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Normal forms for germs of vector fields with
quadratic leading part. The remaining cases

by

EwA STROZYNA (Warszawa)

Abstract. We complete the classification of germs of plane vector fields with quadratic
leading part initiated in Strézyna (2015). There, two cases were completely analyzed, a
simplest one and a most complex one. Here we study the remaining cases. In the proofs
we use a new method introduced in Strézyna & Zotadek (2015) concerning the Bogdanov—
Takens singularity.

1. Introduction. The problem of classification of germs of vector fields
in (C™,0), or in (R™,0), is natural and important (see [A]). In fact, two
classification problems are considered: the usual one, when one applies local
changes of coordinates, and the orbital one, when one additionally applies
a reparametrization of time (i.e. when one is interested in classification of
local phase portraits).

A standard approach to this problem is the following. Usually the vector
fields under consideration are of the form

V() = Vola) + -

where V{ is a polynomial quasi-homogeneous vector field (with respect to
some grading in the space C[[z]] of formal power series). The changes of
variables x = h(y) are generated by formal vector fields Z(x), h = exp Z;
these Z’s are subject to the same quasi-homogeneous grading. The linear
(in Z) part of the transformed vector field is

ady Z=[V,Z) =ady, Z+-- .

The operator Z — ady;, Z is the so-called first level homological operator.
The first level normal form is defined by the choice of a space complemen-
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tary to the image of ady;. The latter task is divided into finite-dimensional
algebraic problems, by restricting the operator ady; to spaces of polynomial
vector fields of fixed quasi-homogeneous degree. For more details of this ap-
proach we refer the reader to [AFGG], [AGG], [BSal, [BaS]|, [CWW], [KOW],
ILS], [WCW], [Z].

G. Belitskil [Be] proposed to choose the complementary subspace to ady,
to be the kernel of the conjugate operator adj, with respect to some Hermi-
tian products in the spaces of quasi-homogeneous vector fields of a given
degree. In particular, if the vector field Vj is linear, Vy(z) = Az, then
(ad 4, )* = ad g+,. This approach was exploited by E. Lombardi and L. Stolo-
vitch [LS]. Unfortunately, direct calculation of Imady; and keradj, is not
easy, even in the case of a linear vector field Vg @

In this paper we consider complex plane vector fields with zero linear
part,

(1.1) b=+ By +yyP 4+, y=0 +Cay+nyt 4+,

and classify them with respect to application of formal diffeomorphisms.
This classification essentially depends on the classification of homogeneous
quadratic parts

(1.2) Vo = (aa® + Bay +vy*)0s + (62 + Cay + ny?)0,

with respect to linear changes of the coordinates. This classification was per-
formed in S, Section 2.2| (see also Section 2 below). From that classification
one can see that the reduction process of the higher order terms in (1.1) is
done recurrently with respect to some definite quasi-homogeneous grading
(in the space of power series in two variables). In most cases that grading is
standard, defined by the standard Euler vector field

(1.3) E = 20, + yd,,

but it can be nonstandard. In this paper we deal only with the cases when
the standard grading is in use (as in [BSal). Moreover, there are cases when
the gradation is standard, but the critical point (0,0) of system (1.1) is
nonisolated (an infinite codimension phenomenon); we do not consider such
singularities.

(*) In [LS] the example of Vo = Az with a nilpotent matrix A is considered, Vo =
2202, + ©30z,; then A"z = 10,, + £20:,. The authors claim that the first level normal
form (an analogue of the 2-dimensional Takens normal form) is (z2+ P1)0z, + (z3 +z2P1 +
21P2)0z, + (x3P1 + z2 P2 + 21 P3)0y,, where P; = P;(x1,u) are formal power series in the
first integrals 1 and u = x3 — 2x123 of A*x (see [LS, Eq. (2)]). But also the vector fields
u*d,, commute with A*z; so in a correct normal form one should replace 1 Ps(z1,u) with
Ps(z1,u) (see also [SZ1]).
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The division of Vj’s into different cases is determined by forms of the
so-called Principal First Integral (PFI) of Vj. Generally, this first integral is

(1.4) F=a"y(y— )

but in some limit cases logarithmic summands can appear. Important are also
so-called Inverse Integrating Multipliers (IIMs), which should be polynomial.

In [S] the case with polynomial principal first integral, i.e., with a = p,
b = q, ¢ = r relatively prime positive integers, was completely studied. There
the polynomial inverse integrating multipliers are of the form

My, =zy(ly —x)F™, m=12...;

they correspond to the first integrals F'~™. Also in [S] the ‘road map’ to
treat other cases was sketched. Here we complete that task.

Let us say a few words about the method used in our reduction; it was
invented by the author with H. Zotadek [SZ2] (and used in [S]). We want
to reduce a vector field of the form Vj + W (as in (1.1)) to some normal
form by application of a diffeomorphism exp Z generated by a vector field Z.
Recall that the linear (in Z) part of the action of exp Z on V| equals the
commutator —ady, Z plus higher order terms. We divide the perturbations
W into two parts: ‘transversal’ to Vj and ‘tangential’ to Vj; also the vector
fields Z are subject to such division. We measure the part transversal to Vj
by the bi-vector fields Vo AW = h(x,y) - 0, A Oy, i.e. by one function h. The
part tangential to Vj is of the form g(z, y) Vp, hence it is also measured by one
function g. The homological operator ady; is split into two ‘1-dimensional’
homological operators:

(L5)  feCM)f=W(f), [f=DMW)f:=W()-dvW-f

In this way we realize the so-called first level reduction and obtain a
first level normal form. In the second level reduction we use the homological
operators C(Vp + V1) and D(Vpy + Vi) associated with two lowest degree
terms from the first level normal form. In most complex cases we need four
such steps.

An additional complication arises when Vj has nontrivial singular locus
and can be represented as

(1.6) Vo= GX

for a noninvertible factor G, called the Critical Factor (CF). (It is also one
of the elements which play a role in the classification of Vj’s.) Then the
corresponding homological operators (1.5) (and homological equations) are
suitably modified.

Our method works well in the more general situation, when the 2-dimen-
sional vector field Vj is quasi-homogeneous (in [SZ2, Section 4.1] we sketched
that situation). One of the advantages of the method is a clear distinction
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between the orbital and nonorbital normal forms. Unfortunately, we do not
see any possibility to extend our approach beyond two dimensions.

The plan of the paper is the following. In Section 2 we present the alge-
braic apparatus used in the proofs. In Section 3 we discuss the classification
of the leading homogeneous quadratic vector fields. In Sections 4-7 we study
each of the cases determined in Section 3 separately. The list of the resulting
normal forms (including those from [9]) is given in the last section; there we
also compare our results with those of V. Basov and collaborators, and of
L. Detchenya and A. Sadovskii.

2. Homological equations. We briefly recall basic homological oper-
ators and their properties. For more details we refer the reader to [SZ2]
and [S].

Recall that we study germs in (C2,0) of holomorphic vector fields of the
form

(2.1) V=V+

where the dots denote higher order terms with respect to the standard grad-
ing, i.e., corresponding to systems (1.1) with homogeneous quadratic leading
part V.

2.1. Koszul complexes and homological operators. We deal with
vector fields of the form (2.1). With V' (and V) we associate some linear
operators. Let

F=Cllz,yll, Z=AZ=2(z,y)0: + 22(2,4)9y : zi € Cl[z,y]]}

be the spaces of formal power series and formal vector fields. We denote by
Fq and Z; the spaces of functions and vector fields of degree d, where we set
deg 0, = deg 0, = —1. We note the following identity:

(2.2) [E,Z|=degZ - Z
for a homogeneous vector field Z.
We set
ady Z = [V, Z],
AV)f=f-V,
(2.3) B(V)Z =V NZ/0, N0y,

CV)f=V(f)=0f/ov,
DV)f=V(f)—div(V)- f.

The operators C(V'), ady and D(V') are called the homological operators.
It turns out that the following diagram, with rows given by so-called Koszul
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complezes,

(2.4) 0 F Z F 0

lC(V) \Ladv iD(V)
0 FAV) 7 BV) 0

is commutative.

It is easy to see that ker C(V') consists of all First Integrals (FIs) of V,
and ker D(V') consists of all Inverse Integrating Multipliers (IIMs) of V| i.e.,
of functions M such that div M~'V = 0.

The further analysis depends on whether the origin is an isolated singu-
larity of Vg or not.

2.2. The case with isolated singularity. If the origin is an isolated
critical point of Vj then the above Koszul complexes are exact and we can
split the reduction problem into the analysis of the operators C(V') and
D(V). For this we have to resolve the singularity of the homogeneous vector
field V4.

Recall that this resolution is a holomorphic map 7 : (S, E) — (C2,0)
which is one-to-one outside the exceptional divisor E ~ CP! = 771(0).
We get a holomorphic foliation in the complex surface S such that in the
general (nondicritical) case the divisor E is invariant with three singular
points (counted with multiplicities); the so-called dicritical case corresponds
to the situation V) = GE which is beyond our analysis (see Remark 1 below).
The above singular points on E correspond to invariant lines of Vj.

In our analysis of homological operators we use the blowing-up coordi-
nates:

(@, u) = (z,y/x).
These are coordinates in one chart of the surface S (and u is a coordinate
along E); in another chart the coordinates are (y,v) = (y, z/y).

Firstly, we recall that a homogeneous polynomial f(z,y) of degree d takes
the form

(2.5) f=af(u)
for a polynomial f . We also have
(2.6) Vo = za(u)dy — 2°b(u)0,,  div Vo = zc(u)

for some polynomials a, b, c.
The homological equations

(2.7) CV)f=9, DW)f=gyg
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(for f € Fy with given g = xd+1§( ) € Fi+1) take the form
2. = db(u)f +3,

a(w)
oY — (@) - )+

Generally, a(u) = const - u(u — 1) and the solutions to the latter equations
are of the form

(2.8)

29) f(u) = const - u®( ’LL—lBST Yr = 1) 7P 1g(7) dr,

f(w) = const - u(u—1)° {7777 H(r — 1) g(7) dr

(for some exponents «, 3,7,0). The integrals in (2.9) define Schwarz—Chris-
toffel functions (SC functions), or incomplete Schwarz—Christoffel integrals.

Recall that the solutions to (2.7) should be polynomial; otherwise, the
corresponding polynomial g lies outside Im C'(Vy) (or Im D(Vj)). Therefore
we should find obstructions to (2.9) being polynomials. These obstructions
are the periods of the SC functions defined as follows.

