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ON SOME GENERALIZATION OF
SPECIAL AFFINE HYPERSPHERES

BY

MICHAL SZANCER (Krakow)

Abstract. We generalize the notion of special affine hypersphere. We study basic
properties of such hyperspheres and give several examples. We also give a method of
constructing higher-dimensional special hyperspheres using lower-dimensional examples.

1. Introduction. O. Baues and V. Cortés [BC]| studied affine hypersur-
faces equipped with an almost complex structure. They proved that every
simply connected special Kéahler manifold [E] can be realized in a canoni-
cal way as an improper affine hypersphere. In 2006 V. Cortés together with
M.-A. Lawn and L. Schéfer [CLS| proved a similar result for special para-
Kéhler manifolds [CMMS]. Such hyperspheres were called by them special
affine hyperspheres. In both cases an important role was played by the Kéh-
lerian (resp. para-Kéahlerian) 2-form w.

The above results were for this author a motivation for a generalization
of special affine hyperspheres. In the rest of the paper we refer to general-
ized special affine hyperspheres simply as special hyperspheres, whereas the
spheres introduced in [BC| and [CLS] are called complex and para-complex
special affine hyperspheres, respectively.

Recall [BC] that an improper affine hypersphere f: M — R?"*1 is called
a complex special affine hypersphere if on M there exists an h-antisymmetric
almost complex structure J (i.e. h(JX,Y) = —h(X,JY)) such that the
induced symplectic form w is V-parallel (i.e. Vw = 0). Similarly [CLS| an
improper affine hypersphere f: M — R?"*! is called a para-complex special
affine hypersphere if on M there exists an h-antisymmetric almost para-
complex structure J such that the induced symplectic form w is V-parallel.
In [BC| and [CLS| it was shown that an almost (para-)complex structure
for a (para-)complex special affine hypersphere must be parallel relative to
the Levi-Civita connection V of k. Thus in both cases we have in particular
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Vw = 0. This observation was the main motivation for the definition of a
(generalized) special affine hypersphere.

An improper affine hypersphere f: M — R?"*! is called a (generalized)
special affine hypersphere if there exists an almost symplectic structure w
on M such that Vw = 0 and Vw = 0, where V is the Blaschke connection and
V is the Levi-Civita connection of the Blaschke metric h. Every symplectic
form satisfying the above conditions is called a special symplectic form.

In Section 2 we briefly recall the basic formulas of affine differential ge-
ometry. We also recall some basic definitions from symplectic geometry that
we use.

Section 3 contains the main results of this paper. One of them gives
equivalent conditions for an affine hypersphere to be special. In particular we
prove that for a special hypersphere the eigenvalues of J,, must be constant.
We also prove that when the second fundamental form is positive definite, a
special hypersphere must be a complex special hypersphere. In the 2-dimen-
sional case improper affine hyperspheres are either special complex or special
para-complex. We show that this is not true in higher dimensions: we give
examples of special affine hyperspheres that are neither complex nor para-
complex. Finally, we present a method of construction of higher-dimensional
special hyperspheres using lower-dimensional examples.

Note that throughout this paper, the symbol VA2, where A is a tensor
of type (1,1), should be understood as V(A?) if not stated otherwise.

2. Preliminaries. We briefly recall the basic formulas of affine differ-
ential geometry. For more details, we refer to [NS|. Let f: M — R"*! be an
orientable connected differentiable n-dimensional hypersurface immersed in
the affine space R"*! equipped with its usual flat connection D. Then for
any transversal vector field £ we have

(2'1) DXf*Y:f*(vXY)+h(X7Y)§7
(2.2) Dx § = —f.(8X) + 7(X)E,

where X, Y are vector fields tangent to M. It is known that V is a torsion-
free connection, h is a symmetric bilinear form on M, called the second
fundamental form, S is a tensor of type (1, 1), called the shape operator, and
7 is a 1-form, called the transversal connection form. The vector field & is
called equiaffine if 7 = 0. When d7 = 0 the vector field £ will be called locally
equiaffine.

When h is non-degenerate then h defines a pseudo-Riemannian metric
on M. If h is non-degenerate, then we say that the hypersurface or the
hypersurface immersion is non-degenerate. In this paper we always assume
that f is non-degenerate. We have the following
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THEOREM 2.1 ([NS|, fundamental equations). For any transversal vector
field &, the induced connection V, the second fundamental form h, the shape
operator S, and the 1-form T satisfy the following equations:

(2.3) R(X,Y)Z =h(Y,Z)SX — h(X, Z)SY,

(2.4) (Vxh)(Y,Z2)+1(X)h(Y,Z) = (Vyh)(X,Z)+ 1(Y)h(X, Z),
(2.5) (VxS)(Y)—7(X)SY = (VyS)(X) — 7(Y)SX,

(2.6) h(X,SY)—h(SX,Y)=2d7(X,Y).

