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Leinert sets and complemented ideals in Fourier algebras
by

MIiCHAEL BRANNAN (College Station, TX), BRIAN FORREST (Waterloo)
and CAMERON ZWARICH (Cupertino, CA)

Abstract. We show how complemented ideals in the Fourier algebra A(G) of G arise
naturally from a class of thin sets known as Leinert sets. Moreover, we present an explicit
example of a closed ideal in A(Fx), where Fy is the free group on N > 2 generators, that
is complemented in A(Fx) but it is not completely complemented. Then by establishing
an appropriate extension result for restriction algebras arising from Leinert sets, we show
that any almost connected group G for which every complemented ideal in A(G) is also
completely complemented must be amenable.

1. Introduction. Throughout this paper, G will denote a locally com-
pact group with a fixed left Haar measure dz. We equip L'(G) with con-
volution and involution given by f*(z) = A(z~!)f(x~1), making it into
an involutive Banach algebra which we call the group algebra of G. The
group C*-algebra of G, which we denote by C*(G), is simply the enveloping
C*-algebra of L(G).

By a representation of G we will mean a homomorphism 7 : G — U(H,),
where U(H,) is the group of unitary operators on the Hilbert space H.
Given such a 7, and &, € H we call the function

e G = € mey(2) = (m(@)E M,

a coefficient function of m. We say that 7 is continuous if each of its coefficient
functions is continuous.

We let

B(G) = {u = m¢,, : 7 is a continuous representation of G and &,n € Hx}.
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Then B(G) can be identified as the dual of C*(G) via the dual pairing
(u, f) = | u(@)f(z) da

G

for every f € L'(G). With respect to the dual norm and the usual pointwise
operations, B(G) becomes a commutative Banach algebra which we call the
Fourier-Sieltjes algebra of G. The set of all elements v = 7¢¢ € B(G) is
denoted by P(G); it is precisely the cone of continuous positive definite func-
tions on G and is identified with the space of all positive linear functionals
on C*(G) under the identification B(G) = C*(G)*.

Amongst all continuous unitary representations of G, the most important
would be the left reqular representation X : G — U(L*(G)), defined by

M) (f)(y) = f@™"y)
for each f € L?(G). We then define

A(G) = {u(x) = A\py4(z) : f,9 € L*(G)}.
This is a closed ideal of B(G), which we call the Fourier algebra of G. Its
dual space is the group von Neumann algebra VN(G), given by

VN(G) = span{\(z) : z € G}WOT C B(L*(@)).

We note that as the predual of a von Neumann algebra the Fourier
algebra inherits a natural operator space structure under which it becomes
a completely contractive Banach algebra.

We refer the reader to [10] for the basic properties of A(G) and B(G).

The problem of identifying complemented ideals in the Fourier algebra
A(G) goes back to work of D. J. Newman [19]. He showed that if T is the
circle group and if

H' = {f € LY(T) : f(n) =0 for every n < 0},

then H' is not complemented in L!(T). Later work of Rosenthall [26],
Alspach and Matheson [2] and Alspach, Matheson and Rosenblatt [3], [4]
showed that, for abelian groups, complemented ideals in A(G) arise from
certain elements of the closed coset ring R.(G) of the group, but that a
complete classification of such ideals is extremely difficult even for R3.

For nonabelian groups the problem of identifying complemented ideals
in the Fourier algebra is still very much in its infancy. If we recognize the
additional structure that A(G) carries as an operator space, and we ask that
our projection be completely bounded, then it is known from [12] that if G is
amenable, then the ideal must be of the form I = Ig(E) where E € R.(G).
However, as we will also make clear later on, the necessity that E € R.(G)
for I = Ig(F) to be completely complemented does not hold for Fy, the
free group on N > 2 generators. The key here is to exhibit a set E € R.(G)
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for which the characteristic function 1g is a completely bounded multiplier
of A(G). Moreover, we will show that for many nonamenable almost con-
nected groups G, there exists a set E ¢ R.(G) such that I (FE) is completely
complemented in A(G) (see Proposition [3.22)).

Let G be a discrete group. We call a set £ C G a Leinert set if the
restriction algebra

Ag(E)={¢: E — C: ¢ =u|g for some u € A(G)}

is isomorphic to /2(E) as Banach algebras.

We call E a strong Leinert set if {°(E) C M,A(G), the algebra of
completely bounded multipliers of A(G).

Let G be a locally compact group, H a closed discrete subgroup of G,
and let E be a Leinert set in H. Then we will show that:

(i) The ideal I (E) of functions in A(G) vanishing on E is always a com-
plemented Banach subspace of A(G) (Theorem [3.16).

(ii) I(F) is always an invariantly weakly complemented ideal in A(G).
That is, Ig(E)* € VN(G) is complemented by a projection which is
also an A(G)-bimodule map (Proposition [3.19).

(iii) If H is a noncommutative free group, then there are Leinert sets E C H
for which the ideal I¢(FE) is (weakly) complemented in A(G), but not
(weakly) completely complemented in A(G) (Corollary [3.17).

(iv) If E is a strong Leinert set in H, then under certain conditions (in
particular, when G € [SIN]g), I¢(E) is complemented in A(G) by a
completely bounded projection (Proposition .

2. Preliminaries. In this section we will outline some basic facts, no-
tation and definitions we will need. We begin with some well known results
on operator spaces.

2.1. Operator spaces. If H is a Hilbert space, then we will denote by
H, and H. the row and column operator Hilbert spaces over H, respectively.
Refer to [9] for the definitions and properties of these operator spaces.

Recall that if X is an operator space, then X, the complex conjugate
linear space, is naturally an operator space by defining, for each n € N,
”[TiJ]HMn(Y) = |[[zi5]ll a1, (x)- If H is a Hilbert space, then by [9] we have the
following completely isometric identifications:

(Hc)* - ﬁr, (HT)* - ﬁm
the dualities being given in both cases by the dual pairing
(&m = (€ Imn,

where we take inner products (-|-)g to be conjugate-linear in the second
variable.
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Recall that if X and Y are two operator spaces, then the operator space
projective tensor product of X and Y is denoted by X ® Y and defined by
the family of norms {|| - [|nr : Mp(X ®Y) — Ry }en where
pllllgllBll - u=a(z@y)B € Mu(X ®Y)},
with z € M,(X), y € My(Y), o € My, pq, and 5 € Mpg .

