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Abstract

In 2012, Dales and Polyakov introduced the concepts of multi-norms and dual multi-norms
based on a Banach space. Particular examples are the lattice multi-norm (|| - ||%) and the dual
lattice multi-norm (|| - |2%) based on a Banach lattice. Here we extend these notions to cover
‘p-multi-norms’ for 1 < p < 0o, where co-multi-norms and 1-multi-norms correspond to multi-
norms and dual multi-norms, respectively. We shall prove two representation theorems. First we
modify a theorem of Pisier to show that an arbitrary multi-normed space can be represented as
(Y™ |I-1I%) : n € N), where Y is a closed subspace of a Banach lattice; we then give a version for
certain p-multi-norms. Second, we obtain a dual version of this result, showing that an arbitrary
dual multi-normed space can be represented as (((X/Y)", || - |[F*) : n € N), where Y is a closed
subspace of a Banach lattice X; again we give a version for certain p-multi-norms.

We shall discuss several examples of p-multi-norms, including the weak p-summing norm and
its dual and the canonical lattice p-multi-norm based on a Banach lattice. We shall determine
the Banach spaces E such that the p-sum power-norm based on E is a p-multi-norm. This relies
on a famous theorem of Kwapien; we shall present a simplified proof of this result. We shall
relate p-multi-normed spaces to certain tensor products.

Our representation theorems depend on the notion of ‘strong’ p-multi-norms, and we shall de-
fine these and discuss when p-multi-norms and strong p-multi-norms pass to subspaces, quotients,
and duals; we shall also consider whether these multi-norms are preserved when we interpolate
between couples of p-multi-normed spaces. We shall discuss multi-bounded operators between
p-multi-normed spaces, and identify the classes of these spaces in some cases, in particular for
spaces of operators between Banach lattices taken with their canonical lattice p-multi-norms.
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1. Introduction

1.1. Multi-norms and dual multi-norms. A theory of multi-norms based on a
normed space was introduced by Dales and Polyakov in [20]. The study of multi-norms
and dual multi-norms was continued in [8, (18| |19], and there is a survey in |16]; a recent
contribution is [7]. We recall the basic definitions of this theory.

We write N for the set of natural numbers; for n € N, the collection of permutations of
the set N,, = {1,...,n} is denoted by &,,. The underlying field F of a linear space is either
the real field R or the complex field C. As in the earlier papers, E™ denotes the n-fold
Cartesian power of a linear space F, taken with the coordinatewise linear operations.

The first definition that we give brings in a new term, ‘power-norm’; the word ‘special-
norm’ was used in [20} §2.2.1] and [52]. Thus a ‘power-norm’ is a sequence of norms defined
on the powers of F.

DEFINITION 1.1. Let E be a linear space over F. A power-norm based on E is a sequence
(Il : » € N) such that |- ||, is a norm on E™ for each n € N and such that the following
Axioms (A1)—-(A3) are satisfied for each n € N and « = (z1,...,2,) € E™

(A1) [(@o(1ys - Zom)lln = 1E]|n (0 € &p);
(A2) [[(arz, ..y @) lln < (Maxi=y, o |oi])||2l|n (a1, ..., 00 € F);
(A3) I(@1,- -y 20y O) 1 = (12l

In this case, (E™, | - ||ln) = (E™ | - ||l») : » € N) is a power-normed space.

The power-norm is a multi-norm and (E™, ||-||,) is a multi-normed space if, in addition
to (A1)—(A3), we have

(A4) ||({L‘1, oo 7xn717xnu$n>”n+1 = ||($1, ce 7xn)||n
for each n € N and z4,...,z, € E.
The power-norm is a dual multi-norm and (E™, || - ||») is a dual multi-normed space

if, in addition to (A1)—(A3), we have
(B4) H(xl, cee 7xnflaxn,xn)”n+1 = ||(1'1; sy Tp—1, 2xn)”n
for each n € Nand z4,...,2z, € E.

Let (E™, | - ||n) be a power-normed space. Then, in particular, (E, || -||1) is & normed
space; we shall usually write ||z| for |[(x)|1 for z € E, so giving the base norm on E.
The power-norm is based on E. In the case where (E, || -||) is a Banach space, each space
(E™, || - ||») is also a Banach space, and (E"™, | - ||») is termed a power-Banach space, etc.

5]
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Many properties of multi-norms and of dual multi-norms were described in [20]; these
properties included some strong connections with the theory of absolutely summing op-
erators and with the theory of tensor norms.

