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Atomic decompositions for Hardy spaces related to
Schrodinger operators

by

MARCIN PREISNER (Wroctaw)

Abstract. Let LY = —A 4 U be a Schrodinger operator on R?, where U € Li, . (R?)
is a non-negative potential and d > 3. The Hardy space Hl(LU) is defined in terms of the
maximal function of the semigroup KY = exp(—tLY), namely

L) = {1 € 'R | fllr oy = [sup KEfl| < ool
>0 L1(R?)

Assume that U = V + W, where V' > 0 satisfies the global Kato condition

sup | V(y)lz -y~ dy < oc.
zeRd Rd

We prove that, under certain assumptions on W > 0, the space H'(LY) admits an
atomic decomposition of local type. An atom a for H'(LY) either is of the form a(z) =
|Q| 'xq(x), where @ are special cubes determined by W, or satisfies the cancellation
condition S]Rd a(z)w(z)dr = 0, where w is given by w(z) = lim;_ oo K} 1(z). Further-
more, we show that, in some cases, the above cancellation condition can be replaced by
SR 4 o(x)dr = 0. However, we construct an example where the atomic spaces with these
two cancellation conditions are not equivalent as Banach spaces.

1. Background and statement of results

1.1. Introduction. Let U be a non-negative, locally integrable function
on RY. In this article we consider the Schrédinger operator given by —A +U,
where A is the standard Laplacian on R% and U is called the potential.
Throughout the whole paper we assume that d > 3.

To be more precise, let us recall what we mean by the Schrédinger oper-
ator. First, define the quadratic form

QY(f,9) = | Vf(@)Vy(a)do + | Ux)f(x)g(x)dx
R4 R4
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with domain Dom(QV) = {f € L*(R%) : Vf,/Uf € L*(R%)}. This quad-
ratic form is closed, thus it defines a self-adjoint operator LY : Dom(LY) —
L?(R%). In particular, Dom(LY) is equal to

{f € Dom(Q") : 3n € L2A(R?) vg € Dom(Q") Q”(f,9) = | hgdz},
R4
and LY f := h when f and h are as above. Formally, we write
LY =-A+U.

Let (KY)i~0 be the semigroup generated by LY on L?(R?). The Feynman-
Kac formula (see, e.g., |17, Chap. V]) states that

(1.1) K f(@) = B (exp(~ jucx ds) £(X1)).
0

where X is the Brownian motion on R?. From (T.1)) one finds that KV has
an integral kernel KtU (x,y) and it is clear that V' > 0 implies Gaussian upper
bounds for KV (z,y), i.e.

2
r—y
—7‘ i | >:: Pz —y).

The Hardy space H!(LY) associated with LY is defined as follows. Let
M f(x) = sup [K{ f(2)|
>0

(1.2) 0 < KV (x,y) < (4mt)~%? exp(

be the maximal operator associated with (KY);~o. We say that a function
f € LY(R%) belongs to the maximal Hardy space H'(LY) if
(1.3) 11 vy = MY f (@) g1 ray < oe.

In this paper, atomic Hardy spaces play a special role. A general definition
is as follows. Assume that a family of functions A C L'(R?) is given. A func-
tion a € A will be called an atom and we always assume that |[a|| 11 gae) < 1.
We say that a function f belongs to the atomic Hardy space H} (A) if

(1.4) fle) =" XNa;(@),
j=1

where a; € A and \; € C with > 272 [A;] < co. Obviously, the series (1.4) is
absolutely convergent in L'(R?). Whenever f € HL (A) we set

[e.e]

(1.5) 1A Ve 1) = inf{2|>\j| . f asin 1.4}.

J=1

It is not difficult to check that H)(A) C L'(R?) and H)(A) is a Banach
space.
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An important result in the classical theory of Hardy spaces is the atomic
decomposition theorem [1], [14]. It asserts that H'(—A) = H} (Adass) and
the corresponding norms are equivalent. Here Agj,qs is the set of classical
atoms, that is, a € Agass if there exist a cube ) such that suppa C Q
(localization condition), ||a|ls < |@Q|7! (size condition), and SQ a(x)dr =0
(cancellation condition). By |S| we denote the Lebesgue measure of a set S,
and

Q= CQ(cqrQ) = {y = (y1,--,ya) €R?: max |(cq)i —yil < "”Q}:

=1,...,

where cg and 7@ are the center and the radius of @, respectively. Denote
dg = diam(Q) = 2Vd rq.

The question we shall be concerned with is: does H!(LY) coincide with
HL (A) for a potential U and a family A? If so, are the norms and
comparable?

