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Exponential decay and blow-up results
for a nonlinear heat equation
with a viscoelastic term and Robin conditions

NGUYEN THANH LONG (Ho Chi Minh City),
NGUYEN VAN Y (Ho Chi Minh City) and
Le Tur PHUONG NGoOC (Nha Trang City)

Abstract. We consider a nonlinear heat equation with a viscoelastic term and Robin
conditions. First, we prove existence and uniqueness of a weak solution. Next, we prove
that any weak solution with negative initial energy will blow up in finite time. Finally, we
give a sufficient condition for the global existence and exponential decay of weak solutions.
The main tools are the Faedo—Galerkin method and defining a modified energy functional
together with the technique of Lyapunov functional.

1. Introduction. In this paper, we consider the nonlinear heat equation

t

(11) e Al ] + Lot — ), g, 5)) ds
0

= f(u) + fi(z,t), O0<z<1,t>0,
with the boundary conditions
(12)  wa0,8) — hou(0,6) = go(t),  unl(1,) + hru(1,t) = —g1 (1),
and the initial condition
(1.3) u(z,0) = up(z),

where hg, h1 > 0 are real numbers with hg + hy > 0, and p1, p2, g, uo, f,
f1, 90, g1 are given functions satisfying conditions to be specified later.
Equation arises naturally in engineering and physical sciences.
Problems of this type have been extensively studied, and several results
concerning existence, nonexistence, regularity and asymptotic behavior have
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been established (see [I]-[8], [I1]-[15] and references therein). Messaoudi [12]
considered an initial boundary value problem related to the equation
t
(1.4) up — Au + Sg(t — 8)Au(z, s) ds = |u|P?u,
0
and proved, under suitable conditions on g and p, the blow-up of a weak
solution with negative initial energy by the convexity method.
Li et al. [9] considered the semilinear heat equation with a memory term
¢
(1.5) ug — Au + Sg(t —s)div[a(z)Vu(s)]ds =0, x€§2,t>0,
0
and proved, under suitable conditions, that the energy functional decays to
zero as time tends to infinity by the method of energy perturbation, in which
the usual exponential and polynomial decay results are only special cases.
Recently, Han at el. [6], under suitable conditions on g, established a
blow-up result for solutions with negative initial energy for the semilinear
heat equation with a viscoelastic term
¢
(1.6) ut—Au—i—Sg(t—s)Au(x,s) ds=0, xze€f2,t>0,
0

by defining a modified energy functional and using a concavity argument.

In the case pi(z,t) = po(z,t) = p(z,t), Problem (L.I)—(L.3) is studied
in [15].

Motivated by the above mentioned works, we study the blow-up and
exponential decay estimates for Problem f. Our paper is organized
as follows.

First, we present preliminaries in Section 2 and we prove the existence of
a weak solution in Section 3. Next, in Sections 4 and 5, Problem f
is considered with gy = g1 = 0 and pa(x,t) = ua(x). In the case of f; =0, if
ug € H' is such that hopi (0,0)u3(0)+hypu (1, O)ug(l)%—x(l) pa(x, 0)ud, (z) do—
2 S(l) dx SE‘O(I) f(2)dz < 0, and if some auxiliary conditions are satisfied, then
the weak solution w of Problem — blows up in finite time. For
Il f1(t)]| small enough, if

ot (0, 0)u3(0) + hujer (1, 0)3(1)

1 1 uo(z)
+Su1(:c,0)u(2)x($)dx—p8dx S f(z)dz>0, p>2
0 0 0

and if the initial energy is also small enough, then the energy of the solution
decays exponentially as ¢ — oo. The main tools are the Faedo—Galerkin
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method and defining a modified energy functional together with the tech-
nique of Lyapunov functionals. Our results extend those in [I5].

2. Preliminaries. Set 2 = (0,1) and Q7 = {2 x (0,7). We omit the
definitions of the usual function spaces LP = LP({2) and H™ = H"™({2). Let
(-,-) be either the scalar product in L? or the dual pairing of a continuous
linear functional and an element of a function space. The notation ||-|| stands
for the L? norm, and || - || x for the norm in the Banach space X. We denote
by X’ the dual space of X. We let LP(0,T;X), 1 < p < oo, be the Banach
space of measurable functions u : (0,7") — X such that |ul|zo,7;x) < o0,
with .

(S det> <oo ifl1<p<oo,
||U||Lp(o,T;X) =

esssup llu(t)]| x if p = 0.

0<t<T

On H', we shall use the norms
ol = (loll® + lloal?)2 ol = @@ + ol i =0,1.

Let p; € CY(Qr) with p;(z,t) > g, >0 (i =1,2) for all (z,1) € Qr.
We consider two famillies of symmetric bilinear forms {a;(¢; -, -) fo<t<7 on

H' x H' defined by

(2.1)  ai(t;u,v)
1

= Sui(x, ug(x)vg(z) dr + hopi (0, 8)u(0)v(0) + hypi(1, t)u(l)v(l)
0

= (pi(t)ua, va) + hopi(0,£)u(0)v(0) + hapi (L, t)u(1)v(1)
forallu,v e H' and 0 <t < T.

