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Estimates for Bellman functions related to dyadic-like
maximal operators on weighted spaces

by

Antonios D. Melas, Eleftherios N. Nikolidakis, and
Dimitrios Cheliotis (Athens)

Abstract. We provide some new estimates for Bellman type functions for the dyadic
maximal operator on Rn and for maximal operators on martingales related to weighted
spaces. Using a type of symmetrization principle, introduced for the dyadic maximal op-
erator in earlier works of the authors, we introduce certain conditions on the weight that
imply an estimate for the maximal operator on the corresponding weighted space. Also
using a well known estimate for the maximal operator by a double maximal operator with
different measures related to the weight, we give new estimates for the above Bellman
type functions.

1. Introduction. The dyadic maximal operator on Rn is defined by

(1.1) Mdφ(x) = sup

{
1

|S|

�

S

|φ(u)| du : x ∈ S, S ⊆ Rn is a dyadic cube
}

for every φ ∈ L1
loc(Rn) where the dyadic cubes are the cubes formed by the

grids 2−NZn for N = 0, 1, 2, . . . .
As is well known,Md satisfies the following Lp inequality (for martingales

known as Doob’s inequality):

(1.2) ‖Mdφ‖p ≤
p

p− 1
‖φ‖p

for every p > 1 and every φ ∈ Lp(Rn), which is best possible (see [2], [3] for
the general martingales and [36] for dyadic ones).

For the study of the behavior of this maximal operator in more depth,
the so called Bellman functions [12] have been introduced. Such functions
related to the Lp inequality (1.2) have been precisely evaluated in [6]. Define
AvE(ψ) = |E|−1

	
E |ψ|, where E ⊆ Rn is measurable of positive measure and
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ψ is measurable on E. Fixing a dyadic cube Q define the localized maximal
operator M ′dφ as in (1.1) but with the dyadic cubes S being assumed to be
contained in Q. Then for any p > 1 we let

(1.3) Bp(F, f) = sup

{
1

|Q|

�

Q

(M ′dφ)
p : AvQ(φ

p) = F, AvQ(φ) = f

}
where φ is nonnegative in Lp(Q) and the variables F, f satisfy 0 < f, fp ≤ F .
By a scaling argument it is easy to see that the above is independent of the
choice of Q (so we have just written Bp(F, f) and we may take Q = [0, 1]n).
It has been shown in [6, Theorem 3, p. 327] that

(1.4) Bp(F, f) = Fωp

(
fp

F

)p
where ωp : [0, 1]→ [1, p/(p− 1)] is the inverse function ofHp(z) = −(p−1)zp
+ pzp−1. Actually [6], the Bellman function can be defined with respect to
the maximal operatorMT on a nonatomic probability space (X,µ) equipped
with a tree T (see Section 2), and the resulting Bellman function is always the
same. The fact that ωp is strictly decreasing with range [1, p/(p− 1)] shows
that the constant in Doob’s inequality can be approached by considering
functions whose integral is very small compared to their p-norm (in the limit
f → 0 keeping F fixed). For example for p = 2 we get the following sharp
improvement of Doob’s inequality:

(1.5) ‖MT φ‖2 ≤ ‖φ‖2 + (‖φ‖22 − ‖φ‖21)1/2 < 2‖φ‖2
which aside from the L2 norm of φ also involves in a sharp way the variance
of φ.

The introduction of the more general setting of a probability space (X,µ)
equipped with a tree T , the dyadic subcubes of [0, 1]n being a special case,
allows us to include maximal operators similar to the dyadic ones but related
to parabolic rectangles or more generally to nonhomogeneous dilations, but
also to include structures that have no uniformity at all and are related to
general uniformly integrable martingales. It is interesting that these Bellman
functions are independent of the type of the tree T , but depend only on
its combinatorial structure. In sharp contrast to this are the corresponding
results on infimum-type Bellman functions [10], where no uniform, over all
trees, lower estimate exists and strong dependence on the homogeneity of
the tree appears.

Here we will be concerned with the behavior of these maximal operators
on weighted spaces. It is well known that for any positive locally integrable
function w on Q, the estimate

(1.6)
�

Q

(M ′dφ)
pw ≤ C

�

Q

φpw
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holds for all φ if and only if w is a dyadic Ap weight in the sense that

sup
{
|I|−p

(�
I

w
)(�

I

w−1/(p−1)
)p−1

: I a dyadic subcube of Q
}
= [w]p <∞.