Equations ([2.3)—(2.6) are called the equations of Gauss, Codazzi for h,
Codazzi for S, and Ricci, respectively.

Let f: M — R™! be an affine hypersurface with a transversal vector
field £&. On M we define a tensor field C' of type (0,3) by the formula

C(X,Y, Z) == (Vxh)(Y, Z) + 7(X)h(Y, 2)

forall X,Y,Z € X(M). The tensor field C is called the cubic form. It is easy
to verify that C' is symmetric in all three variables.

On the space R™! we have the standard volume form determined by
the determinant det [-]. If f: M — R"*! is an affine hypersurface with a
transversal vector field &, then on M we define the induced volume form by

O(X1,..., Xn) == det[f X1, ... fs Xn, €]
for every Xy,...,X,, € X(M). The following theorem holds:

THEOREM 2.2 ([NS|). If f: M — R"* is an affine hypersurface with a
transversal vector field £ then

Vx0=1(X)0 for every X € TM.
In particular, the following conditions are equivalent:

(1) V6 =0,
(2) 7 =0 (that is, § is equiaffine).

A Blaschke hypersurface f is called an affine hypersphere if S = A,
where A = const. If A = 0, then f is called an improper affine hypersphere,
and if A\ # 0, it is a proper affine hypersphere.

Let (M, g) be a pseudo-Riemannian manifold, and V an affine connection
on M. We can define another affine connection V* by the formula

Xg(Y,2) =g(VxY,Z) + g(Y,VxZ).

We call V* the conjugate connection of V with respect to g.

Let w be a non-degenerate 2-form on a manifold M. The form w is called
an almost symplectic structure. It is easy to see that if a manifold M ad-
mits some almost symplectic structure then M is orientable and of even
dimension. The structure w is called a symplectic structure if it is almost
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symplectic and additionally satisfies dw = 0. The pair (M,w) is called an
(almost) symplectic manifold if w is an (almost) symplectic structure on M.

Recall [AP] that an affine connection V on an almost symplectic mani-
fold (M,w) is called an almost symplectic connection if Vw = 0. An affine
connection V on an almost symplectic manifold (M, w) is called a symplectic
connection if it is almost symplectic and torsion-free.

If A is a tensor of type (1,1) on M, and V is a connection on M, we
define a new tensor of type (1,2) on M by the formula

(2.7) dVA(X,Y) = (VxA)Y — (VyA)X.

Moreover, if A is non-singular, we can define a new connection V4 on M as
follows:

(2.8) VAY = A7IVx(AY) = VxY + A 1 (VxA)Y.

Let T4 and R* be the torsion and curvature tensors of V4, respectively. The
following relations between the torsion and curvature tensors for V and V4
are well known.

THEOREM 2.3. For any non-singular tensor A of type (1,1) on (M, V)
we have

(2.9) TAX,Y) = A" Y dVA(X,Y)) + T(X,Y),
(2.10) RAX,Y)Z =AY (R(X,Y)AZ).

Let (M,g) be a Riemannian manifold with a positive definite metric g
and let D be a C* distribution on M. We say that D is parallel if for any
vector fields X € X(M) and Y € D the field VxY is in D, where V is
the Levi-Civita connection of g. If on M there exists a parallel distribution
D of dimension 0 < dimD < dim M, then M is called reducible. If such a
distribution does not exist, we call M irreducible.

From the de Rham decomposition theorem |[KN| we know that a complete
and simply connected Riemannian manifold (with positive definite metric) is
isometric to a product of Riemannian manifolds My x Mj X - - - x My, where
My is a Euclidean space and My, ..., M, are complete simply connected and
irreducible Riemannian manifolds. Moreover, when the manifold is neither
simply connected nor complete, the theorem is still true locally. That is,
every point x € M has a neighborhood isometrically equivalent to a product
of a Euclidean space and irreducible Riemannian manifolds.

When the manifold M is irreducible, we have the following theorem:

THEOREM 2.4 ([Bi]). Let (M,g) be an irreducible Riemannian mani-
fold with positive definite metric g and let A be a parallel, relative to the
Levi-Civita connection, tensor of type (1,1) on M. Then either A = ol or
A = ol + BJ, where a, 8 € R, 8 # 0 and J is a complex structure on M
(dependent on A) such that (J,g,V) is a Kihlerian structure on M.
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The next theorem shows that a parallel tensor of type (1,1) preserves
the de Rham decomposition.

THEOREM 2.5 (|Bi]). Let M be a complete simply connected Riemannian
manifold and let My x My X -+ x My, be the de Rham decomposition for M.
Let A be a (1,1)-tensor parallel relative to the Levi-Civita connection. Then
A= Ayg x Ay x -+ x A where Aj is a parallel tensor of type (1,1) on M;
forj=0,... k.