Then we have the following lemmas. The proofs are straightforward, so
we omit the details.

LEMMA 2.1. The embedding H' < C°([0,1]) is compact and

{ [vllcoqo,py < V2Iollar, Vo e HY,

(2.2) |
[vllcoqoyy < V2|vlli,  YveH', i=0,1.

LEMMA 2.2. Let p; € CY(Qr) with pi(z,t) > g, >0 (i = 1,2) for
all (z,t) € Qr. Then the symmetric bilinear forms al(t7 ) (1 =1,2) are
continuous on H' x H' and coercive on H', i.e.,

(2.3) (1) lai(t; u,v)| < air|[ull g2 l[v][ g1
(ii) a;(t;v,v) > aOZ-HvH%Il,
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for all w,v € H" and 0 <t < T, where

1
aip = (1 4+ 2ho+ 2hy) sup pi(z,t), ag = 3H; min{l,max{hg, hl}}.
(x»t)EQT

REMARK 2.3. It follows from (2.2) that on H', v ~— ||v|| g1 and v ~ ||v]|;
are equivalent norms satisfying

Tl < ol < Valllln, =01

3. The existence and uniqueness theorem. We make the following
assumptions:
(A1) ho,h1 >0, hg+ hy > 0;
(A2) go,91 € H'(0,T);
(Ag) € CL([0,1] x [0,7]), (e, )
(As) p2 € C1([0,1] x [0, 7)), paa, )
(As5) f € COUR;R);
(As)
(A7) f

(AVARAVS
= I=

6 g € HY(0,T);

7) f1 € L*(Qr).

The weak formulation of Problem (|1.1)—(1.3|) can be given in the follow-
ing manner: Find v € L*>(0,T; H') with «/ € L?(0,T; L?) such that u(t)
satisfies the following variational problem:

A
A
A

t

(3.1) (W (t),v) +ar(t;u(t),v) — Sg(t — s)az(s;u(s),v)ds

= (f(u(t)),v) + (f1(t),v) = Go(t)v(0) — g1 (t)v(1)
for all v € H! and a.e. t € (0,T), and the initial condition
(3:2) u(0) = uo,

where
t

gi(t) = m (i, 1)gi(1) Sg t— s)u2(i, s)gi(s)ds, i=0,1.

Note that, with f € C(R;R), 1f we set

sup |f(u)|, r>0,
@(7‘) = [u|<r

£ (0)]; r=0,
then @ € C(R4; R} ) is nondecreasing and
|f(w)] < @(Jul), VYueR (see [I5, Appendix 1]).
We have the following theorem.
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THEOREM 3.1. Let (A1)—(A7) hold and ug € H'.

(i) If Sgo #}’2(@ = 00, then Problem ||1) has a weak solution u
satisfying

uwe L0, T;HY, o € L*(0,T;L?).

(ii) If Sgo Hy%}é(\/@ < 00, then Problem 1)1’ has a weak solution u
satisfying
ue L>®0,T;  HY), o € L*0,T,; L),
with a certain Ty small enough.
Furthermore, if in addition
(AE)) VM > 0,3Cy > 0: |f(y) - f(Z)‘ < CM’y - Z|aVy72 € [_MaM];
then the solution is unique.

Proof. The proof consists of four steps:

STEP 1. The Faedo—Galerkin approzimation (introduced by Lions [10]).
Let {w;} be a denumerable base of H!'. We find an approximate solution of

Problem ([1.1))—(1.3]) in the form
m
(3.3) U (t) =Y emj(thwy,

j=1
where the coefficient functions ¢,,j, 1 < j < m, satisfy the system of ordinary
differential equations
t

(), 05) + a1 (65 um (1), w5) — gt — 8)an(s;um(s), w;) ds

0
B4 = (Flum(®)swy) + (F1(0),05) — Go(E)w; (0) — G (B (1),
1<j<m,
Um(O) = UOm,»
where .
(3.5) Ugm = Z Qmjwj — ug  strongly in H'.

j=1
It is clear that, for each m, there exists a solution u,,(t) of the form
which satisfies and almost everywhere on 0 < t < T,,, for some
0<T, <T.
In what follows, we present a brief proof that a solution of (3.4)—(3.5) of
the form (3.3) exists. The system can be written as follows:

(3.6) Ac, () + A1 () em(t) — (S)g(t — 8)As(8)em(s)ds = F(t, em(t)),

em(0) = aum,
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where

cm(t) = (em1(t), ..., Conm(NT,  am = (a1, -y )T

A= (aij),  aij = (wi, wy), 1<4,j <m;
As(t) = () 0), 0 (1) = as(tswi,wy),
(3.7) 1<4,j<m,s=1,2;
F(t,em(t) = (Fi(t,em(t)), - .., Fin(t, Cm(t)))Ta
Fj(t,em(t)) = (f (um(t)), wy) + (f1(t), wy)

