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CONSTRUCTION OF A BRAIDED MONOIDAL CATEGORY
FOR BRZEZIŃSKI CROSSED COPRODUCTS

OF HOPF π-ALGEBRAS

BY

TIANSHUI MA (Xinxiang), HAIYING LI (Xinxiang) and SHAOXIAN XU (Nanyang)

Abstract. Let π be a group, C,H Hopf π-algebras, and gα : Cα ⊗Hα → Hα ⊗Hα
and Tα : Cα ⊗Hα → Hα ⊗ Cα families of linear maps. We give necessary and sufficient
conditions for the family of Brzeziński crossed coproduct coalgebras {Cα #gα

Tα
Hα}α∈π

to be a Hopf π-algebra. Moreover, necessary and sufficient conditions for the Brzeziński
crossed coproduct Hopf π-algebra C \gT

π H to be quasitriangular are derived, and in this
case, the left π-module category C\

g
T
πHM is a braided monoidal category.

1. Introduction. Let C be a coassociative and counitary coalgebra and
H a vector space endowed with a distinguished element ε ∈ H∗. T. Brzeziń-
ski [1] gave necessary and sufficient conditions for the crossed coproduct
C #g

T H (with underlying vector space C ⊗ H) to be a coalgebra (called
Brzeziński’s crossed coproduct coalgebra), which includes the Hopf crossed
coproduct CoαH [6], the twisted tensor coproduct [10, 6] and the Drinfel’d
co-double.

Throughout we assume that π is a group. Hopf π-(co)algebras (or Hopf
group-(co)algebras) appeared in the work of Turaev [14, 13] on homotopy
quantum field theories. In the case where π is trivial, we recover the classical
Hopf algebras. Hopf π-(co)algebras have been studied by many researchers
from purely algebraic point of view [9, 8, 15–19]. In particular, Virelizier
[15] generalized many properties of quasitriangular Hopf algebras to the
setting of quasitriangular Hopf π-coalgebras (the (co)quasitriangular Hom-
Hopf algebra structures can provide a solution of a corresponding Hom-
Yang–Baxter equation, i.e., the Hom-version of (co)quasitriangular Hopf
algebras, see [5, 7]). Ma et al. [9] studied the representation category of qua-
sitriangular Hopf π-algebras, and gave necessary and sufficient conditions for
the Hopf π-crossed coproduct algebra C oπ

αH to be a quasitriangular Hopf
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π-algebra. Ma et al. [8] gave necessary and sufficient conditions for a family
of Brzeziński crossed product algebras with suitable comultiplication and
counit to be a Hopf π-coalgebra, and also considered the coquasitriangular
Brzeziński π-crossed product. Wang [17] considered the entwining structures
between a group coalgebra, and a family of algebras indexed by the corre-
sponding group. He also introduced group coalgebra Galois extensions (for
the Hom-version of Hopf–Galois extensions see [2]). Wang [16] introduced
the Doi–Hopf data and Doi–Hopf modules over Hopf group coalgebras (for
the Hom-version of Doi–Hopf modules see [4]), and showed that the Yetter–
Drinfeld modules introduced by Zunino are a special case. In [16], the smash
product construction is generalized, and it is shown that Zunino’s Drinfeld
double can be written as such a smash product. Wang [18] also investigated
properties of coquasitriangular Hopf π-algebras.

In contrast with classical Hopf algebras, the definition of a Hopf π-
coalgebra is not selfdual. The dual of a Hopf π-coalgebra is a Hopf π-algebra,
and the converse holds under some finiteness assumptions. But the represen-
tation category of quasitriangular Hopf π-(co)algebras gives rise to a braided
monoidal category which is different from one coming from the corepresen-
tation category of coquasitriangular Hopf π-(co)algebras.

In this paper, we mainly generalize the Brzeziński crossed coproduct to
the case of Hopf π-algebras, and also give necessary and sufficient conditions
for the Brzeziński crossed coproduct Hopf π-algebra to be quasitriangular.
Finally, we apply the above result to the π-quantum codouble, C \πθ H, and
a concrete and complicated example is also provided.

2. Preliminaries. Throughout this paper we freely use the Hopf al-
gebras and coalgebras terminology introduced in [1, 3, 9, 11, 12], and all
algebraic systems are supposed to be over the field k. Given a k-space M ,
we write idM for the identity map on M .

Next we recall a very general definition of crossed coproduct, introduced
by T. Brzeziński [1].

Brzeziński crossed coproduct. Let (C,∆, κ) be a coalgebra, H a
vector space and ε ∈ H∗ (the dual space of H). The vector space C ⊗H is
a coalgebra with counit κ⊗ ε, and the coproduct such that

c1 ⊗ c2 ⊗ ε(x1)x2 = c1 ⊗ c2 ⊗ x

if and only if there exist linear maps g : C⊗H → H⊗H (we write g(c⊗x) =
cg ⊗ xg for all c ∈ C and x ∈ H) and T : C ⊗ H → H ⊗ C (we write
T (c ⊗ x) = xT ⊗ cT for all x ∈ H and c ∈ C) which satisfy the following
conditions:
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(A1) ε(xT )cT = ε(x)c, xTκ(cT ) = xκ(c),

(A2) xT ⊗ cT1 ⊗ cT2 = xTt ⊗ c1t ⊗ c2T ,
(A3) cgε(x

g) = ε(cg)x
g = κ(c)x,

(A4) c2gT ⊗ c1TG ⊗ xgG = c1G ⊗ c2gG ⊗ xg,
(A5) c2gT ⊗ xgt ⊗ c1Tt = c1g ⊗ xT g ⊗ c2T ,

for all c ∈ C, x ∈ H and G = g, T = t. The coproduct ∆C⊗H in C ⊗ H
explicitly reads

∆C⊗H(c⊗ x) = c1 ⊗ c3gT ⊗ c2T ⊗ xg

for all c ∈ C and x ∈ H.
We call this coalgebra the Brzeziński crossed coproduct and denote it by

C #g
T H.

