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SETS OF p-UNIQUENESS ON NONCOMMUTATIVE
LOCALLY COMPACT GROUPS

BY

ANTOINE DERIGHETTI (Lausanne)

Abstract. We prove that a closed subgroup H of a locally compact group G is a set
of p-uniqueness (1 < p < o0) if and only if H is locally negligible. We also obtain the
inverse projection theorem for sets of p-uniqueness.

1. Introduction. Let G be a locally compact group and 1 < p < oc.
This paper is concerned with the study of the class of closed subsets of G
of p-uniqueness.

We recall some definitions. Let £(LP(G)) be the Banach algebra of all
bounded operators of LP(G), the LP-space with respect to a left Haar mea-
sure. We denote by PF,(G) the norm closure in L(LP(G)) of {\%,(f) | f €
LY(G)} where AL(f) is the operator ¢ — §,¢(zy)Ac(y)/Pf(y) dy. Then
PF,(G) is a subalgebra of the Banach algebra CV,(G) of all convolution
operators of LP(G).

We recall the definition of C'V,(G): For ¢ a map of G into C we set
op(x) = plazx) and @, (z) = @(xa) for a,z € G. A bounded linear operator
T of LP(G) is said to be a convolution operator (written T' € CV,(G)) if
T(ap) = oT'(p) for every a € G and every ¢ € LP(G).

Replacing above f € £!(G) by an arbitrary bounded measure j, we ob-

tain the convolution operator A7, (u)¢ = cp*AlG/p’/l. We have || AL, (1) [lp < |||
and A (0q) = paAc(a)'/P. The algebra PF5(G) is the reduced C*-algebra
of the group G. Every element of PF,(G) is called a p-pseudofunction |11].
The norm closure in L(LP(G)) of {pl(f) | f € LY(G)} where pl(f) is
the operator ¢ — f x ¢, is canonically isometric (as a Banach algebra) to
PF,(G) via the map T — 7,77, where mp(z) = @(z™')Ag(x1)'/P; this
algebra leads therefore to similar results.

2010 Mathematics Subject Classification: Primary 43A15, 43A46; Secondary 42A63.

Key words and phrases: locally compact group, convolution operator, Figa-Talamanca—
Herz algebra, pseudofunction, set of uniqueness.

Received 5 September 2016; revised 3 November 2016.

Published online 16 June 2017.

DOI: 10.4064/cm7075-11-2016 [257] © Instytut Matematyczny PAN, 2017



258 A. DERIGHETTI

A closed subset F' of G is said to be a set of p-uniqueness if there are no
non-zero p-pseudofunctions supported by F. A closed subset of T is a set of
2-uniqueness if and only if it is a set of uniqueness in the classical sense of
the theory of trigonometric series [13, [16].

We prove that a closed subgroup H is a set of p-uniqueness if and only
if H is locally negligible in G. This improves results of [155, (7} |10, {12} [15].
For H a closed subgroup and F' a closed subset of H we show that if F' a
set p-uniqueness of H then F' is a set of p-uniqueness of GG; we also prove
the converse if H is open in G. Finally, in analogy with the case of sets
of synthesis, for H a closed normal subgroup of G and F' a closed subset
of G/H, we prove (the inverse projection theorem for sets of p-uniqueness)
that I is a set of p-uniqueness of G/H if and only if w™!(F) is a set of
p-uniqueness of G, where w is the canonical map of G onto G/H. This
generalizes similar results of [5] and [15].

2. Subgroups of p-uniqueness. We denote by (u,T) — u - T the
canonical structure of left £(LP(G))-module on the Figa-Talamanca-Herz al-
gebra A,(G). Let H be an arbitrary closed subgroup of G. We recall (see [9])
that there exists a contractive linear map P of L(LP(G)) into L(LP(H)) such
that

P(u-T)=Resgu-P(T)

for u € A,)(G) and T € L(LP(G)) and with P(i(S)) = S for every S €
CVy(H), where i denotes the canonical Banach algebra isometry of C'V,(H
into CV,(G).

THEOREM 2.1. Let G be a locally compact group, H a closed subgroup
of G and 1 < p < co. Then H is a set of p-uniqueness in G if and only if
H is locally negligible in G.

Proof. Let mg be a left Haar measure of G and my a left Haar measure
of H.

Observe first that H is locally negligible in G if and only if H is non-
open in G. Indeed, suppose that H is not locally negligible. Then there is a
compact subset K of G such that mg(K N H) > 0. According to Steinhaus
(KN H)(K N H)™!is a neighborhood of e in G, and therefore H is open
in G. Conversely, suppose H is locally negligible and open in G. There is a
compact neighborhood V of e in G with V' C H. We have mg(V) > 0, and
consequently H is not locally negligible.

