

e (n1,mq) = (1,3) and (ng,ma) = (2,5) in the +1 case,
e (n1,my) = (1,1), (ng,ma) = (1,2) and (n3,ms) = (3,5) in the —1 case.

A few words about our method. For the arguments in [3], [5] and [7],
the arithmetical properties of the members of U played an important role.
For example, it was important to know all the solutions of the equation
Un = 2X2% — 1 in positive integers (m, X), which are easy to find when
U is the sequence of Fibonacci numbers or base 10-repdigits. It was also
important that ged(Up, Un) was closely related to Ugeq(m,n), Which is the
case both when U is the sequence of Fibonacci numbers and the sequence of
repdigits. In contrast, the sequence of Tribonacci numbers does not display
similar properties. For example, the equation T}, = 2X? — 1 in positive in-
tegers (m, X) is unsolved and there is no general method that would allow
one to solve it (albeit some tricky elementary arguments might solve such
equations), and ged(T),, Ty) is not related in any obvious way to Tyed(m,n)-
Our method consists in applying Baker’s theory of linear forms in logarithms
three times to three different linear forms in order to get an absolute bound
on all the variables, after which we reduce our bounds to some reasonable
values and carry on the computations in the remaining range. Our method
works not only for the Tribonacci sequence but also for other linearly recur-
rent sequences satisfying certain technical conditions. For example, it works
for sequences (um)m>1 which are linearly recurrent, nondegenerate, have a
simple dominant root o > 1 and all other roots of absolute value smaller
than 1, and furthermore if a is the coefficient of o™ in the Binet formula
for u,,, then log(2a) and log « are linearly dependent over Q (which ensures
that the analog of the left-hand side of is nonzero).

2. The Tribonacci sequence. Here, we recall a few important prop-
erties of the Tribonacci sequence {7}, },>0. The characteristic equation

22— —-1=0
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has roots a, 3, v = f3, where

a_1+w1—|—w2 5_2—w1—W2+\/§i(W1—w2)
- 3 ) - 6 b

wi = \/19+3v33,  wy = \/19 — 3/33.

Further, Binet’s formula is

and

(3) T =aad™ +08™ 4+ cy™  for all m >0,
where
1 1 1 _
- - h=— = ==}
LR M (1 Nl o o)

(see [9]). Numerically,

1.83 < a < 1.84,

0.73 < |8 = |y| = a2 < 0.74,
0.18 < a < 0.19,

0.35 < |b] = |¢| < 0.36.

(5)

Further,
(6) QA" 2< T, <™l forallm>2

(see [).

3. Linear forms in logarithms. We need some results from the theory
of lower bounds in nonzero linear forms in logarithms of algebraic numbers.
We start by recalling [2, Theorem 9.4], which is a modified version of a
result of Matveev [8]. Let L be an algebraic number field of degree df.. Let
N,...,m € Lnot 0or 1 and dy,...,d; be nonzero integers. We set

l
D =max{|dy|,...,|di|,3}, I'=]]n"-1
=1

Let Aq,..., A; be positive integers such that
Aj > b (n;) := max{dph(n;), [logn;|,0.16} for j=1,...,1,
where for an algebraic number 1 with minimal polynomial
F(X) = ag(X V) (X —5®) € Z[X]
over the integers with positive ag, we write h(n) for its Weil height given by

k
1 )
- = ()
h(n) k (log ag + E max{0, log |n |})

j=1

The following consequence of Matveev’s theorem is [2, Theorem 9.4].
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THEOREM 3.1. If I' #0 and L C R, then
log |I'| > —1.4-30"31*%dZ (1 + log d) (1 + log D) A - - - A;.

When k = 2 and 71, 12 are positive and multiplicatively independent, we
can do better. Namely, let in this case Bj, By be real numbers larger than 1
such that

log B; > max{h(n;), |logn;|/dvr,1/dL} i=1,2,
and let
p_ ] |d2]
dplog By dplog By’

Set

A =dylogn + dalogns.
Note that A # 0 when 7; and 72 are multiplicatively independent. The
following inequality is [6, Corollary 2|.