If o, B &€ 7Z (respectively, v, 6 ¢ Z) then the periods are defined to be the
following complete SC integrals:

1
2c(g9) =P.V. S wel(g), we=u"""Y(u—-1)"""1g5(u)du,
(2.10) ]
2p(9) =PV.\wp(g), wp=u"""(u-1)"""§(u)du.
0
Often «,...,d > 0 and the above integrals diverge, so one should take some

regularization; this is indicated by the principal value symbol P.V. A natural
regularization uses an analytic continuation of the Euler Beta function, as
a function of parameters. Anyway, we get the following explicit description
of the images of our homological operators in the cases when they are of
codimension 1 in Fgi1:

(2.11) mC(Vo) = {2c =0}, ImD(Vy) = {2p = 0}.

In special situations the periods are defined in special ways. Sometimes
some of these images are of codimension 2 and they are defined by vanishing
of two periods, e.g., residues of we p at u = 0 and u = 1. We will encounter
such cases.

We finish this subsection with the following identity to be used later: we
have Vo A E = szy(y —x)0, A0y, s = a+b+c, for Vj with the first integral
(1.4) (see also (3.1) below), i.e.,

(2.12) B(Vp)E = sxy(y — x).
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Usually the orbital normal form is Vj +@(z, y)E and the whole normal form
is (1+¥(z,y)) - (Vo + QF) for a special choice of the formal series ¢ and V.
Therefore (2.12) indicates that the right-hand side of the second equation

of (2.7) should equal su(u — 1)@(u). There are no such restrictions for the
right-hand side of the first equation of (2.7).

2.3. The case with a critical factor. Assume that
Vo=GX

where the Critical Factor (CF) G(x,y) is linear or quadratic and X has an
isolated singularity, i.e., the form (1.6).

We consider the diagram (2.4) restricted to suitable homogeneous com-
ponents Fy and Z; consisting of homogeneous polynomials and vector fields.

Then Im B(Vy) = GFg, ker B(Vp) = F X and ImA(Vh) = GF,X
(for suitable k, I, m). Of course, the corresponding Koszul complexes are not
exact and the homological operators (and homological equations) must be
modified.

The operator D(V}) remains unchanged, but we must be careful when
choosing the right-hand side of the homological equation D(Vp)f = g: it
is desirable that g be divisible by G. But we encounter a situation when
Im D(Vp) = Im B(V}) and then the normal forms are derived in another
(more direct) way (see Section 4.11).

To reduce the orbital factor we should use vector fields f X, from ker B(Vj),
and apply them to Vj = GX. We have

[GX. fX]=C'(W)f- X

where

(2.13) C'(Vo)f =GX(f) - X(G)f,

Thus C'(V) is our modified homological operator. It is easy to see that
(2.14) ker C' (V) = {f = hG : X (h) = 0}.

When we expect a normal form like (14+¥)(Vy+@E) then the right-hand
side of the homological equation

(2.15) C'(Vo)f =g

should be g = hG for a homogeneous polynomial h(z,y).
The analogues of (2.8)—-(2.11) are

(216)  a(w) L = [db(u) ~ e(w))f + 3,
(2.17) f(u) = const - u”(u — 1)” S e = 1) () dr,
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1
(2.18) Q01(9) =PV Nwolg),  we=u" " u—1)""G(u)du,
0

(219)  ImC'(Vo) = {20 = 0},

for a suitable polynomial e(u) and exponents p, v.

It occurs, but only once in Section 4.11, that Im C"(Vy) = GF4 and the
direct method is applicable (in that case also Im D(Vp) = Im B(Vj), see
Remark 4).

3. Classification of the homogeneous quadratic vector fields
from the further reduction perspective. Recall that we study germs
V =Vy+--- asin (2.1). The vector field V; can have critical locus of three
sorts: the origin, a straight line, two straight lines and a double straight line.
In [S] the first case is denoted as crit = 0, the second one as crit = 1, and the
third and fourth as crit = 2. They correspond to the degrees of the Critical
Factor (CF) G such that V = GX (as in (1.6)) and crit = deg G.

Next, Vj has invariant lines (and some of them can be critical). Their
number (denoted lin in [J]) can be 3, 2 or 1.

If lin = 3 then the invariant lines can be taken to be x = 0, y = 0 and
y = x. Moreover V) has a Darboux First Integral (FI) of the form (1.4), i.e.,
2%’ (y — x)¢, and
(3.1) Vo = z[(b+ ¢)y — bx]0, + y[(a + ¢)x — ayl0,.

Note that one of the exponents a, b, ¢ can be zero; then the corresponding line
is critical. For example, if F' = 2%°(y — 2)° then V; = (y — 2)(bxd,, — ayd,)
and we have the critical factor G =y — .

Since a power of a first integral is also a first integral, we will define
something like a Principal First Integral (PFI).

Below we use the following notation:

(3.2) p,g,r€Zso={1,2,...}, Zsp={i€Z:i>k}, s=a+b+ec
In the ‘Generic Nonresonant’ case we have
(3.3) a+b+c=1, adQ, bc#0,

in the function (1.4). Here there are no polynomial FIs and no polynomial
Inverse Integrating Multipliers (IIMs).
In the ‘Polynomial PFI’ case we have

(34) a =p, b= q, c=r, ng(p, q, T) =1.

Here F,, = F™ = (2Pyi(y — x)")™, are polynomial FIs m = 1,2,..., and
M, =xy(y — z)F™, m =1,2,..., are polynomial IIMs. (In Sections 7-8 it
is called Subcase 1.)
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In the ‘Rational PFI without Polynomial IIMs’ case we have either

(3.5) a=p, b=q, —c=p, s#0, ged(p,s)=1 (Subcase 1), or
' —a=p, b=¢q, c=r, s#0, gcd(p,s)=1 (Subcase 2).

Here there are no polynomial FIs and no polynomial IIMs. The division into
two subcases is dictated by uniformity of the final normal form for V' (see
Remark 1 below).
Next, we have the situations with rational (but not polynomial) PFIs
and polynomial ITMs.
In the ‘Rational PFI with 1-Factor IIM’ case we have either
a=b=1, —c=r>3, r#4 (Subcase 1), or

3.6
(3:6) a=b=1 c¢=—-4 (Subcase 2).

Here F = xy/(y — )" and M = (y — z)"*!. In the two subcases the final
normal forms are different.
In the ‘Rational PFI with 2-Factor IIM’ case we have

a=1, —-b=gq, —c=r, 1<r<g>1 (Subcase 1), or
(3.7) a=1, b=c=1 (Subcase 2), or
a=1, b=0, —c=r>2 (Subcase 3).
Here F = x/y%(y — z)" and M = y9"!(y — z)""! and in Subcase 3 there is
aCF G=y.
Now we consider the situations with nontrivial critical factor. In the
‘Nonresonant with CF’ case we have

(3.8) a¢Q, a+b=1, c¢=0.

Here the CF equals G = y — x and there are no polynomial FIs and polyno-
mial [IMs.
In the ‘Polynomial PFI with Linear CF’ case we have

(3.9) a=p, b=gq, ¢=0, gcd(p,q)=1.

Here the CF equals G = y — x, we have Fls F,, = F" = (2Py?)™ and IIMs
My, =zy(y —x)F™, m =1,2,.... (In Sections 7-8 it is called Subcase 2.)
In the ‘Rational PFI without Polynomial IIMs and with CF’ case we have

(3.10) a=p, —b=gq, ¢=0, 1<p<g, ged(p,q) =1L
Here FF = z%/yP and G =y — x.

Finally, we have the ‘Quadratic CF’ case with
(3.11) a=c=0, b=1

m+1(

Here F' =y, F,, = y™ are polynomial Fls, M,,, = zy y—zx),m=1,2,...,
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are polynomial IIMs, and G = z(y — ) @ (In Sections 7-8 it is called
Subcase 3.)

There remain cases with a multiple invariant line; recall that the multi-
plicity of an invariant line y = ugx equals the order of the zero u = ug in @

(for u = y/x).
In the ‘Double Invariant Line’ case we have

Vo = 2y0y + (ax + y)E, and either
(3.12) a#0,1,1/2,1/3,... (Subcase 1), or
a=1/n, n=12,... (Subcase 2).
Here F = ay — (1+a)Ilnz +y/x is a FI, and M = 22 is a polynomial IIM.
In the ‘Triple Invariant Line’ case we have
(3.13) Vo = 220, + (ax + y)E.
Here F = ay/z + y? /22> — Inx with the corresponding IIM M = z3.
Finally, in the ‘Double Invariant Line with CF’ case we have either
Vo = (bx +y)(z0y + aE), a#0 (Subcase 1), or
Vo = 2(x0y + aE), a#0 (Subcase 2).
Here F = (bx +y)®(ay/z —Inx) or F = 2°(ay/z —Inx) and M = 2%(bz +v)
or M = 3.
REMARK 1. L. Detchenya and A. Sadovskil [DS| present the following
classification of homogeneous quadratic vector fields:

zE (DS1), z[bxz+ (¢ —1)y]0, + y[(b — 1)z + cylo, (DS2),

(bx +y)E — xzydy (DS3), x(x0, — 2y0,) (DS4), zFE — xyd, (DS5),

zE — 2?9, (DS6), —2°0, (DST7), =+2°0,+yE (DS8),

x(y0y — x0y) + (bx + cy)E (DS9).
Cases DS1, DS4 and DS7 are beyond our analysis (either the grading is
nonstandard or the singularity is of infinite codimension). In case DS2 there
are three real invariant lines (z = 0, y = 0 and y = x) and in case DS9

there is one real invariant line x = 0 and two nonreal ones y = +ix (the
authors consider real vector fields). In cases DS3 and DS5 we have the double

(3.14)

() In [9] other cases with crit = deg G = 2 were considered: 28, ryd, and 3?9, In
all of them either the Newton diagram of V' contains an edge leading to a nonstandard
grading or V' has nonisolated critical locus.

The same remark applies to the case y(azd, + Bydy).

This is in analogy with the cases when the leading part is linear. In the elementary
cases (at least one nonzero eigenvalue) there exist formal separatrices, which can be taken
as ¢ = 0 and y = 0. Then the Newton diagram of the whole vector field has only one vertex
and one uses the standard grading. In the nilpotent case y0, + - -+ a quasi-homogeneous
grading is applied (see [SZ2]).
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invariant line = 0 and in cases DS6 and DS8 we have the triple invariant
line x = 0. In the above list one cannot find the cases with linear critical
factor and with quadratic critical factor.

