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Atomic decompositions for Hardy spaces related to
Schrödinger operators

by

Marcin Preisner (Wrocław)

Abstract. Let LU = −∆+U be a Schrödinger operator on Rd, where U ∈ L1
loc(Rd)

is a non-negative potential and d ≥ 3. The Hardy space H1(LU ) is defined in terms of the
maximal function of the semigroup KU

t = exp(−tLU ), namely

H1(LU ) =
{
f ∈ L1(Rd) : ‖f‖H1(LU ) :=

∥∥∥sup
t>0
|KU

t f |
∥∥∥
L1(Rd)

<∞
}
.

Assume that U = V +W , where V ≥ 0 satisfies the global Kato condition

sup
x∈Rd

�

Rd

V (y)|x− y|2−d dy <∞.

We prove that, under certain assumptions on W ≥ 0, the space H1(LU ) admits an
atomic decomposition of local type. An atom a for H1(LU ) either is of the form a(x) =
|Q|−1χQ(x), where Q are special cubes determined by W , or satisfies the cancellation
condition

	
Rd
a(x)ω(x) dx = 0, where ω is given by ω(x) = limt→∞KV

t 1(x). Further-
more, we show that, in some cases, the above cancellation condition can be replaced by	
Rd
a(x) dx = 0. However, we construct an example where the atomic spaces with these

two cancellation conditions are not equivalent as Banach spaces.

1. Background and statement of results

1.1. Introduction. Let U be a non-negative, locally integrable function
on Rd. In this article we consider the Schrödinger operator given by −∆+U,
where ∆ is the standard Laplacian on Rd and U is called the potential.
Throughout the whole paper we assume that d ≥ 3.

To be more precise, let us recall what we mean by the Schrödinger oper-
ator. First, define the quadratic form

QU (f, g) =
�

Rd
∇f(x)∇g(x) dx+

�

Rd
U(x)f(x)g(x) dx
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with domain Dom(QU ) = {f ∈ L2(Rd) : ∇f,
√
Uf ∈ L2(Rd)}. This quad-

ratic form is closed, thus it defines a self-adjoint operator LU : Dom(LU )→
L2(Rd). In particular, Dom(LU ) is equal to{

f ∈ Dom(QU ) : ∃h ∈ L2(Rd) ∀g ∈ Dom(QU ) QU (f, g) =
�

Rd
hg dx

}
,

and LUf := h when f and h are as above. Formally, we write

LU = −∆ + U.

Let (KU
t )t>0 be the semigroup generated by LU on L2(Rd). The Feynman–

Kac formula (see, e.g., [17, Chap. V]) states that

(1.1) KU
t f(x) = Ex

(
exp
(
−
t�

0

U(Xs) ds
)
f(Xt)

)
,

where Xs is the Brownian motion on Rd. From (1.1) one finds that KU
t has

an integral kernel KU
t (x, y) and it is clear that V ≥ 0 implies Gaussian upper

bounds for KU
t (x, y), i.e.

(1.2) 0 ≤ KU
t (x, y) ≤ (4πt)−d/2 exp

(
−|x− y|

2

4t

)
=: Pt(x− y).

The Hardy space H1(LU ) associated with LU is defined as follows. Let

MUf(x) = sup
t>0
|KU

t f(x)|

be the maximal operator associated with (KU
t )t>0. We say that a function

f ∈ L1(Rd) belongs to the maximal Hardy space H1(LU ) if

(1.3) ‖f‖H1(LU ) := ‖MUf(x)‖L1(Rd) <∞.
In this paper, atomic Hardy spaces play a special role. A general definition

is as follows. Assume that a family of functions A ⊆ L1(Rd) is given. A func-
tion a ∈ A will be called an atom and we always assume that ‖a‖L1(Rd) ≤ 1.
We say that a function f belongs to the atomic Hardy space H1

at(A) if

(1.4) f(x) =

∞∑
j=1

λjaj(x),

where aj ∈ A and λj ∈ C with
∑∞

j=1 |λj | <∞. Obviously, the series (1.4) is
absolutely convergent in L1(Rd). Whenever f ∈ H1

at(A) we set

(1.5) ‖f‖H1
at(A) = inf

{ ∞∑
j=1

|λj | : f as in (1.4)
}
.

It is not difficult to check that H1
at(A) ⊆ L1(Rd) and H1

at(A) is a Banach
space.
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An important result in the classical theory of Hardy spaces is the atomic
decomposition theorem [1], [14]. It asserts that H1(−∆) = H1

at(Aclass) and
the corresponding norms are equivalent. Here Aclass is the set of classical
atoms, that is, a ∈ Aclass if there exist a cube Q such that supp a ⊆ Q
(localization condition), ‖a‖∞ ≤ |Q|−1 (size condition), and

	
Q a(x) dx = 0

(cancellation condition). By |S| we denote the Lebesgue measure of a set S,
and

Q = Q(cQ, rQ) =
{
y = (y1, . . . , yd) ∈ Rd : max

i=1,...,d
|(cQ)i − yi| < rQ

}
,

where cQ and rQ are the center and the radius of Q, respectively. Denote

dQ = diam(Q) = 2
√
d rQ.

The question we shall be concerned with is: does H1(LU ) coincide with
H1

at(A) for a potential U and a family A? If so, are the norms (1.3) and (1.5)
comparable?

There are partial answers to the question above. A general result of Hof-
mann et al. [13] gives an atomic and molecular characterization of H1(LU )
for any positive potential U ∈ L1

loc(Rd). Also, using [13], Dziubański and
Zienkiewicz [10] proved another general atomic characterization of H1(LU ).
The atoms in [13] are of the form a = (LU )Mb, where M is a fixed positive
integer and b satisfies some localization and size conditions [13, Theorem
7.1]. Likewise, the atoms in [10] are given by a = KU

t b− b for similar b.
Although the approaches just mentioned are useful in many situations,

they also have some weaknesses. One of them is that the atoms are images
of some functions under the operator LU (or its semigroup), and they no
more satisfy simple geometric conditions (localization, size, cancellation).
One would also like to better understand the nature of H1(LU ) by de-
scribing it in terms of simpler, “geometric” atoms. In the 1990’s Dziubański
and Zienkiewicz started studying atomic decompositions of Hardy spaces for
Schrödinger operators. In this paper we continue this approach. For more
results of this type see [2–11]. Let us finally mention that this approach
was successfully used e.g. for proving Riesz transform characterizations of
H1(LU ) for some U , while such characterization is not known in general.