Hopf π-algebra. A π-algebra consists of a set of k-spaces H = {Hα}α∈π
together with maps

µα,β : Hα ⊗Hβ → Hαβ and η : k → H1

such that

µαβ,γ(µα,β ⊗ idHγ ) = µα,βγ(idHα ⊗ µβ,γ),

µα,1(idHα ⊗ η) = idHα = µ1,α(η ⊗ idHα),

for α, β, γ ∈ π.
A π-algebra H = {Hα}α∈π is called a semi-Hopf π-algebra if every Hα

is a coalgebra and µα,β and η are coalgebra maps.
A Hopf π-algebra is a semi-Hopf π-algebra H = {Hα}α∈π together with

maps Sα : Hα → Hα−1 such that

µα−1,α(Sα ⊗ idα)∆α = µα,α−1(idα ⊗ Sα)∆α = ηεα.

Note that (H1, µ1,1, η,∆1, ε1, S1) is a usual Hopf algebra.

Quasitriangular Hopf π-algebra. Let H be a Hopf π-algebra. Then
H is quasitriangular if there exists R ∈ H1 ⊗H1 such that

(QT1) ∆1(R
1)⊗R2 = R1 ⊗ R̄1 ⊗R2R̄2,

(QT2) R1 ⊗∆1(R
2) = R1R̄1 ⊗ R̄2 ⊗R2,

(QT3) h2R
1 ⊗ h1R2 = R1h1 ⊗R2h2,

(QT4) ε1(R
1)R2 = R1ε1(R

2) = 11,

for all h ∈ Hα and R = R̄.

Remark. (1) In this case, R is called a quasitriangular structure over H.
(2) H1 is a usual quasitriangular Hopf algebra if H is a quasitriangular

Hopf π-algebra.
(3) By (QT1) and (QT4), R is invertible, and R−1 = S1(R

1)⊗R2.
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Let (H,R) be a quasitriangular Hopf π-algebra. Then the left H-π-
module category HM is a braided monoidal category.

Let C,H be Hopf π-algebras and θ = θ1 ⊗ θ2 ∈ C1 ⊗ H1. If θ satis-
fies conditions (QT1), (QT2) and (QT4), then we say that (C,H, θ) is the
compatibility Hopf π-algebra triple on C ⊗H.

We remark that if (H,R) is a quasitriangular Hopf π-algebra, then
(H,H,R) is a compatibility Hopf π-algebra triple on H ⊗H.

From now on, we assume that (H,µH , 11, ∆H , ε) and (C, µC , 1̄1, ∆C , κ)
are Hopf π-algebras. Next, we introduce three new notions which will be
used later.

Compatible (W, g, V )-Hopf π-algebra quadruple. Let C,H be Hopf
π-algebras. Assume there exist a family of linear maps gα :Cα⊗Hα→Hα⊗Hα

and two elements V = V 1 ⊗ V 2 ∈ C1 ⊗ C1 and W = W 1 ⊗W 2 ∈ C1 ⊗H1

such that

(CQ1) W 1
1 ⊗W 1

2 ⊗W2 = W 1 ⊗ W̄ 1 ⊗W 2W̄ 2,

(CQ2) W 1V 1 ⊗ V 2
g1 ⊗W 2g1 = W 1W̄ 1 ⊗ W̄ 2 ⊗W 2,

(CQ3) κ1(W
1)W 2 = 11, W 1ε1(W

2) = 1̄1

where W = W̄ . Then we call (C,H,W, g) a compatible (W, g, V )-Hopf π-
algebra quadruple.

Anti-compatible (X, g, V )-Hopf π-algebra quadruple. Let C and
H be Hopf π-algebras. Assume that there exist a family of linear maps
gα : Cα ⊗ Hα → Hα ⊗ Hα and two elements V = V 1 ⊗ V 2 ∈ C1 ⊗ C1

and X = X1⊗X2 ∈ H1⊗C1. Then (H,C,X, g) is called an anti-compatible
(X, g, V )-Hopf π-algebra quadruple if the following conditions hold (X = X̄):

(ACQ1) V 1
g1 ⊗X1g1 ⊗ V 2X2 = X1 ⊗ X̄1 ⊗X2X̄2,

(ACQ2) X1 ⊗X2
1 ⊗X2

2 = X1X̄1 ⊗ X̄2 ⊗X2,

(ACQ3) ε1(X
1)X2 = 1̄1, X1κ1(X

2) = 11.