We show now that if H is a set of p-uniqueness in G then H is locally
negligible in G.

Assume that H is not locally negligible. Let T be a p-pseudofunction on
H with T # 0. There is a sequence (f,) C Coo(H) with [N (fn) = T|| = 0
and therefore |[i(\5;(f,)) —4(T)|| — 0. The subgroup H being open, there
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is ¢ > 0 such that Resy m¢g = cmy, hence i( A5, (fn)) = AL ((c7! fn)’) where
for f: H — C we define f'(z) = f(z) if x € H and f'(z) = 0 otherwise.
We find that i(T') is a p-pseudofunction of G supported by H, and therefore
T = 0, a contradiction.

Conversely, suppose that H is locally negligible. We will prove that H is
a set of p-uniqueness.

Let T be a p-pseudofunction of GG supported by H. There is a sequence
(fn) C Coo(G) such that | AL (fn) — T'|lp — 0. Therefore

IP(NG(fa)) = P(T)|lp — 0.
According to N. Lohoué |14, Théoreme 5, p. 190] and [8, Theorem 10, p. 129]
there is S € CV,(H) with i(S) =T, and so
IP(AG(fn)) = Sllp = 0.

It suffices to show that P(AG(f)) = 0 for every f € Coo(G).

Let f be a complex valued continuous function on G with compact sup-
port such that f # 0.

Suppose at first supp f C H. We have f = 1xf, and consequently
MNo(f) = ML(f(Lame)). The subgroup H being locally negligible, we have
1gme = 0; this implies A7, (f) = 0, and therefore P(Ag(f)) = 0.

It remains to consider the case of supp f ¢ H. We have

ma(supp f N H) = (1gmg)(supp f) = 0.

Let € > 0. There is an open subset U; of G with supp f N H C U; and

ma(Ur) <&/l fll-
The relation

(supp f\U1) N H =0

implies the existence of an open subset Uy of G with supp f \ Uy C Uz and
Us N H = (). Consequently,

supp f C Uy U Us.
We can therefore find 71, 79 € Cyo(G) with the following properties:
® 71,72 > O)
e supp 7 C Uy, supp7e C Uz,
o7 +7 < lg, and
o 71(x) + 2(z) =1 for every = € supp f.

Hence f =71 f + mof and
POAG(f) =PAG(11f)) + PN (12f))-
We have

PO < NN < | n@) (@) de < | |f(2)|dz < e.
G Ui
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We now choose u € A,y N Coo(G) with u(x)

suppu C Uy. Setting v = @ (where @4(x) = u(z=1)), we have 79 = 5, and
therefore

1 for every x € supp m» and

A (12f) = vAG (T2 f).
This implies
P(AG(m2f)) = (Resy v) - P(Ng(72f));
but Resg v = 0, so P(M(2f)) = 0. We finally get P(AL(f)) = P(AL(T1f)),
and therefore

POG Dy < n

COROLLARY 2.2. Let G be a locally compact group and H a locally neg-
ligible closed subgroup. Then

i(CVy(H)) N PFy(G) = {0}
for every 1 < p < oc.

Ghahramani and Lau [10] proved that for G non-discrete the Banach
algebra PF(G) has no unit for 1 < p < oo. For p = 2 the result is due to
Akemann and Walter [1] (they showed that for G' non-discrete, C*(G) has
no unit). Kaniuth [12] showed that L'(H) N C*(G) = {0} for every closed
normal subgroup H of G non-open in G.

Corollary 2.2 was obtained in [7] for a class of locally negligible closed
subgroups including the neutral and the amenable subgroups. For p = 2 and
G locally compact and second countable, Theorem is due to Shulman,
Todorov and Turowska [15].

3. Injection property for sets of uniqueness

THEOREM 3.1. Let G be a locally compact group, H a closed subgroup
of G, F a closed subset of H and 1 < p < oo.

(1) If F is a set of p-uniqueness in H then it is so in G.
(2) The converse holds if and only if H is open in G.

Proof. Suppose that F' is a set of p-uniqueness in H. Let T be a p-
pseudofunction of G supported by F. If H is not open in G then T'= 0 by
Theorem 2.1. Suppose that H is open in G. By [7] there is a projection & of
CVp(G) onto {U € CV,(G) | suppU C H} such that E(AG (1)) = X5 (1mp)
for every bounded measure u. Let (f,,) be a sequence in Cyo(G) such that
IAE(fn) = T|| = 0. Then [|ENE(fn)) — E(T)|| — 0. There is S € CV,(H)
with i(S) = T; consequently, £(T') = i(S). For every n € N we have

EXG(fn)) = X (La fama);

choosing ¢ > 0 such that Resg mg = ¢mp, we obtain
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We get [[i(N;(Resy ¢fy)) — i(S)|| — 0. This implies ||}, (Resg cfn) — 9)||
— 0, and consequently S € PF,(H). Taking in account that supp S C F,
we get S =0 and finally T' = 0.