[ulln,n = inf{]le]] [|l|

2.2. Complemented ideals in Fourier algebras. The Gelfand spec-
trum A(A(G)) of A(G) can be identified with G. If E C G is closed, then
we associate with E the closed ideal of A(G) given by

Ig(E) ={u € A(G) : u(x) =0 for every z € E}.

When there is no possibility of confusion, we will omit the subscript G and
write I(E) instead of Ig(E).

DEFINITION 2.1. We say that a closed ideal I is complemented in A(G)
if there exists a bounded linear map P from A(G) onto I such that P? = P.
We say that I is invariantly complemented by P if

P(uw) =u- P(v)

for every u,v € A(G).

We say that a closed ideal I is weakly complemented in A(G) if there
exists a bounded linear map P from VN(G) onto I+ such that P? = P. We
say that I is invariantly weakly complemented by P if

Pu-T)=u-P(T)
for every u € A(G) and T' € VN(G), where we define
(w,u-T) = (uvw, T)

for every u,w € A(G) and T' € VN(G).

We say that an ideal is (invariantly) completely complemented or (in-
variantly) completely weakly complemented if the implementing projection
P can be chosen to be completely bounded.

2.3. Mutipliers and completely bounded multipliers of A(G).
A multiplier of A(G) is a (necessarily bounded and continuous) function
v: G — C such that vA(G) C A(G). For each such v of A(G), the linear
operator M, on A(G) defined by M, (u) = vu for each u € A(G) is bounded
via the Closed Graph Theorem. The multiplier algebra of A(G) is the closed
subalgebra

MA(G) :={M, : v is a multiplier of A(G)}

of B(A(G)), where B(A(G)) denotes the algebra of all bounded linear oper-
ators from A(G) to A(G). Throughout this paper we will generally use v in

place of the operator M, and we will write [v||p74(q) to represent the norm
of M, in B(A(QG)).
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Let Fy be the noncommutative free group on 2 < N < oo generators
{z;},. For ¢ € Fy we denote by |g| the usual word length of g with
respect to the N generators. For the unit e € Fy, we have the convention
that |e| = 0. The length function and its connection with harmonic analysis
on Fy have been extensively studied by Haagerup [14]. In particular, the
following result [14, Lemma 1.7] will be useful to us:

THEOREM 2.2. Let ¢ : Fy — C be a function for which

sup [¢(g)](1+ |g])* < oc.
9g€FN

Then ¢ € MA(Fy) and
Dllaragey) <2 sup |¢(9)(1+ |g])>.
g€FN

As was previously noted, since A(G) is the predual of the von Neumann
algebra VN(G) it carries a natural operator structure which makes A(G) into
a completely contractive Banach algebra. With this operator space structure
we can define the cb-multiplier algebra of A(G) to be

MpA(G) .= CB(A(G)) N MA(G),

where CB(A(G)) denotes the completely contractive Banach algebra of all
completely bounded linear maps from A(G) into itself. We let ||v[[as., a()
denote the cb-norm of the operator M,. It is well known that M.,A(G)
is a closed subalgebra of CB(A(G)) and is thus a (completely contractive)
Banach algebra with respect to the norm || - [|57,, a(q)-
It is known that in general,
A(G) € B(G) € Mo A(G) € MA(G),
and that for v € B(G),

vl B = Ivlla, ae) = I0llara)-
Furthermore, in case G is an amenable group, we have
B(G) = M, A(G) = MA(G)
and
HUHB(G) = HUHMch(G) = ||UHMA(G)
for any v € B(G).

The following characterization of the cb-multipliers of A(G) was given
by Jolissaint [16]:

THEOREM 2.3. Let G be as above and let ¢ be a function on G. Then
the following conditions are equivalent:

(1) ¢ belongs to M.pA(G);
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(ii) there exist a Hilbert space H and bounded continuous functions &, n from

G to H such that ¢(t~1s) = (£(s)|n(t))n for all 5,t € G.

Moreover, if these conditions are satisfied, then ||¢||ar, ac) = inf [|€]lcol|7]lco
where the infimum is taken over all pairs as in condition (ii).

We finish this section by recalling the link between cb-multipliers of A(G)
and Schur multipliers on B(L?(G)). In fact, since we will only require this
correspondence in the case of discrete groups, we content ourselves with this
special case.

DEFINITION 2.4. Let GG be a discrete group. A function o : G x G — C
is called a Schur multiplier on B(¢%(G)) if the infinite matrix

SoT = [o(g, )T (g, 1)](g,nycaxa
belongs to B(¢(G)) for all [T'(g, h)] (g nyeaxc € B(*(G)). We denote the vec-
tor space of all Schur multipliers of B(¢?(G)) by V°°(G). Moreover, V°°(G)

becomes a pointwise Banach algebra of functions on G x G when ¢ is given
the norm of S, above as an operator on B(£?(G)).

In 1984, Bozejko and Fendler [§] established an isometric homomorphism
between M., A(G) and V°(G). We state the following version of their result
for discrete groups.

THEOREM 2.5. Let G be a discrete group, let H be a Hilbert space, and
let £&,m: G — H be bounded functions. Then the function o¢, : G x G — C
defined by

oen(g,h) = EM)n(g)n  ((9,h) € GxG)

belongs to V°(G), and furthermore ||U§,nHV°°(G’) < l€lso 1]l oo
Conversely, every o € V°(G) is of the above form and

loflvee @y = mf [[Elloolll o

where the infimum is taken over all possible representations o = o¢, as
above.

