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Summary. Using the framework of discrete-valued relations, we give a simple proof of a
theorem obtained by Stoyan Nedev. This theorem provides a generalisation of an element
in the proof of Dowker’s extension theorem, which is essential for constructing continu-
ous selections of set-valued mappings defined on collectionwise normal spaces. Using this
relationship, we also give a simple proof of the Dowker’s theorem.

1. Introduction. A Tj-space X is collectionwise normal (Bing [1]) if for
every discrete collection & of subsets of X there exists a discrete collection
{Up : D € 2} of open subsets of X such that D C Up for all D € 9.
According to this definition, every collectionwise normal space is Hausdorff,
and also normal. In the same paper (see [I, Examples G and H]), Bing described
an example of a normal space which is not collectionwise normal, now known
as Bing’s example. He also proved that full normality (i.e. paracompactness)
implies collectionwise normality but not conversely [I, Theorem 12|. Since the
closures of the elements of a discrete collection form a discrete collection too,
aT1-space X is collectionwise normal if for every discrete collection 2 of closed
subsets of X there exists a discrete collection {Up : D € 2} of open subsets
of X such that D C Up for all D € &. In the presence of normality, this can
be further relaxed to requiring {Up : D € 2} to be only pairwise disjoint.

Collectionwise normality is a natural generalisation of normality. Indeed,
if X has this property with respect to discrete families & of cardinality at
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most 7, then it is called T-collectionwise normal. Thus, X is normal iff it
is 2-collectionwise normal (or, more generally, n-collectionwise normal for
every finite n > 2). In fact, a space X is normal iff it is w-collectionwise
normal, which follows easily from Urysohn’s characterisation of normality.
On the other hand, for every cardinal 7 there exists a T-collectionwise normal
space which is not 7T -collectionwise normal [11], where the cardinal 77 is
the immediate successor of 7.

The following theorem was proved by St. Nedev [9] (see also [10]) and is
commonly called Nedev’s lemma. The theorem provides a paracompact-like
property of collectionwise normality. In this theorem, a family ¥ of subsets
of X is said to refine another family % if each element of ¥ is a subset of
some element of % .

THEOREM 1.1. Let X be a collectionwise normal space, A C X a closed
subset, and % an open (in X) cover of A which is point-finite in A. Then
there exists a locally finite and open (in X) cover of A which refines U .

For a locally finite cover of A, Theorem [1.1f was proved by Dowker [2]. In
another special case when A = X, this theorem was obtained independently
by Michael [7] and Nagami [§].

The purpose of this paper is to give a simple proof of Theorem based
on the framework of relations. Here is briefly the idea. If {Z (y) : y € Y} is
an indexed family of subsets of X, then it represents a map % from Y to the
subsets of X. This map is uniquely determined by the relation Z = {(y, z) :
x € % (y)}, i.e. by its graph. In the next section, we discuss the advantage
of considering the inverse relation % ~' = {(z,y) : (y,2) € #} C X x Y.
It follows at once that the open families in X indexed by the elements of a
discrete space Y are precisely the open subsets of X x Y (Proposition ,
i.e. the open relations in X x Y. In other words, the open families in X
indexed by a discrete space Y are nothing other than the topology of the
product space X x Y. This will be found very useful because for a discrete Y,
the product X X Y is normal whenever so is X.

Each relation @ C X X Y represents a set-valued mapping from the
domain dom(®) of @ to the subsets of Y. In the framework of set-valued
mappings, special families of subsets of X indexed by a discrete space Y have
also natural interpretations. Thus, the locally finite families @ C X x Y are
the well-known subcontinuous set-valued mappings (see Proposition [2.1f(c))).
The discrete collections of subsets of X are the usual (partial) continuous
maps @ : dom(®) — Y (Proposition [3.1)), while the point-finite families are
precisely the finite-valued mappings, i.e. the finite-valued relations in X x Y.
In Section [3| we show that each open finite-valued relation determines a
sequence of partial continuous maps in the “Vietoris hyperspace” of its range
(Proposition . Things are culminating in Section |4, where we provide
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an interpretation of collectionwise normality in terms of extending partial
continuous maps in discrete spaces (Proposition , and next we illustrate
our proof of Theorem (see Theorem {4.2)).