There are partial answers to the question above. A general result of Hof-
mann et al. [13| gives an atomic and molecular characterization of H'(LY)
for any positive potential U € LL _(R?). Also, using [13], Dziubanski and
Zienkiewicz |10] proved another general atomic characterization of H(LY).
The atoms in [13] are of the form a = (LY)Mb, where M is a fixed positive
integer and b satisfies some localization and size conditions |13, Theorem
7.1]. Likewise, the atoms in [10] are given by a = Kb — b for similar b.

Although the approaches just mentioned are useful in many situations,
they also have some weaknesses. One of them is that the atoms are images
of some functions under the operator LY (or its semigroup), and they no
more satisfy simple geometric conditions (localization, size, cancellation).
One would also like to better understand the nature of H'(LY) by de-
scribing it in terms of simpler, “geometric” atoms. In the 1990’s Dziubanski
and Zienkiewicz started studying atomic decompositions of Hardy spaces for
Schrédinger operators. In this paper we continue this approach. For more
results of this type see |2-11]. Let us finally mention that this approach
was successfully used e.g. for proving Riesz transform characterizations of
HY(LY) for some U, while such characterization is not known in general.

Before proceeding to our main results, we present results of [11] and [§],
which are the starting point for our considerations.

1.2. The space H'(LY). Assume that a potential V' > 0 satisfies the
following global Kato condition

(S) sup | |z —y> "V (y) dy < oc.
QEERd Rd
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In other words, A™'V € L®(R%). Let w = w(V) be the function defined by
— T v
(1.6) w(z) = lim | K (z,9) dy.
Rd
The function w is LY-harmonic and satisfies
(1.7) 0<d<w(z)<1

with some § for all 2 € R? [11, Lemma 2.1]. It is well-known [16] that
the integral kernel K (z,) has not only Gaussian upper bounds, but also
Gaussian lower bounds, that is, there are k1, ko > 0 such that

1% —d/2 |z — Z/|2
(1.8) KY (2,9) > rat 2 exp( — 20,
th

By definition, a function a is an w-atom if there exists a cube @ such

that )
suppa € @, lalle < [Q7", | a(@)w(z)dx = 0.
Q

Let A, be the set of w-atoms. Corollary 1.2 of [11] states that H(L") =
HL(A,) and

(1.9) [l vy = 1 my, an)-

Let us mention that condition |(S)|above is satisfied for example when V'
is compactly supported and V' € LP(R?) for some p > d/2. For more general
examples, see [6] and [11].

1.3. The space HY(L"W). For 6 > 0 (small) and a cube Q = Q(cg, Q)
denote Q* = Q(cqg, (1 + 0)rg). Assume a family Q of cubes is given and
there exist C, 0 > 0 such that for Q1,Q2 € Q, Q1 # Q2, we have

(Gy) U <@ =r,

QeQ
(G2) Q1N Q2[ =0,
(G3) if Q7 N Q3™ # 0, then C'dg, < dg, < Cdg,.

Observe that, under these assumptions, the family {Q*** : Q@ € Q} is a
finite covering of R?. In the following, we briefly say that Q satisfies (G) if

it satisfies |(G1)H(G3)|

Suppose that for a potential W > 0 and a family Q as above there exist
€,0,C > 0 such that

(D) sup | K
2. ) Ko
2t
(K) | (1geee W) % Pu(w) ds < C(t/dp)°  (z€R?, Q€ Q,t <dp),
0

(z,y)dz <Cn~ ' (Q € Q,n€eN),
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where P;(xz —y) = K?(z,y) is the kernel of the classical heat semigroup
(see (|1.2))). By definition, a Q-atom is a function a such that one of the
following holds:

e there exist ) € Q and a cube K C QQ** such that

suppa C K, |lalleo < K|, S a(x) dz = 0;
K
e a(x) =|Q| txg(z) for some Q € Q.
Let Ag be the set of Q-atoms. By |8, Theorem 2.2] we have H'(LW) =
Hyi(Ag) and
W sy = 1 s aey
A list of examples of potentials W and related families @ can be found
in [8]. Here we only mention one simple example, which we shall use later.
Let t > 0 and denote by QM a family of cubes of radius ¢ that satisfies (G). If
W (z) = =2, then the pair (W, Qlt]) satisﬁesl@, (G) with constants
independent of t.

1.4. Main results. In this paper, V' always denotes a potential satis-
fying [(S)], and w is related to V by (L.6). Similarly, the pair (W, Q) always
satisﬁ and (G). Notice that in HL (A,) and HL (Ag) two differ-
ent phenomena appear. Every atom a € A, (an atom for L) satisfies the
weighted cancellation condition with respect to the weight w. On the other
hand, for a € Ag, there are “local” atoms, i.e. atoms of the type |Q| x¢g(z)
that do not satisfy any cancellation condition.

The goal of this paper is to study LY+"W and its Hardy space H'(LV+W).
We shall prove that in atomic decompositions for this space both phenomena
described above appear simultaneously. Define A, ¢ to be the set of (w, Q)-
atoms, that is, functions such that one of the following holds:

e there exist () € Q and a cube K C Q** such that
suppa C K, |lale < |K|7L, S a(x)w(z) dx = 0;

e a(z) =|Q| txg(z) for some Q € Q.