3. Uniformly discrete subsets, Leinert sets and complemented
ideals. In this section, we will see how Leinert sets and strong Leinert sets
generate complemented and completely complemented ideals respectively. In
so doing we will exhibit a closed ideal in A(Fy) that is complemented but
not even completely weakly complemented. We begin, though, by looking
at the properties of uniformly discrete subsets of G.

3.1. Uniformly discrete sets

DEFINITION 3.1. Let G be a locally compact group and let E be a subset
of G. Then F is said to be (left) uniformly discrete in G if there exists some
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neighbourhood U of the identity e € G such that for all g;,g92 € E,

gl if g1 = go,
UnNgod =
NA { 0 if g1 # go.

OBSERVATION. It is a relatively easy task to show that E is uniformly
discrete if and only if there exists a neigbourhood U of {e} such that if

g1, 92 € E with g1 # go, then gl_lgg ZU.

ExampLES. If G is a discrete group, then any subset £ C G is uniformly
discrete in G. Indeed, just let & = {e} in the above definition. More gener-
ally, if H is a discrete closed subgroup of a locally compact group G, then
any subset ¥ C H is a uniformly discrete subset of G. To see this, just let U
be any open neighbourhood of e for which &4 N H = {e}. Clearly any finite
subset of a locally compact group G is uniformly discrete in G as well.

REMARK. Of course there is also the parallel notion of right uniformly
discrete sets, but we will not need to consider this right-sided version here.
However, this does lead to the following natural question: If E C G 1is left
uniformly discrete in G, is E automatically right uniformly discrete in G ¢
It is not hard to see that if G is discrete or abelian, then the answer is
always yes. If £ C H for some closed discrete subgroup H < G, then the
answer is yes as well. In general, E is left uniformly discrete if and only
if E~! is right uniformly discrete. Moreover, it was kindly pointed out to
the authors by S. Knudby and H. Thiel [I7] that the answer to the above
question is no in general. Indeed, if G = R x R, is the az + b group, then
E ={(m,2"):m,n € Z} C G is right uniformly discrete but fails to be left
uniformly discrete.

We now show how the presence of uniformly discrete sets allows us to
construct useful orthonormal families in L?*(G). Let G be any locally com-
pact group and let E be some fixed uniformly discrete subset of G. Let U
be some open neighbourhood of e satisfying Definition for E. Choose
a symmetric neighbourhood V of e such that V2 C I{. Now define a unit
vector & € L*(G) by setting &€ = ||1y|l; 1y, and let u € P(G) N C.(G) be
defined by the equation

u=ExE=(A()E]E) = Aee.
It is easy to see that for the function v we have supp u C U. Let us assume

from now on that our function v = € % £ has been fixed. We also note that
u is a normalized positive definite function.

LEMMA 3.2. The family {\(h)é}nep forms an orthonormal system in
L*(@).

Proof. For any h € E the left translation-invariance of Haar measure
gives ||A(R)¢||2 = ||€|l2 = 1. If hy, he € E are such that hy # hi, then
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|h1V N haV|

(AR [A(R2)E) = | (i 9)é (hy "g) dg = ==

G
‘hlu n hQZ/{| |®|
V| WV
We now define a linear map I', : £2(E) — Co(G) N L3(G) by
Tup =Y o(h)(dn *u)
hek
where (63 *u)(z) = u(h~'z) and (u*dy) = u(zh) for h,x € G. The following
theorem shows that this map has some interesting properties:

THEOREM 3.3. Let E C G and I, be as above. Then:
(1) (Fup)|e = ¢ for all p € 2(E).
(i) Iu(F2(E)) C A(G) and the map I, : (2(E) — A(G) is a contraction.
(iii) Iy, : 2(E), — A(G) is a complete contraction.
Proof. (i) By Lemma 3.2, given any hy # ho € E we have
u(hy lhl) = (AMh1)¢ | A(h2)§) =
Consequently, if s € E and ¢ € £2(FE), then
(Fup)(s) = Y w(h)u(h™'s) = p(s)ule) = w(s).
heE
That is, I'yp|g = ¢ for all p € (*(E).
(ii) Let ¢ € 2(E). Then we have

(Lup)(@) = Y e(hyu(h™ ) =Y (h) (AR~ 2)€[€)

heE heE

= (M@)¢ | Y emAmE)-

heE

=0 (since hy # h2). m

Thus

Lup = A5, o € AG)

and
ITulla) < llls]| D2 e@Ame|, = 17l = gl
heE
Therefore I, : />(E) — A(G) is a contraction.
(i) We will now show that I, : £2(E), — A(G) is a complete contrac-
tion. Recall that the dual pairing
(+&,T) = (T¢|n)  (Mx€ € A(G), T € VN(G))
identifies A(G)* with VN(G). Now define a linear map

¢: LX(G); ® L*(G)e = A(G) by q@@€) =7xE.
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By [9] we have
(LX(G)r ® L*(G)e)" = CB(L*(G).) = B(L*(G))

completely isometrically. From this fact together with the above duality
between A(G) and VN(G), it follows that ¢ is nothing other than the pre-
adjoint of the canonical completely isometric inclusion VN(G) < B(L*(G)).
Consequently,

q: L2(G), ® L*(G). — A(G)
is a complete quotient map.
Now let n € N and [@;;] € M, (¢?(E),), and note that

i (es) = Y e ® (0n x w) = Y _[pii ()] ® (A(R)E * €)

heE heE

= (oo ( Y leym e mEse)

heE
= (e 9)(( X leu] @A) ©¢).
herE
Therefore
1T (@aDl aaey = || @ ) (D lpa®] @ 3ME) 0 €| (A(6))
heE "
< (};mj(h)] ® A(h ) ®§HM ®L2(G),BL2(G).
< };E[Soij(h)](g’)‘(h)g Mn(m)HﬁHm(L @)e)
= };E[%(h)] ® A(h)§ M (L))
= || D lei(W)]les (R)]* v
heFE

= il a2y = 12351, @imy -

Since n € N and [@;5] € M, ({?(E),) were arbitrary, I, : (?(E), — A(G) is
completely contractive. m

REMARK. Let £ C G and u € P(G) N C.(G) be as above. In addition,
suppose that the family {IMh ¢ her forms an ONS in L?(G). In this case,
define a new map I, : 2(E) — Co(G) N L*(G) by setting

u@ ZQD u*éh

heE
Then we obtain the following analogue of Theorem
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THEOREM 3.4. The map I, satisfies the following properties:

() (L)l = ¢ for all o € P(E).
(i) I (F*(E)) C A(G) and the map I, : >(E) — A(G) is a contraction.
(iii) Iy : 02(E)e. — A(G) is a complete contraction.