Let us remark that Theorem is crucial in generalising Dowker’s ex-
tension theorem [2] in terms of continuous selections of set-valued mappings.
In the last Section [0 using a natural relationship between extensions and
selections for collectionwise normal spaces [5], we also provide a simple proof
of this theorem of Dowker.

2. Open subcontinuous relations. A relation @ from X to Y is a
synonym of a subset & C X x Y. In this interpretation, ®(x) = {y € Y :
(z,y) € @} is the image of x € X by &, and &~ 1(y) = {z € X : (x,9) € &}
is the preimage of y € Y. More generally, ?[A] = (J . 4 P(x) is the image of
asubset A C X by @, and ¢~![B] = Uyen &~ 1(y) is the preimage of B C Y.
In fact, in terms of the inverse relation =1 = {{y, ) : (z,y) € @}, preimages
by @ are merely images by ®~!. Finally, to each relation ® C X x Y, we
will associate the complement relation X x Y \ @ denoted for simplicity by
=X x Y\ &

The domain of a relation @ C X x Y is the set dom(®) = &~1[Y]. If
dom(®) = X, we will simply write @ : X ~ Y, which is another way to indi-
cate that @ is a set-valued mapping from X to the (nonempty) subsets of Y.
Thus, each relation ® C X X Y represents the partial set-valued mapping
& : dom(®P) ~~Y. In this regard, when clarity seems to demand it, we will
write @ : dom(®) — Y to emphasise that @ is a usual map from dom(QP) to
Y and will say that ® C X x Y is a partial map.

As stated in the Introduction, an indexed family {Z (y) : y € Y} of sub-
sets of a set X is nothing other than the relation Z = {(y,z) :
x € U(y)}. If % is also a cover of X, then X = J oy % (y) = dom(% 1),
and therefore 7 ~! : X ~»Y. The converse is also true, and the inverse ¢!
of each relation @ C X x Y represents the indexed family {&#~(y) :y € Y}
of subsets of X. Thus, the families of subsets of X indexed by a set Y are
precisely the relations @ C X x Y, whereas the covers are precisely the
set-valued mappings @ : X ~» Y. Motivated by this, we will sometimes refer
to a relation @ C X x Y as a Y-family in X (respectively, Y -cover of X)
to express properties of the family {®# !(y) : y € Y'}. In fact, such proper-
ties are in good accord with properties of relations as the following simple
observation asserts (see also [4, Propositions 3.1 and 3.4]).

PROPOSITION 2.1. Let X be a space, Y a discrete space, and ® C X XY
Then:

(a) @ is an open Y -family in X if and only if & is an open relation.
(b) @ is a closed Y -family in X if and only if @ is a closed relation.
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(¢) @ is a locally finite Y -family in X if and only if each p € X is contained
in an open set V.C X with ®[V] CY being a finite set.

Proof. Since Y is discrete, each @~!(y), y € Y, is open in X precisely
when @~ 1(y) x {y} is open in X x Y, for every y € Y. This is @ To see@,
apply to the complement relation @¢. Finally, follows from the fact
that V] ={y € Y : VNd~L(y) # 0} whenever V C X. u

We shall say that a relation @ C X X Y is subcontinuous at p € X if
for every open cover of Y, the point p is contained in an open set V C X
such that @[V] is covered by finitely many members of this cover; and we
say that @ is subcontinuous if it is subcontinuous at each point of dom(®).
Originally, subcontinuity was defined for usual maps in [3]; subsequently,
the property was extended to set-valued mappings in [I12]. Our definition is
adapted to set-valued mappings, and a relation & C X x Y is subcontinuous
if the corresponding set-valued mapping @ : dom(®) ~»Y is subcontinuous.
In our considerations, it will also make sense to consider a stronger prop-
erty by saying that a relation ® C X x Y is strongly subcontinuous if @ is
subcontinuous at each point of X. Since each cover of Y is refined by the
singletons of Y, Proposition [2.1] asserts that a relation ® C X x Y, with Y
being discrete, is strongly subcontinuous iff the Y-family represented by @
is locally finite in X ; and implies that @ is subcontinuous iff this family is
locally finite in dtself, i.e. in (J,cy &~ 1(y) = dom(®). Thus, in this setting,
“strong subcontinuity” is a synonym for “locally finite in X

It is evident that each subcontinuous relation with a closed domain is
strongly subcontinuous. Based on this, we have the following natural con-
struction of strongly subcontinuous relations.