The following theorem gives an atomic characterization of H*(LY*") in the
spirit of [8] and [11].

THEOREM A. Assume thatd >3,V >0 satz’sﬁes and W > 0 with
a family Q satisfy[(D)} [K)] (G). Then

(1.10) CH Al wvwy < Wl an o) < Ol wvew).
In particular, HY(LY™W) = HL (A, 0).
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In Theorem [A] atoms are localized to cubes @ € Q and they satisfy
the weighted cancellation condition with weight w. However, it is not hard
to see that every (w,Q)-atom can be written as a linear combination of
Q-atoms. Indeed, if a is such that suppa C K C Q**, |lalls < |K|7!, and
§ g a(x)w(x)de =0 for Q € Q, then

a(z) = (a(z) = k|Q| 'L (x)) + KIQI g (w) = bi () + ba(x),
where & = ;- a(z) dz, || < 1. Observe that |,.. b1(z) dz = 0 and supp by C
Q**. Thus both by and bs are multiples of Q-atoms. What we have just shown
is that for every (w, Q)-atom a we have a € H} (Ag) and

(1.11) lall s, ag) < T

The constant T in possibly depends on a. This leads us to the
following question: do Hy (A, o) and HY (Ag) coincide as Banach spaces? In
Theorem [B| we prove that, under a certain Lipschitz assumption, the answer
to this question is affirmative. However, a more difficult task is to find an
example such that || f[| g1 an) 2 [ fllm1, (4, o)- This is done in Example .

THEOREM B. Assume that 0 < § < w < 1, Q satisfies (G), and there
exists A > 0 such that

(1.12) w(z) —w(y)| < Cllz —yl/de)* (Q € Q, z,yecQ™).
Then
(1.13) 1N e, a0y = I a2, 4 0)-

As an example that fulfills the assumptions of Theorem [B|one could take
W Ol (see the end of Subsection and w = w(V), with V' such that
suppV C Q(0,1) and V € LP(R?) for p > d/2 (for details see [9]). In this
case w satisfies a global Holder condition.

ExaMPLE C. Let Q! be as above, and w = w(V), where V is the poten-
tial given in (6.1) below. There exists a sequence of (w, QM)-atoms a; such
that

(1.14) Jim lajl g, ag) = o0

In other words, || fllg1 (4, o) % 1/l m1, (40)-

The paper is organized as follows. Local Hardy spaces are investigated
in Section [2, in particular we prove an atomic decomposition theorem for
a local version of H'(LY). In Section |3| we state some auxiliary estimates,
similar to those from [§8], that will be used in the proof of Theorem , which
is given in Section [l The proof of Theorem [B]is presented in Section [5} In
Section |§| we provide details of Example [C| and prove . Finally, in the
Appendix we give a proof of the estimate || f|| 11 (gay < [supy<, [KY f] HLl(Rd)’

where U € L{ _(R?).

loc
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To end this section, let us make a short remark. In some papers local
atomic spaces are defined in a slightly different manner. The remark below
clarifies that different definitions lead to the same atomic Hardy space, that
is, they are equivalent as Banach spaces.

REMARK 1.15. Let us consider Q and w as above and a function a that
satisfies:

(1.16) there exist @ € Q and a cube K C Q** such that
suppa C K, 4dg >dg, |alle <|K|7%

For each a satisfying ,.We h'ave ||a||H;t(:Aw,Q_) < C, with a universal C.
To see this, observe that a is a linear combination of two atoms: an atom
satisfying the cancellation condition, and |Q|~*xq(x), namely

a(z) = (a(ac) - ﬂg,“xcm) n ﬂgf‘m(m.

On the other hand, atoms of the form |Q| ™!y satisfy (L.16]). Therefore, the
functions a as above can be substitutes for the atoms of the form |Q|1x¢(z)
in the definition of A, o.

2. Local Hardy spaces. In this section we consider a potential V' > 0
which satisfies the global Kato condition For f € L'(R%) define a local
version of MY at scale 7 > 0 by

MY f(x) = sup [KY £(x)].

t<72

By definition, a function f € L'(R?) is in the local Hardy space h:(LY) when
MY f is in L'(R?). We set

1 s vy = IMZ fll o1 ga)-

In the special case V = 0, the space hl(—A) is the classical local Hardy
space introduced by Goldberg [12]. It follows from [12] that

(2.1) CH N cagy < 1 lnec-a) < Cl g

where C' does not depend on 7. The following proposition is a generalization
of ([2.1)) for hL(L") localized to a cube of diameter comparable to 7. It will
play a crucial role in the proof of Theorem [A]

PROPOSITION 2.2. Assume that QQ is a cube.
(a) Leta be an w-atom such that suppa C Q** ora(z) = |Q| 1 xo(x). Then
(2.3) ||Mc‘l/Qa”L1(Rd) < C.
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(b) Assume that f € LY(R?), suppf C QF, and le/Qf(x) € LY(RY).
There exist \j and aj;, the latter being either w-atoms or of the form
Q| txq(x), such that

o0 o
x) = Z)\jaj(x), Z |A;] < CHMZl/QfHLl(Rd)-
j=1

J=1

The constant C' above depends only on d and 8 from the definition of Q*.