Proof. (i) and (ii) are proved in a similar way to Theorem [3.3(i), using
the fact that {\(h™1)¢}per forms an ONS in L?(G). For (iii), we also proceed
as in the proof of Theorem Let n € N and let [¢;;] € M,,(¢?(E).). Then

1T i ar, ey = HU” ®q) (E ® ( > e @ Mhil)&)) HMW(A(G))
heE )
<||€e (Cleuwl e aw

pyrd ) HM@H(G)@L?(G)C

< €z

M7L®L2 (G)(,

COIEPGY|
cer

= |\lijlll p,2(E).)- ®

Given T' € VN(G) and v € A(G), recall (see [10]) that we can define a
left VN(G)-action on A(G), denoted by T'v, by letting

Tv(z) = (0 x0,T) (z€@q),

where ¥(x) = v(z7!) for any function v : G — C. (Note that from [10]
we deduce that |[9]| 4@ = |lv]|a)-) It is not hard to see that when v €
A(G) N L%(G), T is nothing other than the image of the vector v € L?(G)
under the linear operator T € VN(G) C B(L*(G)).

Using the above module notation, we have the following corollary to
Theorem [B.3}

COROLLARY 3.5. Let E C G be a uniformly discrete subset of G, let
u € P(G)NC.(G) be as in Theorem[3.3], and let n € N. Then for any matriz
T3] € Mp(VN(G)) we have

| S wsampimsam|” < 1Tl we).
heE
Suppose furthermore that the function u satisfies
u(h™tzh) =u(z) (z€ G, heE).
Then

mas { | 3 (Tya(h)] Ty

heE

] " | Smsomor

Y < limi.
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Proof. Let T = [T;] € M,,(VN(G)), and consider the quantity

A1) = | S mgu mynm)| = 1Tas)a, e,

Since (2(E)* = (2(E), completely isometrically, we have

A(E,T) = sup 1T 5 @)l aa, 2
[Prilebs (M (2 (E)r))

= sup [ Z Tiju(h)pr( ] H
[Prileb1(Mn(2(E)r)) heE

= sup [Z ©r1(h) (On * u, Tij>} HM
[@ril€bs(Mn(2(E)r)) ~ ~ heE n?

= sup < > ler(m)] @ (6 w), [Tij]>HM
[@ril€bs (Mn (2(E)r)) hEE n?

= sup KT (2w, [Tl

[Pril€b1 (M (2(E)r))

sup 178 @l a, cacep T s (v
[ri]€b1 (Mn (€2(E)r))

< Tl aravncay  (by Theorem [3.3(iii)).

Now suppose that dp, * u * d, = u for all h € E. Let [T;;] € M,(VN(G)) and
consider the quantity

B(E,T) := H S [Ty alh))[Tga(h)”

We want to show that
max{A(E,T), B(E,T)} < [[Ti]ll s, (vn(a)y)-

IN

H1/2.

Observe that for any h € E, the fact that u x d;, = d;,-1 * v implies that
[Tga(h)]" = [Tiia(h)] = [(u, A(R~1)T53)] = [(u, Tj;M(h))]
— [ on, TE)] = (01 +w, T5)] = [Tha(h ),
and consequently

B(E,T) _HZ T4 —1)}H=A(E—1,T*).

heE

Note that the condition on our function u forces E~! to be uniformly discrete
in G. Furthermore we can apply Theorem to the set £~ and the map
Ly - C2(E7Y),) = A(G) given by I'yp = Y cp@(h)(0p-1 * u) to deduce
that ||}, ]lep < 1. This allows us to use the same argument that was used to
bound A(E,T) to get A(E~1,T) < |[Ti;]* s, cvneay) = N, (vniey)- =
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If we restrict our attention to discrete groups, Corollary [3.5 can be viewed
as a generalization of the well known fact that VN(G) embeds completely
contractively into both £2(E). and £2(E),. (See [23] for a proof of this in the
discrete case.)

COROLLARY 3.6. Let G be any discrete group and let E C G. Then for
any Hilbert space H and any finitely supported function a : E — B(H), we

have
max{H Z a(h)*a(h)Hl/Q, Z a(h)a(h)* 1/2}
heE
<[ Y atmy@am)| -

heFE
B H % min VN(G
heE () (@)

Proof. Applying Corollary to the set F and the function u = J,
we obtain the above result for any finite-dimensional Hilbert space H. The
finite-dimensional case, however, is equivalent to the infinite-dimensional
case (see [23 Chapter 2]). =

3.2. Leinert sets and strong Leinert sets in discrete groups.
Recall again that for any discrete group G, VN(G) can be identified with
a dense linear subspace of ¢?(G) (cf. Corollary . More concisely, the
contractive embedding A : VN(G) — ¢%(G) is given by A(T) = T6., where
e € £?(G) is the basis vector associated to the unit e € G. In the remainder,
we shall identify VN(G) with A(VN(G)) whenever it is convenient.

Now let E C G, and consider the annihilator I(E)+ = (A(G)/I(E))* =
A(E)* € VN(G) of the ideal I(E) C A(G). Since for any E, ¢*(E) C A(E)
contractively, it follows by duality that I(E)" C ¢?(E) contractively, with
the equality I(E)* = ¢2(E) if and only if E is a Leinert set (see [21]).

At this stage let us recall one sufficient condition for a set £ C G to be
a Leinert set:

DEFINITION 3.7. Let G be a discrete group. A set F C G satisfies the
Leinert condition if for all n € N and for all {z;}7", C FE with z; # z;41 we
have z125 twsxy - wop 175, # €.