PROPOSITION 2.2. Let X be a space, Y a discrete space, and ® C X XY
a subcontinuous relation. Then the restricted relation $|B = &N B XY s
strongly subcontinuous for every B C X with B C dom(®).

Proof. At the points of B, the subcontinuity of @B follows from that of
@ because B C dom(®) and #|B C &. At the points of X \ B, we simply
have (#[B)[X \ B] =0. =

For spaces X and Y, the collection €[X, Y] of all open relations in X x Y’
is the product topology on X x Y. If Y is discrete, according to Proposition
O1X,Y] is the collection of all open Y-families of X . This interpretation
will be found very useful in dealing with locally finite open families in a
normal space X, because in this case the product X x Y is itself a normal
space, being a topological sum of normal spaces. Our considerations will be
based on the simple observation that each countable open cover of a space X
has a locally finite refinement (see [0, Lemma 2.2]). To this end, let w be the
first infinite ordinal. To each relation @ C X x w we associate the epi-relation
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Pepi C X X w defined by
Depi = {(x, k) : n < k for some (z,n) € }.

If w is replaced by R, and @ by a usual function f : X — R, the epi-relation
fepi 1s just the epigraph of f. In our case, the epi-relations represent the
increasing countable families in X. Namely, ® C X X w is an increasing
w-family in X if #71(n) C &~ (k), whenever n < k < w; equivalently, if
@ = Ppi. Furthermore, the epi-relation Pepi is open (closed) whenever so is
® C X X w, because (k) = U,<x @' (n), k < w. Finally, to each relation

epi
® C X x w we will also associate the relation

@' = {{z,k+1): (x,k) € B}

obtained by shifting the values of & upwards. Evidently, [Pepi]’ = [®]epi.
Moreover, @lpi remains open [closed] provided so is @.
In the next proposition, we consider w as an ordinal space equipped with

the open interval topology, or equivalently with the discrete topology.
]C =X ><(")\@;pi
1€). Moreover,

PROPOSITION 2.3. Let X be a space, ® C X xw and [@gpi

be the complement relation of @lpi, Then dom(®P) C dom([@lpi
the restricted relation [@lpi]cfdom(@) is subcontinuous whenever @ is open.

Proof. Take p € dom(®), and let k € &(p) be the minimal element of
&(p). Then (+—, k] = w \ @lpi(p) # (. If moreover @ is open, then V = &~ 1(k)
is an open set with p € V and [@gpi]c[V] C (¢, k]. Indeed, x € V implies
k € @(x), and consequently [k + 1,—) C @gpi(x). .

We now have the following crucial construction of open subcontinuous
relations.

PROPOSITION 2.4. Let X be a normal space, ® C X xw an open relation,
and ¥ C X X w a closed relation with W C ®. Then © contains an open
subcontinuous relation 2 C X X w with dom(¥) C dom(£2).

Proof. Since X x w is normal (because sois X), ¥ C ¢ C o = C & for
some open relation ¢ C X X w. For convenience, let U = dom(y), which is
an open set because ¢ C X x Y is open (see Proposition . We are going
to show that 2 = &N [wgpi]C[U is as required. Clearly, the relation (2 is
open because U is open and ¢ is closed. By Proposition 2.3} the relation

[golpi]ch = [Sﬁgpi]cfdom(go) is subcontinuous because ¢ is open. Hence, so
. T . . oy
is §2 because §2 C [po;]°IU C [Lplpi}c [U. Finally, using Proposition once

again, we also get

dom(¥) C dom(®)[U = dom(® N [B] ] [U
C dom(® M [0]) U

=dom({2). m
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Applying this to a sequence of relations, we get the following consequence.

COROLLARY 2.5. Let X be a normal space, Y a discrete space, {2 }n<w
a sequence of open subcontinuous relations 2, C X XY, and {Fy}n<w @
sequence of closed subsets F,, of X with F, C dom({2,), n < w. Then the
relation \J,, ., 2 contains an open subcontinuous relation 2 C X XY with
Un<w Fn € dom(92). If moreover | J,, ., Frn is closed in X, then one can take
{2 to be strongly subcontinuous.

n<w

Proof. Since X is normal and 2, C X X Y is open, there is an open set
U, C X with F,, c U, C U,, C dom(§2,). According to Proposition the
restricted relation @,, = §2,,[U, is strongly subcontinuous. Define relations in
Xxwby¥ =, ., Fax{n}and & =, ., Un x {n}. Evidently, ¥ is closed
and @ is open (see Proposition . Hence, by Proposition 7 & contains
an open subcontinuous relation @ C X x w with dom(¥) C dom(©). The
open relation 2 = J,_, 107 (n) C U, Pn is now as required.