—go(H)w;(0) — g1 (D)w;(1), 1<j<m.
Since A is invertible, leads to

t

em(t) = am — SA_IAl(s)cm(s) ds

0
+ S ds S g(s =) AT Ao (r) e (r) dr + SA_lF(s, em(s)) ds,
0 0 0
(3.8) em(t ozm—i-SG (t,s)cm(s )ds—l—SA_lF(s,cm(s))ds
0 0
= (Fem)(1),

where G(t,s) = A~H(g(t — s)Aa(s) — A1(s)) and §(t) = Ség(s) ds.
By the Schauder theorem, (3.8]) has a solution ¢, () in a certain closed
ball of the Banach space C([0,T,,]; R™) with T,,, € (0,T]. Therefore, there

exists up, (t) of the form (3.3)) satisfying (3.4 and (3.5) on 0 < ¢ < T,,,.
STEP 2. A priori estimates. Multiplying the jth equation of (3.4]) by

/ . .
cmj(t) and summing over j, after some rearrangements we get

(3.9)  ul, ()1 + a1 (t; um (1), u Sg (t — s)aa(s;um(s), ul,(t)) ds
0

= (f(um (), up, () + (f1(8), w3 () — Go(£)1sn (0, 8) — G1(E) (1, 8).-
Firstly, by direct calculation, we have
(3:10) L (85t (0), m(8)) = 201 (8 (1), 1 (1)) + (15 ()t (1), (1))

dt
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and
qt
(3.11) p S g(t — s)az(s;um/(s), um(t)) ds
0 t
= 9(0)az(t um(t), wm (1)) + | g (t = 8)as(s; tn(s), um (t)) ds
. 0
+ gt — 8)as(s; um(s), u, (1)) ds.

0

Hence, (3.9) can be rewritten as follows:

(312) 2 (O + a1 (05 (1), (1)
t

%Sg t — 8)as(s; um(s), um(t))ds
0

= (4 (V) uma (1), tma (1)) + hopt (0, £)uz, (0,8) + hapa (1, 8)up, (1,1)

0,t
— 2g(0)as(t; um (t), um(t)) — 2\ g'(t = 8)as(s; tm(s), um(t)) ds
0
+ 2(f (um (#)), i (8)) + 2(f1(E), an (£)) — 200 ()11 (0, 8) — 21 (£) s (1, 7).
Next, integrating , we get

(3.13) 2§ [Jul, ()7 ds + a1 (£ upn (8), um (£)

0 t
= a1(0; uom, uom) — 29(0 Sag (85 Um (), um(s)) ds
0
A+ § (8 (5) e (), s (5)) + Tropty (0, 8)uty (0, 8) + hage (1, 8)uz (1, 5)] ds
0
+ 2\ g(t — s)aa(s;um(s), um(t))ds

g (s — T)ao(T;um(T), um(s)) dr ds + QS (f (um(s)),ul,(s)) ds
(

O e &0

0
t t

s))ds —2 S Go(s)u,,(0,s)ds — 2 S g1(s)ul,(1,5) ds.

0 0

[(1e
t
0
t

_ 28
0
t

+ QS <f1(8)7um
0

By (A1)-(A7), and using (2.2)), (2.3) and the inequality

1
(3.14) 2ab < ECF + 6%, VYa,beR, VS >0,
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we estimate the terms on both sides of (3.13)) as follows:

(3.15) (t'um(t) (1)) = aot [[um (1)l

t
(3.16)  —2¢(0 g (55 m(s), tm(5)) ds < 2|g(0)]agr | [[um(s)[|31 ds;
0 0
)

(BAT) {104 (8)tma (5), trna(5)) + hotth (0, 8)u2 (0, s
0 t
gty (L spi2, (L, 8)] ds < |l ()20 ds,

0
where @17 = 2ho 4 2h1 +sup, 5, | (z,t)];
t
(3.18) 2\ g(t — s)az(s;um(s), um(t)) ds
0 t
< 2|lgll L= o,y @27 |t ()| 1 | 1t (5) |11 dis
0

< 5 (Il azr () s ds) "+ Bl O

< S0l 0,1y T3r §on () s+ Bllun (D)

Ot + O ="

ts
(3.19)  —2{{g'(s = )aa(r; um(7), tm(s)) dr ds
00 t s
< agr | Num(s)l ds {19/ (s = )| [ (7) || 11 dr
0 0
t
< asrVT |9 | 20,1 | [ (9) 131 ds;
0

0 t 1t
< 2|1 £ (um(s))[* ds + SHu (s)|1* ds
0 0
t 1t
< 2| (V2 [t ()] 1) ds + = 5 V1t ()17 ds;
0 0
and
t ¢
(3.21) 2\ (fi(s),up,(s)) ds < 2| fu ] +18|| m(s)|I”d
) 1(8), u,,(s)) ds < zz0p) + 5 Uy, (S s.

