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Abstract. Let m be a group, C, H Hopf m-algebras, and go : Co ® Hy — Ho ® Hq
and Ty : Co ® Hy — Ho ® C, families of linear maps. We give necessary and sufficient
conditions for the family of Brzeziiiski crossed coproduct coalgebras {Co #7° Ha}oer
to be a Hopf m-algebra. Moreover, necessary and sufficient conditions for the Brzezinski
crossed coproduct Hopf m-algebra C §5." H to be quasitriangular are derived, and in this
case, the left m-module category crgT M is a braided monoidal category.

1. Introduction. Let C be a coassociative and counitary coalgebra and
H a vector space endowed with a distinguished element € € H*. T. Brzezin-
ski [I] gave necessary and sufficient conditions for the crossed coproduct
C #9. H (with underlying vector space C'® H) to be a coalgebra (called
Brzezinski’s crossed coproduct coalgebra), which includes the Hopf crossed
coproduct C x4 H [6], the twisted tensor coproduct [10} [6] and the Drinfel’d
co-double.

Throughout we assume that 7 is a group. Hopf 7-(co)algebras (or Hopf
group-(co)algebras) appeared in the work of Turaev [I4] [I3] on homotopy
quantum field theories. In the case where 7 is trivial, we recover the classical
Hopf algebras. Hopf 7-(co)algebras have been studied by many researchers
from purely algebraic point of view [0, [, T5HI9]. In particular, Virelizier
[15] generalized many properties of quasitriangular Hopf algebras to the
setting of quasitriangular Hopf m-coalgebras (the (co)quasitriangular Hom-
Hopf algebra structures can provide a solution of a corresponding Hom-
Yang-Baxter equation, i.e., the Hom-version of (co)quasitriangular Hopf
algebras, see [B, [7]). Ma et al. [9] studied the representation category of qua-
sitriangular Hopf 7m-algebras, and gave necessary and sufficient conditions for
the Hopf m-crossed coproduct algebra C' x7, H to be a quasitriangular Hopf
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m-algebra. Ma et al. [8] gave necessary and sufficient conditions for a family
of Brzezinski crossed product algebras with suitable comultiplication and
counit to be a Hopf m-coalgebra, and also considered the coquasitriangular
Brzezinski m-crossed product. Wang [17] considered the entwining structures
between a group coalgebra, and a family of algebras indexed by the corre-
sponding group. He also introduced group coalgebra Galois extensions (for
the Hom-version of Hopf-Galois extensions see [2]). Wang [16] introduced
the Doi-Hopf data and Doi-Hopf modules over Hopf group coalgebras (for
the Hom-version of Doi-Hopf modules see [4]), and showed that the Yetter—
Drinfeld modules introduced by Zunino are a special case. In [16], the smash
product construction is generalized, and it is shown that Zunino’s Drinfeld
double can be written as such a smash product. Wang [18] also investigated
properties of coquasitriangular Hopf m-algebras.

In contrast with classical Hopf algebras, the definition of a Hopf =-
coalgebra is not selfdual. The dual of a Hopf m-coalgebra is a Hopf m-algebra,
and the converse holds under some finiteness assumptions. But the represen-
tation category of quasitriangular Hopf 7-(co)algebras gives rise to a braided
monoidal category which is different from one coming from the corepresen-
tation category of coquasitriangular Hopf 7-(co)algebras.

In this paper, we mainly generalize the Brzezinski crossed coproduct to
the case of Hopf m-algebras, and also give necessary and sufficient conditions
for the Brzezinski crossed coproduct Hopf m-algebra to be quasitriangular.
Finally, we apply the above result to the m-quantum codouble, C' 7 H, and
a concrete and complicated example is also provided.

2. Preliminaries. Throughout this paper we freely use the Hopf al-
gebras and coalgebras terminology introduced in [1, 3, @, 11l 12], and all
algebraic systems are supposed to be over the field k. Given a k-space M,
we write idys for the identity map on M.

Next we recall a very general definition of crossed coproduct, introduced
by T. Brzeziniski [1].