THEOREM 3.2. With the above notation, assuming that k = 2, L is real,
and n1,m2 are positive and multiplicatively independent, we have

(7)  log|A| > —24.34d] (max{log b’ + 0.14,21/dy,,1/2})? log By log Bs.

4. The Baker—Davenport lemma. We recall the Baker-Davenport
reduction method (see [4, Lemma 5a]), which will be useful to reduce the
bounds arising from applying Theorems [3.1] and [3:2]

LEMMA 4.1. Let k # 0 and p be real numbers. Assume that M is a pos-

itive integer. Let P/Q be the convergent of the continued fraction expansion
of Kk such that QQ > 6M, and set

§= @l =M -[|=Ql|,

where || - || denotes the distance from the nearest integer. If £ > 0, then there
18 no solution of the inequality

0<|mk—n+pul <AB*
i positive integers m, n and k with

log(AQ/¢)

DS <k and m < M.
logp  — = =

5. Bounding the variables. We assume that (Xi,Y]) is the minimal
solution of the Pell equation . Setting
X2 —dY?=:e, eec{x1},
we define

=X +VdY; and n=X; —VdY, =eé .
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Then

(8) X, =1("+n").

Since § > 1+ \@, it follows that

(9) ja< X, <d" foralln>1.

We now assume that (n1,m1) and (ng2,ms) are pairs of positive integers such
that

Xn, =Ty, and X,, =T1,,.

To fix ideas, we assume that ny < ng, so m; < me. Setting (n, m) := (n;, m;),
for i € {1,2} and using inequalities () and (9), we get

(10) Q"2 < T, =X, <6 and "a< X, =T, < o™t
Hence,
(11) ncilogd <m < ncjlogd+2, ¢ :=1/loga.
Next, using and , we get
(6" + ") = aa™ + ™ + ",

o)

5"(2a) Lo~ — 1 = —(2a)la~"" + (b/a)(Ba~1)™ + (c/a)(ya L™
Hence, using , and assuming that m > 100, we obtain

1 - 1 bl 18]™ | | |y™ 1 2(b|
6"(2a) taTm — 1| < <
[0%(2a) " = 2aa™mEm™ aa™ aa™ 2aami" - qaBm/2
o? 2| 4.5

2a0:2m aq3m/2 adm/2’

In the above, we have used the fact that [b|/a < 2 (see (§)) and a™/? >
o?/(2a) for m > 100. Since o*™/2 > 6, it follows that the last number above
is < 1/2. Thus,

4.5
I
Set

A =nlogd —log2a —mlog .
Since |e — 1| < 1/2, it follows that

9
A

Recalling that (m,n) = (m;, n;), we get

fori=1,2,

9
(13) |n;log 0 —log2a — m;logal < o3mi/2
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where mga > m71 > 100. We apply Matveev’s theorem on the left-hand side
of . First we need to check that
I=e'—1=6"2a)"ta™™ -1

is nonzero. Indeed, if it were zero, then " = (2a)a™. The right-hand side
belongs to Q[a] which is a field of degree 3, while the left-hand side belongs
to Q[v/d] which is a quadratic field. The intersection of these two fields is Q.
Hence, 6" € Q. Since ¢ is an algebraic integer and n > 1, it follows that
0™ € Z. Since ¢ is a unit, we get " = 1, so n = 0, a contradiction.
Thus, I" # 0, and we can apply Matveev’s theorem. We take
l=3,m=9 n=2a p=a d=n, d=-1d3=-m

and L. = Q[V/d, o], which has degree di, = 6. Since § > 1 + v/2 > «, the
second inequality tells us right away that n < m, so we take D = m.
We have h(m) = (1/2)logé and h(n3) = (1/3)log . Further,
a
a2 +2a+3

and the minimal polynomial of 2a is 11X3 +4X —2 and has roots 2a, 2b, 2c.
Moreover, max{|2al, |2b|,]2c|} < 1 by (F). Hence, h(n2) = (1/3)log1l.
Hence, we can take

A; =3logd, Ay =2logll, As=2logl.84.
Now Theorem [3.] tells us that
log |I'| > —1.4-30°%- 3%5. 62(1 +1og 6)(1 +logm)(3log §)(21log 11)(2log 1.84)

> —2.6-10"(log d)(1 + logm).