Before proceeding to our main results, we present results of [11] and [8],
which are the starting point for our considerations.

1.2. The space H1(LV ). Assume that a potential V ≥ 0 satisfies the
following global Kato condition

sup
x∈Rd

�

Rd
|x− y|2−dV (y) dy <∞.(S)
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In other words, ∆−1V ∈ L∞(Rd). Let ω = ω(V ) be the function defined by

(1.6) ω(x) = lim
t→∞

�

Rd
KV
t (x, y) dy.

The function ω is LV -harmonic and satisfies
(1.7) 0 < δ < ω(x) ≤ 1

with some δ for all x ∈ Rd [11, Lemma 2.1]. It is well-known [16] that
the integral kernel KV

t (x, y) has not only Gaussian upper bounds, but also
Gaussian lower bounds, that is, there are κ1, κ2 > 0 such that

(1.8) KV
t (x, y) ≥ κ1t−d/2 exp

(
−|x− y|

2

κ2t

)
.

By definition, a function a is an ω-atom if there exists a cube Q such
that

supp a ⊆ Q, ‖a‖∞ ≤ |Q|−1,
�

Q

a(x)ω(x) dx = 0.

Let Aω be the set of ω-atoms. Corollary 1.2 of [11] states that H1(LV ) =
H1

at(Aω) and
(1.9) ‖f‖H1(LV ) ' ‖f‖H1

at(Aω).

Let us mention that condition (S) above is satisfied for example when V
is compactly supported and V ∈ Lp(Rd) for some p > d/2. For more general
examples, see [6] and [11].

1.3. The space H1(LW ). For θ > 0 (small) and a cube Q = Q(cQ, rQ)
denote Q∗ = Q(cQ, (1 + θ)rQ). Assume a family Q of cubes is given and
there exist C, θ > 0 such that for Q1, Q2 ∈ Q, Q1 6= Q2, we have⋃

Q∈Q
cl(Q) = Rd,(G1)

|Q1 ∩Q2| = 0,(G2)

if Q∗∗∗∗1 ∩Q∗∗∗∗2 6= ∅, then C−1dQ1 ≤ dQ2 ≤ CdQ1 .(G3)
Observe that, under these assumptions, the family {Q∗∗∗∗ : Q ∈ Q} is a
finite covering of Rd. In the following, we briefly say that Q satisfies (G) if
it satisfies (G1)–(G3).

Suppose that for a potential W ≥ 0 and a family Q as above there exist
ε, δ, C > 0 such that

sup
y∈Q∗∗

�

Rd
KW

2nd2Q
(x, y) dx ≤ Cn−1−ε (Q ∈ Q, n ∈ N),(D)

2t�

0

(1Q∗∗∗W ) ∗ Ps(x) ds ≤ C(t/d2Q)δ (x ∈ Rd, Q ∈ Q, t ≤ d2Q),(K)
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where Pt(x − y) = K0
t (x, y) is the kernel of the classical heat semigroup

(see (1.2)). By definition, a Q-atom is a function a such that one of the
following holds:

• there exist Q ∈ Q and a cube K ⊂ Q∗∗ such that

supp a ⊆ K, ‖a‖∞ ≤ |K|−1,
�

K

a(x) dx = 0;

• a(x) = |Q|−1χQ(x) for some Q ∈ Q.

Let AQ be the set of Q-atoms. By [8, Theorem 2.2] we have H1(LW ) =
H1

at(AQ) and
‖f‖H1(LW ) ' ‖f‖H1

at(AQ).

A list of examples of potentials W and related families Q can be found
in [8]. Here we only mention one simple example, which we shall use later.
Let t > 0 and denote by Q[t] a family of cubes of radius t that satisfies (G). If
W [t](x) = t−2, then the pair (W [t],Q[t]) satisfies (D), (K), (G) with constants
independent of t.

1.4. Main results. In this paper, V always denotes a potential satis-
fying (S), and ω is related to V by (1.6). Similarly, the pair (W,Q) always
satisfies (D), (K), and (G). Notice that in H1

at(Aω) and H1
at(AQ) two differ-

ent phenomena appear. Every atom a ∈ Aω (an atom for LV ) satisfies the
weighted cancellation condition with respect to the weight ω. On the other
hand, for a ∈ AQ, there are “local” atoms, i.e. atoms of the type |Q|−1χQ(x)
that do not satisfy any cancellation condition.

The goal of this paper is to study LV+W and its Hardy space H1(LV+W ).
We shall prove that in atomic decompositions for this space both phenomena
described above appear simultaneously. Define Aω,Q to be the set of (ω,Q)-
atoms, that is, functions such that one of the following holds:

• there exist Q ∈ Q and a cube K ⊂ Q∗∗ such that

supp a ⊆ K, ‖a‖∞ ≤ |K|−1,
�

K

a(x)ω(x) dx = 0;

• a(x) = |Q|−1χQ(x) for some Q ∈ Q.

The following theorem gives an atomic characterization of H1(LV+W ) in the
spirit of [8] and [11].

Theorem A. Assume that d ≥ 3, V ≥ 0 satisfies (S), and W ≥ 0 with
a family Q satisfy (D), (K), (G). Then

(1.10) C−1‖f‖H1(LV+W ) ≤ ‖f‖H1
at(Aω,Q) ≤ C‖f‖H1(LV+W ).