Quasitriangular-like Hopf π-algebra. Let C,H be Hopf π-algebras.
Assume that there exist a family of maps gα : Cα ⊗ Hα → Hα ⊗ Hα and
two elements X = X1 ⊗ X2 ∈ H1 ⊗ C1 and W = W 1 ⊗W 2 ∈ C1 ⊗ H1.
A quasitriangular-like Hopf π-algebra associated to (W,X, g) is a pair (H,U)
where U = U1 ⊗ U2 ∈ H1 ⊗H1 satisfying

(QTL1) W 1
g1 ⊗ U1g1 ⊗W 2U2 = U1 ⊗ Ū1 ⊗ U2Ū2,

(QTL2) U1X1 ⊗X2
g1 ⊗ U2g1 = U1Ū1 ⊗ Ū2 ⊗ U2,

(QTL3) xgαU1 ⊗ cgαU2 = U1cgα ⊗ U2xgα ,

(QTL4) ε1(U
1)U2 = U1ε1(U

2) = 11,

for all x ∈ Hα.
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Examples. (1) Let C,H be Hopf π-algebras. If the map gα is trivial,
i.e., gα(c ⊗ x) = cgα ⊗ xgα = κα(c)x1 ⊗ x2, and V satisfies (QT4), then
a compatible (W, g, V )-Hopf π-algebra quadruple (C,H,W, g) is exactly a
compatibility Hopf π-algebra triple on C ⊗H.

(2) Let C,H be Hopf π-algebras. If the map gα is trivial and V sat-
isfies (QT4), then an anti-compatible (X, g, V )-Hopf π-algebra quadruple
(H,C,X, g) is exactly a compatibility Hopf π-algebra triple on H ⊗ C.

(3) Let C,H be Hopf π-algebras. If the map gα is trivial and V , W ,
X satisfy (QT4), (CQ3), (ACQ3), respectively, then a quasitriangular-like
Hopf π-algebra (H,U) associated to (W,X, g) is exactly a quasitriangular
Hopf π-algebra.

3. Brzeziński crossed coproduct Hopf π-algebra. In this section,
we give the construction of the Brzeziński crossed coproduct Hopf π-algebra.

Let C,H be Hopf π-algebras. Then we have a π-algebra C #g
T
π
H =

{Cα #gα
Tα
Hα}α∈π with the following multiplication and unit:

µα,β : Cα #gα
Tα
Hα ⊗ Cβ #

gβ
Tβ
Hβ → Cαβ #

gαβ
Tαβ

Hαβ, η : k → C1 #g1
T1
H1,

(c⊗ x)⊗ (d⊗ y) 7→ cd⊗ xy, 1k 7→ 1̄1 ⊗ 11,

where α, β ∈ π, x ∈ Hα, y ∈ Hβ and c ∈ Cα, d ∈ Cβ.

Let gα : Cα⊗Hα → Hα⊗Hα (write gα(c⊗ x) = cgα ⊗ xgα for all c ∈ Cα
and x ∈ Hα) and Tα : Cα ⊗Hα → Hα ⊗ Cα (write Tα(c ⊗ x) = xTα ⊗ cTα
for all x ∈ Hα and c ∈ Cα) be two families of linear maps. Then Cα #gα

Tα
Hα

is a Brzeziński crossed coproduct with comultiplication

∆Cα⊗Hα(c⊗ x) = c1 ⊗ c3gαTα ⊗ c2Tα ⊗ xgα

for all c ∈ Cα and x ∈ Hα if and only if conditions (A1)–(A5) hold for
Gα = gα, Tα = tα and c ∈ Cα, x ∈ Hα.

Theorem 3.1. With the above notation. Then the family of Brzeziński
crossed coproduct coalgebras {Cα #gα

Tα
Hα}α∈π equipped with the multiplica-

tion µα,β and unit η is a semi-Hopf π-algebra if and only if, for all c, d ∈ C
and x ∈ Hα, y ∈ Hβ,

(B1) 11T1 ⊗ 1̄1T1 = 11 ⊗ 1̄1, 1̄1g1 ⊗ 11
g1 = 11 ⊗ 11,

(B2) cgαdgβ ⊗ x
gαygβ = (cd)gαβ ⊗ (xy)gαβ ,

(B3) xTαyTβ ⊗ cTαdTβ = (xy)Tαβ ⊗ (cd)Tαβ .

We denote this semi-Hopf π-algebra by C \gT
π
H and call the Brzeziński

crossed coproduct semi-Hopf π-algebra.

Proof. Sufficiency. We know that µα,β and η are coalgebra maps if and
only if
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(C1) 1̄1 ⊗ 11 ⊗ 1̄1 ⊗ 11 = 1̄1 ⊗ 1Cg1T1 ⊗ 1CT1 ⊗ 11
g1 ,

(C2) c1d1 ⊗ c3gαTαd3gβTβ ⊗ c2Tαd2Tβ ⊗ x
gαygβ

= (cd)1 ⊗ (cd)3gαβTαβ ⊗ (cd)2Tαβ ⊗ (xy)gαβ .

We prove that (C2) holds as follows:

(cd)1 ⊗ (cd)3gαβTαβ ⊗ (cd)2Tαβ ⊗ (xy)gαβ

= c1d1 ⊗ (c3d3)gαβTαβ ⊗ (c2d2)Tαβ ⊗ (xy)gαβ

= c1d1 ⊗ (c3gαd3gβ )Tαβ ⊗ (c2d2)Tαβ ⊗ x
gαygβ by (B3)

= c1d1 ⊗ c3gαTαd3gβTβ ⊗ c2Tαd2Tβ ⊗ x
gαygβ by (B2).

(C1) can be obtained from (B1).

The proof of the necessity is straightforward.

Remarks. (1) Conditions (B1)–(B3) are equivalent to the maps g={gα}
and T = {Tα} both being π-algebra maps.

(2) The structure of C \gT
π
H is not dual to the one in [8] and is not a

generalization of the Hopf π-crossed product in [9] since here C is also a
Hopf π-algebra.