Comparing the above inequality with , we get

1.5mloga —log4.5 < 2.6 - 10*(log §)(1 4 log m).
Thus,

mloga < 1.8-10"(log8)(1 + logm).

Since o™ > §™ (see the right part of (10]), we get

(14) n < 1.8-10"(1 + logm).
Further, since a > 1.83, we get
(15) m < 3-10"(log6)(1 + logm).

Let us record what we have proved so far.
LEmMA 5.1. If X, =T, and m > 100, then
n < 1.8-10"(1 +logm) and m < 3-10"(logd)(1 + logm).

Next, we return to the two inequalities given by . Multiply the one
for i = 1 by no and the one for ¢ = 2 by n1, subtract the results and apply
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the triangle inequality to get

(16)  |(n2 —mni1)log2a+ (nami — nime)log o
= |na(n1log d —log 2a — mq log &) — nyi(nglog d — log 2a — mo log )|
< nglny log d —log 2a — mq log a| + ni|n2 log § — log 2a — my log
< 9712 977,1 18n2
= g3mi/2 | gB3maj2 T g3ma/2
We are now ready to apply Theorem with

= 2, m = 2a, N2 = &, d1 =nNg2 —nNi, dQ = nomi — maoni.

The fact that n; and 72 are multiplicatively independent follows because the
norm of 77 is 2/11 while 79 is a unit. Observe that ny — n; < ng, while by
the absolute value inequality in , we have

|log 2al| 12n9

|ngmy —nima| < (ng —ny) < 2ng,

log o a3m1/2Jog o
because my > 100. We have L = Q[a] with d, = 3. So, we can take

log B; = max{h(m),|logn|/3,1/3} = (log11)/3,

log By = max{h(n2), (logn2)/3,1/3} = 1/3.
Thus,

Y — (n2 —n1) n [namy — nims|

3-(1/3) 3 -log(11)/3
Now Theorem [B.2] tells us that with

2??,2 .

A= (ng —ni1)log2a + (nomqy — nymg) log o,
we have
log |A| > —24.34 - 3* max{log 2ng + 0.14,7}? - (1/3) - log(11)/3.

Thus,
log|A| > —526(max{log 2ng + 0.14, 7})%.

Combining this with , we get
1.5m1 log o — log 18ny < 526(max{log 2ny + 0.14,7})%
If log 2ns + 0.14 < 7, then no < 476. The above inequality then gives
1.5m1 log o < 526 - 72 4 log 12 - 476,

which implies m; < 28444. Hence, n1 < ngy < 476 and mq < 28444 in this
case. Assume next that ny > 476. Then

1.5m log a < 526(log 2ng + 0.14)% + log 181, < 528(1 + logn2)?,
which gives
(17) my < 583(1 + logna)?.
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Since ™ > §™ > § (see the right part of ), we get
log & < myloga < 356(1 + logny)?.

Combining this with the second inequality of Lemma with (n,m) =
(n2, msa), together with the fact that ny < mg, we get

my < 3-10M - 356(1 + logms)?,

giving mo < 1.6 - 10?2, Inserting this into the first inequality of Lemma
we get ng < 10'6, which together with gives my < 835000.
Let us summarize what we have proved.

LEMMA 5.2. If X,,, = Ty, fori=1,2 with m; < ma (sony < ng), then
my < 835000, n9 < 10'%,  my < 1.6-10%2.

To lower these bounds we use continued fractions on , and Baker—
Davenport reduction on (|13)).

6. The final computations. Set y = —log2a/log . Inequality
implies

18712
(18) |(n2 — n1)x — (nemi — nima)| < T log e
Since
18 1
(19) -

a’mi/2loga  2(ng —nq)’

it follows that (nami — nima)/(ne — ny) is a convergent of — log2a/log a.

Indeed, log a < 0.61 and m; > 100, together with Lemma [5.2] imply
36

(20) a®™/2 5 6.10% > 60n% > 60(n2 — ny)ng > 17(n2 — nq)ne,
og «

which immediately leads to ([19).