REMARK 2.6. When the manifold is neither simply connected nor com-
plete, the above theorem is still true locally.

Finally, we recall one more well known theorem related to eigenvalues
and generalized eigenspaces of a (1, 1)-tensor.

THEOREM 2.7. Let A be a non-singular tensor of type (1,1) on a mani-
fold M. If V is a torsion-free connection on M and VA =0, then

(1) A has constant eigenvalues,
(2) the generalized eigenspaces are V -parallel involutive distributions on M.

3. Special affine hyperspheres. Let (M,w) be an almost symplectic
manifold and let h be a pseudo-Riemannian metric on M. On the manifold
M there exists exactly one tensor J,, of type (1,1) such that w(X, J,Y) =
h(X,Y). Since w is non-degenerate, it is clear that J,, is non-singular. More-
over, J,, is h-antisymmetric (i.e. h(X, J,Y) = —h(J,X,Y)). Thus, there is
one-to-one correspondence between almost symplectic structures on M and
non-degenerate, h-antisymmetric (1, 1)-tensors on M.

An improper affine hypersphere f: M — R2"*! is called a special affine
hypersphere if there exists an almost symplectic structure w on M such
that Vw = 0 and Vw = 0, where V is the Blaschke connection and Vv is
the Levi-Civita connection of the Blaschke metric h. Every symplectic form
satisfying the above conditions is called a special symplectic form.

First we recall two basic results from [S].

LEMMA 3.1 ([S]). Let w and h be an almost symplectic form and a
pseudo-Riemannian metric on M, respectively. If V is a connection on M,
then

(3.1) (Vxw)(Y,JuZ) = (Vxh)(Y, Z) —w(Y, (VxJu)(Z))

for all XY, Z € X(M). In particular, if V is the Levi-Civita connection
for h, then the above formula can be rewritten as follows:

(3:2) (Vxw)(Y, JuZ) = —w(Y, (Vx L)(Z)),
thus Vw = 0 if and only if @Jw = 0.
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THEOREM 3.2 ([9]). Let f: M — R?*"*L be a non-degenerate affine hy-
persurface with a transversal vector field & and an almost symplectic form w.
The following conditions are equivalent:

(1) Vw=0;

(2) dVJ (X, Z) =7(2)Ju X — T(X)JWuZ;
(3) V and V! are h-conjugate;

4) T)(X,2) =1(2)X —7(X)Z.

Now we give equivalent conditions for an improper affine hypersphere to
be special.

THEOREM 3.3. Let f: M — R?"* be an improper affine hypersphere.
Then the following conditions are equivalent:

(1) f is a special affine hypersphere;

(2) there exists a non-singular h-antisymmetric (1,1)-tensor J on M such
that V.J = 0 and d¥.J = 0;

(3) there exists an almost symplectic structure w on M such that Vw = 0
and VJ2 = 0;

(4) there exists a non-singular h-antisymmetric (1,1)-tensor J on M such
that VJ? =0 and d¥J = 0.

Proof. (1)=(2). If f: M — R?>"*! is a special affine hypersphere then
on M we have a tensor J, given by w(X,J,Y) = h(X,Y) for all X,Y €
TM, where h is the Blaschke metric. Of course J,, is non-singular and h—
antisymmetric. Moreover, as Vw = 0, we also have VJo =0 (Lemma (3.
Now it remains to note that Theorem n and 7 = 0 imply that dV.J, = 0.

(2)=-(3). Define on M a tensor w of type (0,2) by

w(X,Y) = hX,JY)

for all X,Y € TM. Since J is h-antisymmetric and non-singular, w is an
almost symplectic form on M. From the definition of w it easily follows that
J, = J. Now Theorem [3.2] and the condition dV.J = 0 imply that Vw = 0.
It is enough to show that V.J2 = 0. For this purpose, denote by V* the
connection h-conjugate to V. Then for all X,Y,Z € X(M) we have

X(h(Y, Z)) = M(VxY, Z) + h(Y, Vi Z).

From the above we obtain

(3.3) X(WJY, 2)) = MV x .Y, Z) + h(J,Y, V% 2)
MV x .Y, Z) — WY, Ju(Vx Z)),
(3.4) X(W(Y, JuZ)) = h(VxY, JuZ) + h(Y, Vi J.Z)

= —h(J,(VxY

~—

,Z) + WY, VxJuZ).
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Adding (3.3) and we get
(3.5) - h<<w Y, Z) + WY, (Vi L) Z).
Since £ is equiaffine, @ can be expressed as follows:
VxY = 1vxy + Iviy.
The above and imply
(36)  h(VxJo)Y.Z) = h(VxJ)Y, Z) + 3h((Vi )Y, Z)
= $h(Vx L)Y, Z) = $h(Y, (VX Ju)Z).