Example 3.2. (1) Let C,H be Hopf π-algebras. Let gα be trivial, i.e.,
gα(c⊗ x) = κα(c)x1 ⊗ x2 in Theorem 3.1. Then a family {C #Tα Hα}α∈π of
twisted tensor coproduct coalgebras (see [10]) equipped with the multipli-
cation µα,β and unit η is a semi-Hopf π-algebra if and only if T = {Tα} is a
π-algebra map.

The resulting semi-Hopf π-algebra is called the twisted tensor coproduct
semi-Hopf π-algebra and is denoted by C \πT H.

(2) Let C,H be Hopf π-algebras. Let Tα be trivial, i.e., Tα(c⊗x) = x⊗ c
in Theorem 3.1. Then a family {Cα #gα Hα}α∈π of g-twisted coproduct
coalgebras (see [6, 10]) equipped with the multiplication µα,β and unit η is
a semi-Hopf π-algebra if and only if g = {gα} is a π-algebra map.

We call this semi-Hopf π-algebra a g-twisted coproduct semi-Hopf π-
algebra and denote it by C \gπ H.

Definition 3.3. Let C,H be Hopf π-algebras. Let g = {gα : Cα⊗Hα →
Hα ⊗Hα} and S = {Sα : Hα → Hα−1} be families of linear maps. Then S
is called a g-antipode of H if for all x ∈ Hα and c ∈ C,

(E1) cgαS(xgα) = κα(c)εα(x)11,

(E2) S(cgα)xgα = κα(c)εα(x)11.

In this case, we say H is a g-Hopf algebra.

Example 3.4. Let H be a Hopf π-algebra with antipode S. Assume that
gα is trivial. Then we can regard S as a g-antipode of H.
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Proposition 3.5. Let (C, SC), (H,SH) be Hopf π-algebras. Suppose that
C \gT

π
H is a Brzeziński crossed coproduct semi-Hopf π-algebra. Then it is

a Hopf π-algebra with antipode S̄ = {S̄α} defined by

S̄α(c⊗ x) = SCα(cTα)⊗ SHα(xTα)

if and only if H is a g-Hopf π-algebra.

Proof. Sufficiency. For all c ∈ Cα, x ∈ Hα and Tα = tα (here ∗ denotes
the convolution product), we have

(S̄α ∗ idCα#gαTαHα
)(c⊗ x) = SCα(c1Tα)c2tα ⊗ SHα(c3gαtαTα)xgα

= SCα(c1Tα1)c1Tα2 ⊗ SHα(c2gαTα)xgα by (A2)

= 1̄1 ⊗ SHα(cgα)xgα as C is a Hopf π-algebra

= κα(c)εα(x)1̄1 ⊗ 11 by (E2).

Similarly, (idCα#gαTαHα
∗ S̄α)(c⊗ x) = κα(c)εα(x)1̄1 ⊗ 11 can be obtained by

(A5) and (E1).
So S̄ is the antipode of C \gT

π
H.

Since the necessity can be easily verified, the proof is complete.

Remark. If we add in Proposition 3.5 the assumptions of Example
3.2(1), (2), we get the antipodes in C \πT H and C \gπ H, respectively.

4. Quasitriangular Brzeziński crossed coproduct Hopf π-algebra.
In this section, we give the construction of quasitriangular structures over a
Brzeziński crossed coproduct Hopf π-algebra. Then by the result in [9], the
left π-module category C\gT

π
HM is braided.

The following is obvious:

Proposition 4.1. Let C \gT
π
H be a Brzeziński crossed coproduct Hopf

π-algebra. Define

ψα : Cα#gα
Tα
Hα → Cα, ψα(c⊗ x) = cεα(x),

ϕα : Cα#gα
Tα
Hα → Hα, ϕα(c⊗ x) = κα(c)x,

for all c ∈ Cα and x ∈ Hα. Then ψ1 is a bialgebra map.

Let C \gT
π
H be a Brzeziński crossed coproduct Hopf π-algebra and con-

sider R = R1 ⊗R2 ⊗R3 ⊗R4 ∈ C1 #g1
T1
H1 ⊗ C1 #g1

T1
H1. Define

U = U1 ⊗ U2 = (ϕ1 ⊗ ϕ1)(R) ∈ H1 ⊗H1,

V = V 1 ⊗ V 2 = (ψ1 ⊗ ψ1)(R) ∈ C1 ⊗ C1,

W = W 1 ⊗W 2 = (ψ1 ⊗ ϕ1)(R) ∈ C1 ⊗H1,

X = X1 ⊗X2 = (ϕ1 ⊗ ψ1)(R) ∈ H1 ⊗ C1.

The following result is straightforward.
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Proposition 4.2. With the above notation, if R satisfies (QT4), then

(1) ε1(U
1)U2 = U1ε1(U

2) = 11,

(2) κ(W 1)W 2 = 11, W 1ε1(W
2) = 1̄1,

(3) ε1(X
1)X2 = 1̄1, X1κ(X2) = 11,

(4) κ(V 1)V 2 = V 1κ(V 2) = 1̄1.

Proposition 4.3. With the above notation, if (C \gT
π
H,R) is a quasi-

triangular Hopf π-algebra, then

R = W 1V 1 ⊗ U1X1 ⊗ V 2X2 ⊗W 2U2.