Also it is known that the best possible C is of the order of [w]p/(p−1)p , the
exponent being best possible. Related to this, one may try to derive estimates
for the following Bellman function related to weights:

(1.7) Bp,r(F, f, u, v)

= sup

{
1

|Q|

�

Q

(M ′dφ)
pw : φ ≥ 0 measurable with AvQ(φ

pw) = F,

AvQ(φ) = f, w a dyadic Ap weight such that [w]p ≤ r,

AvQ(w) = u,AvQ(w
−1/(p−1)) = v

}
.

The estimates here will be proved in the general setting of tree-like families
on probability spaces and the related maximal operator, as described in the
next section. Also we remark that we use the condition AvQ(φ) = f instead
of AvQ(φw) = f because the variable f is related to the maximal operator
M ′dφ, which is defined with respect to the Lebesgue measure, and not to the
weight [6].

We will derive two types of estimates related to the above problems. In
the first we will use a related condition on some symmetrization of the weight
to find the exact form of the corresponding weighted Bellman function. This
condition is related to the behavior of a certain equimeasurable rearrange-
ment w∗∗ of the weight w on (0, 1), and depends on this rearrangement. The
motivation of this is our attempt to generalize and relate to weights our re-
cent results on sharp Lorentz norm estimates of the corresponding maximal
operators on trees (see also [15], [9]) in which the multiplying factor is not
necessarily decreasing, and the result in [16] on the effect of the decreas-
ing symmetrization on an Ap weight. This related Bellman type function is
exactly evaluated in Section 2.

Then in Section 3 we obtain certain new estimates for the Bellman func-
tion (1.7) related to Ap but with respect to a general tree, and to the corre-
sponding maximal operator, by using an estimate of the maximal operator
via two applications of maximal operators on the same tree but with different
measures; this is described in Section 3. We get the upper bound

(1.8) Bp,r(F, f, u, v) ≤ pp
′
rp
′
Fωp

(
fp

vp−1F

)p
.

This estimate is of the right order with respect to r but the appearance
of the factor pp′ makes it not sharp in view of estimate (1.4), this factor
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coming from the weighted maximal operator with respect to w−1/(p−1) on
the space Lp′ . It would be desirable to improve on that.

On the other hand, looking for generalizations of (1.7) on arbitrary trees
(see (3.1) and Section 2) we get a lower bound of the form

inf
T
BTp,r(F, f, u, v) ≥ Fωp

(
ufp

F
ωp′(r

−1/(p−1))

)p
,

which is sharp for r and u close to 1 in view of (1.4).
There are several other problems in harmonic analysis where Bellman

functions naturally arise. Such problems (including the dyadic Carleson im-
bedding and weighted inequalities) are described in [14] (see also [12], [13]),
where also connections to stochastic optimal control are provided, from which
it follows that the corresponding Bellman functions satisfy certain nonlinear
second order PDEs.

The exact computation of a Bellman function is a difficult task which is
connected with the deeper structure of the corresponding harmonic analysis
problem. Thus far, several Bellman functions have been computed (see [2],
[3], [6], [24], [25], [31], [32], [33]). L. Slavin, A. Stokolos and V. Vasyunin
[29] linked the Bellman function computation to solving certain PDEs of the
Monge–Ampère type, and in this way they obtained an alternative proof for
the Bellman functions related to the dyadic maximal operator in [6]. Also
in [33] using the Monge–Ampère equation approach a more general Bellman
function than the one related to the dyadic Carleson imbedding theorem has
been precisely evaluated, thus generalizing the corresponding result of [6].
For more recent developments and results related to the Bellman function
technique we refer to [26], [27], [30], [5], [37], [18], [19], [20], [21], [22], [1],
[23], [11].

In this paper, as in our previous ones, we use Bellman functions as a
means to gain deeper understanding of the corresponding maximal opera-
tors and we are not using the standard techniques like Bellman dynamics
and induction, corresponding PDEs, obstacle conditions etc. Instead, we rely
on the combinatorial structure of these operators combined with the sym-
metrization principle introduced in [7], [15] for this type of extremal prob-
lems.

2. Trees, maximal operators and symmetrization. As in [6], we
let (X,µ) be a nonatomic probability space (i.e. µ(X) = 1). Two measurable
subsets A, B of X will be called almost disjoint if µ(A ∩B) = 0.