Now using Lemma and the relation Vw = 0 we get

(Vxh)(Y, Z) = (Y, (VxJu)Z) = h(Y, I, (VX Jw) 7))

=h(Z. 75 (VxJ.)Y)),
since Vxh is symmetric. Replacing Y by J,Y in the last equality we obtain
WY, (VxJu)Z) = —h(J; (VX o) JuY), Z).
Using the above and we get
W(Vx )Y, Z) = Sh(Vx oY — Ju(VxY) + ISV J2Y — Vx Y, Z)
= 3h(J5 (VxI2)Y), Z).

Since h is non-degenerate, we have

(3.7) (Vx )Y = LI (VX J2)Y).

By the assumption @Jw = 0 the last equality thus implies V.J2 = 0.
(3)=(4). Tt isenough toset J := J,. Then V.J? = 0 follows directly from
the assumption, and dVJ = 0 is an immediate consequence of Theorem
and the fact that £ is equiaffine.
(4)=(1). In a similar way to the proof of (2)=(3) one can define an
almost symplectic structure w by

w(X,Y) = h(X,JY).

Then J, = J. Now in the same way as in (2)=-(3) one may show that
Vw = 0. It is enough to prove that Vw = 0. For this purpose note that
since Vw = 0 and ¢ is equiaffine, we have . Now, from VJ? = 0 we get
VJ = 0, which by Lemma is equivalent to Vw=0.m

From Theorem [3.3] we easily get the following corollary.

COROLLARY 3.4. If f: M — R?"*1! is a special affine hypersphere, then
for every x € M there exists a neighborhood U and a coordinate system
on U, flat relative to the Blaschke connection ¥, such that both w and J?2
have constant coordinates in this system.
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Proof. Since f is an improper affine hypersphere, V is flat. Thus for every
point of M there exists a local flat coordinate system (relative to V). Now
using Theorem we get Vw = 0 and VJ2 = 0, that is, both w and J2
have constant coordinates in this local coordinate system. m

We also have

COROLLARY 3.5. If f: M — R?>"*! is a special affine hypersphere with
a special symplectic form w, then the tensor J,, has constant eigenvalues.

Proof. From Theorem we have §Jw = 0. Now, since V is torsion-
free, the proof is an immediate consequence of the well known fact that if a
(1,1)-tensor is parallel relative to a connection, then its eigenvalues must be
constant. m

In [BC] one may find a remark that 2-dimensional improper affine spheres
with positive definite Blaschke metric are complex special affine spheres.
Below, for completeness, we state this result precisely and present a proof.
We also take into account the case when the Blaschke metric is not positive
definite.

THEOREM 3.6. If f: M — R3 is an improper affine sphere then f is
special. Moreover, if h is definite (positive or negative), then f is a complex
special affine sphere. When h is not definite, f is a para-complex special
affine sphere.

Proof. To show that f is special it is enough to set w := wy where wy, is
the volume form induced by the Blaschke metric h. Indeed, since dim M = 2,
w is a symplectic structure on M. Moreover, since f is a Blaschke immersion,
we also have

Vw= th =0.

The condition Vw = 0 easily follows from the well known fact that the metric
volume form wy, is parallel relative to the Levi-Civita connection V for h.

To prove the second part of the theorem note that by Theorem [3.3] there
exists an h-antisymmetric tensor J of type (1,1) on M such that VJ? = 0.
Now let x € M and let {e1,e2} be an h-orthonormal basis for T, M. Then
there exist o, o/, 3,3’ € R such that

Jer = aer + feg and  Jeg = o'er + e

Since h(Jey,e1) = 0 and h(Jez, ez) = 0, we have a = 0 and ' = 0. It follows
that J%e; = fa’e; and J?ey = Bd’es. In consequence, for every W € T, M
we have J2W = yW, where + is some real number. In general there exists a
non-vanishing function I" € C*°(M) such that

J’X =TIX
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for every X € X(M). Since VJ? = 0, it follows that I" = const. Now we can
define a new tensor J’ of type (1,1) on M by the formula

, 1

= —J
VI

Then J’ is an almost complex structure (when h is definite) or an almost
para-complex structure (when h is indefinite), which is h-antisymmetric.
Moreover, Vw' = 0 for the symplectic form w’ induced by J'. Finally, f is a
complex (respectively, a para-complex) special affine sphere. m

The above theorem is not true in higher dimensions, as shown by the
following example.

EXAMPLE 3.7. Let F: (0,00)* — R be given by

F(z,y,2,t) = (z? + 92 + 22 + )4

5. 21/4
Then
f:(0,00) 3 (z,y,2,t) — (2,9, 2,t, F(z,y,2,t) € R®
with the transversal vector field
£:(0,00)* 3 (z,y,2,t) — (0,0,0,0,1) € R®

is an improper affine hypersphere which is not a special affine hypersphere.

