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SETS OF p-UNIQUENESS ON NONCOMMUTATIVE
LOCALLY COMPACT GROUPS

BY

ANTOINE DERIGHETTI (Lausanne)

Abstract. We prove that a closed subgroup H of a locally compact group G is a set
of p -uniqueness (1 < p < ∞) if and only if H is locally negligible. We also obtain the
inverse projection theorem for sets of p -uniqueness.

1. Introduction. Let G be a locally compact group and 1 < p < ∞.
This paper is concerned with the study of the class of closed subsets of G
of p-uniqueness.

We recall some definitions. Let L(Lp(G)) be the Banach algebra of all
bounded operators of Lp(G), the Lp-space with respect to a left Haar mea-
sure. We denote by PF p(G) the norm closure in L(Lp(G)) of {λpG(f) | f ∈
L1(G)} where λpG(f) is the operator ϕ 7→

	
G ϕ(xy)∆G(y)1/pf(y) dy. Then

PF p(G) is a subalgebra of the Banach algebra CVp(G) of all convolution
operators of Lp(G).

We recall the definition of CVp(G): For ϕ a map of G into C we set

aϕ(x) = ϕ(ax) and ϕa(x) = ϕ(xa) for a, x ∈ G. A bounded linear operator
T of Lp(G) is said to be a convolution operator (written T ∈ CVp(G)) if
T (aϕ) = aT (ϕ) for every a ∈ G and every ϕ ∈ Lp(G).

Replacing above f ∈ L1(G) by an arbitrary bounded measure µ, we ob-

tain the convolution operator λpG(µ)ϕ = ϕ∗∆1/p′

G µ̌. We have ‖λpG(µ)‖p ≤ ‖µ‖
and λpG(δa) = ϕa∆G(a)1/p. The algebra PF 2(G) is the reduced C∗-algebra
of the group G. Every element of PF p(G) is called a p-pseudofunction [11].
The norm closure in L(Lp(G)) of {ρpG(f) | f ∈ L1(G)} where ρpG(f) is
the operator ϕ 7→ f ∗ ϕ, is canonically isometric (as a Banach algebra) to
PF p(G) via the map T 7→ τpTτp where τpϕ(x) = ϕ(x−1)∆G(x−1)1/p; this
algebra leads therefore to similar results.
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A closed subset F of G is said to be a set of p-uniqueness if there are no
non-zero p-pseudofunctions supported by F. A closed subset of T is a set of
2-uniqueness if and only if it is a set of uniqueness in the classical sense of
the theory of trigonometric series [13, 16].

We prove that a closed subgroup H is a set of p-uniqueness if and only
if H is locally negligible in G. This improves results of [1–5, 7, 10, 12, 15].
For H a closed subgroup and F a closed subset of H we show that if F a
set p-uniqueness of H then F is a set of p-uniqueness of G; we also prove
the converse if H is open in G. Finally, in analogy with the case of sets
of synthesis, for H a closed normal subgroup of G and F a closed subset
of G/H, we prove (the inverse projection theorem for sets of p-uniqueness)
that F is a set of p-uniqueness of G/H if and only if ω−1(F ) is a set of
p-uniqueness of G, where ω is the canonical map of G onto G/H. This
generalizes similar results of [5] and [15].

2. Subgroups of p-uniqueness. We denote by (u, T ) 7→ u · T the
canonical structure of left L(Lp(G))-module on the Figà-Talamanca–Herz al-
gebra Ap(G). Let H be an arbitrary closed subgroup of G. We recall (see [9])
that there exists a contractive linear map P of L(Lp(G)) into L(Lp(H)) such
that

P(u · T ) = ResH u · P(T )

for u ∈ Ap(G) and T ∈ L(Lp(G)) and with P(i(S)) = S for every S ∈
CVp(H), where i denotes the canonical Banach algebra isometry of CVp(H)
into CVp(G).

Theorem 2.1. Let G be a locally compact group, H a closed subgroup
of G and 1 < p < ∞. Then H is a set of p-uniqueness in G if and only if
H is locally negligible in G.