Definition 1. A set T of measurable subsets of X will be called a tree
if:

(i) X ∈ T and µ(I) > 0 for every I ∈ T .
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(ii) To every I ∈ T there corresponds a finite subset C(I) ⊆ T containing
at least two elements such that:
(a) the elements of C(I) are pairwise almost disjoint subsets of I,
(b) I =

⋃
J∈C(I) J .

(iii) T =
⋃
m≥0 T(m) where T(0) = {X} and T(m+1) =

⋃
I∈T(m)

C(I).
(iv) limm→∞ supI∈T(m)

µ(I) = 0 and T differentiates L1.

The second condition in (iv) means that for every ψ in L1(X,µ) there is a set
D of µ-measure 1 such that for every x in D there is a sequence Im ∈ T(m)

with x ∈ Im for allm and µ(Im)−1
	
Im
ψ dµ→ ψ(x) asm→∞. By removing

the measure zero exceptional set E(T ) =
⋃
I∈T

⋃
J1,J2∈C(I), J1 6=J2(J1∩J2) we

may replace the almost disjointness above by disjointness.
Now given any tree T we define the associated maximal operator as

follows:

(2.1) MT φ(x) = sup

{
1

µ(I)

�

I

|φ| dµ : x ∈ I ∈ T
}

for every φ ∈ L1(X,µ).
The above setting can be used not only for the dyadic maximal operator

but also for the maximal operator on martingales, hence many of the results
here can be viewed as generalizations and refinements of the classical Doob
inequality.

Also for any locally integrable positive function w on X, which will be
called a weight, we denote σ = w−1/(p−1), and for any I ∈ T we write
w(I) =

	
I w dµ and σ(I) =

	
I σ dµ.

Definition 2. A weight w on X will be called Ap with respect to T if

[w]T ,p = [w]p = sup
I∈T

w(I)σ(I)p−1

µ(I)p
<∞.

Estimates for the above maximal operator can be studied through the
symmetrization of φ as introduced in [7] and [15] and used in [9] to evaluate
Bellman functions related to Lorentz norms. In order to apply this in the
context of weights, we introduce the following condition on a weight w on X.

Definition 3. Let p > 1. A weight w on X will be called A∗p if for some
equimeasurable rearrangement w∗∗ of w on (0, 1) (not necessarily decreasing)
there exist constants c, a > 0 such that for every t in (0, 1],

(2.2)
1�

t

w∗∗(s)

sp
ds+ c ≤ aw

∗∗(t)

tp−1
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and also

(2.3) lim
t→0+

tp
1�

t

w∗∗(s)

sp
ds = 0.

By equimeasurable in the above definition we mean that w∗∗ is measur-
able on (0, 1) and |{w∗∗ > λ}| = µ({w > λ}) for every λ > 0. We do not
require w∗∗ to be decreasing, being motivated by our study of Lorentz norms
in [9], where also increasing weights on (0, 1) appear. Note that if we write
r(t) = w∗∗(t)/tp−1, the first condition implies that r(t) > c/a > 0 for all t,
hence limt→0+

	1
t (w

∗∗(s)/sp) ds = ∞, and so limt→0+ r(t) = ∞. Hence we
conclude that there is a best possible pair (a, c) for each such weight and its
corresponding rearrangement w∗∗, namely

a = sup
t
r(t)−1

1�

t

r(s)

s
ds and c = inf

t

(
ar(t)−

1�

t

r(s)

s
ds

)
.

We will refer to this pair as the constants of the A∗p weight w with respect
to w∗∗.

Example. Suppose that w∗∗(t) = ktb with k, b ∈ R. Then the above
conditions hold if and only if −1 < b < p − 1, which is exactly the range
making w∗∗ an Ap weight on (0, 1). Moreover the corresponding constants
a, c can be easily seen to be a = 1/(p− 1− b), c = k/(p− 1− b).

Now we take into consideration the following theorem proved in [15]
and [7].

Theorem 1. Let G : [0,∞) → [0,∞) be nondecreasing and h : (0, 1]
→ R+ be locally integrable. Then for any nonatomic probability space (X,µ),
equipped with any tree-like family T , for any nonincreasing right continu-
ous integrable function g : (0, 1] → R+ and any k ∈ (0, 1], the following
equality holds (where ψ∗ denotes the decreasing equimeasurable rearrange-
ment of ψ):

sup
{k�
0

G[(MT φ)
∗(t)]h(t) dt : φ measurable on X with φ∗ = g

}
=

k�

0

G

(
1

t

t�

0

g(u) du

)
h(t) dt.