Proof. Consider first an w-atom a. Obviously, M}{Qa(m‘) < MYa(z), so

(2.3) holds by (L.9). In the case when a = |Q| txg we use (1.2)) and (2.1

to get
HMZI/QQHLl(Rd) < HMgQaIIU(Rd) <C.

Now, let f be as in the assumptions of (b). Set
o(a) = () =K o/ (2).
so that
f@)w(z) = g(r)w(z) + K}{é/gf(w)W(x) =: hi(z) + ha(x).
We claim that hy € HY(—A) and hy € h}iQ(—A) with
(2.4) 1hillmr (—a) < CIMg, fllz ga,

(2.5) Hh?Hh;Q(—A) < CIM, fll L ey-

To prove ([2.4)), observe that

v
sup g‘ <2|IMy . fll ey < oo.
Ht%ﬂ\ Vol gy < 2IME Flr e
Likewise,
sup |KY g(z ‘ < ONfllpi(ra
HDM V@, oy < e

by the argument identical as in the proof of |10, Proposition 6.1]. By Corol-

lary . 8 below, we have || f|| 11 (ge) < (Y84 f||L1 (rey- Thus g € HY(LY) and,
by (1.9), h1 = g-w € H(-A), SOlS proved
Now, we turn to (2.5). It is clear that

ZK/2f ZhK

KGQ[dQ Keoldq!
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and using Corollary [7.8 once again, we see that

_ 2
il < C | deexp(—'l‘ yl >|f(y)| dy

2
o 2%
B d Q*,K 2
< cli exp (- ML) MY,
Q

Clearly, supp hxg C K, so by using the classical atomic characterization
d *,K 2
of hzliQ(_A) we find that HhKthliQ(_A) < Cexp(_(QTé))HMt‘i/QfHLl(Rd)'
Adding up gives

d(Q*, K)?
ol oy < CIMY, flogn 3 exp( ~ ALK
aQ 2d

KeoliQ] Q

1%
< C[Mg,, fll L1 ®ay,
where the last inequality is a simple geometric observation.

Having proved (2.4) and (2.5, we finish the proof by the following ar-
gument. The function f - w is supported in Q* and f-w € h}iQ(—A) with

If - th; (—a) < C’||M}1/QfHL1(Rd). By the classical local characterization of
Q

hcllQ(—A), we have f-w = > Aja;, where a; are either classical atoms,

or of the form |Q| 'xo(z). Moreover, PIFERYIEES C”M){Qf”Ll(Rd). Then

f = >2;jbj where b; = a;/w are either w-atoms or b; = w QI x0.

In the latter case, b; can be decomposed into a linear combination of a
|Q| ' xg-atom and an w-atom, exactly as in Remark .

The following corollary is a “global” version of Proposition and can
be proved by standard techniques.

COROLLARY 2.6. There exists a constant C, independent of 7 > 0, such
that

1Al @vy = I f 1l ca
at w

In particular, h2(LY) = HL(Ayor).

ol

3. Auxiliary estimates. In this section we present tools that will be
used in the proof of Theorem [A] The proofs of Lemmas are
very similar to their analogues in [8]. Therefore we do not give all the details
here, but we just sketch how to adapt the proofs from [8] to our setting.

Let U1,Us > 0 be two potentials. A well-known perturbation formula
(see, e.g., |15, Chap. 3|) states that

t
(3.1) K" — K = [K U KU 2 s,
0
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For the kernels this reads
t

(32) K" (w,y) — K2 (2,y) = | | K2 (2, 2)Ua(2) K2 (2, y) dz ds.
0 Rd
With a family Q satisfying (G) we associate a partition of unity ¢ =
{¢q}geo such that

(3.3) 0<¢q € CR(QY), Iga= Y ¢q, [Vegle <Cdy!
QEeQ

LEMMA 3.4. Let U € L _(R?) be a positive potential. For f € L'(R?)
and Q € Q,

H sup |KY(
t<d?,

(@ < [0 fll L1 (may-

Proof. Let cg be the center of Q. For ¢t < dé, y € Q" and z & Q™ we
have

U d/2 ’5'3*CQ|2 d ‘fU*CQ|2
sup K (z,y) < sup Ct~ Pexpl ———=L ) < Cdgexp| ———5 ).
t<d? t<d2, ct cdg