In particular, H1(LV+W ) = H1
at(Aω,Q).
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In Theorem A atoms are localized to cubes Q ∈ Q and they satisfy
the weighted cancellation condition with weight ω. However, it is not hard
to see that every (ω,Q)-atom can be written as a linear combination of
Q-atoms. Indeed, if a is such that supp a ⊆ K ⊆ Q∗∗, ‖a‖∞ ≤ |K|−1, and	
K a(x)ω(x) dx = 0 for Q ∈ Q, then

a(x) =
(
a(x)− κ|Q|−11Q(x)

)
+ κ|Q|−11Q(x) = b1(x) + b2(x),

where κ =
	
K a(x) dx, |κ| ≤ 1. Observe that

	
Q∗∗ b1(x) dx = 0 and supp b1 ⊆

Q∗∗. Thus both b1 and b2 are multiples of Q-atoms. What we have just shown
is that for every (ω,Q)-atom a we have a ∈ H1

at(AQ) and
(1.11) ‖a‖H1

at(AQ) ≤ T.
The constant T in (1.11) possibly depends on a. This leads us to the

following question: doH1
at(Aω,Q) andH1

at(AQ) coincide as Banach spaces? In
Theorem B we prove that, under a certain Lipschitz assumption, the answer
to this question is affirmative. However, a more difficult task is to find an
example such that ‖f‖H1

at(AQ) 6' ‖f‖H1
at(Aω,Q). This is done in Example C.

Theorem B. Assume that 0 < δ ≤ ω ≤ 1, Q satisfies (G), and there
exists λ > 0 such that

(1.12) |ω(x)− ω(y)| ≤ C(|x− y|/dQ)λ (Q ∈ Q, x, y ∈ Q∗∗).
Then

(1.13) ‖f‖H1
at(AQ) ' ‖f‖H1

at(Aω,Q).

As an example that fulfills the assumptions of Theorem B one could take
W [1], Q[1] (see the end of Subsection 1.3) and ω = ω(V ), with V such that
suppV ⊆ Q(0, 1) and V ∈ Lp(Rd) for p > d/2 (for details see [9]). In this
case ω satisfies a global Hölder condition.

Example C. Let Q[1] be as above, and ω = ω(V), where V is the poten-
tial given in (6.1) below. There exists a sequence of (ω,Q[1])-atoms aj such
that
(1.14) lim

j→∞
‖aj‖H1

at(AQ) =∞.

In other words, ‖f‖H1
at(Aω,Q) 6' ‖f‖H1

at(AQ).
The paper is organized as follows. Local Hardy spaces are investigated

in Section 2, in particular we prove an atomic decomposition theorem for
a local version of H1(LV ). In Section 3 we state some auxiliary estimates,
similar to those from [8], that will be used in the proof of Theorem A, which
is given in Section 4. The proof of Theorem B is presented in Section 5. In
Section 6 we provide details of Example C and prove (1.14). Finally, in the
Appendix we give a proof of the estimate ‖f‖L1(Rd) ≤

∥∥supt≤τ |KU
t f |
∥∥
L1(Rd),

where U ∈ L1
loc(Rd).
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To end this section, let us make a short remark. In some papers local
atomic spaces are defined in a slightly different manner. The remark below
clarifies that different definitions lead to the same atomic Hardy space, that
is, they are equivalent as Banach spaces.

Remark 1.15. Let us consider Q and ω as above and a function a that
satisfies:

(1.16) there exist Q ∈ Q and a cube K ⊂ Q∗∗ such that

supp a ⊆ K, 4dK ≥ dQ, ‖a‖∞ ≤ |K|−1.

For each a satisfying (1.16), we have ‖a‖H1
at(Aω,Q) ≤ C, with a universal C.

To see this, observe that a is a linear combination of two atoms: an atom
satisfying the cancellation condition, and |Q|−1χQ(x), namely

a(x) =

(
a(x)−

	
K a

|Q|
χQ(x)

)
+

	
K a

|Q|
χQ(x).

On the other hand, atoms of the form |Q|−1χQ satisfy (1.16). Therefore, the
functions a as above can be substitutes for the atoms of the form |Q|−1χQ(x)
in the definition of Aω,Q.

2. Local Hardy spaces. In this section we consider a potential V ≥ 0
which satisfies the global Kato condition (S). For f ∈ L1(Rd) define a local
version of MV at scale τ > 0 by

MV
τ f(x) = sup

t≤τ2
|KV

t f(x)|.

By definition, a function f ∈ L1(Rd) is in the local Hardy space h1τ (LV ) when
MV

τ f is in L1(Rd). We set

‖f‖h1τ (LV ) := ‖MV
τ f‖L1(Rd).

In the special case V ≡ 0, the space h1τ (−∆) is the classical local Hardy
space introduced by Goldberg [12]. It follows from [12] that

(2.1) C−1‖f‖H1
at(AQ[τ ] )

≤ ‖f‖h1τ (−∆) ≤ C‖f‖H1
at(AQ[τ ] )

,

where C does not depend on τ . The following proposition is a generalization
of (2.1) for h1τ (LV ) localized to a cube of diameter comparable to τ . It will
play a crucial role in the proof of Theorem A.

Proposition 2.2. Assume that Q is a cube.

(a) Let a be an ω-atom such that supp a ⊆ Q∗∗ or a(x) = |Q|−1χQ(x). Then

(2.3) ‖MV
dQ
a‖L1(Rd) ≤ C.
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(b) Assume that f ∈ L1(Rd), supp f ⊆ Q∗, and MV
dQ
f(x) ∈ L1(Rd).

There exist λj and aj, the latter being either ω-atoms or of the form
|Q|−1χQ(x), such that

f(x) =

∞∑
j=1

λjaj(x),

∞∑
j=1

|λj | ≤ C‖MV
dQ
f‖L1(Rd).

The constant C above depends only on d and θ from the definition of Q∗.

Proof. Consider first an ω-atom a. Obviously, MV
dQ
a(x) ≤ MV a(x), so

(2.3) holds by (1.9). In the case when a = |Q|−1χQ we use (1.2) and (2.1)
to get

‖MV
dQ
a‖L1(Rd) ≤ ‖M0

dQ
a‖L1(Rd) ≤ C.