Given p > 1, we define the following variant of the Bellman function
(1.7):
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B∗p(F, f, a, c) = sup
{ 1�

0

((MT φ)
∗)pw∗∗ :

1�

0

(φ∗)pw∗∗ = F,
�

X

φ = f,(2.4)

w is an A∗p weight on X,

and w∗∗ an equimeasurable rearrangement of w

with constants a, c
}
.

Here φ∗ and (MT φ)
∗ denote the equimeasurable decreasing rearrangements

of φ andMT φ. Note that in case w∗∗ is decreasing, we have
	1
0((MT φ)

∗)pw∗∗

≥
	
X(MT φ)

pw by the classical rearrangement inequality, and similarly	1
0(φ
∗)pw∗∗ ≥

	
X φ

pw, whereas when w∗∗ is increasing the opposite relations
hold. Now we can prove the following.

Theorem 2. Given p > 1 we have

(2.5) B∗p(F, f, a, c) = (p− 1)papFωp

(
cfp

(p− 1)p−1apF

)p
,

the domain of this function being all (F, f, a, c) such that 0 < cfp ≤
(p− 1)p−1apF .

Proof. First fix an A∗p weight w on X with an equimeasurable rearrange-
ment w∗∗ having constants a, c. In view of the above mentioned result it
suffices to consider the expression ∆w(g) =

	1
0(t
−1 	t

0 g(u) du)
pw∗∗(t) dt when

g runs over all nonnegative decreasing right continuous functions on (0, 1]

satisfying
	1
0 g(t) dt = f and

	1
0 g(t)

pw∗∗(t) dt = F . We next define the fol-
lowing function on (0, 1):

u(t) =

1�

t

w∗∗(s)

sp
ds+ c,

so that u′(t) = −t−pw∗∗(t). Considering first any bounded such function g
we compute by integration by parts
1�

0

u(t)
(t�
0

g(u) du
)p−1

g(t) dt =
1

p

1�

0

u(t)
[(t�

0

g(u) du
)p]′

dt

=
1

p

(1�
0

g(u) du
)p
u(1) +

1

p

1�

0

(
t−1

t�

0

g(u) du
)p
w∗∗(t) dt = c

fp

p
+

1

p
∆(g),

the integration by parts term limt→0+ u(t)(
	t
0 g(u) du)

p being zero because
of condition (2.3) since g is assumed bounded. Now using Young’s inequality
xy ≤ xp/p+ yp′/p′ (where p′ = p/(p− 1)) in the first integral (with λ > 0 to
be determined later) combined with the condition u(t)tp−1/w∗∗(t) ≤ a from
the above definition we get
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1�

0

u(t)
( t�

0

g(u) du
)p−1

g(t) dt

=

1�

0

(λg(t)w∗∗(t)1/p)

(
w∗∗(t)1/p

λ1/(p−1)t

t�

0

g(u) du

)p−1u(t)tp−1
w∗∗(t)

dt

≤ a

p

1�

0

λpg(t)pw∗∗(t) dt+
a

p′

1�

0

λ−p
′
(
1

t

t�

0

g(u) du

)p
w∗∗(t) dt

=
aλp

p

1�

0

g(t)pw∗∗(t) dt+ a
λ−p

′

p′

1�

0

(
1

t

t�

0

g(u) du

)p
w∗∗(t) dt

= a
λp

p
F + a

λ−p
′

p′
∆w(g).

Therefore by writing λp′ = (p− 1)a(β + 1) with β > 0 and using the above
inequalities we get

(2.6) ∆w(g) ≤
(
1 +

1

β

)
(β + 1)p−1(p− 1)papF − (p− 1)cfp

p− 1
.

Next, given an arbitrary g, the above estimate can be used for the trun-
cations gM = min(g,M) and F, f replaced by the corresponding quantities
for gM ; then we take M → ∞ and use monotone convergence to infer that
(2.6) holds for the general nonnegative decreasing right continuous func-
tion g on (0, 1] satisfying

	1
0 g(t) dt = f and

	1
0 g(t)

pw∗∗(t) dt = F . Moreover
since ∆w(g) > 0, the inequality (2.6) implies that (β + 1)p−1(p − 1)papF −
(p − 1)cfp > 0 for every β > 0, and so letting β → 0+ we conclude that
(F, f) must satisfy the inequality cfp ≤ (p−1)p−1apF given in the statement
of the theorem.