Proof. Let mG be a left Haar measure of G and mH a left Haar measure
of H.

Observe first that H is locally negligible in G if and only if H is non-
open in G. Indeed, suppose that H is not locally negligible. Then there is a
compact subset K of G such that mG(K ∩H) > 0. According to Steinhaus
(K ∩ H)(K ∩ H)−1 is a neighborhood of e in G, and therefore H is open
in G. Conversely, suppose H is locally negligible and open in G. There is a
compact neighborhood V of e in G with V ⊂ H. We have mG(V ) > 0, and
consequently H is not locally negligible.

We show now that if H is a set of p-uniqueness in G then H is locally
negligible in G.

Assume that H is not locally negligible. Let T be a p-pseudofunction on
H with T 6= 0. There is a sequence (fn) ⊂ C00(H) with ‖λpH(fn)− T‖ → 0
and therefore ‖i(λpH(fn)) − i(T )‖ → 0. The subgroup H being open, there
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is c > 0 such that ResH mG = cmH , hence i(λpH(fn)) = λpG((c−1fn)′) where
for f : H → C we define f ′(x) = f(x) if x ∈ H and f ′(x) = 0 otherwise.
We find that i(T ) is a p-pseudofunction of G supported by H, and therefore
T = 0, a contradiction.

Conversely, suppose that H is locally negligible. We will prove that H is
a set of p-uniqueness.

Let T be a p-pseudofunction of G supported by H. There is a sequence
(fn) ⊂ C00(G) such that ‖λpG(fn)− T‖p → 0. Therefore

‖P(λpG(fn))− P(T )‖p → 0.

According to N. Lohoué [14, Théorème 5, p. 190] and [8, Theorem 10, p. 129]
there is S ∈ CVp(H) with i(S) = T, and so

‖P(λpG(fn))− S‖p → 0.

It suffices to show that P(λpG(f)) = 0 for every f ∈ C00(G).
Let f be a complex valued continuous function on G with compact sup-

port such that f 6= 0.
Suppose at first supp f ⊂ H. We have f = 1Hf , and consequently

λpG(f) = λpG(f(1HmG)). The subgroup H being locally negligible, we have
1HmG = 0; this implies λpG(f) = 0, and therefore P(λpG(f)) = 0.

It remains to consider the case of supp f 6⊂ H. We have

mG(supp f ∩H) = (1HmG)(supp f) = 0.

Let ε > 0. There is an open subset U1 of G with supp f ∩H ⊂ U1 and

mG(U1) < ε/‖f‖∞.
The relation

(supp f \ U1) ∩H = ∅
implies the existence of an open subset U2 of G with supp f \ U1 ⊂ U2 and
U2 ∩H = ∅. Consequently,

supp f ⊂ U1 ∪ U2.

We can therefore find τ1, τ2 ∈ C00(G) with the following properties:

• τ1, τ2 ≥ 0,
• supp τ1 ⊂ U1, supp τ2 ⊂ U2,
• τ1 + τ2 ≤ 1G, and
• τ1(x) + τ2(x) = 1 for every x ∈ supp f.

Hence f = τ1f + τ2f and

P(λpG(f)) = P(λpG(τ1f)) + P(λpG(τ2f)).

We have

‖P(λpG(τ1f))‖p ≤ ‖λpG(τ1f)‖p ≤
�

G

τ1(x)|f(x)| dx ≤
�

U1

|f(x)| dx < ε.
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We now choose u ∈ Ap′ ∩ C00(G) with u(x) = 1 for every x ∈ supp τ2 and

suppu ⊂ U2. Setting v = ũ (where ũ(x) = u(x−1)), we have ṽτ2 = τ2, and
therefore

λpG(τ2f) = vλpG(τ2f).

This implies
P(λpG(τ2f)) = (ResH v) · P(λpG(τ2f));

but ResH v = 0, so P(λpG(τ2f)) = 0. We finally get P(λpG(f)) = P(λpG(τ1f)),
and therefore

‖P(λpG(f))‖p < ε.