Indeed, |, .., Fr» = dom(¥) C dom({2) because dom({2) = dom(6O). To
see that {2 is subcontinuous, take p € dom(f2). Then p € dom(©), and
by subcontinuity of @, there exists an open set W C X such that p € W
and K = O[] is a finite subset of w. Since each relation @y is strongly
subcontinuous, there are also open sets Vi, C X, k € K, with p € V; and
D1[Vi] finite. Then V' = (,cx(W N V4) is an open set containing p such
that 2[V] C Upecx Px[Vi] is finite. Finally, if F' = J,,.,, F» is closed in X,
then 2[U is strongly subcontinuous (by Proposition , where U C X is
an open set with F C U C U C dom({2). m

3. Open finite-valued relations. Let & C X x Y be a relation which
is a usual map @ : X — Y. In this case, the Y-cover of X represented by
@ is pairwise disjoint. Hence, for a discrete Y, we have the following special

case of Proposition [2.1j(¢c)

PROPOSITION 3.1. Let X be a space, and Y a discrete space. Then a
relation @ : X — Y is a continuous map if and only if & is a (clopen)
discrete Y -cover of X. In particular, ® : X — 'Y is continuous if and only if
& C X xY is open (equivalently, closed).

Precisely as in the case of subcontinuous relations, we can extend the
property in Proposition to partial maps @ C X x Y. Namely, we shall
say that a relation @ C X x Y with @ : dom(®) — Y (i.e. a partial map) is
continuous if the map @ : dom(P) — Y is continuous. Thus, for a discrete Y,
it follows from Proposition [3.1] that a partial map ® C X x Y is continuous
if and only if it represents a Y -family in X which is discrete in itself, i.e. in

Uer @_1(y) = dom(®).
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For a set Y, we will use Xy = {S C Y :1 < |S]| < w} for the collection
of all nonempty finite subsets of Y, and for n < w, we set

Y]" ={S € Xy : |S]| =n}.

Thus, [Y]° =0 and Xy = J,,_,[Y]". For a discrete Y, we will consider Xy
endowed with discrete topology, or equivalently, with the Vietoris topology
generated by the topology of Y. Moreover, to each relation ® C X x Y we
will associate the relation Ygyy C X x Xy defined by

E(¢7Y) = {<$,S> cx € X and S € E@(m)}-

In other words, X(gy) is defined by Y(gy)(z) = Yg(,) for every z € X.
Whenever S € Yy and V C X, we find that V x § C @ if and only if
V x{S} C X(¢,y)- Accordingly, the construction preserves open relations.

PROPOSITION 3.2. Let X be a space, and Y a discrete space. Then a
relation @ C X XY s open if and only if so is Xigy) C X x Xy.

Let @ : X ~Y be a finite-valued relation. Then it can be regarded as a
usual map @ : X — Yy from X to Xy. While @ : X ~~Y and & : X — Xy
are essentially the same relation, their properties may differ depending on the
interpretation of the range of the relation. In view of Proposition (3.1} we will
be mainly interested in the case when @ : X — Yy is continuous. To regard
the continuity of @ : X — Yy as a property of the relation @ : X ~» Y, we
shall say that @ is Vietoris continuous whenever ¢ : X — Yy is continuous.
Vietoris continuity is well known in the framework of set-valued mappings,
and corresponds precisely to the case when @ : X ~»Y is both lower and
upper semicontinuous. However, this will play no role in this paper.

In what follows, the preimage of S € Yy by @ when the relation @ is
considered as a usual map from X to Xy, will be denoted by

$(S) = {w € X : &(z) = S}.

PROPOSITION 3.3. Let X be a space, Y a discrete space, and @ : X ~~Y
a finite-valued relation. If @ is Vietoris continuous, then it is both clopen
and subcontinuous. Conversely, if © is open in X XY and & : X — [Y|" for
some n > 1, then it is also Vietoris continuous.