Indeed, by straightforward computations we see that in the canonical

basis {8%7 8%7 %, %} the second fundamental form h reads

_Al Ty Tz %x—

. 93/ ey A oy gy
2(m2+y2+22+t)3/4 rz yz As %z ’
37 3Y 3% 7

where
Ay =322 + 2% + 222 + 2,
Ay = 3y + 222 + 222 4+ 2,
As = 322 4+ 222 + 2y + 2t.

Now it is easy to compute that deth = 1, thus w, = 6, and so f is an
improper affine hypersphere.

We will show that f is not a special affine hypersphere even locally, that
is, there is no open subset U C (0,00)* such that f|y is special. Suppose
that f is special on some open subset U C (0,00)*. Then there exists an
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almost symplectic structure w on U such that
0 w2 Wiz Wi
—wi2 0 w3 w2
w =
—wiz3 —w23 0wy
—wi4 —w2q —w3s 0
y i - qg J 0 0 9 91 g :
and w;; € R since Vw = 0 and the basis {890’ By 9z i S 18 flat relative to V.
Since w is non-degenerate, we also have
2

(3.8) detw = (wiawsg + waswig — wigwaq)” # 0.

Moreover, VJ2 = 0 implies that the matrix J2 = (w™! - h)? has constant
elements. By straightforward computations we check that the (1,4) and (2, 4)
components of the tensor J2 are

@' (22 (w3, +w3,) — 2ywiswas — 22w14w34 + Wiaway + Wizws4)

(Jo)a=— |
4 detwy/22 +y2 + 22 +t
(J2)24 = @ (2y(w14 + W34) — 20wi4wag — 22wW34w24 — WigwW12 + w34w23)
) 4 detwy/22 +y2 + 22 + ¢

From the above formulas we obtain wey = w34 = 0 and w4 = 0, respectively.
In particular, det w = 0, which contradicts (3.8]).

When & is positive definite, we have the following theorems:

THEOREM 3.8. Let f: M — R**1 be a special affine hypersphere with
a positive definite second fundamental form h. If (M, h) is irreducible, then
f is a complex special affine hypersphere.

Proof. Since f is special, there exists a symplectic structure w on M
such that Vw = 0 and Vw = 0. In particular VJW = 0. Now, using Theorem
4| we deduce that the tensor J, equals af + J, o, 5 € R, and (J, g,V)
is a Kéhlerian structure on M. Since J, is h-antisymmetric, we get o = 0,
so J, = BJ. The tensor J induces in a natural manner a symplectic form
W(X,Y) = h(X,JY). In particular

(X, TY) = -WX,Y) = —w(X,,Y) = —pw(X,JY)
for X, Y € TM. The last equality implies that w’ = —Sw, thus Vw' = 0. =

THEOREM 3.9. Let f: M — R>**L be a special affine hypersphere with

a positive definite second fundamental form h. Then for every point x € M

there exists some neighborhood U such that f|y is a complex special affine
hypersphere.

Proof. By de Rham’s theorem (local version), every point of the mani-
fold M has a neighborhood isometrically equivalent to the product of a
Euclidean space and irreducible Riemannian manifolds. Let x € M and U =
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Up x - -+ x Uy be the de Rham decomposition in some neighborhood U of .
We also have a decomposition of the metric h as a product of Riemannian
metrics: h = ho @ --- @ hy. Since f is special, there exists a symplectic
structure w on M such that Vw = 0 and Vw = 0. In particular we have

%Jw = 0. Now, Theorem Remark and Theorem imply that the
tensor J, can be expressed as a product

Jo = Bodo X -+ X By,

where So,...,0; € R and (h;, J;) is a Kéhlerian structure on U; for i =
0,...,k. Without loss of generality we may assume that the U; are ordered
in such a way that 58 <. <L ﬁ,% Merging submanifolds U; with equal /BZQ we
get U=Vix---xVg, Jy=Ji1 X+ xJgand h =h1 P - - D hs. Furthermore
Ji=—-alfori=1,...,sand 0 <af <a3 <- - <a?

Now we can define a new tensor J on U by the formula

1 - 1 -
Ji=—J1 X x —J.

aq Qs
Directly from the definition it follows that J? = —I. Moreover, J is h-anti-
symmetric since J; is hj-antisymmetric for ¢ = 1,...,s. By Theorem (3.2

we see that dV.J = 0 if and only if Vw’ = 0, where «’ is the symplectic
structure induced by the almost complex structure J. Therefore, in order to
show that f|y is a complex special affine hypersphere it is enough to prove
that dVJ = 0. Since —a?,...,—a? are the eigenvalues of J2 and all these
eigenvalues are different, by Theorem (since VJ2 = 0) the spaces TV;
are V-parallel involutive distributions.