Brzezinski crossed coproduct. Let (C, A, k) be a coalgebra, H a
vector space and € € H* (the dual space of H). The vector space C' ® H is
a coalgebra with counit k ® €, and the coproduct such that

C1RCc®e(T1)T2=c1R QT

if and only if there exist linear maps g : C® H — H® H (we write g(c®x) =
cg@af forallc e Cand oz € H)and T : C® H — H ® C (we write
T(c®x) = xp Qcp for all z € H and ¢ € C') which satisfy the following
conditions:
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(A1) e(xp)er =e(z)e, xrr(er) = xk(c),

(A2) 27 ®cr1 ®er2 = 274 @ ey @ car,

(A3)  cge(29) = e(cg)z? = k(c)x,

(A4) CogT ® C1T7G & 29¢ = c1g ® CQQG ® 29,

(A5)  cogr ® 2% ® 11 = 19 ® 277 ® car,

forallc € C, z € H and G = g, T = t. The coproduct Acgy in C @ H
explicitly reads

Acepalc®@z) =01 ® 39T @ cor ® X7

forallce C and x € H.

We call this coalgebra the Brzeziniski crossed coproduct and denote it by
C#H.
Hopf m-algebra. A m-algebra consists of a set of k-spaces H = {Hy }aer
together with maps
/ia,ﬂlHa@Hﬁ_)Haﬁ and n:k— H;
such that

/Laﬁw(/‘a,ﬁ ® ide) = Na,ﬁw(idHa ® Mﬁ,v)a
pra1(idy, ®n) = idg, = p10(n ®idw,, ),
for o, B,y € 7.
A m-algebra H = {Hy}aer is called a semi-Hopf m-algebra if every H,
is a coalgebra and ji, g and 7 are coalgebra maps.
A Hopf m-algebra is a semi-Hopf m-algebra H = {H, }qer together with
maps S, : Hy, — H,-1 such that
fo-1,6(Sa ®ida)Aa = i o1 (ida ® Sa) A = N
Note that (Hy, p1,1,m, A1,€1,51) is a usual Hopf algebra.

Quasitriangular Hopf m-algebra. Let H be a Hopf m-algebra. Then
H is quasitriangular if there exists R € Hy ® Hp such that

(QT1) A(RY)® R?*=R'® R'® R*R?,
(QT2) R'® A((R?)=R'R'® R*® R?,
(QT3) hyR'® hiR* = R*h; ® R?ha,
(QT4) e1(RYR? = R'e1(R?) = 14,
for all h € H, and R = R.
REMARK. (1) In this case, R is called a quasitriangular structure over H.
(2) Hy is a usual quasitriangular Hopf algebra if H is a quasitriangular

Hopf m-algebra.
(3) By (QT1) and (QT4), R is invertible, and R~ = S1(R') ® R2.
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Let (H,R) be a quasitriangular Hopf m-algebra. Then the left H-7-
module category .M is a braided monoidal category.

Let C,H be Hopf m-algebras and § = 0' ® 0> € C; ® H;. If 6 satis-
fies conditions (QT1), (QT2) and (QT4), then we say that (C, H,0) is the
compatibility Hopf w-algebra triple on C ® H.

We remark that if (H,R) is a quasitriangular Hopf m-algebra, then
(H, H, R) is a compatibility Hopf m-algebra triple on H @ H.

From now on, we assume that (H, ug, 11, Ag,¢) and (C, uc, 11, Ac, k)
are Hopf m-algebras. Next, we introduce three new notions which will be
used later.

Compatible (W, g, V)-Hopf m-algebra quadruple. Let C, H be Hopf
m-algebras. Assume there exist a family of linear maps go: Co @ Hy — Ho @ Hy,
and two elements V=V'@V2ec C;@Ciand W =W!'@W? € C; ® H;
such that

QL) wWhewheWw,=wreWw!eW?w?,

(CQ2) W'VleV?, oW =W'W!' e W?e W?,

(0Q3) m(WHW? =1, Wie(W?) =1,
where W = W. Then we call (C, H,W,g) a compatible (W, g,V )-Hopf -
algebra quadruple.