Corollary 2.2. Let G be a locally compact group and H a locally neg-
ligible closed subgroup. Then

i(CVp(H)) ∩ PF p(G) = {0}
for every 1 < p <∞.

Ghahramani and Lau [10] proved that for G non-discrete the Banach
algebra PF p(G) has no unit for 1 < p < ∞. For p = 2 the result is due to
Akemann and Walter [1] (they showed that for G non-discrete, C∗(G) has
no unit). Kaniuth [12] showed that L1(H) ∩ C∗(G) = {0} for every closed
normal subgroup H of G non-open in G.

Corollary 2.2 was obtained in [7] for a class of locally negligible closed
subgroups including the neutral and the amenable subgroups. For p = 2 and
G locally compact and second countable, Theorem 2.1 is due to Shulman,
Todorov and Turowska [15].

3. Injection property for sets of uniqueness

Theorem 3.1. Let G be a locally compact group, H a closed subgroup
of G, F a closed subset of H and 1 < p <∞.

(1) If F is a set of p-uniqueness in H then it is so in G.
(2) The converse holds if and only if H is open in G.

Proof. Suppose that F is a set of p-uniqueness in H. Let T be a p-
pseudofunction of G supported by F. If H is not open in G then T = 0 by
Theorem 2.1. Suppose that H is open in G. By [7] there is a projection E of
CVp(G) onto {U ∈ CVp(G) | suppU ⊂ H} such that E(λpG(µ)) = λpG(1Hµ)
for every bounded measure µ. Let (fn) be a sequence in C00(G) such that
‖λpG(fn) − T‖ → 0. Then ‖E(λpG(fn)) − E(T )‖ → 0. There is S ∈ CVp(H)
with i(S) = T ; consequently, E(T ) = i(S). For every n ∈ N we have

E(λpG(fn)) = λpG(1HfnmG);

choosing c > 0 such that ResH mG = cmH , we obtain

E(λpG(fn)) = i(λpH(ResH cfn)).
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We get ‖i(λpH(ResH cfn)) − i(S)‖ → 0. This implies ‖λpH(ResH cfn) − S)‖
→ 0, and consequently S ∈ PF p(H). Taking in account that suppS ⊂ F,
we get S = 0 and finally T = 0.

Assume that H is open in G and that F is a set of p-uniqueness in G.
Consider a p-pseudofunction T of H supported by F. As above, i(T ) is a
p-pseudofunction of G, thus i(T ) = 0 and therefore T = 0. Finally suppose
H is non-open in G. Then H is a set of p-uniqueness in G but not in H.

For G abelian, H a compact open infinite subgroup and p = 2, the above
result is due to V. Tardivel [16]. For G an arbitrary locally compact group,
H an open subgroup and 1 < p <∞, see Delaporte [5, Théorème 8.4].

Corollary 3.2. Let G a locally compact group, H an open subgroup
and 1 < p <∞. Then i is a Banach algebra isometry of PF p(H) onto

{T ∈ PF p(G) | suppT ⊂ H}.

We easily obtain the following complement to Theorem 2.1.

Corollary 3.3. Let G be a locally compact group, H a closed subgroup
of G and 1 < p < ∞. Then H is a set of p-uniqueness in G if and only if
P(PF p(G)) = 0.

4. The inverse projection theorem for sets of uniqueness. We
denote by M∞00(G) the set of all f : G → C bounded, mG-measurable and
with compact support. In this section, G is a locally compact group, H a
closed normal subgroup and ω the canonical map of G onto G/H.

Definition 4.1. For 1 < p < ∞, r, s ∈ M∞00(G) and T ∈ CVp(G) we
set

〈fr,s(T )[m], [n]〉

=
�

G/H

〈T [y(m ◦ ω)(∆G/H ◦ ω)1/pr], [y(n ◦ ω)(∆G/H ◦ ω)1/p
′
s]〉 dẏ

for every m,n ∈ C00(G/H).

Lemma 4.2. For 1 < p <∞ and r, s ∈M∞00(G) we have

fr,s(PF p(G)) ⊂ PF p(G/H).