The lemma follows by integrating the last expression on (Q**)¢. =

LEMMA 3.5. Assume- For f € LY(R%) and Q € Q,

|sup 1Y =KW (6o h| | < Clldoflo@s,
t§d2Q

Sketch of the proof. Using (3.1]) we write
t
(KY — KT (¢of) = VKL (W - L iguenye ) KY TV (60 f) ds
0
t

+ VK (W - Tgee ) KU W (0 f) ds.
0

L1(R4)

Both summands can be estimated as in |8, Lemma 3.11]. In order to repeat
the arguments of [§], one should have in mind that, by (3.2)),

(3.6) KW (2,y) < K (z,y) < Pz —y),
where U is either V or W. The details are omitted. =
For each () € O we set

QIOC,Q — {Q/ cQ: Q*** N Ql*** 5& @}’
leob,Q — {Q” cO: Q*** N Q//*** _ @}
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Roughly speaking, for each @, the set Qjo¢ ¢ is the set of cubes Q' € Q that
are “close” to Q. For a function f denote

focq =D, oo fs faobg =1~ focq-
Q/GQIOC,Q

The following two lemmas and their proofs are almost identical to those
of |8, Lemmas 3.7 and 3.8|. To see this, one only has to use (3.6]). The details
are left to the reader.

LEMMA 3.7. For f € LY(RY) and Q € Q,

Higg 1KY ™ (b0 - floeq) — 90 - K2/+W(floc,Q)“

< Cl foc .
g = [ froc.@ll L1 (ra)

LEMMA 3.8. Assume @ For f € LY(R%) and Q € Q,

> || sup 1YY o)l o < Ol e
QeQ t=dj @)

4. Proof of Theorem [A] In the proof below, we shall often use the
fact that, for 0 < U € L{ (R?) and 7 > 0, we have

U
(4.1) [ flzr may < [IMZ fll 21 (ay-
This is a consequence of the semigroup property and the Gaussian estimates.
A detailed proof is given in the Appendix (see Proposition and Corol-

lary .

First implication. We start by proving the second inequality of (|1.10]),
that is, for a function f such that || f|| g v+w) < oo we will find (w, Q)-
atoms a; such that

fl@)=> Xai(x) and > |X| < C|lfllgwvwy.
=1

i=1
Let ¢g be as in (3.3)), in particular f = ZQEQ ¢qf. The key estimate, which

we now prove, is the following:

4.2 H sup |K} x ‘ <C .
(4.2) Q;Q tgd% K¢ (9@ f) ()] LL(RY) ”fHHl(LVJrW)
By Lemma 3.4 we get 3 peo |- - IL1((@)e) < CIlf L1 (ra)- Now we con-

centrate our attention on Q**. Notice that

K (¢of) = (K =K (0N + KT (00f) — 6o - K (fioeq)]

+ =0 - K (faon,@)] + (90 - KTV ()]
=: A1 + Ay + Az + Ay.
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Notice that ¢ fioc,g = ¢@f. Lemmas [3.5] 3.7 and [3.§] lead to

3
>0 3 [[sup 14|, ..y <€ D (00 - Fllusqusy + 1 ioe alle )
k=1QeQ t<d QeQ

+ 11l 21 ey
< Clfllprwey < Cllfllar@vewy,
where we have used (4.1)) and
Yo lfecollpwsy <Y D loqfleey
QEQ QEQ QIEQIOC,Q
= Z Z ||¢Q/f||L1(Rd)
Q'€QQEQ . o
<C Z 6@ fllpr@ay < Cllfll 22 (may-
Q'eQ
The proof of (4.2)) is finished by noticing that
sup |A4|‘ < Olf g vy
QszQHtSdé L1(Q*) HY(L )

Having proved (4.2]), we apply Proposition (b) to ¢q f, obtaining A; o
and (w, Q)-atoms a; g such that

) =Y X,0a0(@)
j=1

with
Mol < CH KY .
;| jal < 22%’ HCRIO! .
Therefore,
x) = Z)‘j,Qaj,Q(f’f) with Z Aol < Clfllar@v+wy,

j?Q
and the proof of the first part is finished.

Second implication. By the sublinearity of MY*W it is enough to
prove that
LY(R) —

[sup K}Vl

>0
for a € A, g. Assume then that suppa C Q**, where @ € Q. By the
definition of Qo and ¢ it is clear that a = ajoc Q From m there exists
a universal constant m € N such that dQ, > 2- md whenever Q' € Qjoc -
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We have
su KV+Wa ‘ H su K/t KV ra ‘
Hm P K0l < 3 o 10 DG, g
IEQIOC,Q
—i—”sup K, a]’ 1 e

By Lemma the sum is bounded by Clla| 11 ge) < C. The second sum-
mand is bounded by Proposition [2.2(a).
What is left is to consider ¢ > 2_md22. Denote

= [2dp, 2 dy), 1) =[2G, 327 dp).