Now, let f be as in the assumptions of (b). Set

g(x) = f(x)−KV
d2Q/2

f(x),

so that

f(x)ω(x) = g(x)ω(x) + KV
d2Q/2

f(x)ω(x) =: h1(x) + h2(x).

We claim that h1 ∈ H1(−∆) and h2 ∈ h1dQ(−∆) with

‖h1‖H1(−∆) ≤ C‖MV
dQ
f‖L1(Rd),(2.4)

‖h2‖h1dQ (−∆) ≤ C‖MV
dQ
f‖L1(Rd).(2.5)

To prove (2.4), observe that∥∥∥ sup
t≤d2Q/2

|KV
t g|
∥∥∥
L1(Rd)

≤ 2‖MV
dQ
f‖L1(Rd) <∞.

Likewise, ∥∥∥ sup
t>d2Q/2

|KV
t g(x)|

∥∥∥
L1(Rd)

≤ C‖f‖L1(Rd)

by the argument identical as in the proof of [10, Proposition 6.1]. By Corol-
lary 7.8 below, we have ‖f‖L1(Rd) ≤ ‖MV

dQ
f‖L1(Rd). Thus g ∈ H1(LV ) and,

by (1.9), h1 = g · ω ∈ H1(−∆), so (2.4) is proved.
Now, we turn to (2.5). It is clear that

h2(x) =
∑

K∈Q[dQ]

KV
d2Q/2

f(x)ω(x)χK(x) =
∑

K∈Q[dQ]

hK(x),



Hardy spaces related to Schrödinger operators 109

and using Corollary 7.8 once again, we see that

‖hK‖∞ ≤ C
�

Q∗

d−dQ exp

(
−|x− y|

2

2d2Q

)
|f(y)| dy

≤ C|Q|−1 exp
(
−d(Q

∗,K)2

2d2Q

)
‖MV

dQ
f‖L1(Rd).

Clearly, supphK ⊆ K, so by using the classical atomic characterization
of h1dQ(−∆) we find that ‖hK‖h1dQ (−∆) ≤ C exp

(
−d(Q∗,K)2

2d2Q

)
‖MV

dQ
f‖L1(Rd).

Adding up gives

‖h2‖h1dQ (−∆) ≤ C‖MV
dQ
f‖L1(Rd)

∑
K∈Q[dQ]

exp

(
−d(Q

∗,K)2

2d2Q

)
≤ C‖MV

dQ
f‖L1(Rd),

where the last inequality is a simple geometric observation.
Having proved (2.4) and (2.5), we finish the proof by the following ar-

gument. The function f · ω is supported in Q∗ and f · ω ∈ h1dQ(−∆) with
‖f · ω‖h1dQ (−∆) ≤ C‖MV

dQ
f‖L1(Rd). By the classical local characterization of

h1dQ(−∆), we have f · ω =
∑

j λjaj , where aj are either classical atoms,
or of the form |Q|−1χQ(x). Moreover,

∑
j |λj | ≤ C‖MV

dQ
f‖L1(Rd). Then

f =
∑

j λjbj where bj = aj/ω are either ω-atoms or bj = ω−1|Q|−1χQ.
In the latter case, bj can be decomposed into a linear combination of a
|Q|−1χQ-atom and an ω-atom, exactly as in Remark 1.15.

The following corollary is a “global” version of Proposition 2.2 and can
be proved by standard techniques.

Corollary 2.6. There exists a constant C, independent of τ > 0, such
that

‖f‖h1τ (LV ) ' ‖f‖H1
at(Aω,Q[τ ] )

.

In particular, h1τ (LV ) = H1
at(Aω,Qτ ).

3. Auxiliary estimates. In this section we present tools that will be
used in the proof of Theorem A. The proofs of Lemmas 3.4, 3.5, 3.7, 3.8 are
very similar to their analogues in [8]. Therefore we do not give all the details
here, but we just sketch how to adapt the proofs from [8] to our setting.

Let U1, U2 ≥ 0 be two potentials. A well-known perturbation formula
(see, e.g., [15, Chap. 3]) states that

(3.1) KU1
t −KU1+U2

t =

t�

0

KU1
t−s U2 KU1+U2

s ds.
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For the kernels this reads

(3.2) KU1
t (x, y)−KU1+U2

t (x, y) =

t�

0

�

Rd
KU1
t−s(x, z)U2(z)K

U1+U2
s (z, y) dz ds.

With a family Q satisfying (G) we associate a partition of unity Φ =
{φQ}Q∈Q such that

(3.3) 0 ≤ φQ ∈ C∞c (Q∗), 1Rd =
∑
Q∈Q

φQ, ‖∇φQ‖∞ ≤ Cd−1Q .

Lemma 3.4. Let U ∈ L1
loc(Rd) be a positive potential. For f ∈ L1(Rd)

and Q ∈ Q, ∥∥∥ sup
t≤d2Q

|KU
t (φQf)|

∥∥∥
L1((Q∗∗)c)

≤ ‖φQf‖L1(Rd).

Proof. Let cQ be the center of Q. For t ≤ d2Q, y ∈ Q∗ and x 6∈ Q∗∗ we
have

sup
t≤d2Q

KU
t (x, y) ≤ sup

t≤d2Q
Ct−d/2 exp

(
−
|x− cQ|2

ct

)
≤ Cd−dQ exp

(
−
|x− cQ|2

cd2Q

)
.

The lemma follows by integrating the last expression on (Q∗∗)c.

Lemma 3.5. Assume (K). For f ∈ L1(Rd) and Q ∈ Q,∥∥∥ sup
t≤d2Q

|(KV
t −KV+W

t )(φQf)|
∥∥∥
L1(Rd)

≤ C‖φQf‖L1(Rd).

Sketch of the proof. Using (3.1) we write

(KV
t −KV+W

t )(φQf) =

t�

0

KV
t−s(W · 1(Q∗∗∗)c)KV+W

s (φQf) ds

+

t�

0

KV
t−s(W · 1Q∗∗∗)KV+W

s (φQf) ds.