Another list of homogeneous quadratic vector fields was produced by
V. Basov and E. Fedorova [BaF2] (it extends a list from [BaS1]):

2?0, + 429, (CFY), 420, + %0, (CFY), z(z® + ay)dy + y*0, (CFY),
(am2 + y2)6z + y28y (CFQ), (aac2 + y2)8z + 2y0y (CFg),

(az® + y*)0, + 9028y (CFg), y(ax + y)0, + x28y (CF?),

y(az + )0z + y( + by)dy, (CFY),  (az® +y*)0, + y(z + by)d, (CF),
(2%/2 + axy — y*)0, + xYOy (CF?O), x(axdy + yoy) (CFY),

2(+ydy + 20,) (CFy),  z[(ax + y)dy + yd,] (CF}),

2[20, + (x +y)9y) (CFY),  z[(ax +y)dy + 29, (CF3), 28, (DCF?),
zyd, (DCF3), y°0, (DCF3), =x(x+y)d, (DCF]), (¢*+y*)d, (DCF3),
2*(9; + 9,) (CF}), (2® £4°)(0x + 8y) (CF3), (x—1y)*(0: +8,) (CF3),
zy(y + 0y) (CF}),  a(z —y)(0: + 9,) (ACF3).

Here CF (respectively DCF or ACF) means canonical form (respectively
degenerate canonical form or additional canonical form), and the upper index
equals crit (see [DS]). Some cases in the latter list are irrelevant from our
point of view, and others can be grouped into classes from our list.

The ‘Generic Nonresonant’ case is the simplest one and was solved in
[Si Theorem 2] (see also Section 4.2). The ‘Polynomial PFI’ case is the
most complicated. Its classification consists of nine subcases and is given in
[S, Theorem 1] (see also Section 8).

The further plan of work on the above cases is the following. In Sec-
tion 4 we consider all the cases without polynomial FIs and polynomial ITMs
of degree > 4. (The IIMs with degree < 4 do not influence the normal
forms because they do not belong to B(Vy)Fy, d > 2; see also Section 4.1).
They include: the ‘Generic Nonresonant’ case, the ‘Rational PFI without
Polynomial IIMs’ case, the ‘Nonresonant with CF’ case, the ‘Rational PFI
without Polynomial IIMs and with CF’ case, the ‘Double Invariant Line’
case, the ‘Iriple Invariant Line’ case and the ‘Double Invariant Line with
CFE’ case. They need only one level of analysis, i.e., using the homological
operators D(Vy) and C(Vp), or D(V,) and C'(V}) in the cases with CF.
They are considered in separate subsections.

In Section 5 we consider the ‘Rational PFI with 1-Factor IIM’ case. There
we will need three levels of analysis associated with the operators D(V') and
C(V) for different V'’s.
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In Section 6 we handle the ‘Rational PFI with 2-Factor [IM’ case. Again,
three levels of analysis are needed.

Section 7 is devoted to three cases with polynomial PFI. But the ‘Polyno-
mial PFI” case was considered in [S]. So we concentrate on the ‘Polynomial PFI
with Linear CF’ case and the ‘Quadratic CF’ case where we also have noniso-
lated critical locus, of dimension 1 and 2 respectively. We will follow the four
steps of analysis from [S]; of course, we will use the operators D(V') and C'(V).
In [S| Remark 2| it is claimed that the classification is the same as in the ‘Poly-
nomial PFT’ case with trivial modifications; we substantiate this statement.

4. The cases with injective homological operators. In this section
we completely analyze the following cases:

e the ‘Generic Nonresonant’ case,
e the ‘Rational PFI without Polynomial ITMs’ case,

e the ‘Double Invariant Line’ case,

e the ‘Triple Invariant Line’ case,

e the ‘Nonresonant with CF’ case,

e the ‘Rational PFI without Polynomial IIMs and with CF’ case,
e the ‘Double Invariant Line with CF’ case.

4.1. The first level homological operators. Define the following first
level homological operators:

Ca(Vo), Da(Va), Cy(Vo) = Fa — Fay1,

i.e., the restrictions of C(V'), D(V) and C’'(V}) to the d + 1-dimensional
spaces of homogeneous polynomials.

LEMMA 1. The operators Dg(Vy) for d > 4 and Cyq(Vp) for d > 0 (or
CH (Vo) for d > 0, when crit > 0) have trivial kernels in all the above cases.

Proof. The kernel of Cy(V) consists of homogeneous polynomial first
integrals. Any such integral should be a function of the principal first in-
tegral F'. By definition in all the above cases there are no polynomial first
integrals.

Analogously the kernel of C?,(Vj) consists of functions f = hG such that
h is a polynomial homogeneous first integral of X. Such an h is a function
of F.

Finally, the kernel of D;(Vy) consists of homogeneous polynomial inverse
integrating multipliers. If Xp = F 0, — F;0, is a Hamiltonian vector field
with Hamilton function F', then Vj = M Xpg. In all cases where such a
polynomial ITM exists, its degree is < 3. =

The statement about D, implies the following for the problem of orbital
normal form. When we apply the operator ady; to Z with deg Z > 1 (with



Normal forms for germs of vector fields 145

quadratic and higher order components), it results in the application of the
operator D(V}) to the series B(Vy)Z which contains terms of degree > 4.
Here is the reason why, in Lemma 1, we consider only the operators D, with
d>4.

Therefore, in applications, we should choose a 1-dimensional subspaces
N(Dy) C Fyy1, d > 4, complementary to Im Dg(Vp), and identify its el-
ements with B(Vy)Wy_2 for some vector field Wy_o C Z4_5. These Wj’s
(which are usually of the form a;_j27 'E) will contribute to the formal
orbital normal form, which will equal Vi + > Wy_o.

The second statement of the lemma implies that Im Cy(Vp) is of co-
dimension 1 (respectively, Im C?,(Vp) is also of codimension 1). If we choose
a 1-dimensional subspace N (Cy) C Fyy1 then its elements ggi1 (which are
usually of the form by 12%+!) will correspond to summands in the formal
orbital factor. The generators of N'(C’) are chosen in the form gy 1G, d' =
d— degG.

The complete normal form will be

<1+ng) (‘/()JrZWd),

in almost all situations. The spaces N (Dg), N(Cy) and N (C) will be spec-
ified in each of the above cases separately.

4.2. The ‘General Nonresonant’ case. Recall that this case was al-
ready solved in [S]. It also the simplest one; so it is reasonable to present it
here, as a kind of instructive example.

For Vj as in (3.1) we have (2.9)—(2.10) with

a=db/s, p=dc/s, y=(d—=3)b/s+1, 6= (d—3)c/s+1,

(1) a+pf=d—da/s, y+d=d—1—(d—3)a/s,

where s =a+b+c =1 and a = a/s is irrational (see (3.3)). We choose the
following generators of N'(Cy) and N (Dg):

(4.2) g“ =2 g =2 yly —x) = 2 u(u - 1),

and we will demonstrate that they lie outside the images of the operators
Cy and Dy respectively. Here g” = B(Vp) - 2972E (see (2.12) for s = 1) and
corresponds to the term % 2F in the orbital normal form.

The integrands in (2.10) are

oy du Dy du

= g @ple”) =

(4.3) wely = m-

Since a/s ¢ Q, the numbers a + 3, v + J are not integers. Therefore the
periods 2c(g%) and 2p(gP), given in (2.10), are computed via the Euler
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Beta function and are nonzero, e.g.,
I'(—
(4.4) 2¢(g%) = const -

It follows that:

o The complete formal normal form in the ‘Generic Nonresonant’ case is

(4.5) (1+4(2))(Vo + ¢ (2)E),

where p(x) = agx® + --- and Y(z) = byx + - are formal power series and
where Vo + ¢(x)E is the formal orbital normal form.

This is the normal form from [S, Theorem 2].

4.3. The ‘Rational PFI without Polynomial ITMs’ case. Sub-
case 1. Recall that the PFI equals
2Pyl
(y—a)"’
s =p+q—r # 0 (otherwise y/z is also a first integral) and there are no
polynomial IIMs (i.e., when (p, ¢,7) # (1,1,7), r > 3, and (p, q,7) # (p, ¢, 1);

cf. (3.5)).
Here we have formulas (2.9)-(2.10) with

a=dq/s, p=-—dr/s, y=(d-3)¢/s+1, 6=—(d—-3)r/s+1,
a+p=d—dp/s, v+0=d—1—(d—3)p/s.
Since ged(p, s) = 1, the number a+ (3 (respectively, v+ ¢) is an integer only
when d/s (respectively, (d — 3)/s) is.
We choose the generators of N'(Cy) and N'(Dy) as in (4.2). If d/s is not
an integer (respectively (d — 3)/s ¢ Z) then an argument with the Beta
function (from the previous case) works.

Suppose d = ms with m € Z~¢ (thus s > 0). Then a« = mq € Z; and
B = —mr € Zp. The function in the first equation of (2.9) equals

F= ged(p, s) = 1,

~ 1 um™a § (7- _ 1)mr—1

(46) o=

dr.
s (u—1)mr T

qu—',—l

If mr — 1 > mgq then the obstruction to f being a polynomial is

(4.7) 20(g%) = Resy—owe(g9) # 0.

Otherwise, the SC integral in (4.6) is a rational function we(g¢) which

(®) Recall that the Euler Gamma function I'(z) does not vanish and has poles at
2=0,-1,-2,....
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should vanish at v = 0. Therefore the corresponding period is

0
(4.8) 2c(9) = Jwelg®),
o
which is obviously nonzero. If d = —ms with m € Z.( then after swapping

g with r the argument is the same.
If d — 3 = ms then the second equation of (2.9) gives

(4.9) o 1wt p@-ym

s (u _ l)mr—l S qu+1 dr.

The analysis is the same as in the case of the function (4.6).
Therefore:

o The normal form in Subcase 1 of the ‘Rational PFI without Polynomial
IIMs’ case is the same as in (4.5).

4.4. The ‘Rational PFI without Polynomial IIMs’ case. Sub-
case 2. Here

_ Yy —=) _

F = Ta ng(p7 S) - 17

s =gq+r—p# 0, and there are no polynomial IIMs (cf. (3.5)). Now we have

a=dg/s, B=dr/s, y=(d—-3)g/s+1, d=(d—-3)r/s+1,
a+B=d+dp/s, y+d=d—1+(d-3)p/s.

Again, the corresponding generators are as in (4.2). If d/s is not an integer
(respectively (d — 3)/s ¢ Z), then an argument with the Beta function is
used. If d/s < 0 is an integer (respectively, (d —3)/s < 0 is an integer) then
the corresponding period f2¢ p is an integral along the interval [0, 1] of the
form we, p with positive exponents; so, it is nonzero.

Suppose d = ms with m € Z;. Then o« = mq € Z~¢ and § = mr € Z~yp.
The function in the first equation of (2.9) equals

u

5 1 dr
C _ m mr
(410) f - _gu q(u - 1) USO qu+1 (7— _ 1)mr+1

for some ug. By considering ug = co and the behavior as 4 — oo one checks
that fC cannot be a polynomial. (In another approach one calculates two
periods: either Res,—gwe or Res,—1 we).