0 0
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By using integration by parts, it follows that
t
(3:22)  —2{go(s)u},(0,5)ds
0 t
= =20 (t)tm (0,) + 250(0)uom (0) + 2 G (5)um (0, 5) ds
0

< 2|90(0)[luom (0)[ + - HgoHLoo 0.7+ Bllum )30 + 21300 Z20,17)

t
+ Vllwm(s) 17 ds.
0

Similarly,
t
(3.23) =2\ gi(s)u),(1,5)ds
0
< 2(91(0)| [uom (1) + 5 ||91||L°° o)+ Bllum @1 +2191 117201
t

Yl (s) 71 ds.
0

As ugm — ug strongly in H', we have
(3:24) a1 (05 uom, uom)+2(g0(0)| [1uom (0)[+2(71 (0)] |uom(1)| < Co, Ym € N,

where Cp always indicates a bound depending on .

By choosing 8 = ag1/6, it follows from and - - ) that

(3.25) Sm(t) < O + {w(Sim(s)) ds,
0

where
(

~+

Sin(t) = { I ()17 ds + "2t (1) |21

5 2
1 12
Cp’ = Co+ 2Hf1HL2 @) T o (HQOHLoo(OT +31ll7~ 0.1))

(3.26) 2(H§0HL2(0,T) + HngL2(0,T))7

2 2 - 6
o = 2 (24 tur + 2gOlaar + oo 1 Tl

aopl
+ aorVT ug'\p(o,n),

where the function w(S) = 1 + CFEFQ)S + 2@2(\/%\/5) is continuous and
nondecreasing on 0 < 5 < oo.
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We will use the following lemma (see I. Bihari [3]).

LEMMA 3.2. Let z:[0,T] — R4 be a continuous function satisfying
t
(3.27) 2(t) < M+ \k(s)w(x(s)) ds, t€[0,T],
0
where M > 0, k : [0,T] — Ry is continuous and w : Ry — (0,00) is
continuous and nondecreasing. Set

(Y
o=l 2
(i) If Sood—y 00, then
(3.28) 2(t) < v (LT/(M) + {k(s) ds), vt € [0, 7).
0

(ii) If Soo dy o) < 00, then there exists T, € (0,T] such that

t

(3.29) () < L_U’1<W(M) + [ k(s) ds), vt € [0, 77,
where ’
(3.30) ?k(s) ds <O§o dy
0 — o w)

dy
0 1+y+¢2(f )’

with 2(t) = Sy, (t ) M = cp, k(s) = 1, w(8) = 1+ CS +202(2-V/3),
we deduce from (3.28) or - ) that
(3.31) St ) <w ' @) +t) <Cp, VmeN,

for all t € [0,T] or all ¢ € [0,T*], with T* chosen as in (3.30), where Cr is
a constant independent of m. This allows one to take the constant T}, = T,
or T,, =T for all m € N.

In what follows, we will write T} for both T or T.

STEP 3. The limiting process. By (3.31)), we deduce that there exists a
subsequence of {uy,}, still denoted by {u,,}, such that
{um —u  in L®(0,T,; H') weakly*,
ul, = in L?(Qr,) weakly.
By the compactness lemma [I0, p. 57|, (3.32) implies the existence of a
subsequence, still denoted by {u,,}, such that

By the convergence of {° % and {° applying Lemma 3.2

(3.32)

(3.33) Uy — u strongly in L?(Qr,) and a.e. in Q7.
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REMARK 3.1. As f € C%(R;R) is not supposed to be monotone, in order
to do Step 3, we need to use the compactness lemma of Lions [I0, p. 57] as
above. This leads to the requirement ug € H'.

By the continuity of f, we have

flum(z,t)) — f(u(z,t)) a.e. in Qr,.
Using (As) and (3.31), we get
(3.34)  [f(um(z, 1)) < sup [f(2)] < sup |f(2)| < Cr

‘Zlg\/iHum”Loo(O’T*;Hl) |Z|§CT

a.e. in Qr,, where Cr is a constant independent of m.
It follows from the dominated convergence theorem that

(3.35) f(um) — f(u) strongly in L*(Qr,).

Passing to the limit in (3.4), by (3.32), (3.33)) and (3.35)), we see that u
satisfies the equation

(' (t),v) + a1 (t;u(t) Sgt—sagsu(s) v)ds
(3.36) 0
= (f(u(t)),v) + (f(t),v) = Go(t)v(0) — gu(t)v(1), Vv e H',
u(0) = ug.

STEP 4. Uniqueness of the solution. Let u; and us be weak solutions of

(1.1)—(1.3) such that
(3.37) u; € L0, T; HY,  wl € L?(0,Ty; L?), i=1,2.

Then v = u; — uo satisfies

(W (1), 0) + a1 (tu(t), v) = [ g(t = s)az(s;u(s), v) ds
0

= (flur(t) = f(uz(t),v), Yve H',
u(0) = 0.