In [I8], Leinert showed that every set E C G satisfying the Leinert
condition is in fact a Leinert set. Another useful characterization of Leinert
sets in terms of multipliers of the Fourier algebra is due to Bozejko [7]:

LEMMA 3.8. Let G be a discrete group and E C G. Then the following
are equivalent:
(1) E is a Leinert set.
(2) Every function in (*°(E) belongs to M A(G).
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It follows from the above lemma that for any Leinert set E in a discrete
group G, we have

I(G\E)=1g- A(G) = (*(E).

Note however that the condition I(G\ E) = ¢?(E) is not sufficient to ensure
that E is a Leinert set. Indeed, it can be shown [21] that for any discrete
group G, there exists an infinite set £ C G for which I(G \ E) = (*(E).
Clearly any finite subset of a discrete group is a Leinert set. A typical
example of an infinite Leinert set in the countably generated free group Fu
on the generators {z;};en is the set E, of all reduced words of length n
in Foo. For the Leinert set £y = {x;,z; ' : i € N}, it can actually be shown
[22] that ¢°°(E1) € M, A(Foo). This example leads us to the next definition.

DEFINITION 3.9. Let E be a subset of a discrete group G. Then F is
called a strong Leinert set if every function in ¢>°(E) belongs to M, A(G).

The following result, due to Pisier [22, Proposition 3.2], characterizes
strong Leinert sets in terms of the operator space structure of the subspace
of VN(G) consisting of those operators supported on such sets.

PRrOPOSITION 3.10. Let E be a subset of a discrete group G. Then the
following are equivalent:

(1) E is a strong Leinert set.
(2) There exists some C' > 0 such that for any Hilbert space H and any
finitely supported function a : E — B(H) we have

IERERD]

B minVNG
= (H)@min VN(G)

"

< Cmax {|| X atyam) || 3 a(h)a(h)*Hl/2}.
heE heE
REMARK. As mentioned above, the prototypical example of an infinite
strong Leinert set is given by the set E; = {xi,x;l}ieN C Fs consisting of

the free generators and their inverses (see for example [22, Theorem 0.1]).

Next we will show that there exist Leinert sets F in Fy (2 < N < 00)
which are not strong Leinert sets and that, in particular, 1p € MA(Fy) \
M, A(F ). The existence of Leinert sets in free groups which are not strong
Leinert sets was first established by Bozejko [7]. The following result gives
an explicit example of such a set in Fo, with the above properties. The case
N < oo then follows immediately because Fo, can be realized as a subgroup
of F N-

PROPOSITION 3.11. Let E = {a:za:]_l 01 <i<j<oo} where S = {x;}

denotes a countable set of free generators of Foo. Then the function 1g
belongs to MA(F,), but not to MpA(Fo).
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Proof. Observe that

sup [15(9)|(1+ |g))? = sup (1 + |g])* = (1 +2)* =9,

9€F o 9€F
so 1p € MA(Fy) by Theorem Now let ¢ := 1 and suppose, to get
a contradiction, that ¢ € M., A(Fy). It then follows from this assumption
and Theorem [2.5] that the function oy : Foo X Foo — C given by

a4(g:h) = d(gh™)
for all (g,h) € Foo X Foo belongs to V°(Fo).

Let us now consider the associated Schur multiplier S;,. Let {J, : g € Foo }
denote the canonical orthonormal basis for £2(F,) and identify B(¢?(S)) with
the corner PB({%(Fw))P C B({*(F)), where P is the orthogonal projection
from (?(Fo) onto the subspace £2(S). If T' = [T'(xs, 25)] ;. jyenxn € B(£2(9)),
then S;, T is given by the infinite matrix

So, T' = [1E(l‘i$;1)T($i, 75)](i,j)eNxN

where
1 ifi<j
1 Ty = =

sl@i;) {0 ifi>j.
Thus the map T' + S;,T is just the upper-triangular truncation map
on B(£?(S)). Since ¢2(S) is not finite-dimensional, it follows that upper-
triangular truncation is not bounded on B(£2(S)) (see for example [20]
Problems 8.15 and 8.16]). The unboundedness of S,, contradicts the fact
that 04 € V*°(F), and therefore we must have ¢ = 1p € MA(Fy) \

M3 A(Fop). m

COROLLARY 3.12. There exists a Leinert set E C Fo, such that 1 €
MA(Fy) \ McpA(Foo).

Proof. Let E = {x,x]_l 1 < i < j < oo} be as in the previous
proposition. Then it is a routine calculation to show that FE satisfies the
Leinert condition and is thus a Leinert set by [I§]. The fact that 1p €
MA(Fs) \ Ma,A(Foo) is Proposition .

COROLLARY 3.13. Let E C Fo, be a Leinert set such that 1p € MA(Fy)\
MpA(Fs). Then the ideals I(Foo\ E) and I(E) are complemented in A(F)
but not completely complemented in A(Fo). Furthermore, the annihilators
I(Foo \ E)t and I(E)* are complemented in VN(Fy,) but not completely
complemented in VN(F).

In particular, if E = {xzx]_l 11 <i < j < oo} where S = {x;} de-
notes the generators of Foo, then I(E) is complemented in A(Fs) but is
not completely weakly complemented.
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Proof. If we let P : A(G) - A(G) and Q : A(G) — A(G) be defined
by P(u) = 1gu and Q(u) = u — 1gu, then P and @ are projections onto
I(Foo \ E) and I(E) respectively.

Assume now that F is such that I(E)‘ is completely complemented
in VN(F). For a generic locally compact group G we let A, (G) be the
closure of A(G) when viewed as a subalgebra of M., A(G). Then we know
that Ac,(F) is operator amenable [I3]. Since Fo, can be realized as an open
subgroup of F, we see that A(F,) is also operator amenable. It follows from
[13, Theorem 3.4] that 15 € M, A(Fs), which contradicts our assumption
that 1p € MA(Fx) \ McbA(Foo).