The analysis when (d — 3)/s = m € Z~¢ is the same and this completes
the proof that:

e The normal form in Subcase 2 of the ‘Rational PFI without Polynomial
IIMs’ case is as in (4.5).
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REMARK 2. The reason why we have divided the situation with rational
PFI without polynomial IIMs into two subcases is that the final normal form
is the same.

4.5. The ‘Double Invariant Line’ case. Subcase 1. We have
F=ay—(14+a)lnz+y/z, Voy=uazyod,+ (ax+y)E,
where in Subcase 1 we assume that
a#0,1,1/2,1/3,...

(see (3.12)).

Note that div Vy = x + 3(az + y). In the blowing-up coordinates we get
the system @ = x2(a + u), @ = 2u.

Assume first that the generators of N'(Cy) and N (Dy) are

g =24t P =VonzT2E/D, A Oy = —zy.

Then the homological equations are

(4.11) u(fC) +d(a+u)fC =1,
(4.12) u(fP) + (v + (d = 3)u) fP = —u,
where

y=(d+3)a—1.
By comparing the highest order terms in (4.11) we find that it cannot have
polynomial solutions. Also, the only possible solution to (4.12) is the constant
fP(u) =1/(3 — d), provided v = 0.
The constant -y vanishes when a = 1/(d — 3), where d > 5. Therefore:

e In Subcase 1 of the ‘Double Invariant Line’ case the normal form is as in
(4.5).

4.6. The ‘Double Invariant Line’ case. Subcase 2. The first integral
and the quadratic vector field are as in the previous case, but with
a=1/n, n € Zso.

We choose the generator of N'(Dy), d = n + 3, to be g” = Vy A 29730, /0,
A 9y = 2%(az + y); for other degrees this generator is standard. Therefore:

o In Subcase 2 of the ‘Double Invariant Line’ case the normal form for a =
1/n s
(4.13) (1 +%(2) (Vo + ans12" 29y + o(2) E)

where the index sets for the series ¢ = 3,7, a;xt and 1 = D ieT(v) bz
are

I(p) = Zz2 \{n+1}, ZI(Y) = L.
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REMARK 3. It seems possible to apply a linear change of the coordinates
x,y (with a change of F' and Vj) so that the normal form would be as in (4.5)
for any value of the ‘modulus’ a. But formulas become very complicated and
we have decided to stick to simple V with a slightly nonstandard orbital
normal form Vy + ¢(z)E + an+11:"+28y.

4.7. The ‘Triple Invariant Line’ case. We have

2
an%—i-éy?—lnx, Vo = 220, + (ax + y)E,

with divVy = 3(az + y) (see (3.13)). Hence & = x%(a + u), & = 1. The
generators

¢ =z and P =VyA xd_QE/&,B N0y = s
lead to the homological equations
(fY +dla+uw)fC=1, (7)Y +(d=3)(a+u)f” =1
By looking at deg f we find that they do not have polynomial solutions.

Therefore:

e [n the ‘Triple Invariant Line’ case the normal form is as in (4.5).

4.8. The ‘Nonresonant with CF’ case. The principal first integral
is
F=(y— ) 2%y,
s=a+b=1and a=a/s & Q (see (3.8)). The zero exponent of y — x means
that the line G := y — x = 0 is critical, thus

(4.14) Vo = (y — x)(bx0y — aydy) = GX.

In the 2, u coordinates we have & = bxr?(u—1), 4 = —su(u—1) with s = a+b.
The operator Dg(Vp) is defined as above. But, instead of Cy(Vp), we
should consider the operator C)(Vh) = G0/0X — X (G); its image kills
terms gX. (Also in the remaining cases from this section we consider the
operator C?.)
We choose the following generators of the cokernels of C?,(Vy) and Dy(Vp):

(4.15) gcl = xd(y —x) = deb/X, gD = wd*Qy(y —z);

note that ¢¢ is divisible by the CF G = y — z. We get the following
homological equations:

(4.16)  — su(u—1D2(fCY + [db(u — 1)? + (au + b)(u — D]f¢ =u—1,
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and the second equation of (2.8), with the solutions
~ 1 ¢ dr
¢yt (u— I
= st (u 1)87'““(7'—1)2’
u

; 1 dr
P = —EUW(U -1) S m,

(4.17)

where
y=Wd-3)(1—-a)+1, p=(d-1)(1-a).

Due to the nonresonance condition a ¢ Q, p and ~ are not rational, and
hence the integrands have nonzero residues at 7 = 1.

o [n the ‘Nonresonant with CF’ case the normal form is as in (4.5).

4.9. The ‘Rational PFI without Polynomial ITMs and with CF”’
case. We have the rational PFI

with 1 < p < ¢, ged(p,q) = 1, and the critical line G = y — z = 0 (see
(3.10)). So
Vo =GX = (y — x)(—qx0y — pydy).

We proceed as in the previous case with a = p, b= —gand s=p—¢q < 0.
With g¢" and gP as in (4.15) we get formulas (4.17) with

w=—(d—-1)q/s>0, ~v=—-(d-3)g/s+1>0.
Therefore the forms we p have nonzero residues at u = 1.

e In the ‘Rational PFI without Polynomial IIMs and with CF’ case the nor-
mal form is as in (4.5).

4.10. The ‘Double Invariant Line with CF’ case. Subcase 1. We
have

F:(bm—i—y)O(ai—lnx), a#0
(see (3.14)), i.e.,
Vo = (bz +y)(x0y + aE) = GX

with G = bx + y, X(G) = = + aG and divVy = x + 3aG. In the z,u
coordinates we get & = ax?(b+ u), 4 = (b + u). We choose

¢ =2t Vo/X =2 (b+u), ¢° =VoAz?2E/9, 70, = —a T (b+u).
Then the homological equations become

b+ u)(fY +[(d—Dab+u) — 1]f =b+u,

(b+u)(f7) +[(d = Da(d+u) = 1P = —(b+u).
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The degree of fC/’D cannot be positive. But the valuation of both sides in
each equation at u = —b shows that they do not have constant solutions
either.

e In Subcase 1 of the ‘Double Invariant Line’ case the mormal form is as
in (4.5).

4.11. The ‘Double Invariant Line with CF’ case. Subcase 2. Here

F:x0<ay—lnx), Vo = 2(20, + aF) = GX,
x
with a # 0 (see (3.14)).

One can see that the homological equations become

(fcl)/+(d_1)afclzgcl7 (fD)/+(d_1)afD:§D
They have polynomial solutions of the same degree as the degrees of the
right hand sides. Therefore, if we do not want to have solutions of degree
< d, we should take polynomials ¢ and g of degree d + 1.

But such choices are not compatible with the choice of §¢ as h-Vj /X =
hx with h(z,y) € F; and the choice of §” as B(V))Z = zh, Z € Z4_o,
h € Fy.

We apply a direct calculation of the operator ady;, . With Z = A(z,y)0,+
B(z,y)0y € Z4, d > 1, we get

Vo, Z] = z[adA + 2 A0, + [z(a(d + 1) B + 2B, — ayA)]d,.

We see that, after projection onto the vector fields divisible by = and sub-

sequent division by z, the resulting operator takes a triangular form with

nonzero terms (ad and a(d 4 1)) on the diagonal; it is one-to-one.
Therefore:

e In Subcase 2 of the ‘Double Invariant Line with CF’ case the unique formal
normal form is
(418)  Vot+oW)de +¥(y)dy, ¢=asy’+--, Y=byy’ -

REMARK 4. A natural question arises about the orbital normal form.
To be precise, one asks which terms from the series ¢(y) and ¥(y) can be
deleted by multiplying V' of the form (4.18) by a formal power series.

The answer depends on the first nonzero term in the perturbation ¢d, +
)0y. Let

e(y) =amy™ +---, YY) =buy" +--,  ambn #0.

We can assume that min(m,n) < oo, as the opposite case is of infinite
codimension.

If m < n then the formal orbital normal form is

(4.19) Vo + amy™ 0z + 1 (y)dy;
if n < 'm then the formal orbital normal form is Vo + ¢ (y)0r + bpy™0,.
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This follows from the possibility of multiplication of V- = Vj + --- by
14 c1y + coy? + - - -, combined with the above reduction.

REMARK 5. In this case we observe the following unusual phenomenon.
Since the critical locus of Vj is 1-dimensional, the operator B(V}) is not sur-
jective: Im B(V}) is of codimension 1. It turns out that this image coincides

with Im D(Vp). Also Im C'(Vp) coincides with G - C[[z, y]].

5. The ‘Rational PFI with 1-Factor IIM’ case. The principal first
integral is
Ly

(y— =)
thus we have the vector field (3.1) with a = b =1, ¢ = —r. When r # 4 we
have Subcase 1, otherwise we have Subcase 2 (see (3.6)).

F = r>3;

)

5.1. Discussion. The principal difference between this case and the
cases considered in the previous section is that one of the homological oper-
ators has nontrivial kernel. Namely, we have the polynomial IIM (y — 2)"+!
generating the kernel of D, 11(V}). This fact has some implications.

Firstly, the cokernel of D,11(Vy) is 2-dimensional. Secondly, the genera-
tor of its kernel can be used in further reductions, which can be realized in
two ways.

On the one hand, we can cancel some term from the orbital normal form
(which was not killed using D(Vp)). For this one uses a so-called second level
homological operator defined by means of D(Vy + Vi), where V; is a lowest
degree term of the first level normal form (in fact, V4 is from the first level
orbital normal form). Sometimes, for special Vj, the second level homological
operators still have nontrivial kernels and a third level analysis is needed.

But our IIM is also of the form B(V;)T, for a concrete vector field T,
and one can use ady;, T', which turns out to be proportional to V4. In this
way we can kill some term from the orbital factor.

There arises a problem of priority. For us, it is the orbital normal form
that we put first. Only when nothing remains to be killed on the orbital side,
we reduce a term from the orbital factor.

The same remarks apply in the next section (about the ‘Rational PFI
with 2-Factor IIM’ case). In the following subsections we present the first,
second and third level analysis of the homological operators.

5.2. The first level analysis

LEMMA 2. We have ker Cy(Vy) = 0 for any d, ker Dg(Vy) = 0 ifd # r+1,
and ker D, 11(Vy) = C - M, where

(5.1) M=2-7r)(y—=z)"""
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Proof. The first statement is obvious. Next, X = (y — x) """V} with
Vo=z((1—r)y—2)0, +y((1 —r)z —y)0y. =
LEMMA 3. The IIM (5.1) equals B(Vy)T with

(5.2) T=F'E+ (;_JFJZJ)QF%

=(y—2)" 2=y — 2+ 7)) + (2 - 1)z — (2+7)y)dy)}-
Moreover,
(5.3) ady, T =2(4 —r)(y — 2)" %V}

(which is nonzero for r # 4).