For example, as in [20] and [18], there are a mazimum multi-norm and minimum
multi-norm based on a normed space E; these are denoted by (|| - [|®* : n € N) and
(|| - ||min ;€ N), respectively, and they are defined by the property that

el < llln < [z (z e E" neN)

for every multi-norm (|| - ||, : n € N) based on E. The formula for || - |2 is
lelp™ = max || (2 =(z1,...,2.) € E", n €N).
i=1,...,n
By (20, Theorem 3.33], the dual of || - ||"®* is p1,,, the weak l-summing norm, to be

defined in §1.5, and so

el = sup{ |3 gai, Ao
=1

for each n € Nand & = (z1,...,2,) € E™.
There are also maximum and minimum dual multi-norms based on a normed space F;

AL A € E (M, An) < 1}

the maximum dual multi-norm is the sequence (|| - ||,) defined by
n
Izl = Z lz:ll (&= (z1,...,2,) € E", n €N)
i=1

(see |20} p. 59]).

In fact, in this work, we shall refer to ‘co-multi-norms’ and ‘1-multi-norms’ for ‘multi-
norms’ and ‘dual multi-norms’, respectively, as special cases of ‘p-multi-norms’; see the
definitions in §2.2.

1.2. Description of the main results. Our aim in this memoir is to generalize the
notions of multi-norms and dual multi-norms to that of a p-multi-norm for 1 < p < o0;
in the cases where p = co and p = 1, we shall recover the classes of multi-norms and dual
multi-norms, respectively. A p-multi-norm is a power-norm with an additional property;
the precise definition will be given in §2.2.

Again p-multi-norms have a strong connection with certain cross-norms defined on
tensor products. The study of p-multi-norms involves consideration of the normed space
on which the p-multi-norm is based, and we shall obtain new results in this direction,
especially involving ‘p-spaces’.

A key example of a p-multi-norm is that of the canonical lattice p-multi-norm defined
on a real or complex Banach lattice: this p-multi-norm will be defined in Definition
There is a sense in which this p-multi-norm is generic. Indeed, our main representation
theorem is Theorem which roughly says the following. Take p with 1 < p < co. Then
a p-multi-norm based on a Banach space and satisfying extra conditions is the same as the
canonical lattice p-multi-norm defined on a closed subspace of a certain Banach lattice.
The analogous result for multi-norms themselves is Theorem a multi-norm based
on a Banach space is the same as the canonical Banach-lattice multi-norm defined on a
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closed subspace of a certain Banach lattice. This latter theorem is a result of Pisier, stated
as [45, Théoreme 2.1]. The analogous result for certain dual multi-norms is Theorem

Our generalization of Pisier’s theorem to p-multi-norms requires, in fact, that the
p-multi-norm be a ‘strong’ p-multi-norm that is ‘p-convex’. We shall explain these extra
terms in §2.5 and §2.6, respectively. In §2.5, we shall show that each p-multi-norm based
on a Banach space is a strong p-multi-norm whenever p is equal to 2 or oo and that, for
any other value of p with 1 < p < oo, there is a Banach space F and a p-multi-norm
based on F that is not a strong p-multi-norm; we shall give a number of examples of
p-multi-norms that are or are not strong p-multi-norms.

There is a dual representation theorem, given as Theorem [5.10}; it shows that certain
p-multi-norms, including dual multi-norms, based on a Banach space are the same as the
quotient p-multi-norm based on a space X/Y, where Y is a closed subspace of a Banach
lattice X and we take the canonical lattice p-multi-norm based on X.

Throughout we shall consider when properties of p-multi-norms based on Banach
spaces pass to the corresponding power-norms based on subspaces, on quotients, on dual
spaces, and on spaces that are the intermediate space formed by complex interpolation
between a compatible couple of Banach spaces. Most of these results are not needed for
the main representation theorems of Chapter 5.

Chapter 1 gives background, mainly in the theory of Banach spaces; a reader may
wish to skim the results of this chapter and return to consult it when the particular
background is relevant.