Proof. By (QT1) and (QT2), for R = r = R̄ = r̄, we have

(4.1) R1
1 ⊗R2

1 ⊗R1
2 ⊗R2

2 ⊗R3
1 ⊗R4

1 ⊗R3
2 ⊗R4

2

= R1r1 ⊗R2r2 ⊗ r̄1R̄1 ⊗ r̄2R̄2 ⊗ r3R̄3 ⊗ r4R̄4 ⊗R3r̄3 ⊗R4r̄4

Applying ψ1 ⊗ ϕ1 ⊗ ψ1 ⊗ ϕ1 to (4.1), by Proposition 4.2, we have

R = W 1V 1 ⊗ U1X1 ⊗ V 2X2 ⊗W 2U2.

Proposition 4.4. Let C \gT
π
H be a Brzeziński crossed coproduct Hopf

π-algebra. Assume that R = W 1V 1 ⊗ U1X1 ⊗ V 2X2 ⊗W 2U2 is a quasitri-
angular structure over C \gT

π
H. Then

(F1) cTαW
1 ⊗ xTαW 2 = W 1c⊗W 2x,

(F2) xX1 ⊗ cX2 = X1xTα ⊗X2cTα ,

(F3) X1
T1 ⊗ V 1

T1 ⊗ V 2X2 = X1 ⊗ V 1 ⊗X2V 2,

(F4) U1
T1 ⊗W 1

T1 ⊗W 2U2 = U1 ⊗W 1 ⊗ U2W 2,

(F5) W 1V 1 ⊗W 2
T1 ⊗ V 2

T1 = V 1W 1 ⊗W 2 ⊗ V 2,

(F6) U1X1 ⊗ U2
T1 ⊗X2

T1 = X1U1 ⊗ U2 ⊗X2,

where c ∈ Cα and x ∈ Hα.

Proof. In the following, we freely use the properties of the Hopf π-
algebra H. By (QT1),

(4.2) R1
1⊗R1

3g1T1⊗R1
2T1⊗R2g1⊗R3⊗R4 = R1⊗R2⊗r1⊗r2⊗R3r3⊗R4r4.

By (QT2),

(4.3) R1⊗R2⊗R3
1⊗R3

3g1T1⊗R3
2T1⊗R4g1 = R1r1⊗R2r2⊗r3⊗r4⊗R3⊗R4,

and by (QT3) one knows that

(4.4) c2TαR
1⊗xgαR2⊗c1R3⊗c3gαTαR4 = R1c1⊗R2c3gαTα⊗R3c2Tα⊗R4xgα .

Applying ψα ⊗ ϕα to (4.4) and using Proposition 4.2, we get (F1). Sim-
ilarly, applying ϕα ⊗ ψα to (4.4) and using Proposition 4.2 we obtain (F2).
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Applying ϕ1⊗ψ1⊗ψ1 to (4.2), we get (F3) by Propositions 4.2 and 4.3.
Similarly, applying ϕ1 ⊗ ψ1 ⊗ ϕ1 to (4.2), we see that (F4) holds.

(F5) can be obtained by applying ψ1⊗ϕ1⊗ψ1 to (4.3) and by invoking
Propositions 4.2 and 4.3. Likewise, we get (F6) by applying ϕ1 ⊗ ϕ1 ⊗ ψ1

to (4.3) and making use of Propositions 4.2 and 4.3.

Proposition 4.5. Let C \gT
π
H be a Brzeziński crossed coproduct Hopf

π-algebra. Assume that R = W 1V 1 ⊗ U1X1 ⊗ V 2X2 ⊗W 2U2 is a quasitri-
angular structure on C \gT

π
H. Then:

(1) (C, V ) is a quasitriangular Hopf π-algebra.
(2) (C,H,W, g) is a compatible (W, g, V )-Hopf π-algebra quadruple.
(3) (H,C,X, g) is an anti-compatible (X, g, V )-Hopf π-algebra quadruple.
(4) (H,U) is a quasitriangular-like Hopf π-algebra associated to (W,X, g).

Proof. It follows from Proposition 4.1 that V , W , X and U respectively
satisfy (QT4), (CQ3), (ACQ3) and (QTL4).

(1) Since ψ1 : C1 \
g1
T1
H1 → C1 is a bialgebra map, and (C \gT

π
H,R) is a

quasitriangular Hopf π-algebra, so is (C, V ).

(2) By Propositions 4.2 and 4.3, (2) is obvious by applying ψ1⊗ψ1⊗ϕ1

to (4.2) and applying ψ1 ⊗ ϕ1 ⊗ ϕ1 to (4.3).

(3) This is easy to see by applying ϕ1 ⊗ ϕ1 ⊗ π1 to (4.2) and applying
ϕ1 ⊗ π1 ⊗ π1 to (4.3), in view of Propositions 4.2 and 4.3.

(4) Applying ϕ1⊗ϕ1⊗ϕ1 to (4.2), one gets (QTL1) by Propositions 4.2
and 4.3; and by applying ϕ1 ⊗ ϕ1 ⊗ ϕ1 to (4.3) and invoking Propositions
4.2 and 4.3 one has (QTL2). We apply ϕα ⊗ ϕα to (4.4) to complete the
proof

Theorem 4.6. Let C \gT
π
H be a Brzeziński crossed coproduct Hopf π-

algebra. Suppose there exist V ∈ C1 ⊗ C1, W ∈ C1 ⊗H1, X ∈ H1 ⊗ C1 and
U ∈ H1 ⊗H1 such that:

(1) (C, V ) is a quasitriangular Hopf π-algebra.
(2) (C,H,W, g) is a compatible (W, g, V )-Hopf π-algebra quadruple.
(3) (H,C,X, g) is an anti-compatible (X, g, V )-Hopf π-algebra quadruple.
(4) (H,U) is a quasitriangular-like Hopf π-algebra associated to (W,X, g).
(5) Conditions (F1)–(F6) in Proposition 4.4 hold.