Proof. It is straightforward to verify that for f ∈ C00(G) we have

fr,s(λ
p
G(f)) = λpG/H

(
TH

(
fτp′s ∗ (τpr)

∨))
where TH is the Weil map of C00(G) onto C00(G/H) and where

(τpr)(x) = r(x−1)∆G(x−1)1/p.
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Let T be a p-pseudofunction on G. There is a sequence (fn) ⊂ C00(G) such
that ‖λpG(fn)− T‖ → 0. Taking into account that for every n,

‖fr,s(λpG(fn)− T )‖ ≤ Np(r)Np′(s)‖λpG(fn)− T‖,

we get ∥∥∥λpG/H

(
TH

(
fnτp′s ∗ (τpr)

∨))− fr,s(T )
∥∥∥→ 0.

Consequently, fr,s(T ) is a p-pseudofunction on G/H.

Theorem 4.3. Let G be a locally compact group, H a closed normal
subgroup and F a closed subset of G/H of p-uniqueness with 1 < p < ∞.
Then ω−1(F ) is a set of p-uniqueness in G.

Proof. Let T be a p-pseudofunction of G supported by ω−1(F ). Consider
arbitrary r, s ∈M∞00(G). From

supp fr,s(T ) ⊂ ω
(
(supp r)−1 supp s

)
∩ ω(suppT )

(see [6, Prop. 4]) we obtain supp fr,s(T ) ⊂ F. Lemma 6 implies fr,s(T ) = 0.
This relation being verified for r, s ∈ M∞00(G), we finally get T = 0 (see
[6, Prop. 5]).

We are going to prove the converse of Theorem 4.3.

Definition 4.4. Let β be a Bruhat function associated to the sub-
group H. For 1 < p <∞, k, l ∈ C00(G) and T ∈ CVp(G/H), we set

〈Ωk,l(T )[ϕ], [ψ]〉 =
�

G

〈
T [TH( t−1k′ϕ)], [TH( t−1 l′ψ)]

〉
dt

for every ϕ,ψ ∈ C00(G) where k′ = ǩβ1/p
′

and l′ = ľ β1/p.

Theorem 4.5. Let G be a locally compact group, H a closed normal
subgroup, F a closed subset of G/H and 1 < p < ∞. Suppose that ω−1(F )
is a set of p-uniqueness. Then F is a set of p-uniqueness.

Proof. Let T be a p-pseudofunction of G/H supported by F . We claim
that T = 0. According to [6, Cor. 18] it suffices to show that Ωk,l(T ) = 0 for
every k, l ∈ C00(G). Let k, l ∈ C00(G). Delaporte [5, Lem. 5.4] proved that
the convolution operator Ωk,l(T ) is a p-pseudofunction of G. By [6, Prop. 16]
the support of Ωk,l(T ) is contained in ω−1(suppT ), and hence in ω−1(F ).
This implies Ωk,l(T ) = 0.

Theorems 4.3 and 4.5 are due to V. Tardivel [16] for p = 2 and for
locally compact abelian second countable groups. Delaporte obtained them
for amenable groups [5, Théorème 8.3].
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École polytechnique fédérale de Lausanne
CH-1015 Lausanne, Switzerland
E-mail: antoine.derighetti@epfl.ch

http://dx.doi.org/10.1215/S0012-7094-72-03951-8
http://dx.doi.org/10.2307/2040989
http://dx.doi.org/10.1007/BF01298924
http://dx.doi.org/10.1016/j.jfa.2007.03.003
http://dx.doi.org/10.1016/j.jfa.2013.11.001
http://dx.doi.org/10.1006/jfan.1995.1104
http://dx.doi.org/10.5802/aif.522
http://dx.doi.org/10.7146/math.scand.a-12508
http://dx.doi.org/10.1016/0001-8708(80)90004-3
http://dx.doi.org/10.1016/j.jfa.2014.11.019



	1 Introduction
	2 Subgroups of p-uniqueness
	3 Injection property for sets of uniqueness
	4 The inverse projection theorem for sets of uniqueness
	REFERENCES