Writing A = (p− 1)papF and B = (p− 1)cfp it is easy to compute (see
for example [6, p. 326]) that the minimum possible value of the right hand
side of (2.6) is equal to Aωp(B/A)p. This proves the inequality

(2.7) B∗p(F, f, a, c) ≤ (p− 1)papFωp

(
cfp

(p− 1)p−1apF

)p
.

Now we consider the continuous positive decreasing function
(2.8) gδ(t) = f(1− δ)t−δ

where 0 ≤ δ < 1, and any A∗p weight w that is equimeasurable to

(2.9) w∗∗(t) = ktb, k > 0, −1 < b < p− 1,

where δ is chosen small enough to satisfy δ<(1 + b)/p. Clearly then
	1
0 gδ(t) dt

= f and
1�

0

gδ(t)
pw∗∗(t) dt =

kfp(1− δ)p

1 + b− δp
.
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Next note that

1

t

t�

0

gδ(u) du =
gδ(t)

1− δ
for all t ∈ (0, 1]

and so

∆w(gδ) =

(
1

1− δ

)p 1�

0

gδ(t)
pw∗∗(t) dt.

The condition
	1
0 gδ(t)

pw∗∗(t) dt = F is then equivalent to the following equa-
tion in δ:

(2.10)
(1− δ)p

1 + b− δp
=

F

kfp
.

To study this equation we write

(2.11) z =
p− 1− b
p− 1

1

1− δ
,

and note that (2.10) is then equivalent to

(2.12) − (p− 1)zp + pzp−1 =
kfp

( p−1
p−1−b)

p−1F
,

thus

(2.13) z = ωp

(
kfp

( p−1
p−1−b)

p−1F

)
,

so the corresponding δ clearly satisfies δ < (1 + b)/p, and using (2.11) we
get

(2.14) ∆w(gδ) =

(
p− 1

p− 1− b

)p
Fωp

(
kfp

( p−1
p−1−b)

p−1F

)
.

But now note that the constants a, c of the weight w are a = 1/(p− 1− b)
and c = k/(p− 1− b), and so

(2.15) ∆w(gδ) = (p− 1)papFωp

(
cfp

(p− 1)p−1apF

)p
;

moreover, taking into consideration the mapping properties of ωp we con-
clude that by varying k, b with −1 < b < p − 1 we can achieve all possible
F, f, a, c satisfying 0 < cfp ≤ (p− 1)p−1apF . This completes the proof.

3. Estimation via double maximal operators. Here we will use an
inequality introduced by A. Lerner [4] for the nondyadic case. We fix p > 1,
we let w be an Ap weight with respect to the tree T and we denote, for
any I in T , w(I) =

	
I w dµ, σ = w−1/(p−1), σ(I) =

	
I σ dµ. Also we denote
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by MT ,w the maximal operator with respect to the tree T but when X is
equipped with the measure wµ instead of µ, and similarly for MT ,σ.

Proposition 1. Let w be an Ap weight with respect to the tree T and
with T -constant

[w]p = sup
I∈T

w(I)σ(I)p−1

µ(I)p
.

Then for any φ we have the following pointwise estimate:

(MT φ)
p−1 ≤ [w]pMT ,w[MT ,σ(φσ

−1)p−1w−1].

Proof. This follows from the following inequalities valid for any I ∈ T :(
1

µ(I)

�

I

φdµ

)p−1
=
w(I)σ(I)p−1

µ(I)p

(
µ(I)

w(I)

(
1

σ(I)

�

I

φσ−1σ dµ

)p−1)
≤ [w]p

1

w(I)

�

I

MT ,σ(φσ
−1)p−1w−1w dµ,

since MT ,σ(φσ−1)(x) ≥ σ(I)−1
	
I φσ

−1σ dµ for every x in I.

As a first application, fixing a tree T on a probability space (X,µ) and
given an Ap weight w in the sense of Definition 2, we define the following
generalization of the Bellman function (1.7), where p > 1:

(3.1) BTp,r(F, f, u, v)

= sup
{ �

X

(MT φ)
pw dµ : φ ≥ 0 measurable with

�

X

φpw dµ = F,

�

X

φdµ = f, w an Ap-weight with respect to T such that [w]p ≤ r,

�

X

w dµ = u,
�

X

w−1/(p−1) dµ = v
}
.

This expression, depending on the weight w, will now be estimated from
above in terms of the T -constant [w]p of the weight and σ(X).