Anti-compatible (X, g,V )-Hopf m-algebra quadruple. Let C' and
H be Hopf m-algebras. Assume that there exist a family of linear maps
o Co® H, — H, ® H, and two elements V = V1@ V2 € C; @ C;
and X = X'® X2 € H ®C. Then (H,C, X, g) is called an anti-compatible
(X, g,V)-Hopf m-algebra quadruple if the following conditions hold (X = X):
(ACQl) V', X eViX?=X'e X'e X2X?
(ACQ2) X'©X% 9X%h=X'X'0X?® X2
(ACQ3) e (XHX?2 =11, X'wi(X?) =1,
Quasitriangular-like Hopf 7-algebra. Let C, H be Hopf m-algebras.
Assume that there exist a family of maps g, : Co ® Hy, — H, ® Hy and
two elements X = X' ® X? € Hi®Cy and W = W' @ W? € C, ® Hi.
A quasitriangular-like Hopf m-algebra associated to (W, X, g) is a pair (H,U)
where U = U! ® U? € H; ® H; satisfying
(QTL1) W', @U¥ oW U?=U'e U U*U?,
(QTL2) U X1 ® X2, UM =UU' @ U? ® U?,
(QTL3) 29°U' ® ¢, , U* = Ulc,, @ Uz,
(QTLA) & (UHU? =U'e(U?) = 14,
for all z € H,,.
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ExamMPLES. (1) Let C, H be Hopf m-algebras. If the map g, is trivial,
e, galc ® x) = ¢g, ® 29 = Ko(c)x1 ® 22, and V satisfies (QT4), then
a compatible (W, g, V)-Hopf m-algebra quadruple (C, H, W, g) is exactly a
compatibility Hopf w-algebra triple on C' ® H.

(2) Let C, H be Hopf m-algebras. If the map g, is trivial and V sat-
isfies (QT4), then an anti-compatible (X, g, V')-Hopf m-algebra quadruple
(H,C,X,g) is exactly a compatibility Hopf m-algebra triple on H @ C.

(3) Let C, H be Hopf m-algebras. If the map g, is trivial and V, W,
X satisfy (QT4), (CQ3), (ACQ3), respectively, then a quasitriangular-like
Hopf m-algebra (H,U) associated to (W, X, g) is exactly a quasitriangular
Hopf w-algebra.

3. Brzezinski crossed coproduct Hopf m-algebra. In this section,
we give the construction of the Brzezinski crossed coproduct Hopf 7-algebra.

Let C, H be Hopf m-algebras. Then we have a mw-algebra C #%W H =
{Co #7 Ha}aer with the following multiplication and unit:

Ha,B - Coz #%Z Ha ® CB #%i HB — Cocﬁ #QT‘Z[Z Haﬁa n: k — Cl #% Hla
(c®)® (oY)~ cd oy, Lo Ll
where a, B € m, v € Hy, y € Hg and c € Cy, d € Cp.

Let go : Co ® Hy — Ho ® H,, (write go(c® x) = ¢4, ® 292 for all ¢ € C,
and z € H,) and Ty, : Co, ® Hy, — H, ® Cy, (write To(c ® ) = z7, ® cr,
for all z € H, and ¢ € C,) be two families of linear maps. Then C,, #%‘; H,
is a Brzezinski crossed coproduct with comultiplication

ACCX@HO( (C ® x) =C ® C3gaTa ® cQTa ® ‘Tga
for all ¢ € Cy and = € H, if and only if conditions (A1)—(A5) hold for
Ga=9a, To =tq and c € Cy, x € H,.

THEOREM 3.1. With the above notation. Then the family of Brzeziriski
crossed coproduct coalgebras {C,, #ch; Hg}oen equipped with the multiplica-
tion [iq,g and unit 1 is a semi-Hopf mw-algebra if and only if, for all c,d € C
and x € Hy, y € Hg,

(Bl) Iin®lin =111, 11, @119 =1, ®14,
(B2)  c¢g,dg, @ 2999 = (cd)g,, ® (wy)9°?,

We denote this semi-Hopf m-algebra by C'§7." H and call the Brzeziniski

crossed coproduct semi-Hopf m-algebra.

Proof. Sufficiency. We know that fi, g and 7] are coalgebra maps if and
only if



314 T.S. MA ET AL.

(Cl) hoheheol=Leleyn @len ® 119,
(02) c1di ® CSgaTad3gBT[3 X CQTadzTB X xg&ygg
= (cd)1 ® (cd)3g, 57,5 ® (cd)2T, 5 @ (Y)725.
We prove that (C2) holds as follows:

(cd)1 @ (cd)3g,51,5 @ (cd)2r,; @ (wY)77
= c1d1 ® (c3d3)g, 5T, @ (C2d2)T, ; @ (TY)9?
= c1d1 ® (€39, d3g5) 7,5 ® (c2d2)1,, @ 29y% by (B3)
= c1d1 ® €39, 7. 39575 @ C21,dor; ® 29y by (B2).