Now for any X € X(V;) and Y € X(V}) we get

dVJ(X,Y)=VxJY —VyJX — J(VxY)+ J(VyX)
1 . 1_ - 1 - 1.
= —VxJ;Y — —VyJ X — —Jj(VxY)+ —J;(VyX)
i (673 Oéj (673

Oéj 7
L vy - Lewyax
- a; XJdw o YJw .

If i = j then the above implies
1
dVJ(X,Y)=—dvJ,(X,Y)=0.
Q;

If i # j then it is enough to show that (VxJ,)Y = 0. For this purpose, note
that if °B; and ‘B; are the bases related to local coordinate systems on V; and
V; respectively, then for X € B; and Y € B; we have VxY = Vy X =0
since VxY € TV}, Vy X € TV; and [X,Y] = 0. The above implies that
(VxJw)Y =VxJ,Y — J,(VxY)=VxJ,Y = VijY.

Now, if J;Y' =" a,Y, where Y, € B; and ap, € C*(V;) forp=1,...,dimVj,
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then the above equality takes the form
(VxJ,)Y =VxJ;¥Y =Y X(ap)Y,+ > a,VxY, =0.
T T

Summarizing, we have dv.J(X,Y) = 0 for every X,Y € X(U). Thus f|y
is a complex special affine hypersphere.

Theorems [3.6] [3-8 and [3.9] imply that special affine hyperspheres that are
neither complex nor para-complex must be of dimension at least four, and
their Blaschke metric must be indefinite. The following examples show that
such hyperspheres really exist.

EXAMPLE 3.10. Let F': R* — R be given by
F(z,y,z,t) = 122 + Jy* + 322 — &%
Then
f:RYs (z,y,2,t) = (z,y,2,t, F(z,y,2,t)) € RS
with the transversal vector field
£:RY> (x,y,2,t) — (0,0,0,0,1) € R®

is a special affine hypersphere which is neither complex nor para-complex.
It is easy to verify that in the canonical basis {a%, a%, %, %} the second
fundamental form A is

100 O

010 O
h =

001 O

000 -1

The above implies that wp = 6, thus f is an improper affine hypersphere.
Now take any non-degenerate w of the form

0 Wiz w1z Wi4
—W12 0 wa3  Woq
w = ,
—wi3 —w3 0 w3y
—w1y —woq —w3g 0
where w;; € R. Then J2 = (w™!-h)? has constant components. By Theorem

f is special. By straightforward computations we obtain the diagonal
entries of the matrix J2:

1 1

(Ji)ll = detw(_w§4 - w§4 + W§3)7 (J3)33 = detw(_w%4 - w%4 + W%2)7
1 1

(J2)22 = detw(_w§4 —why twly), (JRu= m(wg?) + wis + wiy).
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Since w is non-degenerate, we have

(J2)aa — (J2)11 — (J2)22 — (J2)33 (w3 + wiy + wiy) > 0.

- detw

Therefore, since (J2)44 > 0, the diagonal entries of the matrix J2 cannot
be equal. That is, f is neither a complex nor a para-complex special affine
hypersphere.

EXAMPLE 3.11. Let U = (0,00)? x R* and let F': U — R be given by
F(z,y,z,t,u,v) = (%xQ + y)3/2 — %22 — %tQ + %uQ — %U2.
Then
f: U3 (z,y,2,t,u,0) = (x,y, 2, t,u,v, F(z,y, z,t,u,v)) € R”
with the transversal vector field

£:U > (z,y,2,t,u,v) — (0,0,0,0,0,0,1) € R”

is a special affine hypersphere which is neither complex nor para-complex.

In the canonical basis {8%7 8%, %, %, %, %} the second fundamental

form h is
[ 4, (82°+9y) 2 00 o]
9 V42219y  \f4a2+9y

\/4j§+9y 4\/432+9y 0 00 0

h = 0 0 -1 00 O

0 0 0O -1 0 O

0 0 0 01 0
i 0 0 0 00 —1 |

Hence det h = —1, and thus wy, = 0. That is, f is an improper affine hyper-
sphere. If f is a complex (respectively, a para-complex) special hypersphere,
then there must exists an antisymmetric matrix w with constant elements
such that J2 = (w™!- h)? = —TI (respectively, J2 = (w™! - h)? = I). Denote
« = w . Then « is a non-degenerate antisymmetric matrix with constant
elements:

0 a2 13 Q14 Q13 Qg

—aiz 0 Qo3 Qa4 Qa5 Qg

oo |18 o 0 a3y a3z Qs
—a1qy —agg —aszgs 0 Qg5 Oue

—Qq5 —Qo5 —0g5  —045 0  ase

|—a16 —ag6 —a36 —aue —ase 0
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From the form of h it follows that the (i, j) entry of J2 = (a - h)? can be
expressed as
AijSUQ + Bjjz + Cijy + Dy
Vaxr? + 9y
where A;j, Bij, Cij, Dij, E;; € R. Therefore, J2 has constant elements if and
onlyifAij :Bl'j :Cij :Dij :0f0rz’,j: 1,...,6.
By straightforward computations we get