Theorem 3. For any tree T on a probability space (X,µ) and any Ap
weight w, and for any φ with

	
X φ

pw dµ = F and
	
X φdµ = f , we have

(3.2)
�

X

(MT φ)
pw dµ

≤ [w]p
′
p Fωp

(
fp

σ(X)p−1F

)p
ωp′

(
(
	
X φ

p−1w dµ)p
′

w(X)p′−1Fωp
( fp

σ(X)p−1F

)p)p′ .
In particular

(3.3) BTp,r(F, f, u, v) ≤ pp
′
rp
′
Fωp

(
fp

vp−1F

)p
.
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Proof. By applying [6, (1.12)] for the exponent p′ = p/(p− 1) to the
function ρ = (MT ,σ(φσ

−1))p−1w−1 and with respect to the tree T but on
the probability space (X,w(X)−1w dµ) (where as usual w(X) =

	
X w dµ),

we get
1

[w]p
′
p

�

X

(MT φ)
pw dµ ≤ w(X)

�

X

(MT ,wρ)
p′w

dµ

w(X)
(3.4)

≤ w(X)
�

X

ρp
′
w

dµ

w(X)
· ωp′

(( 	
X ρw

dµ
w(X)

)p′
	
X ρ

p′w dµ
w(X)

)p′
.

Note that (as proved in [6]) the function xωp′(yp
′
/x)p

′ is increasing in x and
decreasing in y. Now we have

�

X

ρw
dµ

w(X)
=

�

X

(MT ,σ(φσ
−1))p−1

dµ

w(X)

≥
�

X

(φσ−1)p−1
dµ

w(X)
=

�

X

φp−1w
dµ

w(X)
,

and applying [6, (1.12)] for the exponent p to the function ρ = φσ−1 and
with respect to the tree T but on the probability space (X,σ(X)−1σ dµ), we
get (since σ−(p−1) = w)

(3.5)
�

X

ρp
′
w dµ =

�

X

(MT ,σ(φσ
−1))pw−p

′
w dµ =

�

X

(MT ,σ(φσ
−1))pσ dµ

≤ σ(X)
�

X

(φσ−1)pσ
dµ

σ(X)
· ωp

((
	
X φσ

−1σ dµ
σ(X))

p

	
X(φσ

−1)pσ dµ
σ(X)

)p
=

�

X

φpw dµ · ωp
(

(
	
X φdµ)

p

σ(X)p−1
	
X φ

pw dµ

)p
= Fωp

(
fp

σ(X)p−1F

)p
.

Now combining the above estimates we get

(3.6)
1

[w]p
′
p

�

X

(MT φ)
pw dµ

≤ Fωp
(

fp

σ(X)p−1F

)p
ωp′

(
(
	
X φ

p−1w dµ)p
′

w(X)p′−1Fωp
( fp

σ(X)p−1F

)p)p′ ,
which proves (3.2). Since ωp′(x) ≤ p′

p′−1 = p, the estimate (3.3) follows too.

To get lower bounds for the Bellman function we invoke the following
construction.

Fixing α with 0 < α < 1 and using [6, Lemma 1], we fix now a tree T ,
for example the dyadic subintervals of [0, 1], and choose for every I ∈ T a
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family F(I) ⊆ T of pairwise almost disjoint subsets of I such that

(3.7)
∑

J∈F(I)

µ(J) = (1− α)µ(I).

Then we define S = Sα to be the intersection of all subsets U of T such
that X ∈ U and F(I) ⊆ U for every I ∈ U . Clearly S = {X} ∪ F(X) ∪⋃
I∈F(X)F(I) ∪ · · · . Next for every I ∈ S we define

(3.8) AI = I \
⋃

J∈F(I)

J

and note that the sets AI are pairwise disjoint, µ(AI) = αµ(I) and I =⋃
J∈S, J⊆I AJ for every I ∈ S. Also since S =

⋃
m≥0 S(m) where S(0) = {X}

and S(m+1) =
⋃
I∈S(m)

F(I), we can define rank(I) = r(I) for I ∈ S to be
the unique integer m such that I ∈ S(m) and remark that∑

S3J⊆I
r(J)=r(I)+m

µ(J) = (1− α)mµ(I) for every I ∈ S.

Next for any λ, γ > 0 with γ(1− α) < 1 we define

(3.9) ψ =
∑
I∈S

λγr(I)χAI
.