(C1) can be obtained from (B1).
The proof of the necessity is straightforward. =

REMARKS. (1) Conditions (B1)—(B3) are equivalent to the maps g={g4}
and T = {T,} both being m-algebra maps.

(2) The structure of C'§%." H is not dual to the one in [8] and is not a
generalization of the Hopf m-crossed product in [9] since here C' is also a
Hopf m-algebra.

ExaMPLE 3.2. (1) Let C, H be Hopf w-algebras. Let g, be trivial, i.e.,
Ja(c®x) = Ko(c)r1 ® x2 in Theorem 3.1. Then a family {C' #1, Hy }aer of
twisted tensor coproduct coalgebras (see [10]) equipped with the multipli-
cation fi g and unit 7] is a semi-Hopf 7-algebra if and only if T' = {7, } is a
m-algebra map.

The resulting semi-Hopf m-algebra is called the twisted tensor coproduct
semi-Hopf m-algebra and is denoted by C o7}, H.

(2) Let C, H be Hopf m-algebras. Let Ty, be trivial, i.e., To(c®z) =x®c
in Theorem 3.1. Then a family {Cy #9* Hy}aer of g-twisted coproduct
coalgebras (see [6l 10]) equipped with the multiplication fiy g and unit 7 is
a semi-Hopf m-algebra if and only if g = {g,} is a m-algebra map.

We call this semi-Hopf m-algebra a g-twisted coproduct semi-Hopf m-
algebra and denote it by C' 9" H.

DEFINITION 3.3. Let C, H be Hopf m-algebras. Let g = {go : Ca ® Hy —
H,® H,} and S = {S, : Hy, — H,-1} be families of linear maps. Then S
is called a g-antipode of H if for all x € H, and c € C,

(E1)  cgS(2%) = Kalc)ea(r)l1,
(E2)  S(cg, )2 = kalc)ea(x)1y.
In this case, we say H is a g-Hopf algebra.

ExaMPLE 3.4. Let H be a Hopf m-algebra with antipode S. Assume that
Ja is trivial. Then we can regard S as a g-antipode of H.
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PROPOSITION 3.5. Let (C, Sc), (H, Sg) be Hopf m-algebras. Suppose that
C 4" H is a Brzeziniski crossed coproduct semi-Hopf m-algebra. Then it is
a Hopf m-algebra with antipode S = {S,} defined by
Sa(c® z) = Scaler,) ® Sua(z1,)
if and only if H is a g-Hopf m-algebra.
Proof. Sufficiency. For all ¢ € Cy,, x € H, and T, = t, (here x denotes
the convolution product), we have

(Sa xide, g0 11,) (€ @ ) = Scalerr,)eota ® SHa(C3gataT,)2*
= ScalciTu1)c1T,a2 @ SHalC2g, 1, )%™ by (A2)
=11 ® Shalcg,)r9  as C is a Hopf m-algebra
= ka(C)ea(z)11 ® 11 by (E2).

Similarly, (idc, gg0 g, * Sa)(c®z) = ka(c)ea(r)1] ® 17 can be obtained by
(A5) and (E1).

So S is the antipode of C'§5." H.

Since the necessity can be easily verified, the proof is complete. =

REMARK. If we add in Proposition 3.5 the assumptions of Example
3.2(1), (2), we get the antipodes in C i}, H and C 9™ H, respectively.

4. Quasitriangular Brzezinski crossed coproduct Hopf r-algebra.
In this section, we give the construction of quasitriangular structures over a
Brzezinski crossed coproduct Hopf m-algebra. Then by the result in [9], the
left m-module category o M is braided.

The following is obvious:

ProrosiTION 4.1. Let C h%ﬂ H be a Brzeziniski crossed coproduct Hopf
w-algebra. Define

{9 Ca#%zHa — Ca, %(C ® 37) = CEa(.CC),
Pa Ca#%iHa = Ha,  ¢alc®x) = Ka(c)r,
for all c € C, and x € Hy. Then 1 is a bialgebra map.

Let C't5" H be a Brzezinski crossed coproduct Hopf m-algebra and con-
sider R = R' ® R* @ R® @ R' € Cy #7, H1 ® C1 #7, Hy. Define

U=U'@U% = (p1 ®¢1)(R) € Hy ® Hy,
V=VeV:= ()21 (R)eC®C,
W=W'eW?= (¢ ®¢)(R) € C1 ® Hy,
X=X'9X?=(p1 ®@¢1)(R) € H ®C.