Obviously, ng — ny < ny < 106, Let
lag, a1, az,...] =[1,1,1,1,6,1,1,22,1,...]

be the continued fraction expansion of y, and let py/qx be its kth convergent.
A computer calculation yields

4999601640630812 = ¢33 < 10'0 < 24351826693265967 = ¢34;
further, the maximum of a; (i = 0,1,...,34) is 22 = a7. Hence,
! < ! < |(n2 —n1)x — (ngmq — nyma)| < __l8ne
24ns  24(ng —ny) a3m1/2log o’

and comparing the leftmost and rightmost expressions gives m; < 87.8
by Lemma Since we have assumed that m; > 100, we conclude that
mq < 100. Now gives n1 < 69.2.
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These upper bounds (on n; and mj) make it possible to compute all
existing ni and mj. Define

(X + VT 4 (X - VT
2

(X + VXTI + (X - VEZF D)
2

P(X) =

By (X) =

n
A computer search on the equations
P+ (Xl) m1 and Pn (Xl) m1

with 1 < mq <100 and 1 < n; < 69, where ny < mjq, results in only the
following possibilities:

Besides the trivial case n; = 1 (for both equations), which implies X; =
T, , only

(n1>m17X1) = (27572) and (nlythl) = (375? 1)

are the only nontrivial solutions in the first and in the second case, respec-
tively.

In order to check the trivial cases n; = 1, X; = T,,,, we have used a
brute force algorithm which essentially coincides with the treatment of the
nontrivial cases that will be discussed later. For any 1 < my; < 100 we
determined the decomposition T2 L —E= dY12, where d is squarefree. In this
way we find 6,,, = X1 + V/dY;. Then we considered the first convergents of
the continued fraction expansions of

log dyn,

1) log a

such that the denominator is larger than M = 6 - 10'6, and the ¢ value in
Lemma is positive. The upper bounds on mo are always less than 100,
which contradicts the assertion mo > 100. Thus, only the cases mo < 100
remain to verify. And we get (na, m2) = (2,5) if (n1, m1) = (1, 3), and further
(n2,ma) = (3,5) if (n1,m1) = (1,1) or (1,2).

To illustrate the treatment, take ¢ = 1, m; = 17. Now Tj7 = 10609,
T2 — 1 = 112550880 = 7034430 - 42, therefore 6,,,, = 10609 + 41/7034430.
The first denominator of the continued fractions corresponding to 7 which
is larger than M, is ¢og, but the first denominator with positive £ is gs31
(£ > 0.276). Lemma implies my < 50. However, since we have assumed
that mg > 100, we get mg < 100. But the equations PF(X) = T, have
already been solved for m < 100, so we get no further solutions.

The nontrivial solutions lead to (d,Y;) = (3,1) and (d,Y7) = (2,1),
respectively. Now, applying and Lemma we verify the possible new
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solutions to . First observe that

log d
n2
log

Set 61 = 24++v/3 and 65 = 1+/2. Taking the continued fraction expansion
of log 6; /log o (i = 1,2) such that the suitable denominator exceeds 6 - 1016,
we found that

9 —ma

q1.31 = 156827205418169727 ~ 1.56 - 10'7

and
2.28 = 98827474195551603 ~ 9.88 - 10'°

are satisfactory for ¢ = 1 and ¢ = 2, respectively. We now apply Lemma
with m = ng, n = ma, k = mg, A = 148, B = 2.4, M = 109,
x = log 0;/log o and p = x. Further, in the two cases @ = ¢1,31 and Q = g228,
we get & > 0.039 and & > 0.071. Consequently, mo < 49.9, ny < 23.1 in the
first case, and mgy < 48.7, ny < 33.7 in the second case. However, since we
have assumed that mo > 100, we get a contradiction, so mo < 100, leading
to ny < 69.2. Checking the last range we only obtained the possibilities

X1:2:T3 and X2:7:T5,

and
X1=1:T1:T2 and X3:7=T5,

respectively. But these are known from the investigation of trivial cases.
Hence the proof is complete.
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