Then (C \gT
π
H,R) is a quasitriangular Hopf π-algebra with the quasitrian-

gular structure given by

R = W 1V 1 ⊗ U1X1 ⊗ V 2X2 ⊗W 2U2.

Proof. It is obvious that R satisfies (QT4). Now we check that (QT1)
holds:
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(∆C1#
g1
T1
H1
⊗idC1#

g1
T1
H1

)(R)

= (W 1V 1)1⊗(W 1V 1)3g1T1⊗(W 1V 1)2T1⊗(U1X1)g1⊗V 2X2⊗W 2U2

= W 1
1V

1
1⊗(W 1

3V
1
3)g1T1⊗(W 1

2V
1
2)T1⊗(U1X1)g1⊗V 2X2⊗W 2U2

(B2)
= W 1

1V
1
1⊗(W 1

3g1V
1
3G1)T1⊗(W 1

2V
1
2)T1⊗U1g1X1G1⊗V 2X2⊗W 2U2

(B3)
= W 1

1V
1
1⊗W 1

3g1T1V
1
3G1t1⊗W 1

2T1V
1
2t1⊗U1g1X1G1⊗V 2X2⊗W 2U2

(CQ1)
= W 1V 1

1⊗ ¯̄W 1
g1T1V

1
3G1t1⊗W̄ 1

T1V
1
2t1

⊗ U1g1X1G1⊗V 2X2⊗W 2W̄ 2 ¯̄W 2U2

(QT1)
= W 1V 1⊗ ¯̄W 1

g1T1
¯̄V 1

G1t1⊗W̄ 1
T1 V̄

1
t1

⊗ U1g1X1G1⊗V 2V̄ 2 ¯̄V 2X2⊗W 2W̄ 2 ¯̄W 2U2

(ACQ1)
= W 1V 1⊗ ¯̄W 1

g1T1X
1
t1⊗W̄ 1

T1 V̄
1
t1⊗U

1g1X̄1⊗V 2V̄ 2X2X̄2⊗W 2W̄ 2 ¯̄W 2U2

(QTL1)
= W 1V 1⊗U1

T1X
1
t1⊗W̄ 1

T1 V̄
1
t1⊗Ū

1X̄1⊗V 2V̄ 2X2X̄2⊗W 2W̄ 2U2Ū2

(F4)
= W 1V 1⊗U1X1

t1⊗W̄ 1V̄ 1
t1⊗Ū

1X̄1⊗V 2V̄ 2X2X̄2⊗W 2U2W̄ 2Ū2

(F3)
= W 1V 1⊗U1X1⊗W̄ 1V̄ 1⊗Ū1X̄1⊗V 2X2V̄ 2X̄2⊗W 2U2W̄ 2Ū2

= R1⊗R2⊗r1⊗r2⊗R3r3⊗R4r4.

Likewise, (QT2) holds for R. Finally, we show that (QT3) holds:

R1c1 ⊗R2c3gαTα ⊗R3c2Tα ⊗R4xgα

= W 1V 1c1 ⊗ U1X1c3gαTα ⊗ V 2X2c2Tα ⊗W 2U2xgα

(F2)
= W 1V 1c1 ⊗ U1c3gαX

1 ⊗ V 2c2X
2 ⊗W 2U2xgα

(QTL3)
= W 1V 1c1 ⊗ xgαU1X1 ⊗ V 2c2X

2 ⊗W 2c3gαU
2

(QT3)
= W 1c2V

1 ⊗ xgαU1X1 ⊗ c1V 2X2 ⊗W 2c3gαU
2

(F1)
= c2TαW

1V 1 ⊗ xgαU1X1 ⊗ c1V 2X2 ⊗ c3gαTαW 2U2

= c2TαR
1 ⊗ xgαR2 ⊗ c1R3 ⊗ c3gαTαR4.

The following result is an immediate consequence of Propositions 4.3–4.5
and Theorem 4.6.

Theorem 4.7. A Brzeziński crossed coproduct Hopf π-algebra C \gT
π
H

is quasitriangular if and only if there exist V ∈ C1 ⊗ C1, W ∈ C1 ⊗ H1,
X ∈ H1 ⊗ C1 and U ∈ H1 ⊗H1 such that (C, V ) is a quasitriangular Hopf
π-algebra, (C,H,W, g) is a compatible (W, g, V )-Hopf π-algebra quadruple,
(H,C,X, g) is an anti-compatible (X, g, V )-Hopf π-algebra quadruple, (H,U)
is a quasitriangular-like Hopf π-algebra associated to (W,X, g) and condi-
tions (F1)–(F6) in Proposition 4.4 are satisfied. Moreover, the quasitrian-
gular structure R on C \gT

π
H has a decomposition

R = W 1V 1 ⊗ U1X1 ⊗ V 2X2 ⊗W 2U2.
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Remarks. (1) Theorem 4.7 shows that if C is not a quasitriangular Hopf
π-algebra then the Brzeziński crossed coproduct Hopf π-algebra C \gT

π
H is

not quasitriangular either.
(2) When π is trivial, i.e., π = {1}, we get the main result of [6].