The following result is straightforward.
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PROPOSITION 4.2. With the above notation, if R satisfies (QT4), then

(1) e (UHU? = U< (U?) =14,

(2) k(WHw? =1y, Wlel(Wg):i
3) a(XHX? =1, X'k(X?*) =1
(4) w(VHVZ=V1g(V?) =1;.

PROPOSITION 4.3. With the above notation, if (C' 55" H,R) is a quasi-
triangular Hopf w-algebra, then

R=wWW'eU'X'@V2X? e WU?>.
Proof. By (QT1) and (QT2), for R = r = R = 7, we have

(41) RIQR?®RI®R:®R}® Rl ® R3® R
=R @ R o' R' @ PR @ r*R® @ ' R* @ R*7 @ RY*
Applying 11 ® p1 ® Y1 @ ¢1 to (4.1), by Proposition 4.2, we have
R=WW'eU'X'9 V’X*@ W?U”.

ProposITION 4.4. Let C h%w H be a Brzeziniski crossed coproduct Hopf
m-algebra. Assume that R =WV @ U X! @ V2X? @ W2U? is a quasitri-
angular structure over C' 45" H. Then

(F1) cr,W'@ar, W2 =W'leo W,
F2) zX'®cX?=X'zp ® X?cr,,

3) X'neoVineVX?=X'eV' e XV
F4) Uln, @ Wlp @ W2U? =U' @ W o U*W?,
F5) WWleW?in o Vi =VW ew?eVv?
F6) U'X'@U?n @ X?p, = X'U'@U?® X2,
where ¢ € C,, and x € H,,.

N N N N /N
)

Proof. In the following, we freely use the properties of the Hopf n-
algebra H. By (QT1),

(4.2) R4YOR'3,7,@R'Yr@R¥ @R*@R = R'@R*or'@r’e R e Rt
By (QT2),

(4.3) R'@R*QR*®R3,1,0R%r@RY = Rir'eR*r?er’er'o R e RY,
and by (QT'3) one knows that

(4.4) CQTaRl®$g°‘R2®01R3®ngaTaR4 = R161®R203gaTa®R3CQTa ®R4a;ga.

Applying 1, ® p, to (4.4) and using Proposition 4.2, we get (F1). Sim-
ilarly, applying ¢, ® 1, to (4.4) and using Proposition 4.2 we obtain (F2).
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Applying p1 ® Y1 @1 to (4.2), we get (F3) by Propositions 4.2 and 4.3.
Similarly, applying ¢1 ® 11 ® ¢1 to (4.2), we see that (F4) holds.

(F5) can be obtained by applying ¥; ® ¢1 ® 11 to (4.3) and by invoking
Propositions 4.2 and 4.3. Likewise, we get (F6) by applying ¢1 ® ¢1 ® 1
to (4.3) and making use of Propositions 4.2 and 4.3. =

PROPOSITION 4.5. Let C' 15" H be a Brzeziriski crossed coproduct Hopf
w-algebra. Assume that R = WV @ U X! @ V2X?2 @ W2U? is a quasitri-
angular structure on C' §5." H. Then:

(1) (C,V) is a quasitriangular Hopf m-algebra.

(2) (C,H,W,g) is a compatible (W, g, V)-Hopf m-algebra quadruple.

(3) (H,C,X,q) is an anti-compatible (X, g, V)-Hopf w-algebra quadruple.
(4) (H,U) is a quasitriangular-like Hopf w-algebra associated to (W, X, g).

Proof. It follows from Proposition 4.1 that V', W, X and U respectively
satisfy (QT4), (CQ3), (ACQ3) and (QTL4).

(1) Since 91 : Cy % Hy — (4 is a bialgebra map, and (C h%ﬂ H,R) is a
quasitriangular Hopf m-algebra, so is (C, V).

(2) By Propositions 4.2 and 4.3, (2) is obvious by applying ¥; ® 1 ® ¢1
to (4.2) and applying 11 ® p1 @ ¢1 to (4.3).

(3) This is easy to see by applying ¢1 ® p1 ® m to (4.2) and applying
p1 ®m ®m to (4.3), in view of Propositions 4.2 and 4.3.