Both summands can be estimated as in [8, Lemma 3.11]. In order to repeat
the arguments of [8], one should have in mind that, by (3.2),

(3.6) KV+W
t (x, y) ≤ KU

t (x, y) ≤ Pt(x− y),

where U is either V or W . The details are omitted.

For each Q ∈ Q we set

Qloc,Q = {Q′ ∈ Q : Q∗∗∗ ∩Q′∗∗∗ 6= ∅},
Qglob,Q = {Q′′ ∈ Q : Q∗∗∗ ∩Q′′∗∗∗ = ∅}.
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Roughly speaking, for each Q, the set Qloc,Q is the set of cubes Q′ ∈ Q that
are “close” to Q. For a function f denote

floc,Q =
∑

Q′∈Qloc,Q

φQ′f, fglob,Q = f − floc,Q.

The following two lemmas and their proofs are almost identical to those
of [8, Lemmas 3.7 and 3.8]. To see this, one only has to use (3.6). The details
are left to the reader.

Lemma 3.7. For f ∈ L1(Rd) and Q ∈ Q,∥∥∥sup
t>0
|KV+W

t (φQ · floc,Q)− φQ ·KV+W
t (floc,Q)|

∥∥∥
L1(Q∗∗)

≤ C‖floc,Q‖L1(Rd).

Lemma 3.8. Assume (D). For f ∈ L1(Rd) and Q ∈ Q,∑
Q∈Q

∥∥∥ sup
t≤d2Q

|KV+W
t (fglob,Q)|

∥∥∥
L1(Q∗)

≤ C‖f‖L1(Rd).

4. Proof of Theorem A. In the proof below, we shall often use the
fact that, for 0 ≤ U ∈ L1

loc(Rd) and τ > 0, we have

(4.1) ‖f‖L1(Rd) ≤ ‖MU
τ f‖L1(Rd).

This is a consequence of the semigroup property and the Gaussian estimates.
A detailed proof is given in the Appendix (see Proposition 7.5 and Corol-
lary 7.8).

First implication. We start by proving the second inequality of (1.10),
that is, for a function f such that ‖f‖H1(LV+W ) < ∞ we will find (ω,Q)-
atoms ai such that

f(x) =

∞∑
i=1

λiai(x) and
∞∑
i=1

|λi| ≤ C‖f‖H1(LV+W ).

Let φQ be as in (3.3), in particular f =
∑

Q∈Q φQf . The key estimate, which
we now prove, is the following:

(4.2)
∑
Q∈Q

∥∥∥ sup
t≤d2Q

|KV
t (φQf)(x)|

∥∥∥
L1(Rd)

≤ C‖f‖H1(LV+W ).

By Lemma 3.4 we get
∑

Q∈Q ‖ . . . ‖L1((Q∗∗)c) ≤ C‖f‖L1(Rd). Now we con-
centrate our attention on Q∗∗. Notice that

KV
t (φQf) = [(KV

t −KV+W
t )(φQf)] + [KV+W

t (φQf)− φQ ·KV+W
t (floc,Q)]

+ [−φQ ·KV+W
t (fglob,Q)] + [φQ ·KV+W

t (f)]

=: A1 +A2 +A3 +A4.
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Notice that φQfloc,Q = φQf . Lemmas 3.5, 3.7 and 3.8 lead to
3∑

k=1

∑
Q∈Q

∥∥∥ sup
t≤d2Q

|Ak|
∥∥∥
L1(Q∗∗)

≤ C
∑
Q∈Q

(‖φQ · f‖L1(Rd) + ‖floc,Q‖L1(Rd))

+ ‖f‖L1(Rd)

≤ C‖f‖L1(Rd) ≤ C‖f‖H1(LV+W ),

where we have used (4.1) and∑
Q∈Q
‖floc,Q‖L1(Rd) ≤

∑
Q∈Q

∑
Q′∈Qloc,Q

‖φQ′f‖L1(Rd)

=
∑
Q′∈Q

∑
Q∈Qloc,Q′

‖φQ′f‖L1(Rd)

≤ C
∑
Q′∈Q

‖φQ′f‖L1(Rd) ≤ C‖f‖L1(Rd).

The proof of (4.2) is finished by noticing that∑
Q∈Q

∥∥∥ sup
t≤d2Q

|A4|
∥∥∥
L1(Q∗∗)

≤ C‖f‖H1(LV+W ).

Having proved (4.2), we apply Proposition 2.2(b) to φQf , obtaining λj,Q
and (ω,Q)-atoms aj,Q such that

φQ(x)f(x) =

∞∑
j=1

λj,Qaj,Q(x)

with
∞∑
j=1

|λj,Q| ≤ C
∥∥∥ sup
t≤d2Q

|KV
t (φQf)(x)|

∥∥∥
L1(Rd)

.

Therefore,

f(x) =
∑
j,Q

λj,Qaj,Q(x) with
∑
j,Q

|λj,Q| ≤ C‖f‖H1(LV+W ),

and the proof of the first part is finished.

Second implication. By the sublinearity of MV+W it is enough to
prove that ∥∥∥sup

t>0
|KV+W

t a|
∥∥∥
L1(Rd)

≤ C

for a ∈ Aω,Q. Assume then that supp a ⊆ Q∗∗, where Q ∈ Q. By the
definition of Qloc,Q and φQ it is clear that a = aloc,Q. From (G3) there exists
a universal constant m ∈ N such that d2Q′ ≥ 2−md2Q whenever Q′ ∈ Qloc,Q.
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We have∥∥∥ sup
t≤2−md2Q

|KV+W
t a|

∥∥∥
L1(Rd)

≤
∑

Q′∈Qloc,Q

∥∥∥ sup
t≤d2

Q′

|(KV+W
t −KV

t )(φQ′a)|
∥∥∥
L1(Rd)

+
∥∥∥ sup
t≤d2Q

|KV
t a|
∥∥∥
L1(Rd)

.

By Lemma 3.5, the sum is bounded by C‖a‖L1(Rd) ≤ C. The second sum-
mand is bounded by Proposition 2.2(a).