Corollary 4.8. If there exist V ∈ C1⊗C1, W ∈ C1⊗H1, X ∈ H1⊗C1

and U ∈ H1 ⊗ H1 such that (C, V ) is a quasitriangular Hopf π-algebra,
(C,H,W, g) is a compatible (W, g, V )-Hopf π-algebra quadruple, (H,C,X, g)
is an anti-compatible (X, g, V )-Hopf π-algebra quadruple, (H,U) is a quasi-
triangular-like Hopf π-algebra associated to (W,X, g) and conditions (F1)–
(F6) in Proposition 4.4 are satisfied, then the left π-module category C\gT

π
HM

is a braided monoidal category.

5. Applications. In this section, we give applications of the results
proved in Sections 2–4.

Proposition 5.1. A twisted tensor coproduct Hopf π-algebra C \πT H
is quasitriangular if and only if there exist V ∈ C1 ⊗ C1, W ∈ C1 ⊗ H1,
X ∈ H1 ⊗ C1 and U ∈ H1 ⊗H1 such that (C, V ) and (H,U) are quasitri-
angular Hopf π-algebras, (C,H,W ) is a compatibility Hopf π-algebra triple
on C ⊗H, (H,C,X) is a compatibility Hopf π-algebra triple on H ⊗C, and
conditions (F1)–(F6) in Proposition 4.4 are satisfied. Moreover, the quasi-
triangular structure R on C \πT H has a decomposition

R = W 1V 1 ⊗ U1X1 ⊗ V 2X2 ⊗W 2U2.

Proof. Let gα be trivial, i.e., gα(c⊗x) = κα(c)x1⊗x2 in Theorem 4.7.

Remark. Let π be trivial. Then we can get a quasitriangular structure
on the twisted tensor coproduct Hopf algebra C \T H ([6]).

Given a compatibility Hopf π-algebra triple (C,H, θ), one may construct
a new Hopf π-algebra C \πθ H = {Cα ⊗θ Hα}α∈π. For each α ∈ π, Cα ⊗θ Hα

is a coalgebra with the coproduct given by

∆α(c⊗ x) = c1 ⊗ θ2x1(θ−1)2 ⊗ θ1c2(θ−1)1 ⊗ x2
for all c ∈ Cα and x ∈ Hα, and counit κα ⊗ εα. The product and the unit
are given by µα,β and η of Section 3.

We call the Hopf π-algebra C \πθ H a π-quantum codouble.

Theorem 5.2. Let C,H be Hopf π-algebras, (C,H, θ) a compatibility
Hopf π-algebra triple and C \πθ H the π-quantum codouble. Then C \πθ H is
a quasitriangular Hopf π-algebra if and only if C and H are quasitriangular
Hopf π-algebras. Moreover, if (C, V ) and (H,U) are quasitriangular Hopf
π-algebras, then the quasitriangular structure on C \πθ H is given by

R = θ1V 1 ⊗ U1θ−12 ⊗ V 2θ−11 ⊗ θ2U2.
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Proof. The necessity is straightforward since ψ1 : C1 ⊗θ H1 → C1,
ψ1(c ⊗ x) = cε1(x), and ϕ1 : C1 ⊗θ H1 → H1, ϕ1(c ⊗ x) = κ1(c)x, are
surjective Hopf algebra maps.

Sufficiency. If (C,H, θ) is a compatibility Hopf π-algebra triple on C⊗H,
then (H,C, σ ◦θ−1) is a compatibility Hopf π-algebra triple on H⊗C where
σ is the flip map.

Set W = θ and X = σ ◦ θ−1. It remains to verify that (F1)–(F6) of
Proposition 4.4 hold.

(F1) and (F2) are obvious.

For (F3), we argue as follows:

X1
T1 ⊗ V 1

T1 ⊗ V 2X2 = θ2θ̄−12θ−12 ⊗ θ1V 1θ−11 ⊗ V 2θ̄−11

(QT1)
= θ2θ−12 ⊗ θ1V 1θ−111 ⊗ V 2θ−112

(QT3)
= θ2θ−12 ⊗ θ1θ−112V 1 ⊗ θ−111V 2

(QT1)
= θ2θ−12θ̄−12 ⊗ θ1θ−11V 1 ⊗ θ̄−11V 2

= X1 ⊗ V 1 ⊗X2V 2,

where θ = θ̄.

Similarly, (F4)–(F6) are satisfied.

Corollary 5.3. If (C, V ), (H,U) are quasitriangular Hopf π-algebras,
then the left π-module category C\πθH

M is a braided monoidal category.

In the following, we give a concrete example.

Step 1. Let A = k{1, a | a2 = 1} be a group algebra (see [11]). Let π
be a group. Then we have a π-algebra H = A[π] = {Aα}α∈π with Hα = Aα
for α ∈ π. Multiplication in A[π] is given by

(aα)(bβ) = (ab)(αβ)

where a, b ∈ A and α, β ∈ π (see [13]).

Define

∆Hα : Hα → Hα ⊗Hα, ∆Hα(aα) = aα⊗ aα,
εHα : Hα → k, εHα(aα) = 1, ∀aα ∈ Hα.

Then Hα is a coalgebra for all α ∈ π. It is obvious that H is a semi-Hopf
π-algebra.