A similar argument shows that I(F,, \ E)* is not completely comple-
mented in VN(Fy,). =

3.3. Complemented ideals vanishing on Leinert sets in discrete
subgroups of locally compact groups. Using our results on uniformly
discrete subsets of locally compact groups, we will show that if H is a closed
discrete subgroup of a locally compact group G and E C H is a Leinert set,
then I (F) is always complemented in A(G) and always invariantly weakly
complemented in A(G).

We begin with the following standard result:

PROPOSITION 3.14. Let G be a locally compact group and let E C G be a
closed subset. Then the ideal I(E) C A(G) has a Banach space complement
in A(G) if and only if there exists a bounded linear map I' : A(E) — A(G)
such that I'o|g = ¢ for all p € A(E).

Proof. First suppose that P : A(G) — I(E) is a bounded (surjective)
projection. Fix € > 0. Given ¢ € A(FE), let v € A(G) be chosen so that
ulp = ¢ and |lulaq) < [l¢lla) + € and define

I'o =u— Pu e A(G).

Note that we have | e aia) < [ulla + 1Pl lullac) < (1 + IPIDlelace)
+ (14 ||P||)e and that I'p|g = u|g — Pulg = . Also note that if u; € A(G)
is any other function such that u1|p = ¢, then u; —u € I(E), which implies
that uy — Pu; — (u — Pu) = u; —u— P(u; —u) = 0. Thus I' : A(F) — A(G)
is a well defined map. To see that I" is linear, let ¢1,p2 € A(E) and let
a € C. Let uj,uz € A(G) be extensions of ¢; and ¢g respectively. Then
clearly auy + ue is an extension of apy + 2, and consequently

Iapr + @2) = auy +uz — Plau +uz) = al'p1 + Fps.

Finally, since ||[I']] < (14 ||P]|)(1 +€) < oo, I' is bounded. Therefore I" is
the required extension map.

Conversely, suppose I' : A(F) — A(G) is a bounded linear map such
that I'p|g = ¢ for all p € A(E). For u € A(G) define Pu = u — I'(u|g).
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Then P is obviously linear, and ||Pul| 4y < (1 + [[I']])[|lull a(c)- Note that
Pulp = ulg — I'(u|g)|lg = ulg —ulg = 0, so ran P C I(FE). Finally, if
u € I(E), then u|g = 0, so Pu = u. Therefore P is the required projection. m

LEMMA 3.15. Let H < G be a closed subgroup of a locally compact
group G. If E C H is any closed subset, then Aq(E) = Au(E) completely
isometrically.

Proof. 1t follows from Herz’s restriction theorem [I5] that A(H) =
A(G)/Ig(H) and Ig(F) = Ig(E)/Ig(H) completely isometrically. Conse-
quently,

Ap(E) = A(H)/Ix(E) = (A(G)/1a(H))/(Ic(E)/Ia(H))
= A(G)/Ia(E) = Ac(E)
completely isometrically. m
We are now in a position to state the main theorem of this section.

THEOREM 3.16. Let G be a locally compact group and let H be a discrete
subgroup of G. If E is a Leinert set in H, then the ideal I(E) C A(G) has
a Banach space complement in A(G).

Proof. By Proposition [3.14] it suffices to find a bounded linear extension
map I : Ag(E) — A(G) such that I'p|g = ¢ for all ¢ € Ag(E).

Since E is a Leinert set in H, Lemma [3.15| implies that there exists
some C' > 0 for which [|¢|lz2m) < Cll¢llagr) for all ¢ € Ag(E). Since
H is a discrete closed subgroup of G, E is uniformly discrete in G. Let
u € P(G)NC.G) and I, : 1*(E) — A(G) be given as in Theorem
Then I, : Ag(E) — A(G) is bounded with norm < C and is the required
extension map. =

Theorem [3.16| can be used to show that the Fourier algebra of any lo-
cally compact group containing a noncommutative free group as a discrete
subgroup has (weakly) complemented ideals which fail to be (weakly) com-
pletely complemented.

COROLLARY 3.17. Let G be a locally compact group containing a non-
commutative free group as a discrete subgroup. Then there are complemented
ideals in A(G) which are complemented as Banach subspaces of A(G) but
not as operator subspaces of A(QG).

Proof. Since any noncommutative free group contains an isomorphic
copy of Fy as a subgroup, G therefore contains a copy of F., as a dis-
crete subgroup. Let E be a Leinert set in F,, satisfying the properties of
Corollary and consider the closed ideal Ig(E) C A(G).

By Theorem [3.16] I(E) is complemented in A(G) as a Banach subspace.
To show that it is not complemented as an operator subspace, assume for
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contradiction that there exists a completely bounded projection P : A(G) —
Ig(E). Then, by duality, the map @ := idyn(g) — P* must be a completely
bounded projection from VN(G) onto Ig(E)*.

Now, since I(Fs)® and VN(F,,) are *-isomorphic as von Neumann al-
gebras, and under this isomorphism I (E)* and Ir_ (E)* are identified, we
see that the restriction of @ to I(Foo) = VN(Fo) yields the existence of a
completely bounded projection from VN(F,) onto Ir_ (E)*. This, however,
contradicts Corollary .

COROLLARY 3.18. Let G be a locally compact group such that every
complemented ideal in A(G) is completely complemented. Then G has an
open amenable subgroup. In particular, if G is almost connected, then G is
amenable.

Proof. Let G, denote the connected component of the identity. If G, is
not amenable, then G, contains Fy as discrete subgroup [25]. However, this
is impossible by Corollary Hence G, is amenable. But G has an open
almost connected subgroup H. Since H/G, is compact and G. is amenable,
H is also amenable. n

REMARKS. (1) We do not know if for every nonamenable group G it
is possible to find complemented ideals in A(G) that are not completely
complemented. Moreover, we do not know if there exists an amenable group
G for which A(G) contains a complemented ideals that is not also completely
complemented. In fact, it would be desirable to show that no such amenable
group exists. If we could establish this, then we could show, using operator
amenability, that if G is amenable and I(E) is complemented in A(G), then
E € R.(G), the closed coset ring of G.