Taking v = u in (3.38)); and integrating with respect to t, we obtain

(3.38)

t
(3.39)  Jlu@®)|* +2{ai(s; u(s)) ds
0 ts

=2{g(s = Maz(r;u(r), u(s)) dr ds
00

+ 2§ (f(wr (1) = f(u2(t)), uls)) ds.
0
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Set o(t) = |Ju(t)||® + Sg [u(s)]|3,1 ds. As in Step 1, we can easily estimate all
terms on the right hand side of (3.39)) and obtain

1.2 2 t
3951191700 0,7y + Ot
B“2T L (0,T) SQ(S) ds,

0

3.40 t) <
(340) o) < a1, 2001 ] — B
where M = \/ﬁmaxizl’g ||u7;||Loo(07T*;H1) and 0 < 8 < min{l, 2&01}.

By Gronwall’s lemma, (3.40) leads to o = 0, i.e., u; = ug. Theorem 3.1
is proved. =m

4. Blow-up of solutions. Here, we consider Problem (1.1))—(1.3) with
g0 =91 =0, f1 =0 and pa(z,t) = pa(z):
t

pa()ua(z, s)] ds = f(u),
O<x<1,t>0,

= -, ] + (gt = 5) 3
(4.1) 0
uz(0,t) — hou(0,t) = uy,(1,t) + hqu(l,t) = 0,
u(z,0) = ug(z).
We make the following assumptions:
(A%) p1 € CH[0,1] x Ry), py(w,8) > p, > 0, % (,t) < 0 for all (z,t) €
0,1] x Ry
(A}) pe € CH([0,1]), pa(z) > Hy >0 for all z € [0, 1];
(AL) f € C(R;R) and there exist constants p > 2 and v > 0 satisfying
(i) uf(u) > v|ulP, Yu € R,
(i) uf(u) > pP(u) = p{l £(2) dz, Vu € B
(Af) g€ CHR4;Ry) and 0 < g(t) < g(0), ¢'(t) <0, for all ¢ > 0.
REMARK 4.1. Below we present two examples of functions f satisfy-

ing (Af). In the second example, f is more general than the function given
in [12], [13].

EXAMPLE 1. Set N
(4.2) Flw) = ylulP?u+ Y ailul %,
i=1

where v > 0, p > 2, a; > 0, ¢; > 2 are constants, with 2 < p < ¢,
i=1,...,N. It is obvious that (Af) holds, since
N

wf(w) = ylul’ + ) alul% > yluf?,
i=1

u N N
p| f(z)dz = Alul + ZangUI‘“ <Al + ) aiful = uf(u).
0 i=1 ¢ i=1
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EXAMPLE 2. Another example is
(4.3) f(u) = JulPuln®(e + u?),
where k > 1 and p > 2 are constants. Because In(e+u?) > Ine = 1, we have
wf(u) = [ulP Inf(e + u?) > [ulP = y|ul’, VueR, withy=1.

Integration by parts gives

u u

1 2k _ |z|Pz
4.4 dz = — — =\l e + 225 de.
(4.4) sz = Jurt = (e ) 5 0
Note that Sglnk_l(e—l—ZQ)ﬁ%dzZOfor all u € R, so

ﬁf(z)dz < 1uf(u), Vu € R.
0 p

Hence, (A%) holds.

Now, on H', we consider the following symmetric bilinear forms a(, ),
9ay (4. .
b(-,-), 28 (t; -, ):

ot
+ hopy (0, )u(0)v(0) + by (1, )u(L)v(1),  Vu,v e H.

It is easy to show that the forms a(-,-), b(-,-) are continuous on H' x H!
and coercive on H!. On the other hand, the norm v ~ ||v| g1 and the norms

v = ||v|le = v/a(v,v) and v — ||v||y = 1/b(v,v) are equivalent.

Furthermore, we have the following lemmas.

LEMMA 4.2. There exist positive constants a, a, By By My 12 such that:

(i) a(v,v) > dljv||F,
(i) |a(u,v)| < allul| g Jo]| e,
(ifi) b(v,v) > p,llv]l7,
(iv) [b(u,v)| < fllullal[v]]a,
(v) ai(t;v,0) > p |ol2,
(vi) la1(t;u,v)| < palullalvllas
(vii) %(t;v,v) <0,
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for all w, v € H' and all t > 0, where

(1 pu— 0 (1 pu—
fi1 Ogglul(m, ), iz 0?3;‘1”2(9”)’

a= %min{l;ma‘x{h(]vhl}}y a = 1+2h0+2h1

LEMMA 4.3. On H!, the norms v — ||[v||s and v~ ||v||, are equivalent
and

Vs lla < lvlle < Va2 llolley Vo€ HY.
Now we define the modified energy functional related to Problem (4.1)):

(4.5) B() = 3 (g0 u)(1) + g (tsu(t) u(t))
t 1 u(z,t)
5 (Vo) as) iz -~ {az | 5(z)d
0 0 0
where

t

(gou)(t) = g(t = s)uls) — u®)ll; ds.
0

By multiplying (4.1)); by «/, and integrating over (0, 1), we get
1 6@1

(4.6 B/(t) = e ()1 + o (1 u(t), )
— 9O+ (o ow)(t) <0

for any regular solutions. The same result can be established for weak solu-
tions and for almost every t, by a density argument.