Then for any I ∈ S,

(3.10)
1

µ(I)

�

I

ψ dµ =
λα

1− γ(1− α)
γr(I).

Hence taking

(3.11) φα =
∑
I∈S

λ1γ
r(I)
1 χAI

, wα =
∑
I∈S

λ2γ
r(I)
2 χAI

with γ1, γ2 such that γ1(1 − α) < 1, γp1γ2(1 − α) < 1, γ2(1 − α) < 1,
γ
−1/(p−1)
2 (1− α) < 1 we have

�

X

φα dµ =
λ1α

1− γ1(1− α)
,

�

X

φpαw dµ =
λp1λ2α

1− γp1γ2(1− α)
,(3.12)

�

X

wα dµ =
λ2α

1− γ2(1− α)
,

�

X

w−1/(p−1)α dµ =
λ
−1/(p−1)
2 α

1− γ−1/(p−1)2 (1− α)
,

(3.13)

and for any I ∈ S,
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wα(I)[w
−1/(p−1)
α (I)]p−1

µ(I)p
=

αp

[1− γ2(1− α)][1− γ−1/(p−1)2 (1− α)]p−1
(3.14)

=
( �
X

w dµ
)( �

X

w−1/(p−1) dµ
)p−1

.

Thus wα is an Ap weight but with respect to the tree Sα on (X,µ) and with
[wα]p equal to the right hand side of the above relation. Moreover

(3.15) MSφα ≥
∑
I∈S

1

µ(I)

�

I

φa dµχAI
=

α

1− γ1(1− α)
φα,

hence

(3.16)
�

X

(MSφ)
pw dµ ≥

(
α

1− γ1(1− α)

)p �

X

φpαw dµ.

Now fix appropriate variables F, f, r, u (and v with r = uvp−1) and fix α > 0
small. Then with z = z(α) > 0 and ζ = ζ(α) > 0 to be defined later we
define

(3.17) λ1 =
f

z
, λ2 =

u

ζ
, γ1 =

z − α
z(1− α)

, γ2 =
ζ − α
ζ(1− a)

so that the constraints
	
X φα dµ = f ,

	
X φ

p
αw dµ = F ,

	
X wα dµ = u and	

X w
−1/(p−1)
α dµ = v = (r/u)1/(p−1) are satisfied for the functions φa, wα in

(3.11), which, as is easy to see, amounts to the following equations:

1

ζ1/(p−1)
− (1− α)p′

(ζ − α)1/(p−1)
= r−1/(p−1)a,(3.18)

zpζ(1− α)p − (z − α)p(ζ − α) = ufp

F
(1− α)pα.(3.19)

Now using [6, Lemma 3 (and its proof)] we first infer from (3.11) that
ζ(α) is uniquely defined and

ζ(α)→ ωp′(r
−1/(p−1))−1 as α→ 0+.

Then using the proof of the same lemma we find that z(α) is also uniquely
determined and converges as a→ 0+ to the solution Z of the equation

(3.20) − pZp + Zpωp′(r
−1/(p−1)) + pZp−1 =

ufp

F
ωp′(r

−1/(p−1)).

Moreover the inequalities following (3.11) automatically hold for z(α), ζ(α)
as α→ 0+. Since ωp′(r−1/(p−1)) ≥ 1 we get Hp(Z) ≤ ufp

F ωp′(r
−1/(p−1)), and

since ωp is decreasing we get

(3.21) Z ≥ ωp
(
ufp

F
ωp′(r

−1/(p−1))

)
.
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Now using (3.16) and noting that α
1−γ1(1−α) is equal to z(α) with the val-

ues of the parameters defined above, and taking a sequence αm → 0+, the
corresponding trees Tm = Sam and the functions from (3.11), we obtain the
following.

Proposition 2. Given appropriate F, f, r, u there exists a sequence of
trees Tm on (X,µ) and two sequences (φm) and (wm) of positive measurable
functions on (X,µ) such that

	
X φm dµ = f ,

	
X φ

p
mwm dµ = F , each wm is

an Ap weight with respect to the tree Tm with [wm]p = r and
	
X wm dµ = u,

and

(3.22) lim
m→∞

�

X

(MTmφm)
pwm dµ ≥ Fωp

(
ufp

F
ωp′(r

−1/(p−1))

)p
.

The above proposition implies a lower bound on the class of functions
BTp,r(F, f, u, v) when viewed over all trees T .
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