(2) We note that if H is a closed subgroup of G and if E C H is such that
Iy (E) is complemented in A(H), then it does not follow that I (FE) is com-
plemented in A(G) even if E is uniformly discrete in G. To see an example of
this, we let G be the axz + b group. Then G has a normal subgroup H which is
isomorphic to R. In turn, H has a discrete subgroup H; which is isomorphic
to Z. Now since H is abelian, Iy(H;) is complemented in A(H) (see [11
Proposition 3.4]). However, one can also follow the same reasoning as in [11],
Example 3.13] to show that Ig(H;) is not complemented in A(G). Conse-
quently, the assumption in Theorem that E be a Leinert set is crucial.

3.4. Leinert sets and invariantly weakly complemented ideals.
Let G be a locally compact group and let H be a discrete subgroup of G. We
will now show that whenever E is a Leinert set in H, then the complemented
ideal I¢(E) C A(G) is always invariantly weakly complemented in A(G).
This should be contrasted with the fact that for nondiscrete G, Ig(F) is
never invariantly complemented in A(G).
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We begin with a few preliminaries: Let X and Y be Banach spaces.
Recall that B(X,Y™) is isometrically isomorphic to (X ®7 Y)*, where ®7
denotes the Banach space projective tensor product. The duality is given by

oy, I)=(y,I'r) (zreX,yeY, I'e B(X,Y")).
For a Banach space X and C' > 0, we write bo(X) ={z € X : ||z|| < C}.

ProposiTiON 3.19. Let G be a locally compact group and let H be a
discrete subgroup of G. If E is a Leinert set in H, then the ideal Iq(E) C
A(G) is invariantly weakly complemented in A(G).

Proof. Given the Leinert set £ C H, Lemma tells us that there
exists some C' > 0 such that

lulgllz < Cllulellage —(vwe A(G)).

Since H is a discrete subgroup of G, we can find an open neighbourhood V
of the identity e € G such that VN H = {e}. Let {V,} be a neighbourhood
basis at e such that V, C V for all . For each «, choose a function u, €
P(G) N C.(G) with suppug €V, and uq(e) = 1.
From Theorems [3.3] and [3.16] we know that for each «, the linear map
I'y:Ag(E) — A(G) given by

Fap =Y @(h)(0h*ua) (€ Ag(E))
hek

is bounded with || I, || < C, and satisfies I'yp|g = ¢ for all p € Ag(E).
Letting
P, =TI} :VN(G) = Ig(E)* C VN(G),
we obtain a net of projections
{Pa} € be (B(VN(G), VN(G))) = bo((VN(G) @ A(G))").
It is easy to see that for each «, P, is defined by the following equation:

P.T = (ua, \(")T)A(R) (T € VN(G)).
heE

Note that the above sum converges in the ¢2-sense for all T' € VN(G).

Now consider the net {u,} C A(G). By passing to a subnet if necessary,
we may assume that u, — m € VN(G)* weak®, where m is a topologically
invariant mean on VN(G) (see [24, Theorem 4]). Since { P, } is also a bounded
net in (VN(G) ®7 A(G))*, the Banach—Alaoglu theorem implies that by
possibly passing to yet another weak*-convergent subnet, we may assume
that P = w*-lim, P, € bo(B(VN(G), VN(G))) exists.

We will now show that P is an invariant projection onto Ig(E)*. To do
so, first observe that P(VN(G)) C I¢(E)*. Indeed, suppose that v € Ig(E)
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and 7' € VN(G). Then
(v, PT) = (T ® v, P) =lim (T ® v, P,)

= lim (v, PT) =1im Y 0(h){tta, A(h™)T) =1lim 0 = 0.
(0% (e heE e
Therefore P(VN(G)) C Ig(E)*. Next, we prove that PT = T for all T €

Ig(E)*. If T € Ig(E)* then there exists some function f € ¢2(F) such that
T =23 hcp f(h)A(h). But then for every o we have

PoT = (o, \ETHTIAR) =D f(s)ua(h™'s)A(R)

heE heE seE

=) f(WA(h) =T.

heE

From this it follows that PT = T. Therefore P : VN(G) — Ig(E)* is a
bounded projection. It remains to show that P is invariant. For this, let
A(G) = A(G) N C.(G), let u € A(G), v € A(G), and T € VN(G). Then

we compute

(u, P(v-T)) =1lim (u, Pa(v - T)) = lim > " u(h){ta, A(B ) (0 - T))

heE
= lim > u(h)(v(0h *ua), T)
heE
= liorén Z u(h) (0 * ((0p-1 * v)ug), T)
hekE
= lim > u(h) (g, (61 % v) - (A(h™1)T))
heE
= > u(m){(6p-1 ) - (AR H)T), m)
heE
= u(h)o(h)(Mh™Y)T,m)  (by the invariance of m)
heE
= lim > " u(h)o(h)(ua, (B HT) = lim (wv, PoT)
heE

= (wv, PT) = (u,v - PT).

That is, (u, P(v-T) = (u,v - PT) for all u € A.(G). Since A.(G) is norm
dense in A(G), it follows that P(v-T) =v-PT. u

REMARK. Observe that the above invariant projection is given by

PT =Y (Ah™HT,m)A(h) (T € VN(G)),
heE
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where m € VN(G)* denotes the invariant mean obtained above. Since for
any nondiscrete group G, m must annihilate C3(G) ([24]), it follows that

C%(G) C ker P,

3.5. Strong Leinert sets and completely complemented ideals.
Let £ C H < G be as in the previous section. A natural question that arises
within the above framework is: Under what conditions are the projections

P, P, : VN(G) — Ig(E)*

constructed above completely bounded? We know from Corollary that
it can happen that none of the projections P, P, : VN(G) — Ig(E)* are
completely bounded. On the other hand, it seems natural to expect that if
E is assumed to be a strong Leinert set in H, then I(E) should be weakly
completely complemented. In this final section, we present some evidence
and partial results in this direction.