THEOREM 4.4. Let the assumptions (A1), (A5)—(Af), and (As) hold. If

in addition
00 L 1
s)ds < 1<1 — ),
(S) o) ds < 4, (p—1)?

then, for any ug € H' such that E(0) < 0, the weak solution u of Prob-
lem (4.1) blows up in finite time.

Proof. We define
(4.7) H(t)=—-E(t), t>0.
Then it follows from that H'(t) > 0 for all ¢ > 0. This implies that
(4.8) H(t) > H(0) = —E(0) >0, Vt>0.
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Set
(4.9) Li(t) = glu®)|.
By taking the time derivative of (4.9)) and using (4.1)), we obtain

(4.10)  Ly(t) = ('(t), u(t))

= (), u(t)) — o (b u(), u(t)) + | gt — $)blu(s), u(t)) ds
0

> (f(t), u) — ar(; u(t),u(e) + (Vo(s) ds) lu(t) 3

0

t
— Vgt = 5)[bluls) — u(t), u(t))|ds.
0
By using the Schwarz inequality and Young inequality, we obtain
t
(411) gt —s)|b(u(s) — u(t), u(t))|ds

0 t

< Vg(t = 9)l[u®)llplluls) — u®)]s ds

0
1 .t 51
orall s =0 < g5 IMOIE fat) ds + S tg o))
By the definition of H(t),

1 u(z,t)
(4.12) S dx S f(z)dz

0 0 .

= H(t) + 5 o (tu(t),u(®) = ([g(s) ds) u(t) [} + (g 0 w)(2)]
0

Since

is continuous and nondecreasing on 2 < z < p, so that

() M 1
0=o(2) < \g(s ds<_1<1—> = &(p),
@ < Vatoyas < 2 (1= 5= ) =2
it follows that there exists a unique constant p € (2, p) such that

o0

(4.13) | 9(s)ds = (p).
0
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Set 0o = p/p and §; = pd2 = P, 0 < d2 < 1. We deduce from (4.8) and
(4.10)—(4.13) that
(4.14) Ly (t) = (1 = d2)(f (u(t)), u(t))

1 u(z,t)
+52p[§) dw (SJ £(2) dz] —ay(tu(t), ult))

+ (V90 d8) ) = 5 lu(o) 1 §9(5) ds — g 0 )0
0

0
> (1= p/p) (). u(D)
i h—1)2 é —71 —OO s)as|||u 2
5V 5 ()~ Ve ok
= (L= /o) F(u(®). u(e) > (1 - B/pn O},

On the other hand, ||v|| < ||v||zr for all v € LP. Hence

+

(4.15) V2 IR (t) = Ju®)llP < [lu()]7,
We deduce from (4.14) and (4.15]) that
(4.16) Ly(1) = (U= p/pV2 LY (0) = L),

A direct integration of (4.16]) then yields

p/2—1 1
10 B SR ot

Therefore L;(t) blows up in time 7% < —2 LY7P2(0). Theorem 4.1 is
(p—2)m 1

proved. =

5. Exponential decay of solution. This section investigates the
decay of the solution of f corresponding to gg = g1 = 0 and
p2(z,t) = po().

We prove that if a;(0;ug, up) —p 8(1) dx Sgo(z) f(z)dz > 0 and if the initial
energy || f1(t)|| is small enough, then the energy of the solution decays expo-
nentially as t — oo. For this purpose, we make the following assumptions:

(A?) f € C(R,R) and there exist constants da > 0, d2 > p > 2, ¢; > 2,
with 2 <p<gq;,i=1,...,N, satisfying
(i) f(0) =0, uf(u)>0,VueR, us#0,
(i) wf(u) < doF(u) =dy §; f(2)dz, Vu € R,
(i) Fu) = [ /() dz < do(ul + £, [ul#), Yu € R;
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(A§) g € C'(R+;Ry) and
(i) 0<g(t) <g(0), g'(t) <0, Vt > 0;
L=p, —f2lg g(s)ds > 0 for fig = maxo<z<1 pa();
(i) ¢'(t) < —&ig(t), vt >0, & > 0;

(AY) f1 € L?>(Ry; L?), and there exist constants Cp,vp > 0 such that

1A < Coe™™", ¥t > 0.
REMARK 5.1. We will show that the examples of f in Section 4 also
satisfy (AY).
1. Consider

N
(5.1) Flu) =ul?u+ Y aifu| 2,
=1

where v > 0, o; > 0, p,q; are constants with 2 < p < g¢q;, 1 =1,...,N. It is
obvious that (AY) holds, because of