Proof. The fact that Vo A F~1E = M - 9, A 8, follows from (2.12) with
s = 2 —r; of course, B(Vp) - hVy = 0. But the vector field F~!E has poles
along the lines x = 0 and y = 0. We remove these poles by adding a term
proportional to V.

The derivation of (5.3) uses (2.2) and the equalities Vo((z+y)/(y—2)?) =
(22 + 32 +2(3 —1)zy)/(y — x)% and Vo(F~1) =0. =

REMARK 6. We observed the similar vanishing of ady; T for one value
of the exponent r, as above, in the generalized node case of the Bogdanov—
Takens singularity in [SZ2, Theorem II and Lemma 3.16]. Compare also
Lemma 6 below.

In the first level analysis of the homological operators we use only the
operators associated with V' = V. Firstly we specify the subspaces N (Cy)
and N (Dgy) complementary to Im Cy and Im D. Recall that dim N (Cy) = 1
for any d, and dim N (Dy) is 1 for d # r + 1 and 2 otherwise.

Witha=b=1,c= —r and s =2 — r we have

1 T 1
—d——, B=d—— y=—(d-3)—— +1
« E—t B —a 7 ( 3)r—2+ ,
r
—(d-3)—— 11
0=(d 3)r—2+’
fBmdtd——, y4+d—d—1+(d—3)——
“ N r—2 N r—2
(see (4.1)). We set
g€ = 2241,
(5.4) gP =2t ly(y—x) ifd#r+1,
D

g =y A=-rz-y), g =" A-r)y-2) ifd=r+1,
as potential bases for N'(Cy) and N (D). Note that
g()D = B(‘/O)yraza ng = B(‘/())$Tay-
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We get the form we as in (4.3); for d/(r—2) noninteger, its period £2¢(g%)
equals const - B(«, ) # 0. If d/(r — 2) = m € Z then we get the function
1 (u—1)m" ¢ gml

—r um (r —1)mr+l

f0:2 dr

(cf. (4.6)). The residue of wo(g®) at u = 1 vanishes; therefore the correct
period is 2¢(g¢) = Sgo we(g®) # 0 (cf. (4.8)).
If (d—3)/(r—2) € Z then 2p(gP) #0.If d—3 = m(r —2), m € Z,
then we arrive at the function
D 1 (u _ 1)mr+1 u Fm=2

2—r uml (1 — 1)mr+2 ar.

For m > 10 the above argument as for fc works, the unique period is
02p(g") = § wnl(g”) # 0.

For m =1, i.e., d = r + 1, we have two generators, gOD and gP, and we
define two periods Q%l(gjp) = Resy—o,1 wD(g]D), j=0,1. We have
(I-r)u-—1 py u(ut+r—1)

wD(géj) = Wdua wp(gr) = Wd%

and we define the period matriz
(9%(95’) 9%(9?))
2p(95) 2plgr)
Since 29(g) = (—1)"1 # 0, 2L(gP) = 1 # 0 and 2%(gP) = 0, this
matrix has triangular form, with nonzero entries on the diagonal, and hence
is nondegenerate.
But this is not the end of the first level analysis. We have not yet used
the kernel of D, 1(Vp) generated by (y — z)" ™!, via the vector field T from
Lemma 3. If the orbital normal form differs from Vj then we can use this T

to cancel higher order terms. But when the orbital normal form is V{, then
we get the term

(5.5)

4—r)(y—2) Vo #0
for r # 4; for r = 4 we get nothing. It turns out that the function g =
(y — 2)" 2 lies outside Im Cy(Vj) for d = r — 3.
Indeed, the corresponding period 2¢(g) = P.V. S(l) uw N u— 1) du,
withao=—(r—3)/(r—2), B=r(r—3)/(r —2), a + B € Z, is nonzero.
Therefore:

e The first level normal forms in the ‘Rational PFI with 1-Factor IIM’ case
are

(1+9()(Vo+U + ¢(z)E),

5.6
( ) U= ayraz + be(?y, I((p) = ZZQ, I(’Lﬂ) = ZZH
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or

Z>1\{r —2} (Subcase 1),
5.7 1 \% I(Y) = -
61 Qv 2= {7 S
(the latter form is complete).
5.3. The second level analysis. In this section we study the homo-

logical operators associated with vector fields of the form
V=V+V,

where V7 is a homogeneous vector field of lowest degree deg V4 > 1 which
was not reduced in the first level analysis. We have to consider several pos-
sibilities:

(5.8) Vi=az*E or Vi =ay 0, + bx" 0y
(from the orbital normal form) or
(5.9) Vi = cz'Vj

(associated with the orbital factor). Of course, it is possible that there ap-
pear terms (5.8) and (5.9) simultaneously, of the same degree or of different
degrees. However, we prefer to consider actions of the homological operators
associated with them separately, with the orbital normal form priority (see
Section 5.1). Therefore, the case (5.8) is used when terms of the form (5.9)
are present, even of degree smaller than the degree of (5.8). The terms (5.9)
are used when the orbital normal form is V.

Our analysis is essentially reduced to the operator D(V') acting on func-
tions of the form €M + f, where £ € C and M = (y — x)"*! is the generator
of ker D,41(Vp), and followed by projection onto a space of homogeneous
functions. Therefore we get the following second level homological operator:

(5.10) D(V):C® Fg— Far1, (& f) = ED(VI)M + D(Vy)f,

where d = k+r = deg V1 4+ r. This operator acts between spaces of the same
dimension.

LEMMA 4. We have:

(a) D(z*FE)M = (r — 1 — k)2* M,

(b) D(ay" 9y + bz"dy)(y — )" = (r + 1)(bz" — ay")(y — )"
5.3.1. The case Vi = ax*E. We assume that

(5.11) k#£r—1.

We have d = k+r > r+ 1, as k = degV; > 1. Therefore Im Dy(Vp)
is of codimension 1 (by Lemma 2). Therefore, in order to demonstrate the
surjectivity of the operator D(V') from (5.10), it is sufficient to show that
D(Vi)M = const - ¥ (y — )™+ (by Lemma 4(a)) lies outside Im Dg(Vj).
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For this we consider the period £2p(g) for g = 2*(y — 2)"*!. We have
(5.12) wplg) = u®(u—1)% du
with g = 23 2> 0and 0 =r — 1 — (k+7r — 3)55. If &3 = Etro3 g
not an integer then 2p(g) = const - B(¢ + 1,0 + 1) # 0. Otherwise, either
2p(9) = Resu=1wp(g) # 0 or 2p(g) = Jo wn(g) # 0.
e The complete normal form in the ‘Rational PFI with 1-Factor IIM’ case
with Vi = ax®E is either

(1+ () (Vo + Vi + b2"0, + ¢(x)E),

(5.13) kE<r—1, Z(WY)=2Z>1, Z(p)=Zsp\{r—1,k+r—2},
say  (FPED0O Vit e B),

k>r—1, I(Y) =Z>1, I(p) =Zsk \{k+r—2}.

5.3.2. The case V| = ay" 0, + bx"0,. We assume (a,b) # (0,0). Here
d=2r—1%#r—1. As in the previous case, by considering a suitable period
2p(g) for g = (ba" — ay")(y — z)" (see Lemma 4(b)) we have

(u _ 1)2r+1 (a _ bTr) i
u (7- _ 1)r+2
Note that the form wp(g) = (@ — bu")(u — 1)7"~2 du has trivial residues at
u = 0, 1. So, the only period is
0
2p(9) = | wplg) =

[e.9]

If a+ (—1)"1b # 0 then we are done. Otherwise, we can use the [IM M
either to cancel another term from the orbital normal form (provided it is
# Vi + V1), or to improve the orbital factor.

fD = const -

(a+ (=1)""b).

r+1

e The second level normal form in the ‘Rational PFI with 1-Factor IIM’ case
with Vi = ay" 0, + bx"0y is either

(1 +9¢(2)(Vo + Vi + ¢(2)E),
at (1B £0, T(g) = Zs, \ {20 — 3}, T() = Zs
(this form is complete), or

(1+9(2) (Vo + Vi + p(z) E),

(5.15)

B0 Y a o+ (1720, T() = Zee T() = Zon,
5,17 (1+9(2)(Vo + W),

Vi=a(y 0y + (—1)"2"0y), Z(¥)=2Z>1 \{r—2} (Subcasel)
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(this form is complete), or

(1+4(x))(Vo + W),

(5.18) RN -
Vi =a(y 0, +2°0y), Z(v¥)=Z>1 (Subcase 2).

5.3.3. The case Vi = cz'Vj. Here the orbital normal form is Vj. So M
is used in killing only one term from the series (z). The result is in (5.7).

5.4. Third level. We consider homological operators associated with
the vector fields V' = Vi + V§ + V5 such that Vi + V4 has nontrivial 1IM,
ie.,

(5.19) Vi=a(y 0, + (—1)"2"0y).
In fact we are left with two subcases.

5.4.1. The case Vo = ca' E. Of course, ¢ # 0 and | > r. As before, we use
D(Vo)M ¢ Im D(V}) to kill the term /" E from the orbital normal form.

e The complete normal form in the ‘Rational PFI with 1-Factor IIM’ case
with Vi = a(y" 0, + (—=1)"270,) and Vo = c2'E is

(1+4(x)(Vo + Vi + Va + p(2) E),

I(p) = Zoy \{l +7 -2}, Z(Y)=Z>:.
5.4.2. The case Vo = cx' V. We assume additionally that

(5.21) r =4,

(5.20)

i.e., we are in Subcase 2 (see (5.18)), and we admit ¢ = 0. Thus the orbital
normal form is Vg + a(y*d, + 219,). Moreover, ady, T = 0, where T =
—2(y — 2)? {3z + y)0z + (z + 3y)dy} (see (5.2)). But we have ady, T =
2j27 1 (y — 2)%(3x + 2y) Vo and the factor g = 2/~ (y — x)? (3z + 2y) does
not lie in Im Cj41(Vj). Indeed, here

wolg) = (3 + )=y —1)"271 du.