Define

Sα : Hα → Hα−1 , Sα(aα) = aα−1, ∀α ∈ π.
Then (H,S = {Sα}) is a Hopf π-algebra. By a direct computation we can
see that (H,U) is a quasitriangular Hopf π-algebra, where

U = 1
2(1A1π ⊗ 1A1π + a1π ⊗ 1A1π + 1A1π ⊗ a1π − a1π ⊗ a1π) ∈ H1 ⊗H1.
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Step 2. Let H4 = k{1, g, x, gx | g2 = 1, x2 = 0, xg = −gx} be the
Sweedler Hopf algebra (see [11]). Its coalgebra structure and antipode are
given by

∆(g) = g ⊗ g, ∆(x) = x⊗ g + 1⊗ x, ∆(gx) = gx⊗ 1 + g ⊗ gx,
ε(g) = 1, ε(x) = 0, ε(gx) = 0,

and

SH4(g) = g, SH4(x) = gx, SH4(gx) = −x.
Let π be a group. Then we have a π-algebra C = H4[π] = {H4α}α∈π

with Cα = H4α for α ∈ π. Multiplication in H4[π] is given by

(cα)(dβ) = (cd)(αβ)

for c, d ∈ H4 and α, β ∈ π (see [13]).
Define

∆Cα : Cα → Cα ⊗ Cα, ∆Cα(cα) = c1α⊗ c2α,
εCα : Cα → k, εCα(cα) = ε(c), ∀cα ∈ Cα.

Then Cα is a coalgebra for all α ∈ π. It is obvious that C is a semi-Hopf
π-algebra.

Define S′α : Cα → Cα−1 for α ∈ π by

1α 7→ 1α−1, gα 7→ gα−1, xα 7→ (gx)α−1, (gx)α 7→ (−x)α−1.

Then (C, S′ = {S′α}) is a Hopf π-algebra. By a tedious computation we can
check that (C, V ) is a quasitriangular Hopf π-algebra, where

V = 1
2(1H41π ⊗ 1H41π + g1π ⊗ 1H41π + 1H41π ⊗ g1π − g1π ⊗ g1π)

+ l
2 l
(
x1π ⊗ x1π + x1π ⊗ (gx)1π + (−gx)1π ⊗ x1π + (gx)1π ⊗ (gx)1π

)
,

where l ∈ k.

Step 3. Under the notation introduced above, we define linear maps
Tα : Cα ⊗Hα → Hα ⊗ Cα, α ∈ π, by

1H4α⊗ 1Aα 7→ 1Aα⊗ 1H4α, xα⊗ 1Aα 7→ aα⊗ xα,
1H4α⊗ aα 7→ aα⊗ 1H4α, xα⊗ aα 7→ 1Aα⊗ xα,
gα⊗ 1Aα 7→ 1Aα⊗ gα, (gx)α⊗ 1Aα 7→ aα⊗ (gx)α,

gα⊗ aα 7→ aα⊗ gα, (gx)α⊗ aα 7→ 1Aα⊗ (gx)α.

Then by a routine computation we get a family of twisted tensor coproduct
coalgebras {Cα #Tα Hα}α∈π.

Furthermore, C#π
TH = {Cα#TαHα}α∈π equipped with the following

multiplication and unit:

µα,β : Cα#TαHα⊗Cβ#TβHβ → Cαβ#TαβHαβ, η : k→ T4×πH1,

(cα⊗hα)⊗(dβ⊗gβ) 7→ (cd)(αβ)⊗(hg)(αβ), 1k 7→ 1H41π⊗1A1π,
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for α, β ∈ π, cα ∈ Hα, dβ ∈ Hβ and hα ∈ Hα, gβ ∈ Hβ is a semi-Hopf
π-algebra, denoted by C \πTH.

Moreover, (C \πT H, S̄ = {S̄α}) is a Hopf π-algebra, where the antipode
S̄ = {S̄α} is given by

S̄α(1H4α⊗1Aα) = 1H4α
−1⊗1Aα

−1, S̄α(1H4α⊗aα) = 1H4α
−1⊗aα−1,

S̄α(gα⊗1Aα) = gα−1⊗1Aα
−1, S̄α(gα⊗aα) = gα−1⊗aα−1,

S̄α(xα⊗1Aα) = (gx)α−1⊗aα−1, S̄α(xα⊗aα) = (gx)α−1⊗1Aα
−1,

S̄α((gx)α⊗1Aα) = (−x)α−1⊗aα−1, S̄α((gx)α⊗aα) = (−x)α−1⊗1Aα
−1.

Step 4. Under the notation introduced above, we define

W = 1
2(1H41π⊗1A1π+1H41π⊗a1π+g1π⊗1A1π−g1π⊗a1π) ∈ C1⊗H1,

X = 1
2(1A1π⊗1H41π+a1π⊗1H41π+1A1π⊗g1π−a1π⊗g1π) ∈ H1⊗C1.

Then it is straightforward to prove that (C,H,W ) and (H,C,X) are com-
patibility Hopf π-algebra triples.

Example 5.4. Under the notation introduced above, the twisted tensor
coproduct Hopf π-algebra (C \πT H,R) is a quasitriangular Hopf π-algebra,
where

R = 1
2(1H41π ⊗ 1A1π ⊗ 1H41π ⊗ 1A1π + g1π ⊗ a1π ⊗ 1H41π ⊗ 1A1π

+1H41π ⊗ 1A1π ⊗ g1π ⊗ a1π − g1π ⊗ a1π ⊗ g1π ⊗ a1π)

+ 1
2 l
(
x1π ⊗ a1π ⊗ x1π ⊗ a1π + x1π ⊗ a1π ⊗ (gx)1π ⊗ 1A1π

+ (−gx)1π ⊗ 1A1π ⊗ x1π ⊗ a1π + (gx)1π ⊗ 1A1π ⊗ (gx)1π ⊗ 1A1π
)
.

Indeed, in view of Steps 1–4, it remains to prove that conditions (F1)–(F6)
in Proposition 4.4 hold. But these are easily checked.

Remark. When π = {1}, we get the usual case of Hopf algebras.
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