N
wf(u) =~ul > alul® = yuf >0, YueR, u0;
=1

u

N N
1 ) - _
Sf(z) dz = 1|u|p + E aif|u|ql < d2<|u|p +§ :|u’q1>;

N N
) 1 )
uf(u) = AP+ ] < dz(;wp +Zaiqu|%)
i=1 i

=1

=d S f(2)dz,
0
with dy = max{y/p,a1/q1,...,an/qn}, d2 = 1+ max{p,qi,...,qn} > p.
2. Consider
(5.2) Fu) = P2t (e + ),
where k > 1 and p > 2k are constants. Obviously, (AY,1) holds.
As for (A%, iii), we have uf(u) = |u|? In*(e 4 u2), so

1 _ p
(5.3) §)f(z) dz = ];uf(u) - élnkz e + 22)e|i;dz.

As InF~1(e + 22)% dz > 0 for all u € R by the inequality In(1 +z) < =z
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for all > 0, this yields
H 1 1 X )
| 7(2) 2 < ~uf(u) = ful’ (e + )
5 p p

1 2\1% 1 2\ ¥
:|u|p[1+ln<1+u>] §|u|p<1+u> .
b € b €

Choosing an integer N > k and applying the Newton formula, we get
1 2\F 1 AR AN
= ul? <1 + u) < =|ul? (1 + u) = ~|uf [1 +) Cy <u> }
p e p e p P €

B N
= d2<|u|p + Z |u]qi), Vu € R,
i=1

where dy = %max{l; max;<;<ny C%/e'} and ¢; = p+2i. Thus, (AZ,iii) holds.
For (AY,ii), note that
R 2]

_ z|Pz
G(u) = SlnlC 1(e+z2)6+z

0
For u > 0,
v P Losp
G(u) = Slnk Le + 2?) 1z 22 dz <In* e+ u2)g 12 Z2 dz
5 e+z p€t?
u
< In* e +u?) S Pl dz = ZuPInf L (e 4+ u?)
0
< —uP In(e + u?) = = |ulP In* (e + u?).

For u < 0,

|21z

e+z2dz

G(u) = ZSLlnk_l(e + 2%)
0
1

1
< Z|ulPInf(e + u?) = —uf(u), VueR.
p p

It follows from (/5.3)) that
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p2 u B u
(5.4) uf(u) < p—7" (S)f(z) dz = dy (g) f(z)dz, VueR,
Consequently, (A7, ii) is true with
p2 2
d2:p_2k :p+2k+p_2k >p+ 2k > p.
Now, we define the following Lyapunov functional:
(5.5) L(t) = E(t) + gl\u(t)ll2 = E(t) + dL1(t),
where
B() = 3(g 0 u)(t) + 5o (tsu(t) u(t))
u(z,t)
5 (Vo) as) @l - {az | 5(z)dz
0 0
= S(gou)(t)
1 ) 1
+ (57 3) (@t u®.uw) - RO Jots)as) + 10
t 1 u(z,t)
I(t) = I(u(t)) = ar(t; u(t), u(t) — w3 {g(s)ds —p| dz | f(2)dz
0 0 0

Then we have the following lemmas.

LEMMA 5.2. Assume that (A1), (A}), (A)), (AY)-(AZ), and (As) hold.
Then

(5.6) E'(t) < (1 —e1/2) ' (t)]* — %g(t)IIU(t)Hf

- %él(gou)(t) + 2151||f1(t)H2, Vey > 0.

Proof. Multiplying (1.1)); by «/(x,t) and integrating over [0, 1], we get
1 8&1

(5.7) E'(t) = |l ()II* + 3 5 (Bult),u(t))

— SIONROIE + 50 0 u)#) + L1 (2),'(0)

for any regular solution u. We can extend (5.7)) to weak solutions by using
density arguments.
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On the other hand, we have

(5.9 (Rl @) < SO + o LA
(59) S0 o)1) < —algou)(h),
(5.10) L0410y, u(t)) < 0.

2 Ot
From (5.7)—(5.10), we get (5.6, and Lemma 5.2 is proved. m

LEMMA 5.3. Assume that (Ay), (A}), (A)), (AY)—(AY), and (As) hold.
Suppose I(0) > 0 and

N
5.11 =L —pd (ﬁpRgfzﬁL [)q?RZﬁz) - (1 _ p> >0
( ) n baz p ZZ; qi d2 251

where

2p < 17 . vl e
R.=,|———( E0)+ = Hfl(t)||2dt>, D, = sup ,p> 2.
\l (p—2)L 2 §) " omem [10lla
Then I(t) > 0 for all t > 0.