Note that I; = {z + 27_1d2Q RS IJO} By (1.2)) it is not hard to check that
for g € L'(RY) we have
’KY-H/V

| sup gl Clgllza ey

o L1(Rd
teIdul; )

where C' does not depend on j or g. Therefore, for j > 2,

V+w
sup < HsupK KY ‘
Hte[].| te[o ( 20— 1d2| D L(R4)
< CKyg lalll gy gay < €57

where in the last inequality we have used @ The proof is finished by
noticing that

K} Wal

H sup

o0
VW
So-mg2 L1 (RY) <2 Hsup’Kt a“
t= Q j=—m

tel; L1 Rd)

< C(m+2+§:j_l_€) <cC.
=2

5. Proof of Theorem The proof follows by a known procedure that
uses atomic decompositions. Assume that W, V, O, w are given and w satisfies
[T.12).

To prove one of the inequalities of it is enough to show that

(5.1) lall 2, (a0) < C

for every a € A, o. Obviously, if a is an atom of the form a(z) = |Q| 1 xo (),
the inequality (5.1) holds with C' = 1. Assume then that a is such that
suppa € K C Q*, Q € Q, |lal|o < |K|™!, and {, a(z)w(z) dz = 0. Take
a sequence of cubes G, such that

K:GOQGlggGNgQ**v da ZQdGn (TL:O,,N—].),

n+1
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and dg < 2dg,. Observe that N < C(logy(dg/dk) + 1) and a(z) =
fojﬁ bn(x), where
bo(z) = a(x) — toxa, (),
bn(2) = th-1XG,-1 (¥) = taxa, (x)  (n=1,...,N),
bns1 = tnxay () — v |Q ' xo (@),
bnt2 = tn41|Q  xo(@).
The constants t,, are chosen so that {b,(z)dx =0 for n=0,...,N +1, ie.
to=1Go| ™" | a(z) da,
Go
tn=2"%,, (n=1,...,N),
tnN+1 = tN|GN].
The key estimate, which uses and the cancellation property, is the

following;:

tol = K| ew(exe) | | o) @(ex) — w()) dal
K

A A
— d
< CIK|7? | <M> dz < C|K|™! (K) < 027N K|,
dg dg
K
Thus [t,| < C27N|G, |7 forn =1,...,N, and |ty41]| < C.
Obviously, supp b, € G, for n =0,..., N, and suppbys1 C Q**. More-

over,

Bolloc < [K|7 +[to] < CIK[7,

1bnlloe < Cltn_1] <C27N|Go™t (n=1,...,N),

1bn-+1llo0 < ClQ™|7

As a consequence, all b, are multiples of HY (Ag)-atoms and ([5.1)) is proved,

since N+2

lallg1 ag) < Z 1bnll 11, (40) < CN2~N 130 < C.

n=0

For the second inequality one should consider a € HZ (Ag) and prove
that
lall g2, a,.0) < C-

This can be done in a similar fashion. The details are omitted.

6. Example Denote ¢, = 2"e; and C,, = Q(cp,1/(2n)), where e;
denotes the vector (1,0,...,0) in R?. The potential V that is needed for
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Example [C] is
o0
(61) V() = 3 Fxe, (@)
k=2

LEMMA 6.2. V satisfies .
Proof. Fix z € R?. Write

§ V@lle =y dy =Y 8 | |z =y dy = Y I
k=2 k=2

R4 Ck
We have
(6.3) L<k | |ly—calfdy<C (zeR?),
Ck
(6.4) L < Ck* | o — x> Pdy < Clklz — cx)*™  (z ¢ 2Ch).
Ck

Consider z = (x1,...,z4) and let N > 2 be such that N < gy < 2N+
(N = 2 when 21 <8). Then

00 N-1 00
kaz ZIk+(IN+IN+1)+ Z Ii(z) = A1 + Az + Ag,
k=2 k=2 k=N 42

with obvious modification when N = 2. Obviously, Ay < C by (6.3). More-
over, for k # N and k # N + 1, we have |z — ¢;| > 2m2(VF) 50 using (6.4)

we obtain

N-2 o0
A <0 (R2V)PI<C, Ag<C ) (k2M)<Cow
k=2 k=N+1

For the rest of this section, by w we mean w()V) for V given by (6.1)). The
following lemma gives essential information about local oscillations of w.

PROPOSITION 6.5. Let ¢, and C, be as above, and
dp =cn+ (t/n)er, D, =Q(dn,1/(2n)).
There exist T > 3, cg > 0, and N € N such that for n > N we have

(6.6) IeDi{lgecn(W(ﬂﬂ) —w(y)) = co.