Proof. If @ is Vietoris continuous and S € Yy, then V = & (S5) is a
clopen set in X with V xS C @ and @[V] = S. This shows that ¢ is both
clopen and subcontinuous. Suppose that @ : X — [Y]" for some n > 1,
and take an S € [Y]". Then ¢ (5) = (g @~ 1(y), which shows that & is
Vietoris continuous provided it is open. =

The above simple observation implies the following natural representation
of finite-valued open relations.
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PROPOSITION 3.4. Let Z be a space, Y a discrete space, and @ : Z ~~Y
a finite-valued open relation. Whenever n < w, set

Zn={2€Z:9(2) €[Y]"} and &, =D|Z,.

Then for each n > 1, the relation @, : Z, ~Y 1is Vietoris continuous, while
the set U<, Z1 is closed.

Proof. The Vietoris continuity of @, follows from Propositions and
[3:3] because the relation @, = & N Z, X Y remains open in Z, x Y. If
P & Uk<p Zk, then the set S = &(p) contains more than n elements. Since
& is open and S is finite, V = ﬂ yes L(y) is an open set which contains p
and satisfies V N (<, Zk

4. Collectionwise normality. In terms of indexed families, a T}-space
X is collectionwise normal if for every discrete collection {Z (y) : y € Y} of
closed subsets of X there exists a pairwise disjoint collection {% (y) : y € Y'}
of open subsets of X such that Z#(y) C % (y), v € Y. Regarding these
families as relations, collectionwise normality of X can be restated as the
property that for every discrete space Y and closed A C X, every continuous
partial map ¥ : A — Y is contained in a continuous partial map @ : U — Y
for some open U C X with A C U (see Propositions and [3.1)). In other
words, @A = ¥, and therefore @ is an extension of ¥. This is summarised in
the proposition below where the extension is subject to a “selection” property
with respect to an open relation.

PROPOSITION 4.1. Let X be a collectionwise normal space, A C X a
closed subset, Y a discrete space, and ¥ : A — Y a continuous map. If
® C X XY is an open relation with ¥ C &, then there exists an open set
U C X with A C U, and a continuous map 2 : U — Y such thatW C 2 C P.

Proof. As per the above interpretation of collectionwise normality of X,
the map ¥ : A — Y can be extended to a continuous map @ : V — Y
for some open set V' C X with A C V. By Proposition 31} © is an open
relation in X x Y because V C X is open, and evidently OTA =¥ C &.
Then 2 =6 N & and U = dom({?2) are as required. m

We are now ready to prove Theorem [I.1] in fact the following equivalent
property in terms of relations.

THEOREM 4.2. Let X be a collectionwise normal space, A C X a closed
subset, and Y a discrete space. Then for each open relation ® C X XY
such that A C dom(®) and P A is finite-valued, there exists an open strongly
subcontinuous relation 2 C X x Y with A C dom({2) and §2 C &.

Proof. Let © = &]A : A — Xy. According to Proposition the re-
lation Ygyy) is open in X x Xy, and evidently © C X(gy). Whenever
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1<n<w,set

Zn={zcA:0@e[Y]"}, 6n=01Z, An=|]%Z.

k<n
By Proposition [3.4] each A, is closed in X and each relation ©,, : Z, ~Y
is Vietoris continuous. For convenience, set Fy = ) = (29 and ¥, = 6.
Since Fy = Z1 = Aj is closed in X, by collectionwise normality of X and
Proposition (applied to the discrete space Xy) there exists an open set
Uy C X with Iy C Uy, and a continuous map {21 : Uy — Xy such that
YUy C £ C Xpy). Considering (21 as a relation in X x Y, it is Vietoris
continuous, and 21 C @ because {1 C 2(py)- Set Fy = Zy \ Uy, which is
closed in X because Z; = Fy C Uy = dom({2;), and therefore Fp = Ay \ Uj.
Since Wy = O3] F, : F» — [Y]? is continuous, just as before, ¥s C 25 for
some open subcontinuous relation {2 C @.

Extending these arguments in an obvious manner by induction, we get a
sequence of open subcontinuous relations §2,, C @ in X X Y and a sequence
of closed sets F;, C X such that F,, C dom(f2,) and A =, ., . We can
now apply Corollary to get the required relation 2 C X X Y. n

In conclusion, let us remark that Theorem implies the following nat-
ural property, to be used in the next section.