Proof. By the continuity of I(¢) and I(0) > 0, there exists 77 > 0 such
that

(5.12) () = I(u(t) >0, Ve l0,Til.
This gives
11 ;
P02 (5 - ) (et ~ I ot )
1 1 T
> (5 ) (s Loty ds) ol
_(p—2)L
= Tﬂu(ﬂﬂi, vt € [0, T1].
Hence
(5.13) @)z < —2—B@), vielo,T

(p—2)L
From (j5.6) with e; = 1 and (5.13)), we deduce that

2p
(5.14) [lu(t)]; < mE(t)
2p

1 oo
< o |FO 3 | IhoFe| = e
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We note that

1 uo(z)
E0) = %al(O;uo,uo) - S dx S f(z)dz
0 0

1
= §<a1(0; ug, up) — 2

1
> 3 (al(O; U, Uy) — P

By (AY,iii), we get

1 u(z,t)
pide | fz)dz < pdo(Jlut)f +—j{jnu %)
0 0
_ﬂwmmr”+zmm 1272) ()11
< s (DR 4 S DR Ol e 0L
=1
Therefore

t

I(t) = a1 (t5u(t), u(t)) — [lu(®)} | 9(s) ds

1 u(mt) "
— pg dx S f(z)dz
0 0

plm@ww+znm%HMWﬁ
=1
=nllu@|2 >0, vt eo.1i)

Now, we set Too = sup{T" > 0: I(t) > 0 for all t € [0,T]}. If Too < o0
then, by the continuity of I(¢), we have I(T) > 0. By the same arguments
as above, we can deduce that there exists T, > Tio such that I(¢) > 0 for
all t € [0, Ts]. Hence I(t) > 0 for all ¢ > 0. Lemma 5.3 is proved. m

LEMMA 5.4. Let I(0) > 0 and (5.11) hold. Set
Ei(t) = (gou)(t) + [lu(t)|Z + I(t).
Then there exist positive constants 51, P such that

(5.15) BiE1(t) < L(t) < BoEr(t), Vt>0.
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Proof. Tt is not difficult to see that

20 = 50000+ (5 - ) (ax(tu(0.u(0) = 1)1} ] o(5) )
1 )
10+ S )P
> sgou® + L 2Ll + 1) 2 0,
where 81 = min{%, ;1)} Similarly
L0 < 50000+ (5 - 2 )mlu@lE + 216+ 331
=500+ | (53 Jm+ 3D Iul2 + 1 16) < aEr (o)

where (o = max{%, (% — %)ﬁl + %D%} Lemma 5.4 is proved. =

LEMMA 5.5. Suppose 1(0) > 0 and (5.11)) holds. Then

16 L0 <5 gon® - 210 + 50

1) P (2 1)@ — 203 u(t)])?
| (5 1)m -394

for all e3 >0 and e3 € (0,1).

Proof. By multiplying (1.1); by wu(z,t) and integrating over [0,1], we
obtain

(5.17) L) = —ar (G u(t), u(t)) + [lu(®)F | 9(s) ds

(5:18) 3 [yt s)p(u(s) ~ u(t), u(t)) ds < Z u(t)|} | g(s) ds-+ 5 (gou) 1),
0 0
(1) u®) < ZDFI(O + 5 AW, Ve >0,
\ 2
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= B as (s u(t) u(t) — Ju(0)I} § gls)ds — 1)
p 0
d t
< (s u(r), (o) o) Jo(e) ds)
e3dy B (1 - 53)d2

nellu()|z,  Ves € (0,1).

By using (5.17)—(5.19), we deduce Lemma 5.5. =

Finally, we have the following theorem.

THEOREM 5.6. Assume that (A;), (A}), (A}), (AY)—(AY) and (As)
hold and ug € H'. Let 1(0) > 0 and suppose the initial energy E(0) satis-
fies (5.11)). Then there exist positive constants C, v such that

(5.20) Ey (t) < Ce*'yt, vt > 0.
Proof. 1t follows from and n that
€ desd
(G21) L) < —(1—;)\1 ()H2—<§1—>(g<> W) - %1

d p d >
. 5{; [m . <1 . dM ~ean, QDz}nu(t)HZ

d t
2
- (% -1 2 )R ]gts) ds + o0
p 0
for all 0,e1,62 > 0 and 0 < €3 < 1, where
1/1 0 _
(5.22) o) =5( 2+ 2 ) IAOIF < Ce
€1 £9
As n. > (1 —p/d2)fi; > 0, we can choose g2 > 0 and €3 € (0,1) such that
d
;2 -1- 5 > 0,
(5.23) ; ; ;
o= — s — 1- L m —53—277*——2D2>O.
p dy )" p 277

We continue by choosing d, €1 such that

€1 1 1)
.24 1——= = - - — .
(5 ) 5 > 0, [P 5 (51 82> >0
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Then, we deduce from (5.15)) and (5.21))—(5.24)) that there exists a constant
~v > 0 such that

(5.25) L'(t) < —ml(gou)() + [lu®)llz + I(t)] + Ce™ "
< —yL(t) + 0*6—270t7
where

v = min{esdad/p, 001,02} >0, 0 <~y < min{y1,7/B2,27%}-
By directly integrating , we deduce
Ci
2% — 7
This implies and Theorem 5.1 is proved. =

B1E1(t) < L(t) < (L(O) + )th, vt > 0.
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