What is left is to consider t ≥ 2−md2Q. Denote

Ij = [2jd2Q, 2
j+1d2Q], I♦j = [2j−1d2Q, 3 · 2j−1d2Q].

Note that Ij = {x+ 2j−1d2Q : x ∈ I♦j }. By (1.2) it is not hard to check that
for g ∈ L1(Rd) we have∥∥∥ sup

t∈I♦j ∪Ij
|KV+W

t g|
∥∥∥
L1(Rd)

≤ C‖g‖L1(Rd),

where C does not depend on j or g. Therefore, for j ≥ 2,∥∥∥sup
t∈Ij
|KV+W

t a|
∥∥∥
L1(Rd)

≤
∥∥∥sup
t∈I♦j

KV+W
t (KW

2j−1d2Q
|a|)
∥∥∥
L1(Rd)

≤ C
∥∥KW

2j−1d2Q
|a|
∥∥
L1(Rd) ≤ Cj

−1−ε,

where in the last inequality we have used (D). The proof is finished by
noticing that∥∥∥ sup

t≥2−md2Q
|KV+W

t a|
∥∥∥
L1(Rd)

≤
∞∑

j=−m

∥∥∥sup
t∈Ij
|KV+W

t a|
∥∥∥
L1(Rd)

≤ C
(
m+ 2 +

∞∑
j=2

j−1−ε
)
≤ C.

5. Proof of Theorem B. The proof follows by a known procedure that
uses atomic decompositions. Assume thatW,V,Q, ω are given and ω satisfies
(1.12).

To prove one of the inequalities of (1.13) it is enough to show that

(5.1) ‖a‖H1
at(AQ) ≤ C

for every a ∈ Aω,Q. Obviously, if a is an atom of the form a(x) = |Q|−1χQ(x),
the inequality (5.1) holds with C = 1. Assume then that a is such that
supp a ⊆ K ⊆ Q∗∗, Q ∈ Q, ‖a‖∞ ≤ |K|−1, and

	
K a(x)ω(x) dx = 0. Take

a sequence of cubes Gn such that

K = G0 ⊆ G1 ⊆ · · · ⊆ GN ⊆ Q∗∗, dGn+1 = 2dGn (n = 0, . . . , N − 1),



114 M. Preisner

and dQ ≤ 2dGN . Observe that N ≤ C(log2(dQ/dK) + 1) and a(x) =∑N+2
n=0 bn(x), where

b0(x) = a(x)− t0χG0(x),

bn(x) = tn−1χGn−1(x)− tnχGn(x) (n = 1, . . . , N),

bN+1 = tNχGN (x)− tN+1|Q|−1χQ(x),
bN+2 = tN+1|Q|−1χQ(x).

The constants tn are chosen so that
	
bn(x) dx = 0 for n = 0, . . . , N + 1, i.e.

t0 = |G0|−1
�

G0

a(x) dx,

tn = 2−dtn−1 (n = 1, . . . , N),

tN+1 = tN |GN |.

The key estimate, which uses (1.12) and the cancellation property, is the
following:

|t0| = |K|−1ω(cK)−1
∣∣∣ �
K

a(x)(ω(cK)− ω(x)) dx
∣∣∣

≤ C|K|−2
�

K

(
|x− cK |
dQ

)λ
dx ≤ C|K|−1

(
dK
dQ

)λ
≤ C2−cN |K|−1.

Thus |tn| ≤ C2−cN |Gn|−1 for n = 1, . . . , N , and |tN+1| ≤ C.
Obviously, supp bn ⊆ Gn for n = 0, . . . , N , and supp bN+1 ⊆ Q∗∗. More-

over,
‖b0‖∞ ≤ |K|−1 + |t0| ≤ C|K|−1,
‖bn‖∞ ≤ C|tn−1| ≤ C2−cN |Gn|−1 (n = 1, . . . , N),

‖bN+1‖∞ ≤ C|Q∗∗|−1.

As a consequence, all bn are multiples of H1
at(AQ)-atoms and (5.1) is proved,

since

‖a‖H1
at(AQ) ≤

N+2∑
n=0

‖bn‖H1
at(AQ) ≤ CN2−cN + 3C ≤ C.

For the second inequality one should consider a ∈ H1
at(AQ) and prove

that
‖a‖H1

at(Aω,Q) ≤ C.

This can be done in a similar fashion. The details are omitted.

6. Example C. Denote cn = 2ne1 and Cn = Q(cn, 1/(2n)), where e1
denotes the vector (1, 0, . . . , 0) in Rd. The potential V that is needed for
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Example C is

(6.1) V(x) =
∞∑
k=2

k2χCk(x).

Lemma 6.2. V satisfies (S).

Proof. Fix x ∈ Rd. Write
�

Rd
V(y)|x− y|2−d dy =

∞∑
k=2

k2
�

Ck

|x− y|2−d dy =:
∞∑
k=2

Ik.

We have

Ik ≤ k2
�

Ck

|y − ck|2−d dy ≤ C (x ∈ Rd),(6.3)

Ik ≤ Ck2
�

Ck

|x− ck|2−d dy ≤ C(k|x− ck|)2−d (x /∈ 2Ck).(6.4)

Consider x = (x1, . . . , xd) and let N ≥ 2 be such that 2N < x1 ≤ 2N+1

(N = 2 when x1 ≤ 8). Then
∞∑
k=2

Ik =
N−1∑
k=2

Ik + (IN + IN+1) +
∞∑

k=N+2

Ik(x) = A1 +A2 +A3,

with obvious modification when N = 2. Obviously, A2 ≤ C by (6.3). More-
over, for k 6= N and k 6= N +1, we have |x− ck| ≥ c2max(N,k), so using (6.4)
we obtain

A1 ≤ C
N−2∑
k=2

(k2N )2−d ≤ C, A3 ≤ C
∞∑

k=N+1

(k2k)2−d ≤ C.

For the rest of this section, by ω we mean ω(V) for V given by (6.1). The
following lemma gives essential information about local oscillations of ω.