Let us remark that w satisfying cannot fulfill the global Holder
condition. To see this, just observe that |¢, —d,,| — 0 and w(d,,)—w(c,) > co.

Proof of Proposition . Recall that K) (x,y) always satisfies Gaussian
upper bounds (see (1.2])). By Lemma there are also Gaussian lower
bounds. Let k1, k2 be as in (1.8]) and set kK = min(k1, k2). Set Uy =0, Uy =V



116 M. Preisner

in , integrate with respect to x, and let ¢ tend to infinity. We obtain
o
1—-w(p) = S S V(2)KY (2,p)dzds.
0 Rd
It is enough to show that, for properly chosen 7 and ¢y, the following
estimates hold for x € D,, y € C},, and n large enough:

(6.7) 1—w(y) = S S V(2)KY (2,y) dzds > 2c,
0 Rd
(6.8) S S (z,x)dzds < cp.
0 Rd
Fix n > 2 and y € C,. By (L.8) and (6.1),
2
S SV (z,y)dzds > ¢ S kn2s 42 ex ( M) dzds
0 Rd 0 Crn fs
= ckn?® S |z — y|2_ddz- S 574271/ (55) gg
Cn 0
> c(d, k) =: 2¢.
Thus (6.7) is proved. For x € D,,
S V(z (z,x) dyds<0ik2oso s_d/Qexp<—|Z_x|2) dz ds
4s
0 Rd k=2 0 Ck
< Cn? S |z —z|>%dz+C Z k2 S |z — x> Ydz
Chn 2<k#n Ch
=: A1 + As.

Observe that if x € D,, and z € Cy,, then |z — z| > (7 — 2)/(2n). Therefore,
Ay < Cn®(r/n)? 4 = 04 < ¢y /2,

where the last inequality holds for 7 large enough. Fix such a 7. In what
follows we consider only n > Nj such that d(cy,d,) < 1/2. For such n and
k # n we have |z — x| > 222k for » € C), and z € D,,. Thus,

A=Y Y <0 Y K2l 0 ke d g

2<k<n k>n 2<k<n k>n
< Cn2m?=d) 4 02D < ¢y /2,

where the last estimate holds for n > Ns. The proof of is finished by
taking N = max(N1, N2). =



Hardy spaces related to Schriodinger operators 117

Recall that QMY consists of the cubes of radii equal to 1 that satisfy (G).
We are now in a position to prove that the spaces Hy (Agn)) and Hyy (Agn )
are not equivalent as Banach spaces.

PROPOSITION 6.9. There exists a sequence a, of (Q[l],w)-atoms such
that

(6.10) Ha”HHit(AQ[l]) > clnn.

Proof. In this proof we use the notation introduced in this section. For
a cube R set w(R) = {,w(z)dz and p, = w(Dy)w(Cy)~. The atoms we
are looking for are

R

an(z) = (n*(nxc, (x) — XD, (7)),

where ¢ > 0 is a constant that will be fixed in a moment.

Let us check that the a, are (Q!!,w)-atoms. Obviously supp a, C K,, :=
Q(cn, (T 4+ 1)/n). By the definition of p,, SKn ap(z)w(z) dr = 0. Recall that
|Cy| = |Dyl, so by we get p, < 6~'. Moreover, by using Proposition
[6.5 for n > N,

inf{w(z): x € Dy}
(6.11) Hn 2 sup{w(y) : y € Cp}
inf{w(z) —w(y) : x € Dy, y € C}
sup{w(y) : y € Cp}

What is left is to check the size condition. By choosing a proper ¢ > 0 we
can write

HanHoo < Cndd_l < ‘Kn|_1>

so the a,, are indeed (w, Q)-atoms.

Now we prove (6.10). For the collection Q! the space H;t(AQ[l]) is the
classical local Hardy space. Equivalently, the norm can be given by a local

maximal operator (see (2.1])),

1 g o = e KD,

Denote
(6.12) Sp={z eRY:Vd/n < |z —cp| <1, (x)1 < (ca)1},

where (z); is the first coordinate of € R? (see Figure . Obviously,
|Sp| ~ C. Assume now that x € S,, for some n. By (6.11]),
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1=

s
<>
3=

Fig. 1. The sets Cy,, Dp, Sp,

T — 2
K0, (z) = Cn | (4mt) =42 exp(—'y'> (m X (8) — 10 (4)) dy

o 4t
> ot 2 § exp( =00 ) (e 0) = o 0D
R4
2
dy—d/2 _ [z —y|
+ Cnt co S exp< ym dy
=: Ay + As.