Let G4 denote the abstract group G equipped with its discrete topology,
and let \g : G — U(F*(GQ)) denote the left regular representation of Gy
on 2(G). Let C3,(Ga) denote the reduced group C*-algebra of G4, and
denote by C}(G) the norm closure of A(/*(G)) in B(L?*(G)). We may identify
C5(G) with the C*-algebra C C B (L?(@G)) generated by the representation
Ao 1 Gg — U(L*(G)), where \o(t) = A(t) for all ¢ € G. Observe that C(G)
is a C*-subalgebra of VN(G) and that C(G) is o-weakly dense in VN(G).

Our first goal is to show that if E is a strong Leinert set, then the
restriction Plcs(q) : C5(G) — Io(E)* of the invariant projection P con-
structed in Proposition [3.19]is completely bounded. To do so, we first need
an elementary lemma.

LEMMA 3.20. Consider the algebras A((*(G)) C B(L*(G)) and A\q(¢*(G))
C B(*(@)), and define w : A((1(Q)) — M\g(£2(G)) by

T(A(f)) = Xa(f)  (f € £4G)).

Then m extends to a x-homomorphism from C5(G) onto C} (Ga).

Proof. Clearly 7 is a *-homomorphism with dense range, therefore it
suffices to show that m is continuous from Cj(G) to €3 (Ga).

Recall that for any locally compact group G, the left regular representa-
tion Ay is always weakly contained in )¢ (see [5, Lemma 2]). Equivalently,
this means that for any u € P(G4) N A(Gq), there exists a net {uqy} of
positive definite functions associated to Ag such that u, — w uniformly on
compacta. Fix u € P(Gy) N A(Gy) and f € ¢*(G), and let {u,} be such a
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net converging uniformly on compacta to u. Then we have

(w Ma(f** f)) = ("% Hlghulg) =lim Y (f* * f)(9)ualg)

geG g€G
= Lim (ug, Ao(f* + £)) < [IMo(f* + NIl = [Mo(HI* = INHI.
But this implies that
I U= IAa(F) 2 = sup{(u, Aa(f*+ ) : we P(GANAG)} < I,

i.e. 7 is continuous, and we are done. =
PROPOSITION 3.21. If E is a Leinert set in H such that 1 € M, A(H)

and P : VN(G) — Ig(E)* is the invariant projection constructed in Propo-
sition then Plox ) : C}(G) — Ic(E)* is completely bounded.

Proof. First observe that since P is invariant, we have
3.1) PA) = {A(t) ifteFE,
0 ift¢ E.
Indeed, if t € E, then A(t) € I(E)*, so PA(t) = A(t). If t ¢ E, then there
exists some u € I(E) with u(t) = 1, and so for any v € A(G) we have
(v, P(A(1))) = (v, P(u- A(t))) = (v,u- P(A(#))) = (uv, P(A(t))) = 0.

That is, PA(t) = 0. )
In addition, define a map P : VN(Gy) — Ig,(E)* by setting

(3.2) Pq(t) = {gd(t) ii ; g

Since 1g € MpA(H) € MpA(Gy), P is a well defined and completely
bounded projection.

Now denote by VN (Gy) the w*-closure of \g(¢!(H)) in VN(G4) and
denote by VNy(G) the w*-closure of A(¢}(H)) in VN(G). Observe that
both VN (G4) and VN (G) are von Neumann subalgebras of VN(G) and
VN(G), respectively, and since H is discrete, the map @ : VNg(G4) —
VNg(G) defined by

(3-3) P(Aa(t)) = A(t) (teH)
is a *-isomorphism.
Let 7 : C5(G) — C5 (Ga) be the canonical x-homomorphism defined in
Lemma Then using formulas (3.1)—(3.3) it is easy to see that
PA() = 8(P(r(MD) (€ G),
Extending by linearity and continuity, it follows that
P|C§(G) :@Oﬁ)oﬂ'.
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Since @, P, and 7 are all completely bounded, P‘Cg(G) must be completely
bounded. =

REMARK. The above result is somewhat unsatisfactory, since in most
cases of interest, the projection P : VN(G) — Ig(E)* is not normal, and
we therefore cannot infer complete boundedness of P from that of P|C§(G)
without further hypotheses. One such additional hypothesis is presented in
the following proposition.

PRrROPOSITION 3.22. Let E be a strong Leinert set contained in a dis-
crete subgroup H of a locally compact group G. Let u € P(G) N C.(G) and
I, : Aqg(E) — A(Q) be fized as in Theorem for E. If, in addition,
Op *u*0p = u for all h € E, then Ig(E) is completely complemented in
A(G). In particular, if G is a [SIN]-group, then I(E) is always completely
complemented in A(G).

Proof. 1t suffices to show that the bounded map I, : Ag(E) — A(G) is
completely bounded, or equivalently, that the projection

P, =T;:VN(G) = Ig(E)", P.T =) Tuh)A(h) (T € VN(G)),
hek
is completely bounded.
Since ¥ C H is a strong Leinert set, Proposition tells us that there

is some C' > 0 such that for any Hilbert space H and any finitely supported
function a : E — B(H) we have

1> atry@am)|

B minVNG
= (H)@minVN(G)

)

H1/2

< C'max { H Z a(h)*a(h) Z a(h)a(h)* 1/2}.
heE heE

Let n € N and [T};] € M,(VN(G)) be arbitrary. Using the above inequality
together with Corollary we get

| PO Tl vsiay = | Do )] @A)

M, @VN(G
heE OVN(©)

Z[nm(h)}mﬂ(h)]*\\m}

heE

< Cmax{]| S mat) ma]
heE
< CT]lvnee)-

Thus P, is completely bounded, and hence Ig(FE) is completely comple-
mented.

Finally, if G is a [SIN]-group, note that for any neighbourhood U of the
identity, one can find u € P(G) N C.(G) such that §p * u * §, = u for all
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h € G. Just choose such a v with small enough support and consider the
associated extension map [,. =
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