(4) Applying ¢1 ® p1 ® @1 to (4.2), one gets (QTL1) by Propositions 4.2
and 4.3; and by applying ¢1 ® p1 ® ¢1 to (4.3) and invoking Propositions
4.2 and 4.3 one has (QTL2). We apply ¢ ® ¢ to (4.4) to complete the
proof =

THEOREM 4.6. Let C' h%ﬂ H be a Brzezinski crossed coproduct Hopf -
algebra. Suppose there exist Ve C1 0 Cy, W e C1 ® Hy, X € H ® C1 and
U € Hi ® Hi such that:

1) (C,V) is a quasitriangular Hopf m-algebra.

(2) (C,H,W,g) is a compatible (W, g,V )-Hopf m-algebra quadruple.

(3) (H,C,X,g) is an anti-compatible (X, g,V')-Hopf m-algebra quadruple.
(4) (H,U) is a quasitriangular-like Hopf m-algebra associated to (W, X, g).
(5) Conditions (F1)—(F6) in Proposition 4.4 hold.

Then (C 5" H, R) is a quasitriangular Hopf w-algebra with the quasitrian-
gular structure given by
R=WV'eU'X'eViX?e WU
Proof. 1t is obvious that R satisfies (QT4). Now we check that (QT1)
holds:
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(Acl#ngl 1, ®ide, #9 Hy )(R)
= (WVHHWV ) @(WV o (U X" @ VX e WU
= WhvheWiViy),neWhVi)n U X" eV X2 eW?2U?

E WLV (W sy, Vise)n @(WhaVi)n oU X4 o VX 2 W2U?
e WV W r Ve, @W o Ve, U X191 @ VX2 W2U?
(cQ1)

WV W, n Vg, @Wh Vi,
® U191X1G1 ®V2X2®W2W2I/T/2U2
"y wivt ®ﬁ/191T1‘71G1t1 ®W71“1 ‘Z&i
® U X'C V2V X WA AW U2
(acQ) W1V1®W191T1X1t1 ®W%1 ‘Zﬁi ®U191X1®V2V2X2X2®W2W2V:V2U2
CEYWIVeU L XY, W Vi e U X e VAV XX e WA AU D
(F:4) lel®U1X1t1®W1‘Z§®UIX1®V2V2X2X2®W2U2WQUQ
(F3) WWleU' X oW'VieU X o V2X2V2X2oW2U2W202
= R'@R’@r'ereRr*oR'r!.

Likewise, (QT2) holds for R. Finally, we show that (QT3) holds:

Rlcl & RQngaTa & RSCQTa X R4.CI}go‘
= Wl @U'X'esyy, 1, @ VEX?cor, @ W2U 229

Z WVl @ Ulesy, X @ V2ey X2 @ W2U229
O Wiyle @ 29 UL X! @ V2 X2 ® Wlesy, U

QT3 Wl V@ e U ' X @ VX2 ® W2C39a U

(F1)

= C2TO¢VV1V1 Qa9 U X! ® 01V2X2 & €39, Tw wW2U?
= CQTaRl & 29> R? & 01R3 X C3gaTaR4' =

The following result is an immediate consequence of Propositions 4.3-4.5
and Theorem 4.6.

THEOREM 4.7. A Brzeziriski crossed coproduct Hopf m-algebra C 55" H
18 quasitriangular if and only if there exist V € C1 @ C, W € C1 ® Hy,
X € HH®Cy and U € H; ® Hy such that (C,V) is a quasitriangular Hopf
m-algebra, (C,H,W,g) is a compatible (W, g, V')-Hopf m-algebra quadruple,
(H,C, X, g) is an anti-compatible (X, g, V')-Hopf w-algebra quadruple, (H,U)
is a quasitriangular-like Hopf m-algebra associated to (W, X, g) and condi-
tions (F1)—(F6) in Proposition 4.4 are satisfied. Moreover, the quasitrian-
gular structure R on C h%ﬂ H has a decomposition

R=WWl'eU'X'o VZX? e W2U?.
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REMARKS. (1) Theorem 4.7 shows that if C' is not a quasitriangular Hopf
m-algebra then the Brzezinski crossed coproduct Hopf w-algebra C h%” His
not quasitriangular either.

(2) When 7 is trivial, i.e., 7 = {1}, we get the main result of [6].

COROLLARY 4.8. IfthereexistV € C1C;, W e C1®Hy, X € HH®C}
and U € Hy ® Hy such that (C,V) is a quasitriangular Hopf m-algebra,
(C,H,W,g) is a compatible (W, g,V')-Hopf m-algebra quadruple, (H,C, X, g)
is an anti-compatible (X, g,V')-Hopf w-algebra quadruple, (H,U) is a quasi-
triangular-like Hopf m-algebra associated to (W, X, g) and conditions (F1)—-
(F6) in Proposition 4.4 are satisfied, then the left m-module category CugT”H-M
is a bratded monotidal category.