Proposition 6.5. Let cn and Cn be as above, and

dn = cn + (τ/n)e1, Dn = Q(dn, 1/(2n)).

There exist τ > 3, c0 > 0, and N ∈ N such that for n ≥ N we have

(6.6) inf
x∈Dn, y∈Cn

(ω(x)− ω(y)) ≥ c0.

Let us remark that ω satisfying (6.6) cannot fulfill the global Hölder
condition. To see this, just observe that |cn−dn| → 0 and ω(dn)−ω(cn) ≥ c0.

Proof of Proposition 6.5. Recall that KVt (x, y) always satisfies Gaussian
upper bounds (see (1.2)). By Lemma 6.2, there are also Gaussian lower
bounds. Let κ1, κ2 be as in (1.8) and set κ = min(κ1, κ2). Set U1 = 0, U2 = V
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in (3.2), integrate with respect to x, and let t tend to infinity. We obtain

1− ω(p) =
∞�

0

�

Rd
V(z)KVs (z, p) dz ds.

It is enough to show that, for properly chosen τ and c0, the following
estimates hold for x ∈ Dn, y ∈ Cn, and n large enough:

1− ω(y) =
∞�

0

�

Rd
V(z)KVs (z, y) dz ds ≥ 2c0,(6.7)

1− ω(x) =
∞�

0

�

Rd
V(z)KVs (z, x) dz ds ≤ c0.(6.8)

Fix n ≥ 2 and y ∈ Cn. By (1.8) and (6.1),
∞�

0

�

Rd
V(z)KVs (z, y) dz ds ≥ c

∞�

0

�

Cn

κn2s−d/2 exp

(
−|z − y|

2

κs

)
dz ds

= cκn2
�

Cn

|z − y|2−ddz ·
∞�

0

s−d/2e−1/(κs) ds

≥ c(d, κ) =: 2c0.

Thus (6.7) is proved. For x ∈ Dn,
∞�

0

�

Rd
V(z)KVs (z, x) dy ds ≤ C

∞∑
k=2

k2
∞�

0

�

Ck

s−d/2 exp

(
−|z − x|

2

4s

)
dz ds

≤ Cn2
�

Cn

|z − x|2−d dz + C
∑

2≤k 6=n
k2

�

Ck

|z − x|2−d dz

=: A1 +A2.

Observe that if x ∈ Dn and z ∈ Cn, then |x− z| ≥ (τ − 2)/(2n). Therefore,

A1 ≤ Cn2(τ/n)2−dn−d = Cτ2−d ≤ c0/2,

where the last inequality holds for τ large enough. Fix such a τ . In what
follows we consider only n ≥ N1 such that d(cn, dn) ≤ 1/2. For such n and
k 6= n we have |z − x| ≥ c2max(n,k) for z ∈ Ck and x ∈ Dn. Thus,

A2 =
∑

2≤k<n
· · ·+

∑
k>n

· · · ≤ C
∑

2≤k<n
k22n(2−d)k−d + C

∑
k>n

k22k(2−d)k−d

≤ Cn2n(2−d) + C2n(2−d) ≤ c0/2,

where the last estimate holds for n ≥ N2. The proof of (6.8) is finished by
taking N = max(N1, N2).
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Recall that Q[1] consists of the cubes of radii equal to 1 that satisfy (G).
We are now in a position to prove that the spacesH1

at(AQ[1]) andH1
at(AQ[1],ω)

are not equivalent as Banach spaces.

Proposition 6.9. There exists a sequence an of (Q[1], ω)-atoms such
that

(6.10) ‖an‖H1
at(AQ[1] )

≥ c lnn.

Proof. In this proof we use the notation introduced in this section. For
a cube R set ω(R) =

	
R ω(x) dx and µn = ω(Dn)ω(Cn)

−1. The atoms we
are looking for are

an(x) = ζnd(µnχCn(x)− χDn(x)),

where ζ > 0 is a constant that will be fixed in a moment.
Let us check that the an are (Q[1], ω)-atoms. Obviously supp an ⊆ Kn :=

Q(cn, (τ + 1)/n). By the definition of µn,
	
Kn

an(x)ω(x) dx = 0. Recall that
|Cn| = |Dn|, so by (1.7) we get µn ≤ δ−1. Moreover, by using Proposition
6.5, for n ≥ N ,

µn ≥
inf{ω(x) : x ∈ Dn}
sup{ω(y) : y ∈ Cn}

(6.11)

= 1 +
inf{ω(x)− ω(y) : x ∈ Dn, y ∈ Cn}

sup{ω(y) : y ∈ Cn}
≥ 1 + c0.

What is left is to check the size condition. By choosing a proper ζ > 0 we
can write

‖an‖∞ ≤ ζndδ−1 ≤ |Kn|−1,

so the an are indeed (ω,Q)-atoms.
Now we prove (6.10). For the collection Q[1], the space H1

at(AQ[1]) is the
classical local Hardy space. Equivalently, the norm can be given by a local
maximal operator (see (2.1)),

‖f‖H1
at(Q[1]) '

∥∥∥sup
t≤1
|K0

t f |
∥∥∥
L1(Rd)

.

Denote

(6.12) Sn = {x ∈ Rd :
√
d/n < |x− cn| < 1, (x)1 < (cn)1},

where (x)1 is the first coordinate of x ∈ Rd (see Figure 1). Obviously,
|Sn| ' C. Assume now that x ∈ Sn for some n. By (6.11),
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τ
n

1
n

1

Cn Dn

Sn

cn dn

Fig. 1. The sets Cn, Dn, Sn

K0
tan(x) = ζnd

�

Rd
(4πt)−d/2 exp

(
−|x− y|

2

4t

)
(µnχCn(y)− χDn(y)) dy

≥ Cndt−d/2
�

Rd
exp

(
−|x− y|

2

4t

)
(χCn(y)− χDn(y)) dy

+ Cndt−d/2c0
�

Cn

exp

(
−|x− y|

2

4t

)
dy

=: A1 +A2.