We claim that A; > 0. Indeed, D,, = C), + (7/n)e; and for x € S, y1 € C),
and yo = y1 + (7/n)e; we have |y; — x| < |y2 — z| (cf. (6.12])). We obtain

2 T 2
— Cntt/? | N et et 1 AR P
Ay =Cn%t S <exp< pm exp pm dy > 0.

Cn

Now we deal with Ay. For z € S,, and y € C,, we have |z — y| < 2|z — ¢,|.
Thus,

2
Ay > Ct—/? exp(—M).

Taking ¢ = |z — ¢,|> < 1 we find that sup,<; A» > C|z — ¢,|™%. The proof is
finished by noticing that

>C S |z — cp| "% dx > Clnn,
L' (Sn)

st [Kfa (@)
t<1

n
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where the last inequality is easily obtained by integrating in spherical coor-
dinates. =

7. Appendix. In this Appendix we consider a semigroup (T¢)¢>o,
strongly continuous on L?(R?), that has positive integral kernel T}(z, y) satis-
fying (1.2). Obviously, all Schrédinger semigroups KY with0 < U € Llloc(Rd)
satisfy these assumptions. Our goal is to give a precise proof of a natural

estimate given in Corollary [7.8|
LEMMA 7.1. Let r > 0. For a.e. x € R?,

(7.2) lim | Ty(z,y)dy =0,
t—0
|lx—y|>r
(7.3) lim | Ty(z,y)dy=1.
t—0 o—y|<r

Proof. The limit ([7.2)) is a simple consequence of ([1.2)). To prove ([7.3]) we
shall use the fact that lim; .o T;f = f, where the convergence is in L?(R%).

From L? convergence we have a.e. convergence for a subsequence. Apply-
ing this to f,.(z) = XQ(o,n) (), by a diagonal argument we obtain a sequence
tr > 0 that tends to zero and such that for a.e. z € R? we have
(7.4) lim S Ti, (x,y) dy = 1.

k—o0 Rd
Now, we are going to prove for an arbitrary sequence s; such that
lim; s; = 0. Without loss of generality we can assume that ¢ is decreasing.
For j € N, let k; be such that t. |, < s; < tg, (kj = 1 when s; > #1,).
Then tk, = 85+ 15, where lim;_, e, = lim; o r; = 0. By and the
semigroup property,

| Ty, (@, y) dy = | | 7 (2 )T (2 ) dzdy < | Ty (2,2) <1
R4 R4 R4 R4
Letting j — oo, by (7.4) we see that lim; o0 {pa Ts; (2, 2)dz = 1. =
PROPOSITION 7.5. Assume that f € L*(R?)+ L>®(R%). For almost every
z € RY,

lim T, f(x) = f(x).

t—0
Proof. Since f € L'(R?) + L>(RY) C LL (R%), by the Lebesgue differ-
entiation theorem we have
(7.6) lim [Q(z,5)| ™" | |f(y) ~ @)l dy =0
Q(,s)
for a.e. x € R?. Assume that x € R is such that (7.6), (7.2) and (7.3) are

satisfied for all rational » > 0. The set of such points has full measure. For
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e > 0 fixed, we shall show that |T;f(z) — f(x)| < Ce for t small enough. Let
r > 0 be a fixed rational number such that for s < r we have

(7.7) V1) = f@)ldy < elQ(x, ).
Q(z,s)

We can assume that v/t < r. For such ¢, write

Tof() = @) = f@)( | Tley)dy—1)+ | Tilwy)f(y)dy

|le—y|<r le—y[>r
+ | Ty () - f@)dy
lz—y|<vt
+ | Ty - f@)dy
Vi<|z—y|<r

=: Ay + Ay + Az + Ay

By using (7.3), we find that A; < e for ¢ small enough. For the summand A,
we consider two cases:

e if f € L®°(R%), then |Ay| < ¢ for ¢ small enough by (7.2)),
o if f € L'(R?), then |Ay| < Ct~=4/? exp(—rQ/t)HfHD(Rd) < ¢ for ¢ small
enough.
By (1.2) and (7.7)), for ¢ small enough,
Ag<cot? | |f(y) — f(2)]dy < Ce.
lz—y|<vit
To estimate A4 denote N = [logy(r/v/1)], so that r < /t2N < 2r. Let
R,={z eR¥:r27" < |z —y| < r27"1}

form=1,...,N. By and ,
- jz — y|?
vz oy §ep( -2 1) - sl dy

=R, 4t

N -n
<or Y ew(=20) {110 - f@)ldy
Ry

N N d - N
2" 27" t2
< C€Z<T> exp(—r) < Ce\[ <Cec. m
NG eVt r
COROLLARY 7.8. Let 0 < U € LL (R?) and 7 > 0. Then
£l (ray < HMTUfHLl(Rd)'
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REMARK 7.9. Let us point out that Corollary [7.8| could be proved with-
out using Proposition[7.5] as was pointed out by the referee. One can truncate
a given f € L'(R?%) at a level M to get an L? function, and then use the
L?-continuity of T; together with the contractivity of Ty on L'(R%). The
details are omitted.
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