Assume that H is open in G and that F' is a set of p-uniqueness in G.
Consider a p-pseudofunction 7" of H supported by F. As above, i(T') is a
p-pseudofunction of G, thus i(7") = 0 and therefore 7' = 0. Finally suppose
H is non-open in G. Then H is a set of p-uniqueness in G but not in H. =

For G abelian, H a compact open infinite subgroup and p = 2, the above
result is due to V. Tardivel [16]. For G an arbitrary locally compact group,
H an open subgroup and 1 < p < oo, see Delaporte [5, Théoreme 8.4].

COROLLARY 3.2. Let G a locally compact group, H an open subgroup
and 1 < p < oo. Then i is a Banach algebra isometry of PF,(H) onto

{T € PF,(G) | suppT C H}.
We easily obtain the following complement to Theorem

COROLLARY 3.3. Let G be a locally compact group, H a closed subgroup
of G and 1 < p < oco. Then H is a set of p-uniqueness in G if and only if
P(PF,(G)) =0.

4. The inverse projection theorem for sets of uniqueness. We
denote by Mg5(G) the set of all f: G — C bounded, mg-measurable and
with compact support. In this section, G is a locally compact group, H a
closed normal subgroup and w the canonical map of G onto G/H.

DEFINITION 4.1. For 1 < p < o0, 1,8 € MZ(G) and T € CVp(G) we
set

{frs(T)[m], [n])

= | (Tly(mow)(Agm o w)/Pr], [y(now)(Ags ow)'/'s]) dy
G/H

for every m,n € Coo(G/H).
LEMMA 4.2. For1l <p < oo andr,s € MgH(G) we have
frs(PFp(G)) C PFyp(G/H).
Proof. Tt is straightforward to verify that for f € Cyo(G) we have
Fris V(1) = Ny (T (£775 5 (7)) )
where Ty is the Weil map of Cyo(G) onto Coo(G/H) and where
(rpr) (@) = r(z~ ") Ag(a™)/P.
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Let T be a p-pseudofunction on G. There is a sequence (f,,) C Coo(G) such
that [|AZ(fn) — T'|| — 0. Taking into account that for every n,

1 frs(AG(fn) = T < Np(r) Ny (8) [ MG (fn) — T,
we get
|28 (T (fu77s 5 (1)) = sl = 0
Consequently, f(T) is a p-pseudofunction on G/H. =

THEOREM 4.3. Let G be a locally compact group, H a closed normal
subgroup and F a closed subset of G/H of p-uniqueness with 1 < p < oo.
Then w=(F) is a set of p-uniqueness in G.

Proof. Let T be a p-pseudofunction of G supported by w=!(F). Consider
arbitrary r, s € Mg5(G). From

supp frs(T) C w((supp r)_l supp 3) Nw(suppT)

(see [6, Prop. 4]) we obtain supp f,s(7') C F. Lemma 6 implies f, (") = 0.
This relation being verified for r,s € Mg§(G), we finally get T = 0 (see
[6, Prop. 5]). =

We are going to prove the converse of Theorem

DEFINITION 4.4. Let 8 be a Bruhat function associated to the sub-
group H. For 1 <p < o0, k,l € Coo(G) and T € CV,(G/H), we set

(D)), [8]) = (TTa (1K ), [Tu (i 1'$)]) dt
G

for every ¢, € Coo(G) where k' = k3" and I = [pY/P.

THEOREM 4.5. Let G be a locally compact group, H a closed normal
subgroup, F a closed subset of G/H and 1 < p < co. Suppose that w™!(F)
s a set of p-uniqueness. Then F' is a set of p-uniqueness.

Proof. Let T be a p-pseudofunction of G/H supported by F. We claim
that 7= 0. According to |6, Cor. 18] it suffices to show that (2 ;(T') = 0 for
every k,l € Cyo(G). Let k,l € Coo(G). Delaporte [5, Lem. 5.4] proved that
the convolution operator £2;;(T) is a p-pseudofunction of G. By [6, Prop. 16]
the support of £2;;(T) is contained in w=!(supp7T), and hence in w™(F).
This implies (2 ;(7) =0. m

Theorems and are due to V. Tardivel [16] for p = 2 and for
locally compact abelian second countable groups. Delaporte obtained them
for amenable groups [5, Théoreme 8.3].
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