If j is even then Res,—1 wc(g) # 0. If 7 = 2m — 1 is odd then we compute
Nc(g9) = Sgoo wc(g); the substitution w = 7/(7 — 1) leads to a Beta type
integral with 2¢(g) = =3 B(m, 3m) # 0.

e The complete normal form in Subcase 2 of the ‘Rational PFI with 1-Factor
IIM’ case with Vi = a(y*0, + x10,) and Va = calVj is either

(5.22) (1 +ca? + (@) (Vo + Vi),  Z(¢) =2Z>;\ {j -2},

(5.23) Vo + V.
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6. The ‘Rational PFI with 2-factor IIM’ case. We have
T

yily — )"

i.e., the vector field (2.1) witha =1,b= —¢,c = —rand s =1—q¢—7r = —|s]
(see (3.7)). When 1 < r < ¢ > 1 we have Subcase 1, when ¢ = r =1 we
have Subcase 2, and when ¢ = 0 and r» > 2 we have Subcase 3. In the latter
subcase we have the critical line y = 0.

Analysis of these cases is essentially the same as in the previous sec-
tion, and the discussion from Section 5.1 is applicable. One difference is in
Subcase 3, where one has to use the operator C'(Vp) (not C(Vp)).

6.1. The first level analysis

LEMMA 5. We have ker Cy4(Vh) = 0 for any d (respectively, ker C!}(Vp)
= 0 for any d) and ker Dg(Vp) = 0 if d # q+ 1+ 2 and d > 4, while
ker Dgyr42(Vo) = C - M, where
(6.1) M= sy (y —az) ™, s=1-q—r

LEMMA 6. The IIM (6.1) equals B(Vy)T' for

T=F'E—((y—x)F)"'Vo =y%(y — )" H((1 — q)x + sy)0 — ryd, }.
Moreover,
(6.2) ady, T = (1 - q)y’(y —2)" 'V
(which is nonzero for q # 1).
Proof. The property B(Vp)T = M follows from (2.12). The term

((y — 2)F)~'V, is extracted from F~'V; in order to remove the pole along
the line z = 0. =

Let us specify the subspaces N (Cq), N(C}) and N(Dg). By Lemma 5,
dim N (Cy) = dim N (CY)) = 1 for any d, while dim N'(Dy) = 1 for d # g+r+2
and dimN(Dq+7»+2) = 2.

We have

a=dq/|s|, B=dr/|s|, ~v=(d—-3)q/|s|+1, d=(d-3)r/|s|+1,
atf=d+dfls|, y+i=d-1+(d-3)/|s|,
in (2.10). Moreover, in Subcase 3 we have V) = GX with G = y and
XG)=01-r)z—y.

We choose
(6.3) g% =2t Y =y,
(6.4) g =2 yly—a) (d#q+r+2),

(6.5) 90 =9" gl =y"(r-Dz+y) (d=q+r+2),
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ie., gP = Vo Ay?*" 119, /0, A Oy. The solutions to the homological equations
are

. 1, H d
(6.6) = mu (u— 1)ﬁg roH (7 i 1)F+L’
6.7) fP= ‘;u'y(u— 1)58777(7— )%dr, d#q+r+2,

6.8) FO =1 culu— 1) = 1), = (d - /- 1),

Equations (6.6) and (6.7) are treated as in the previous section. We have
either a + 8 ¢ 7Z for d/|s| ¢ Z (respectively, v+ 0 ¢ Z for d/|s| ¢ Z) and
f2c,p is expressed via nonzero Beta functions, or {2c p = Resy,—owc,p # 0
(because a, 8,7,0 > 0). In the case of (6.8) the residue of the form wer =
w1 (u—1)"""!du at u = 0 is nonzero.
Ifd=q+r+2theny=qg+1, 5 =r+1 and we have two forms
du u(u+r—1)du

WD(QOD) = Wa WD(QP) = ((u — 1)r+g

(associated with the choice (6.5)). If we define the periods as 2% =Res,—o wp
and !2117 = Resy—1 wp then the corresponding period matrix becomes tri-
angular with nonzero determinant (see Section 5.2). This proves that the
functions (6.5) generate N'(Dg4,42) indeed.

Finally, when the orbital normal form is V{; and ¢ # 1, then the 1IM
M = const - y?T(y — )" from the kernel of Dy,+2(Vp) can be used, via
the vector field T' from Lemma 6, to cancel some term in the orbital factor.

For this it is enough to show that the function g = y4(y—=)"~! from (6.2)
does not lie in Im Cy(Vp), d = ¢+ 1 — 2, if ¢ # 1; respectively, y(y —z)" ! ¢
ImC)(Vp),d=r—1,if ¢ =1.

Hence one considers the corresponding period 2¢(g); respectively, 2¢/(g)
=Resy—ou H(u—1)"""du,v=(d—1)r/(r—1),if ¢g= 1.

e The first level normal forms in the ‘Rational PFI with 2-Factor IIM’ case
are

(1+9(@) (Vo +U + ¢(2)E),

O Um0, T(0) = T\ fa by, T0) = B,
or
(1 + ¢ (2)) Vo,
(6.10) T(0) — Z>1\{q+r—1} (Subcases 1 and 3),
) = {Zzl (Subcase 2).

6.2. The second level. Here we study the homological operators asso-
ciated with vector fields of the form V' = Vi + Vi where V; is the low-
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est degree part of the orbital normal form. Thus V; = az*E or Vi =
axd™"E + by?t"t19,. As in the previous section, there are no cancellations
when Vi = c2*Vj . B

We consider the operator D(V') defined in (5.10) with d = deg Vi + ¢ +
r+2and M = y4t(y — z)"+1

LEMMA 7. We have:

(a) D(z*E)M = (q +r — k)zFM,
(b) Dy 10p) M = —(r + 1)y* 2 (y — 2"

6.2.1. The case V; = az*E. We assume
(6.11) kE#q+r.

We have d = k+(q+r+2) > g+r+2 and hence Im Dy(Vp) is of codimension 1
(Lemma 5). Therefore it is enough to show that g = zFydtl(y — )™+t =
ghtatr+2qa+1 (4 — 1)1 (Lemma 7(a)) lies outside Im Dg(Vj), i.e., 2p(g)
# 0. The corresponding form equals wp(g) = u’(u — 1)? du with ¥ =
—(d—-3)q/|s|+q—1,0=—(d—3)r/|s| +r—1.

We have either 2p = const - B(J + 1,60 + 1) # 0 when ¥ + 0 ¢ Z
((d—3)/|s|]) &€ Z), or d —3 = m|s| and 2p = Resy—owp # 0 (and also
Resy—1wp # 0).

e The complete formal normal form in the ‘Rational PFI with 2-Factor I1IM’
case with Vi = az*E is either

(1+4(x)(Vo+ Vi + U + ¢(z)E),
(6.12) U=ar?"E+by?™" o, k<q+r,
I(@):ZZk\{Q+Tak+q+T_1}a I(w):ZZh
or
(1+ () (Vo + Vi + ¢(z)E),

6.2.2. The case Vi = az?™"E + byt 19,. We assume (a,b) # (0,0).
By Lemma 7 we have D(V1)M = —b(r + 1)y??*"+2(y — 2)". So we want to
know whether g = y?¢*"+2(y — z)" & ITm Dy(Vp) with d = 2¢ + 2r + 1. The
solution of the corresponding homological equation is

u

2. iu2q+1(u oy S L
sl (r—1r+2
o

It is a polynomial of degree d, which demonstrates that the operator ﬁ(V)
(see (5.10)) has kernel generated by M + const - f2 and is not surjective.
Therefore we gain nothing.

If the orbital normal form is richer than V; + V7 then M is used in the
third level reduction of the orbital normal form. Otherwise, we reduce the

(6.13)
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corresponding term 297"~! from the orbital factor 1+1(z). This holds when

q# 1
e The second level normal form in the ‘Rational PFI with 2-Factor IIM’ case
with Vi = ax®"E + by?t" 119, is either
(6.14)  (1+4¢(@)V+Vi+e@)E), I(p) = Zogyr, I(Y) =Z>1,
or

(1+9(2)(Vo + W),

(6.15) T() = {Z>1 \{g+r—1} (Subcases 1 and 3),
Z>1 (Subcase 2).
6.3. Third level. We deal with V- =V, + V; + V5, where
(6.16) Vi = az?"E + byt 1o,

and Vo = ¢! E or Vo = eI V.

6.3.1. The case Vo = ca'E. Of course, | > q+ r. We use D(Vo)M ¢
Im D(Vp) to kill /T4t —1E

e The complete normal form in the ‘Rational PFI with 2-Factor IIM’ case
with Vi = ax®"E + bydT" 110, and Vo = ca'E is

(14 ¢(2)(Vo + Vi + Va + p(2) E),

I(p) =Zs \{l+q+r—1}, Z(¥)=Z>:.
6.3.2. The case Vi = cx/Vy. This case is essential only when

(6.18) g=r=1,

ie., F =x/y(y — x) (Subcase 2). Recall that T = —4?(d, + 9,) and that
Vo, T| = 0 (Lemma 6). Therefore

2V, T) = 27 [Vo, T| — T(29) Vo = jad " y* Vo = jg(, ) Vo.

The polynomial g is not in Im Cy(Vp) for d = j > 1.
Indeed, we have

(6.17)

u

T P

Ti=Y(r —1)i+1’
where the integrand has nonzero residue at u = 1 for j > 1. Thus we can
cancel the term 277! from ().

If j = 1 then we cannot cancel 2 from ¢ (x). But if ¢ contains a higher
order term ex™ then we can cancel the term z™*!.

® The complete normal form in Subcase 2 of the ‘Rational PFI with 2-Factor
IIM’ case with Vi = ax?E + by30, and Vo = cx?V} is either

(6.19) (1+ca? +9@)(Vo+ Vi), j§>1, I()=2Zsjs,
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(6.20) (I+cz+ex™ +9()(Vo+ V1), Z(¥) =Zsmt,
(6.21) (1 +cx)(Vo + W1).

7. The case with polynomial PFI. This case is characterized by the

polynomial form of the principal first integral:

F=aPyi(y—x)", ged(pg,r) =1,
with p,q,r € Z>¢. The case with p,q,r > 0, i.e., the ‘Polynomial PFI’ case
(see (3.4)), was completely studied in [S|; we will call it also Subcase 1.
When r =0 and p, ¢ > 0 we have the ‘Polynomial PFI with linear CF’ case
(see (3.9)); we will call it Subcase 2. When p = r = 0 and ¢ = 1 we have
‘Quadratic CF’ case (see (3.11)), which we will call Subcase 3.

In [S, Remark 2| it was suggested that the same list of normal forms
(as in the ‘Polynomial PFI’ case) holds in Subcases 2 and 3 (with obvious
modifications). The aim of this section is to verify that statement.

Therefore we shall follow (rather quickly) the four levels of analysis from
the ‘Polynomial PFI’ case and adapt them to the remaining types.