5. Applications. In this section, we give applications of the results
proved in Sections 2—4.

PROPOSITION 5.1. A twisted tensor coproduct Hopf m-algebra C 7 H
is quasitriangular if and only if there exist V € C1 ® C;, W € C1 ® Hy,
X € HH®Cy and U € Hy ® Hy such that (C,V) and (H,U) are quasitri-
angular Hopf m-algebras, (C, H, W) is a compatibility Hopf m-algebra triple
onC®H, (H,C,X) is a compatibility Hopf mw-algebra triple on H @ C, and
conditions (F1)—(F6) in Proposition 4.4 are satisfied. Moreover, the quasi-
triangular structure R on C . H has a decomposition

R=WWleUlX'eVviX?e WU
Proof. Let g4 be trivial, i.e., go(c®x) = ko(c)x1 ® 22 in Theorem 4.7. =

REMARK. Let 7 be trivial. Then we can get a quasitriangular structure
on the twisted tensor coproduct Hopf algebra C i H ([6]).

Given a compatibility Hopf m-algebra triple (C, H,#), one may construct
a new Hopf m-algebra C' 1 H = {Cy, ®9 Ho}aer- For each a € 7, Cy, @9 H,
is a coalgebra with the coproduct given by

Ap(c@x) =c1 @022 (07)2 @0 (07! @ 29
for all ¢ € Cy and = € H,, and counit ko, ® €,. The product and the unit

are given by i, g and 7 of Section 3.
We call the Hopf m-algebra C g H a m-quantum codouble.

THEOREM 5.2. Let C,H be Hopf m-algebras, (C,H,0) a compatibility
Hopf w-algebra triple and C oy H the m-quantum codouble. Then C' g H is
a quasitriangular Hopf w-algebra if and only if C and H are quasitriangular
Hopf w-algebras. Moreover, if (C,V) and (H,U) are quasitriangular Hopf
m-algebras, then the quasitriangular structure on C i H is given by

R — elvl ® U10_12 ® V29_11 ® 92U2.
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Proof. The necessity is straightforward since 9, : C1 ®9 Hy — Ci,
Yi(c®x) = cei(x), and @1 : C1 @9 Hi — Hi, pi1(c ® ) = ki(c)z, are
surjective Hopf algebra maps.

Sufficiency. If (C, H, 0) is a compatibility Hopf m-algebra triple on C® H,
then (H,C,00671) is a compatibility Hopf 7-algebra triple on H ® C' where
o is the flip map.

Set W = 0 and X = o o~ It remains to verify that (F1)-(F6) of
Proposition 4.4 hold.

(F1) and (F2) are obvious.

For (F3), we argue as follows:

Xy @ Vip @ V2X2 = 026297 2g0lvig 1l g v2e- 1L
E 2200 vie @ Vi,
20tV 0oV
QM) g29-12G-12 o glg=11y/1 o 1172
= X' Ve XV?
where § = 0.
Similarly, (F4)—(F6) are satisfied. =

COROLLARY 5.3. If (C,V), (H,U) are quasitriangular Hopf m-algebras,
then the left m-module category cyz M is a braided monoidal category.

In the following, we give a concrete example.

STEP 1. Let A = k{1,a | a®> = 1} be a group algebra (see [11]). Let 7
be a group. Then we have a m-algebra H = A[r| = {Aa}taer with Hy, = A
for @ € m. Multiplication in A[r] is given by

(aa)(b3) = (ab)(ap)
where a,b € A and «, 5 € 7 (see [13]).
Define

Ap, :Hy — Hy,® Hy, Ap, (a0) =aa® aa,
e, : Hy — k, ep,(ac) =1, Vaa € H,.

Then H, is a coalgebra for all o € «. It is obvious that H is a semi-Hopf
m-algebra.
Define

Sa: Hoy — Hy—1, Sylaa) = aa”l, Vaen.