COROLLARY 4.3. Let X be a collectionwise normal space, A C X a closed
subset, and Y a discrete space. Then for each open finite-valued relation
@ : A~~Y there exists an open subcontinuous relation {2 : X ~~Y such that

TA C ®.
Proof. Let ® = dU (X \ A) x Y. By Theorem & contains an open

strongly subcontinuous relation 2 C X x Y with A C dom({2). The relation
N=02U(X\A)x{ya}, where ya €Y is any fixed point, is as required. =

5. Dowker’s extension theorem. The extension property of collec-
tionwise normality stated in Proposition [£.1]is valid for any Banach range,
and is known as Dowker’s extension theorem [2].

THEOREM 5.1 ([2]). Let X be a collectionwise normal space, and E be a
Banach space. If A C X is closed, then every continuous g : A — E can be
extended to a continuous map f: X — FE.

Here, we present a simple proof of this theorem based on an idea in [5].
To this end, we shall say that a partition of unity {{, : y € Y’} on a space
X is subordinated to a relation 2 : X ~»Y if {,(z) # 0 implies y € 2(x),
equivalently £,1((0,1]) € 27 (y).

We now have the following two simple constructions of continuous maps
in normed spaces.
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LEMMA 5.2. Let X be a collectionwise normal space, (E, || -||) a normed
space, A C X a closed subset, and g : A — E a continuous map. If ¢ > 0,
then there exists a continuous map fe : X — E such that || f-(x) — g(x)|| < €
for every x € A.

Proof. Since E is paracompact (being metrizable), there exists a locally
finite open cover % of E with diam(U) < e for every U € % . By taking
points yy € U, U € %, represent this cover as an open subcontinuous
relation @ : E~~»Y for some discrete subset Y C E. Then the composite
relation ®og : A~~Y is also open and subcontinuous because g is continuous.
Hence, by Corollary there exists an open subcontinuous relation (2 :
X ~Y with 2]A C & o g. Since {2 represents a locally finite open cover
of the normal space X, there exists a partition of unity {{, : y € Y} on
X subordinated to 2. Finally, define the required f. : X — E by letting
fe(z) =32, ey &y(x) -y for z € X. Since the partition of unity is locally finite
being subordinated to {2, the map f. is continuous.

To show that it is e-close to g on A, pick p € A. Theny € 2(p) C P(g(p))
implies that g(p) € #~1(y), and therefore ||y — g(p)|| < €. Since §2(p) is finite
because so is @(g(p)), we finally get

1£:() — a)] = | Z &0 y— Y &) 90

yeR(p yes2(p)
< Z&y - lly—gwl < > &p)-e=ec m
y€2(p) yeR(p)
LEMMA 5.3. Let X be a collectionwise normal space, (E,||-||) a normed

space, A C X a closed subset, and g : A — E a continuous map. Also, let
e >0 andlet f- : X =Y be a continuous map such that || f-(x) — g(x)|| < e
for every x € A. If 6§ > 0, then there is a continuous map fs: X — E such
that

(a) [Ifs(x) —g(@)|| <6 for every x € A;
(b) || fs(z) — fe(z)|| < 0 + ¢ for every x € X.

Proof. By Lemma there exists a continuous map f : X — E such
that || f(z) — g(x)|| < 0 for every x € A. Accordingly, ||f(z) — fe(z)]| < d+¢
for every x € A. As in [5, Claim 2.1], consider the set

(5.1) B={zeX:|f(z) - fe(x)| =6 +e},

which is closed and disjoint from A. So, A C £71(0) and B C ¢~%(1), for some
continuous function £ : X — [0, 1]. Then define the required f5: X — E by
f5(x) = (1—£(2))- f(@)+E(2)-f-(x) for = € X. Evidently, f51A = f14, so[a]
holds because it is true for f. Similarly, fs[B = f-|B and@is trivial for the
points of B. Finally, for x ¢ AUB, implies that || f(z) — fz(2)]| < d+e.
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Therefore,
1fs(z) = fe(2)| = (1 = &(@)) - [|f(z) — fe(@)||
<(1—-¢@) - (d+e)<e+0. =
Proof of Theorem [5.1] Inductively, applying Lemmas and for
each n < w there exists a continuous map f, : X — FE such that
(5.2) | fr(z) —g(x)|| < 27" for every = € A,
(5.3) | fos1(z) = fu(z)|| < 27" for every = € X.

Since E' is complete (being Banach), by (5.3]) the sequence {f,} is uni-
formly convergent to a continuous map f : X — E. It is now evident from

(5.2) that f[A=g.
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