2 2 2 2
C33 = 4&13, Cyy = 4@14, Cs5 = —40515, Cos = 40416

+ E’L_]?

and
9 2 9 2 9 2 9 2
D33 = 1023 Dyy = 19245 Ds5 = —1%95, Dgg = 7%26-
The above implies that
Q13 = Q14 = Q5 = Qg = (93 = Qg4 = Qa5 = (g6 = 0.
Now we get
2 2 2 2 2 2
(Jo)u = —aip <0 and  (J])s5 = ags + ags + ajs > 0.

The last two inequalities imply that neither J2 = —I nor J2 = I. That
is, f is neither a complex nor a para-complex special affine hypersphere. It
remains to show that f is indeed special. For this purpose, take

[0 =10 0 0 O]
1 00 00 0
0 00 -1 0 0
W=
0 0 1 0 0
0 00 0 -1
0 00 10
Then
1 0 0 0 0 0]
0 -1 0 0 0
p_| 0 0 - 0 0
“ 0 0 0 -1 0 of’
0 0 0 010
0 0 0 00 1

which means that f is a special affine hypersphere.

The next example shows that there are special affine hyperspheres that
are both complex and para-complex.
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EXAMPLE 3.12. Let F: R* = R and Fy: R* — R be given by
(3.9) Fi(x,y,z,t) = zz + yt,
(3.10) Fy(z,y,2,t) = to + 2y — t2° + P2 + 37 — 127,
Then the function
fi: RY > (z,y,2,t) — (2,4, 2, t, Fi(z,y, z,t)) € R,

where ¢ = 1,2, is a complex special affine hypersphere as well as a para-
complex special affine hypersphere.

Indeed, in the canonical basis {%, 8%, %, %} we have the following for-
mulas for the second fundamental forms of f; and fs:

0 010 0 0 0 1
0 0 0 1 0 0 1 0
hl = ) h’2 =
1 000 0 1 —2t—2z —2z+2t
01 00 1 0 —2z42t 2242t

It is easy to see that det hy = det ho = 1, thus f; and fo are improper affine
hyperspheres. Let

01 00 0 -1 0
-1 0 00 0 0 0 1
“Tloo o1 P h 0 0|
i 0 0 —1 0_ 0 -1 0 0
[0 0 1]
| 0 0
““Tlo 100
-1 0 0 0
Straightforward computations give (wy' - h1)? = —I and (wg' - h)? = I,
that is, f1 is both a complex and a para-complex special affine hypersphere.
In a similar way we get (wg' - ho)? = —T and (w;' - h)? =1, so f» is also

both a complex and a para-complex special affine hypersphere.

Finally, we give a method that allows us to construct higher-dimensional
examples of special affine hyperspheres using lower-dimensional special affine
hyperspheres:

THEOREM 3.13. Let Uy and Uy be open subsets in R*™ and R*™ respec-
tively. Let

f12 U1 > (IL‘l,... ,$2n) — (.1,‘1,... ,CL’Qn,Fl(l'l,...,l‘Qn)) S R2n+1
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with & = (0,0,...,0,1) € R+ gnd

for U2 s (Y1yee s yom) = Y1y -+ o Yoms Fo (Y1, - -+, Yom)) € RF™H

with & = (0,...,0,1) € R®"*L e two improper affine hyperspheres. If
f1 and fo are special, then also

U x Uz 2 (®1,...,Zom, Y1, - - Yom) —
(@1, Tom, Yis - Yoms F1(21, - o Ton) + F2(Y1, - - - Y2m))

with € = (0,...,0,1) € R2"2m+1 4s g special affine hypersphere. In particu-
lar h = hy @ hs where h, hi, hy are the Blaschke metrics for f, f1, fa, respec-
tively. Moreover, if wy, we are special symplectic forms for fi, fo respectively,
then w = w1 Pws s a special symplectic form for f. Further, J, = Ju, & Jus,.
If f1 and fo are both complex [para-complex| special affine hyperspheres, then
f is also a complex [para-complex] special affine hypersphere.

c R2n+2m+1

Proof. Let V; and h; be the Blaschke connection and the Blaschke metric
for f;, 1 = 1,2. A transversal vector field & induces on U; x U, a metric h
and a connection V. If 9y, ...,8s, and 01, .., 0oy are the canonical bases
on U; and Uj respectively, then 0y, ... ,Oon, 01, ..., Oom is a canonical basis
on Uy x Uy (recall that 0; = % and 9; = 8%1,). The form of f implies that
0’

h(0;,0;) = Deidw; hi(9;,0;),  h(0;,0;) =

and

thus we get
h = hy & ho.
Moreover,

Vo,05 = Vo0, = V50, = V50, =0,

since f is a graph-immersion. Note that 6(01, . .., Oan, o, ... ,52m) = 1. Since
f1 and fo are improper affine hyperspheres we also have

wh(al, - ,62n,51, ... 752771) = \/|det[h1(6i,8j)] . det[fm(éi,éj)]‘
= wp, (01, ..., On) - Why (D1, ., Do) = 1.