Recall that

v (y — x)(qz0y — pydy) = GX  (Subcase 2),
0~ {x(y —2)0y = GX (Subcase 3).
The operators Dy(Vj) are as in Sections 2-3. But, instead of Cy(Vp), we
consider the operator C)(Vy) = GO/0X — X (G) (see (2.13)) with the ho-
mological equation C}(Vp)f = g resulting from adgx fX = gX.
Below s =p+ g+, ie., s =p+ q (Subcase 2) or s = 1 (Subcase 3).

7.1. The first level analysis
LEMMA 8.

(a) In Subcase 2, ker C',(Vy) =0 for d # 1 (mod s) and ker C/,(Vy) = C- Ly,
ford=ms+1¢€ sZ+ 1 with

L, =(y—x)F™.

(b) In Subcase 3, ker C!(Vy) = C - Lg—o with Ly, = x(y — x)y™.
(¢) We have ker Dg(Vp) = 0 if d # 3 (mod s) and ker Dg(Vy) = C - My, if
d=ms+ 3 € sZ+ 3 with

M,, = sxy(y — x)F™.
LEMMA 9. We have M, = B(Vo)Ty,, where
T,=F"E and adyT,=F"V.
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The solutions to the homological equations Dy(Vp)fP = ¢P and
CL (Vo) £ = ¢ are

u u

(71) fND = _%u’y(u_l)éng(qD)v fC, = _EUM<U—1>VSWC/(gcl)7
where wp(g) = §(u)u=1" (u— 1) du, werlg) = Gl u = 1)~ du
and

(7.2) v=(d—2)q/s+1, d=1

(thus v = d — 2 for Subcase 3),

w=(d—-1)q/s, v=1 (Subcase 2),
w=d—2, v=1 (Subcase 3).
We choose generators of the subspaces N (D) as in [S]:
Doyt 2y(y —g), d#£3 (mod 5),

g
@ =4, 9 =y Py —2).

For Subcase 2 we choose generators of N'(C) as
g9 =a%y—=z), d#1 (mod s),

9 =97, ¥ =ylly )

for Subcase 3 we choose
(7.6) 9§ =2y —x), of =2y (y—u).

The fact that, for d # 3 (mod s), the function ¢g” is good follows from
the nonvanishing of 2p = Resy—1 wp where wp(g”) = v (u — 1)~ du.
For d = ms + 3 the period matrix with the periods Q%l = Resy—o,1wp is
triangular and nondegenerate.

In Subcase 2 with d # 1 (mod s) we consider 2¢cv = Resy—1 wer (g
When d = ms + 1 we consider the period matrix with % = Resy—o,1 wer.

In Subcase 3 we have the corresponding forms

du du
w1l (u—1)" wu-—1

(7.3)

(7.4)

(7.5)

C”).

and the period matrix with 2% = Resy—0,1 wer is nondegenerate.

If the orbital normal form is simply V) then we use the IIMs M,, from
Lemma 9 to kill some additional terms from the orbital factor. To this end,
one considers the equations C&(Vb)fcl = g with g = GF,,, = 2P™y?"(y — x)
(Subcase 2) or g = xy?~!(y — x) (Subcase 3). In Subcase 2, d = ms # 1
(mod s), and hence wer(g) = u(u—1)"! du with A ¢ Z has nonzero residue
at u = 1. So, we kill the terms zPt9™ 1 = 1,2, ..., from the orbital factor.

In Subcase 3 we have g = ¢ from (7.6); so, the term y?~! from the
orbital factor is killed.
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e The first level normal form in Subcase 2 is the same as in |S, Proposition 1|,
and in Subcase 3 we have either

(I+9() +xW) (Vo + p(x)E + ¢(y)E),

(7.7) T(¢) = T(6) = Zoa,  T() = I(x) = Zon,
(7.8) (L+9@)Vo,  Z(¥) = Z=1 [}

7.2. The second level analysis. We study the operator E(V) from
(5.10) with V. = Vi + V; and Vi = a2*E or V| = (az® + by*)E and with
the IIMs M,,, from the kernel of D(V}) (see Lemma 8).

But the operator C’(Vp) also has huge kernel generated by the L,, =
GF™’s from Lemma 8. Therefore we define the operators
C'(V): C-GFy & Fy— Fusa,

(EGF™, f) = EGC(V)F™ + Cy(Vo) f,
where the argument corresponds to the vector field Z = EF™(Vo+ V1) + fX.

(7.9)

LEMMA 10.
(a) O((az® + by*)E)F™ = ms(ax® + by*)F™,
(b) D((az® + by*)E)M,, = (ms + 1 — k)(az® + by*)M,,.

7.2.1. The case Vi = ax*E. We assume Subcase 2 with

(7.10) kE# 1 (mod s).
By Lemma 10(b) we should check whether the polynomials g” = z¥M,, =
gktms+39m4 Jie outside Im Dg(Vp) with d = k+ms+2 # 3 (mod s). Because
2p(gP) = Resy=1 wp(g”) # 0, the answer is ‘yes’ and we can kill the terms
2F+ ™ B from the orbital normal form. .

To prove the invertibility of the operator C'(V') we show that the poly-
nomial ¢¢ = 2FF,,,G (Lemma 10(a)) lies outside Im C%,(V;) with d = k+ms
# 1 (mod s). But now 2¢/(¢%") = Resy—1 wer(¢€) # 0. We kill the terms
2R+ from the orbital factor.

e The complete normal form in Subcase 2 with Vi = az*E is as in
[Sl Proposition 2].

7.2.2. The case V| = (az™*! + by™THE. Of course, (a,b) # (0,0).
Here the operator D(V') acts between C& F; and Fy4q for d = (m+n)s+3.
The space Fyy1/Im Dg(Vp) is generated by gf’ and g from (7.4).

By Lemma 10(b), if m = n then ker D(V') = CM,,C M,y 4, and nothing
can be reduced from the orbital normal form (cf. [S, Lemma 15]). If this

(*) The form (7.8) is slightly different from the one following from [S, Proposition 1];
the latter would be (1 + x(y))Vo.
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normal form is richer than Vi + V; then these M,,’s can be used in the
further orbital normal form reduction. Otherwise we use them to kill some
powers of x in the orbital factor, as in the case of orbital normal form Vj
from the first level analysis.

Let m # n. Then we should compare three elements from Fy1: géj, gP
and gf = (az™*! + byt M,,. Let Q%l = Resy—0,1 wp be the correspond-
ing periods. '

If @ # 0 then the period matrix (QiD(ng));z%”lz is nondegenerate; so,
(g7, gP) is a basis of N(Dy) and a:('mJ’”)SH can be removed from ¢(z). If
a = 0 # b then the matrix ({25 (ng ));Z%”lz is nondegenerate and one removes
y(m+n)s+1 from ¢(y)

Next, we consider the operator C'(V') defined in (7.9) with d = (m+n)s
+1 (Subcase 2) and d = m+n+1 (Subcase 3). We have the periods (2 ,(gjcl),
where g} are given in (7.6) and g¢" = (az™**! + by"st)GF,,.

If @ # 0 then the period matrix (£2%, (gjcl));ji’; is nondegenerate; so,
(9", 95") is a basis of N'(C%) and z(™+™s+1 can be removed from (z). If
a = 0 # b then the matrix (£2%, (gjcl));i%l2 is nondegenerate and one removes
the term y(™m*t™s+1 from y(y).

o The second level normal form with Vi = (ax™T! 4+ by™T™HE is as in
[S,, Proposition 3| for all cases but Subcase 3 when it is

(7.11) (I+9@)(Vo+ W), L) =Zx.

7.3. The third level. Here we use homological operators associated
with V' = Vi + V] + V5, where
(7.12) Vi = (az™ " + by E,
i.e., when Vy + V7 has the IIM M,,. For the third vector field we have the
following possibilities: Vo = ha*E, k # 1 (mod s); Vo = hy"* T E, [ # 2n,
when a # 0; Vo = ha®t'E, | # 2n, when a = 0 # b; and Vo =
(C(E2n+1 + €y2n+1>E.

Using M,, we can reduce only one term, either from the second order
orbital normal form or from the orbital factor.

7.3.1. The case Vo = haz*E. Recall that
(7.13) k # 1 (mod s),

i.e. we have Subcase 2. We use g = D(Va)M,, = h(ns—k)x* M, to reduce the
term 2™ *t*E from ¢(x)E. Here the corresponding period is Res,—1 wp(g).

7.3.2. The case Vo = hy*T'E. Recall that
(7.14) a#0 and [#n.
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We use simultaneously M; and M, to reduce the cokernel of Dy(Vp), d =
(n + 1)s + 3, i.e., the polynomials g’ = (az™*! + by™*1)M; and gP =
y!s*t1M,,. The corresponding period matrix is nondegenerate. We cancel the
terms (DSt E and y(n-l—l)s-i-lE.

7.3.3. The case Va = ha"*T1E. Recall that
(7.15) a=0#0b and [#n.

This case is analogous to the previous one, but with gé) = by™ 1M, and
gP = 2!5t1M,,. The terms 2" DsH E and ¢y +tDsH1E are killed.

7.3.4. The case Vo = (ca®t! + ey? 1) E. Here nothing from the 2-
dimensional space coker Dy(Vp) was reduced in the second level analysis.
Following [S] we introduce the determinant of the period matrix

(716) An = ATZ(av b7 s d) = det (QZD(g]D»’
where gOD — (axnerl + byns+1>M2n and ng — (Cx2n8+1 + ey2n3+1)Mn.
If A, # 0 then the terms ("5t E and y("t0st1 E are reduced.

7.4. The fourth level. Now V = V, + V; + V5, 4+ V3, where V| =
(ax™ T + by™THE, Vo = (ca®" ! + ey® ) E and

(7.17) A, =0.
The following subsections are devoted to different choices of V.

7.4.1. The case V3 = ha®*E. We have Subcase 2 and
(7.18) k # 1 (mod s).

We use Dg(V3)M,,, d =k +ns+ 2 # 3 (mod s), to kill the term 2"+ E.

7.4.2. The case V3 = hy'*t1E. We assume
(7.19) a#0.

We use D(V3)M,, and D(V;)M; to reduce ™D+ E and y(" s+ E (as in
Section 7.3.2).

7.4.3. The case V3 = ha'**1E. This holds when
(7.20) a=0%b.

The same terms as in the previous case are reduced.

7.4.4. The case V3 = 0. Here V; = (az™*! + by™ T E and we have
two situations: Vo = 0 or Vo = (ca?t! + ey?" 1) E with zero determinant
Ap(a, b, c,e) of the period matrix.