We claim that A1 ≥ 0. Indeed, Dn = Cn + (τ/n)e1 and for x ∈ Sn, y1 ∈ Cn
and y2 = y1 + (τ/n)e1 we have |y1 − x| < |y2 − x| (cf. (6.12)). We obtain

A1 = Cndt−d/2
�

Cn

(
exp

(
−|x− y|

2

4t

)
− exp

(
−
|x− y − τ

ne1|2

4t

))
dy ≥ 0.

Now we deal with A2. For x ∈ Sn and y ∈ Cn we have |x − y| ≤ 2|x − cn|.
Thus,

A2 ≥ Ct−d/2 exp
(
−|x− cn|

2

t

)
.

Taking t = |x− cn|2 ≤ 1 we find that supt≤1A2 ≥ C|x− cn|−d. The proof is
finished by noticing that∥∥∥sup

t≤1
|K0

tan(x)|
∥∥∥
L1(Sn)

≥ C
�

Sn

|x− cn|−d dx ≥ C lnn,
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where the last inequality is easily obtained by integrating in spherical coor-
dinates.

7. Appendix. In this Appendix we consider a semigroup (Tt)t>0,
strongly continuous on L2(Rd), that has positive integral kernel Tt(x, y) satis-
fying (1.2). Obviously, all Schrödinger semigroups KU

t with 0 ≤ U ∈ L1
loc(Rd)

satisfy these assumptions. Our goal is to give a precise proof of a natural
estimate given in Corollary 7.8.

Lemma 7.1. Let r > 0. For a.e. x ∈ Rd,

lim
t→0

�

|x−y|>r

Tt(x, y) dy = 0,(7.2)

lim
t→0

�

|x−y|<r

Tt(x, y) dy = 1.(7.3)

Proof. The limit (7.2) is a simple consequence of (1.2). To prove (7.3) we
shall use the fact that limt→0 Ttf = f , where the convergence is in L2(Rd).

From L2 convergence we have a.e. convergence for a subsequence. Apply-
ing this to fn(x) = χQ(0,n)(x), by a diagonal argument we obtain a sequence
tk > 0 that tends to zero and such that for a.e. x ∈ Rd we have

(7.4) lim
k→∞

�

Rd
Ttk(x, y) dy = 1.

Now, we are going to prove (7.4) for an arbitrary sequence sj such that
limj sj = 0. Without loss of generality we can assume that tk is decreasing.
For j ∈ N, let kj be such that tkj−1

< sj ≤ tkj (kj = 1 when sj > tk1).
Then tkj = sj + rj , where limj→∞ tkj = limj→∞ rj = 0. By (1.2) and the
semigroup property,�

Rd
Ttkj (x, y) dy =

�

Rd

�

Rd
Tsj (x, z)Trj (z, y) dz dy ≤

�

Rd
Tsj (x, z) ≤ 1.

Letting j →∞, by (7.4) we see that limj→∞
	
Rd Tsj (x, z) dz = 1.

Proposition 7.5. Assume that f ∈ L1(Rd)+L∞(Rd). For almost every
x ∈ Rd,

lim
t→0

Ttf(x) = f(x).

Proof. Since f ∈ L1(Rd) + L∞(Rd) ⊆ L1
loc(Rd), by the Lebesgue differ-

entiation theorem we have

(7.6) lim
s→0
|Q(x, s)|−1

�

Q(x,s)

|f(y)− f(x)| dy = 0

for a.e. x ∈ Rd. Assume that x ∈ Rd is such that (7.6), (7.2) and (7.3) are
satisfied for all rational r > 0. The set of such points has full measure. For
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ε > 0 fixed, we shall show that |Ttf(x)−f(x)| < Cε for t small enough. Let
r > 0 be a fixed rational number such that for s < r we have

(7.7)
�

Q(x,s)

|f(y)− f(x)| dy ≤ ε|Q(x, s)|.

We can assume that
√
t < r. For such t, write

Ttf(x)− f(x) = f(x)
( �

|x−y|<r

Tt(x, y) dy − 1
)
+

�

|x−y|>r

Tt(x, y)f(y) dy

+
�

|x−y|<
√
t

Tt(x, y)(f(y)− f(x)) dy

+
�

√
t<|x−y|<r

Tt(x, y)(f(y)− f(x)) dy

=: A1 +A2 +A3 +A4.

By using (7.3), we find that A1 < ε for t small enough. For the summand A2

we consider two cases:

• if f ∈ L∞(Rd), then |A2| < ε for t small enough by (7.2),
• if f ∈ L1(Rd), then |A2| ≤ Ct−d/2 exp(−r2/t)‖f‖L1(Rd) < ε for t small

enough.

By (1.2) and (7.7), for t small enough,

A3 ≤ Ct−d/2
�

|x−y|<
√
t

|f(y)− f(x)| dy ≤ Cε.

To estimate A4 denote N = dlog2(r/
√
t)e, so that r ≤

√
t 2N ≤ 2r. Let

Rn = {x ∈ Rd : r2−n < |x− y| < r2−n+1}

for n = 1, . . . , N . By (1.2) and (7.7),

A4 ≤ Ct−d/2
N∑
n=1

�

Rn

exp

(
−|x− y|

2

4t

)
|f(y)− f(x)| dy

≤ Ct−d/2
N∑
n=1

exp

(
−r2

−n

ct

) �

Rn

|f(y)− f(x)| dy

≤ Cε
N∑
n=1

(
r2−n√
t

)d
exp

(
−r2

−n

c
√
t

)
≤ Cε

√
t 2N

r
≤ Cε.

Corollary 7.8. Let 0 ≤ U ∈ L1
loc(Rd) and τ > 0. Then

‖f‖L1(Rd) ≤ ‖MU
τ f‖L1(Rd).
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Remark 7.9. Let us point out that Corollary 7.8 could be proved with-
out using Proposition 7.5, as was pointed out by the referee. One can truncate
a given f ∈ L1(Rd) at a level M to get an L2 function, and then use the
L2-continuity of Tt together with the contractivity of Tt on L1(Rd). The
details are omitted.
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