This implies that f is an improper affine hypersphere.

Since f; is special, Theorem [3.3] implies that on U; there exists a non-
singular h;-antisymmetric (1, 1)-tensor J; (and the corresponding form w;)
such that ViJf =0 and dViJ; = 0. On Uy x Us we can define a new tensor
of type (1,1) by

J=J1® Jo.
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Of course J is non-singular since both J; and Jy are non-singular. Moreover,
J(TU,) C TU; and J(TUy) C TU,. Now, it follows that

h(J&,,(‘)]) = hl(J18i,aj) = —hl(&, ch‘?j) = —h(& Jﬁj),
h(J8;,0;) = ha(J2;, ;) = —ha(0;, J20;) = —h(8;, JO;).

We also have

h(J8;,0;) = 0 = —h(8;, JO;),
thus J is h-antisymmetric. B 3
Now let X,Y € {01,...,02,,01,...,02,}. Then
@V I)(X,Y) = (VxJ)Y — (VyJ)X = VxJY — VyJX.
In particular for X,Y € {04,...,02,} we get
(dVI)(X,Y)=Vx /i)Y —VyJ1 X =Vix 1Y — Viy 1 X
= (dV'J1)(X,Y) = 0.
Similarly, for X,Y € {d1,...,d2m} we have
(dV ) (X,Y) = (dV2])(X,Y) = 0.
When X € {01,...,00,} and Y € {0y,...,0am}, or Y € {01,...,0,} and
X €{01,...,02m}, we obtain
(dVJ)(X,Y)=0.
Using the same methods we prove that
(VxJ?)Y =0

for any X, Y € {01,...,0on, o, ... ,52m}. Summarizing, J is an h-antisym-
metric non-singular tensor of type (1,1) with dV.J = 0 and V.J? = 0, that is,
f is a special affine hypersphere. Directly from the definition of J we deduce
that

W= w1 D ws.

To prove the second part of the theorem first note that if fi, fo are
complex (respectively, para-complex) special affine hyperspheres, then J;
and Jo can be chosen in such a way that JZ = —I and JZ = —I (respectively,
J? =1 and JZ =1I). Then J? = J? @ J2 = —I (respectively, J? = JZ & J3
= I), so J is an almost complex (respectively, an almost para-complex)
structure on Uy x Us. That is, f is a complex (respectively, a para-complex)
special affine hypersphere. m

REFERENCES

[AP] R. Albuquerque and R. Picken, On invariants of almost symplectic connections,
Math. Phys. Anal. Geom. 18 (2015), art. 8.



256

M. SZANCER

[BC]
(Bi]

[CLS]

[CMMS]

[F]
[KN]
[NS]

(5]

O. Baues and V. Cortés, Realisation of special Kdihler manifolds as parabolic
spheres, Proc. Amer. Math. Soc. 129 (2001), 2403-2407.

1. Bivens, Codazzi tensors and reducible submanifolds, Trans. Amer. Math. Soc.
268 (1981), 231-246.

V. Cortés, M.-A. Lawn and L. Schéfer, Affine hyperspheres associated to special
para-Kdahler manifolds, Int. J. Geom. Methods Modern Phys. 3 (2006), 995
1010.

V. Cortés, C. Mayer, T. Mohaupt and F. Saueressig, Special geometry of Eu-
clidean supersymmetry 1. Vector multiplets, J. High Energy Phys. 2004, no. 3,
028, 73 pp.

D. S. Freed, Special Kihler manifolds, Comm. Math. Phys. 203 (1999), 31-52.
S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, Vol. I,
Wiley, New York, 1963.

K. Nomizu and T. Sasaki, Affine Differential Geometry, Cambridge Univ.
Press, Cambridge, 1994.

M. Szancer, On affine hypersurfaces with an almost symplectic structure, Re-
sults Math. 71 (1017), 377-396.

Michal Szancer

Gornikow St. 21/1

30-819 Krakéw, Poland
E-mail: mszancer@gmail.com


http://dx.doi.org/10.1090/S0002-9939-00-05981-5
http://dx.doi.org/10.1090/S0002-9947-1981-0628456-2
http://dx.doi.org/10.1142/S0219887806001569
http://dx.doi.org/10.1007/s002200050604
http://dx.doi.org/10.1007/s00025-015-0517-4

	1 Introduction
	2 Preliminaries
	3 Special affine hyperspheres
	REFERENCES