Then (H,S = {S,}) is a Hopf m-algebra. By a direct computation we can
see that (H,U) is a quasitriangular Hopf m-algebra, where

U: %(1A17T®1A17T+a1ﬂ'®1A17T+]-A17T®a17r—CL].7-|-®(117T) c }I1 ®H1
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STEP 2. Let Hy = k{l,g,z,92 | g> = 1, 2> = 0, zg = —gx} be the
Sweedler Hopf algebra (see [11]). Its coalgebra structure and antipode are
given by

Alg)=g®yg, Al@)=z0g+10z, Algr)=gr®1+g®gr,

5(9) =1, 6(:(}) =0, 2’5(956) =0,
and
Sui(9) =9, Smuy(x) =gz, Sh,(gr) = —x.

Let 7 be a group. Then we have a m-algebra C' = Hy[r] = {Hya}aer

with C, = Hya for a € w. Multiplication in Hy[n] is given by
(ca)(dB) = (cd)(af)
for ¢,d € Hy and a, €  (see [13]).
Define

A, : Co = Co®Cy, Ag,(ca) =cra® ca,

ec, 1 Co — k, ec,(ca)=c(c), VeaeC,.
Then C,, is a coalgebra for all a € 7. It is obvious that C' is a semi-Hopf
m-algebra.

Define S/, : Co — Cy—1 for a € w by

1 1

la—la™t, gawga™l, zae (gz)a™t,  (9)a— (—z)a L.

Then (C,S" = {5/ }) is a Hopf m-algebra. By a tedious computation we can
check that (C,V) is a quasitriangular Hopf m-algebra, where
V= 35(lm1le ® i le + 91r @ 11, 1e + 1i1,1x © g1z — gz @ gla)

+ L(zlr @ 2l + 2l ® (92)1n + (—97)1r ® 21 + (92)1; ® (92)15),
where [ € k.

STEP 3. Under the notation introduced above, we define linear maps
T,:Ca®Hy — Hy,®C,, a €7, by

lgpa®@lpa— 1pa®@ 1y, za®lpa— ao® za,

lg,a®@aa— aa ® 1g,0a, ra @ aa — 140 ® xa,
ga®laa — laa ® ga, (gz)a ® laa — aa @ (gz)a,
ga ® aa — aa ® ga, (97)a ® ac — 140 ® (gz)a.

Then by a routine computation we get a family of twisted tensor coproduct
coalgebras {Cy, #71., Ho }aen-
Furthermore, C#7 H = {Co#r1, Ha}acr equipped with the following
multiplication and unit:
Pap: Cattr, Ha@Cp#1, Hp = Coptr,s Hap, Nk —Tyx"Hy,

(ca®ha)@(dfgh) — (cd)(aB)@(hg)(aB), 1pr 1g1,®1al;,
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for o, € 7, ca € Hy, dB € Hg and ha € H,, g € Hg is a semi-Hopf
m-algebra, denoted by C' 7 H.
Moreover, (C't% H,S = {S,}) is a Hopf 7-algebra, where the antipode

S = {S,} is given by

So(lg,a®1aa) = 1H4a_1®1Aa_1, (1H4a®aa) = 1H4a l@aa™t,
So(ga®140) = ga @107, S.(ga®aa) = ga t@aa™t,
So(ra®140) = (gz)a ' @aa™?, So(za®aa) = (gz)a @107,

So((gr)a®@laa) = (—z)a ' ®aa™, S,((gr)a®aa) = (—z)a '@1sa™?
STEP 4. Under the notation introduced above, we define
W =311, @1lals+1p,1:®alr + gl ® 14l — gl ®als) € C1® Hy,
X =114, 01yl +al, ®1p, 1 +1al,®gl, —al,®gl:) € H1®Cy.
Then it is straightforward to prove that (C, H,W) and (H,C, X) are com-
patibility Hopf m-algebra triples.

EXAMPLE 5.4. Under the notation introduced above, the twisted tensor
coproduct Hopf m-algebra (C i}, H, R) is a quasitriangular Hopf m-algebra,
where

R=1(1pg1, ®1al, ® 1z, 1r © Laly + gly @ aly ® 1pg, 1, @ 141,
Hlp 1l @141, @9l ®al; — gl ®al; ® gly @ aly)
+ 35l(21; ® aly @ 2l; ® alr 4 21lr ® aly ® (92)1r @ 1als
+ (—92)1x ® 14l: @ #1; @ aly + (92) 17 ® 141; @ (92) 17 @ 1415).

Indeed, in view of Steps 1-4, it remains to prove that conditions (F1)-(F6)
in Proposition 4.4 hold. But these are easily checked.

REMARK. When 7w = {1}, we get the usual case of Hopf algebras.
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