We use M, via T,, € B(Vy)~'M,, to reduce 2" from 9 (z) (Subcase 2)
or y™* = y" from x(y) (Subcase 3).

o The list of normal forms in Subcase 2 is the same as in [S, Theorem 1|,
and in Subcase 3 one should replace
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L+ () + D)Ve, T() = Zoo\ I, T00) = L (S (33)]) with
{14+ ¢(2)}Vo, Z(¢) = Z>o;

Z(6) = Zog\ Zomert N 11)\ {5}, T() = Zenssa N 11 (IS, (37)]) with
Z(Y) = Z<nt1, Z(x) = Z>o \ {n};

—Z(¥) = Z>o \ {ns}, T(X) = Z<n+1 N 11 ([S (38)]) with Z(¢) = Zso,
Z(x) = Z>0 N Z<nt1 \ {n}.

Here and below,

(7.21) LI={i€Zsy:i=1(mod s)} forlelZ.

8. The main theorem. The list of complete and inequivalent normal
forms for vector fields (1.1) with the leading parts Vi having the principal
first integral from the list of types in Section 3 is the following.

For the ‘Generic Non-resonant’ case, the ‘Rational PFI without Polyno-
mial 1IMs’ case, the ‘Double Invariant Line’ case (Subcase 1), the ‘Triple
Invariant Line’ case, the ‘Nonresonant with CF’ case, the ‘Rational PFI
without Polynomial [IMs and with CF’ case, and the ‘Double Invariant Line
with CF’ case (Subcase 1) we have the normal forms as in (4.5), i.e.,

@1  A{1+v@)HVo+e@)E},  I(p) =Zs1, L(Y) = Zso;

for the ‘Double Invariant Line’ case (Subcase 2) we have the normal forms
as in (4.13), i.e.,

82) {1+ v@)HVo+ ann1a" 29y + (@) E},  I(p) =Zs1\ {n+1};
for the ‘Double Invariant Line with CF’ case (Subcase 2) we have the normal
forms as in (4.18), i.e.,

(8.3) Vo +9y)0: +¢(y)0y,  I(p) = Zs2, I(¢) =ZLso.
For the ‘Rational PFI with 1-Factor IIM’ case we have either
{1+ ¢(x){Vo + Vi +b2"0, + o(2)E},
(8.4) Vi=azt"E, k<r-—1,
IW) =2Z>1, I(p) =Zsp \{r—1Lk+r—2}
(the normal forms as in (5.13)), or
{1+ ¢(@)H{Vo + Vi + p(2)E},
(8.5) Vi=azt"E, k>r-—1,
I(W) =2Z>1, I(p) =Zsp \{k+r—2}
(as in (5.14)), or
{1+ ¢(@){Vo+ Vi + ¢(z)E},
(8.6) Vi=ay 0, +bx"d,, a+(=1)"Tb#0,
I(p) = Z=p \{2r =3}, I(¢) =Zx:



168 E. Strozyna

(as in (5.15)), or
{1+ (@) H{Vo + Vi + V2 + p(2) E},
(8.7) Vi=a(y 0, +(-1)"2"0y), Vo= ci'E,
(o) = Zg \{l +7 =2}, Z(¢) = Zx
(as in (5.20)), or
{1+¢@){Vo+ W1}
Vi=a(y 0y + (—1)"2"0y), Z(¥)=Z>1 \{r—2} (Subcasel)
(as in (5.17)), or
{1+ ca? +9(a)H{Vo + Vi },
Vi=a(y 0.+ (-1)'2"9,), r=4, L()=2Z>;\{j -2}
(as in (5.22)), or

(8.8)

(8.9)

(8.10) {1+, I() =

(as in (5.7)), or
(8.11) Vo+Vi, Vi=a(y o, + (-1)"2"0,), r=4
(as in (5.23)).
For the ‘Rational PFI with 2-Factor IIM’ case we have either
{1+¢@)H{Vo+Vi+U + ¢(x)E},
(8.12) Vi=aw*E, k<q+r, U=a™"E+ b9,
I(p) = Zop \{g+rk+q+r—1}, I(Y) =Zx
(as in (6.12)), or
{1+ (@) H{Vo + Vi + ¢(2)E},
(8.13) Vi=az*E, k>q+r,
I(p) = Zop \{k+q+r—1}, L(¢Y) =Zx
(as in (6.13)), or
{1+ 9@ HVo + Vi + Va + p(2) E},
(8.14) Vi =ax?""E + ba:q“"“@y, Vs = c2'E,
I(p) =Zx \{l+q+r -1}, I(Y) =7
(as in (6.17)), or
{1+ () H{Vo + Wi},
(8.15) Vi = ax?"E + bz 719,
Z(¢p) =Z>1\{q¢+r—1} (Subcases 1 and 3)

Z>1\{r —2} (Subcase 1),
VAS (Subcase 2)
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(as in (6.15)), or

{1+ ca? +¥(a){Vo + Wi},
Vi =az®E + b9, I() =Zsj42 (Subcase 2)

(as in (6.19)), or

{1+ ca? + ex™ + (2)H{Vo + Vi },
Vi =az?"E + bz, T() =Zsmi2 (Subcase 2)

(8.16)

(8.17)

(as in (6.20)), or
(8.18) {14+ cx{Vo+Vi} (Subcase 2)

(as in (6.21)).
For the ‘Polynomial PFI’ case (with three subcases) we have either

{1+ 9(z) + x(y) } Vo,

(8.19) Z()=Zso\ Iy, ZI(x)=1I11 (Subcases1 and 2),
(8.20) (14 9(@)} Vo, T()=Zso (Subcase 3),
{1+ ¢(x) + x()HVo + Vi + [p(z) + ()| E},
(8.21) Vi=ar’E#0, 2<j#1 (mod s),
. I(SD):Z>J'\IJ'7 I(¢):Z>jﬂ117
I(W) =Z>o\ (Z>;01;), Z(x) =1,
(8.22)

{1+ 9@@) + x(WHVo + Vi + Va + [0(z) + ¢(y)] B},
Vi = (a4 by TOE, Vi = (ca® ! 4 ey OE,  aA, £0,
Z(p) = Zsons+1 \ 11, Z(¢) = (Z>2ns+1 N I1) \ {3ns + 1},
Z(Y) =Z>0 \ (Z>ns+1 N 1), Z(x) =1
(where A, is defined in (7.16)), or

{1+ () + x(WHVo + Vi + Va + [o(z) + ¢(y)| E},
Vi = by HE, Ve = (T 4 e TYE, be 0,
Z(p) = Zsons+1 \ {3ns + 1}, Z(¢) =0,

I(Y) =Z>o0, IZ(x) = Zzns+1 N 11,

(8.23)

or
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(8.24)
{1+¢(@) +x(@HV + Vi + Va},
Vi = (az™ + by TOE, Vs = (e £ ey tO)E, a£0=A,,
Z(Y) =Zso \ (Zsns+1 N11) \ {ns}, Z(x) =11 (Subcases 1 and 2),
Z(Y) = Zi<ny1, Z(x) =Zso\{n} (Subcase 3),

or
{1+ v(z) +x()HVo + V1 + Va},
8.25) Vi— ™t E 40, V= ey tE,
Z(Y) =Zso\{ns}, Z(x)=Z<ns+1NI1 (Subcases 1 and 2),
Z(Y) =Zs0, Z(x)=Z<n+1 \{n} (Subcase 3),
or
{14+ ¢@) + xW)HVo+ Vi + Vo + Vs + [p(z) + ¢(y) EY,
Vi = (az™ T 4 oy ™HE, V3 = haE,
(8.26) Vo = (ca?™H fey?™tHE, Vo=0ifk < 2ns+ 1,
ah £20=A4,, ns+1<k#1 (mod s),
I(p) = Zop N\ i \{k +ns},  IL(¢) = Zsp N 11,
Z(Y) =Z>o \ (Zsns+1 N 1), Z(x) = I,
or
{1+ (@) + xWWHVo + Vi + Vo + Vs + [o(z) + 6(y) EY,
Vi = (a2 4 by tYE, V5 = hy*t'E,
(8.27) Vo = (ca® T ey ™OHE, Vo =0ifl < 2n,
ah #0=A4,, n<Il#2n,
L(p) = Zsisy1 \ 1, Z(¢) = (Zsis11 N 1) \ {(l +n)s + 1},
I(Y) = Z>0 \ (Zonst1 N 1), T(x) = I,
or
{1+4(@) + x(W)HVo + Vi + Vo + Vs + [o(z) + ¢(y)| EY,
Vi=by" T E£0, V3=ha"E #0,
(8.28) Vo =ey?™ MME, Vo=0ifk <2ns+1,

ns+1<k#2ns+1,
I(p) = Zop \{(k +n)s + 1}, I(¢) =0,
Z(¢) = Z>o0, Z(X) = Z<ns+1 N 11.
REMARK 7. The work of L. Detchenya and A. Sadovskii [DS] is also
devoted to the orbital normal forms of such vector fields. They consider

the situations DS1-DS9 from Remark 1 and use only homogeneous grading
(which is sometimes incorrect). Moreover, they use different notation and it
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seems that they restrict themselves to the first level analysis. It would be
interesting, but quite laborious, to compare their results with our orbital
normal forms (i.e., without the orbital factor 1 + ¥ (z) + x(y) or 1 + ¢ (x)).

As already mentioned, V. Basov, A. Skitovich and E. Fedorova [Bal, [BaS1),
BaS2, BaF1l [BaF2| have raised the problem of classification of germs of real
plane vector fields with quadratic leading part. They used only homogeneous
grading (as in [DS]). However, their normal forms are not explicit.

For example, in [BaS1| the authors consider the case of V) = x122(0x, +
Oz, ), 1.€. Subcase 3 of the ‘Polynomial PFI’ case. Their analysis of homolog-
ical equations leads to so-called resonant relations (for the coefficients of the
transformed vector field >, y{y% [Yf ”“ayl + Yzj’kaw]) of the form

P
A R (S ¢ R T WY () C NS ¢
s=0
with af = (p — 1)(p — 2)%, o} = (p = 2)%, ok = (-1)°* [}, (p—4)/j and
some definite (but not the same) constants ¢. In [BaSl, Theorem 3] it is
stated that, in the normal form, all nonresonant coefficients Yij * vanish and
the resonant ones satisfy the above equations.
In Example 1 there (following Thm. 3), the normal forms are more ex-
plicit (but still not unique): either

Vo + Z[Yl%m—%ygpyg—% + Ylp,oy;ﬁayl + Z erp,p—rpyipyg—%ayz
p=3 p=>3
(where g, € {0,...,p—1} and r, € {0,...,p} are subject to the restriction
rp =0if g, > 1), or

p=>3
(where gy € {1,...,p—1}).
Similar nonexplicit and nonunique statements are formulated in all other
cases studied by V. Basov with coauthors.
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