For example, we shall recall in Chapter 1 some standard theory of tensor products of
Banach spaces, concentrating on the projective and injective tensor products. In §1.3, we
shall define the p-sum norm based on a normed space, and, in §1.5, we shall introduce
weak p-summing norms and their duals; these are examples of power-norms. A source of
examples for us will be spaces in the class SQ(p), where 1 < p < oo; these are Banach
spaces that are isometrically isomorphic to closed subspaces of quotients of LP-spaces,
and we shall introduce this class in §1.6. In §1.7, we shall use an example of Schechtman
to exhibit a space S, for 1 < p < 2 that is isomorphic to a member of the class SQ(p),
but not isomorphic to a closed subspace of LP(2) for any measure space ). Some results
here may be new.

The p-spaces of Herz are introduced in §1.8. Spaces in the class SQ(p) are, by a theo-
rem of Kwapieni, exactly these p-spaces; the theorem of Kwapieri seems to be important,
and we shall present a proof of this result in §1.9. Finally, in §1.10, we shall recall some
theory of complex interpolation spaces between compatible couples of Banach spaces.

In Chapter 2, we shall begin our study of p-multi-norms, which are special types of
power-norms, giving the definition and various examples. In Theorem [2.8 we shall relate
p-multi-norms to the p-spaces of Herz; indeed, we shall show that, for p with 1 < p < oo,
the p-sum norm based on a Banach space F is a p-multi-norm if and only if F is a p-space
if and only if FE belongs to the class SQ(p). Suppose that there are po-multi-norms and
p1-multi-norms based on Banach spaces Ey and FE1, respectively. In §2.3, we shall discuss
when there is a p-multi-norm based on suitable intermediate spaces between FE; and
F4. In §2.4, we shall characterize p-multi-norms in terms of certain tensor products of
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Banach spaces, thus showing that our theory can be regarded as belonging to the latter
subject. We shall also introduce, in §2.5 and §2.6, two strengthenings of the notion of
a p-multi-norm to give strong p-multi-norms and p-convex and p-concave multi-norms,
respectively; we shall give a variety of examples that show that, in various settings, there
are p-multi-norms that are not strong p-multi-norms. Throughout the chapter, we shall
explain when p-multi-norms and their strengthened versions based on Banach spaces pass
to closed subspaces, to quotient spaces, to dual spaces, and to interpolation spaces.

The natural morphisms in the category of multi-normed spaces are the multi-bounded
maps, and these are introduced in Chapter 3; we shall give various examples, and define
p-multi-norms on spaces of multi-bounded operators.

In Chapter 4, we shall turn to our main topic, that of p-multi-norms in the setting
of Banach lattices, in particular introducing in §4.3 the canonical lattice p-multi-norm
based on a Banach lattice. In §4.1 and §4.2, we shall recall and somewhat extend some
background on Banach lattices and regular and order-bounded operators between Banach
lattices, in particular discussing pre-regular operators. In §4.4, we shall show that complex
interpolation between Banach lattices gives a Banach lattice and that two canonical lattice
po- and p;-multi-norms on a Banach lattice produce a canonical lattice p-multi-norm for
an appropriate value of p. In §4.5, we shall show how spaces of p-multi-bounded operators
between Banach lattices with their respective canonical lattice p-multi-norms are related
to spaces of pre-regular operators.

Finally, in Chapter 5, we shall give our representation theorems, together with some
examples that show their limits.

1.3. Notation and terminology. First, we recall some standard definitions and nota-
tions primarily involving normed and Banach spaces that we shall use.

The cardinality of a set S is |\S|. The closed unit interval [0,1] is denoted by I. The
conjugate index of p € [1,00] is denoted by p/, so that 1/p + 1/p’ = 1; we shall often set
q = p'. Throughout we shall interpret the expression

- 1/p
(o)
i=1
where aq,...,a, >0 and n € N, as max{ay,...,a,} when p = cc.
Let E be a linear space over a field F (always R or C). Then we write Ig for the

identity operator on E. However the identity on F™ is usually denoted by I, for each
n € N. The linear span of a subset .S of E' is denoted by

lin S.

Let E and F be linear spaces. Then E @ F is the direct sum of E and F, and L(E, F)
is the linear space (over F) of F-linear maps from E into F.

DEFINITION 1.2. Let E and F be linear spaces, and take n € N. The nth amplification
of T € L(E, F) is given by

T (21,...,20) — (Txy,...,Tay), E™— F™ (1.3.1)
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Let T € L(E, F), and take n € N. Then the mapping 7™ is clearly also linear, and
it is injective or surjective if and only if T has the corresponding property. We may write

(1.3.1) as
T g TMg, E™ — F™.

Let E be a linear space, and take S,T € L(FE). Then clearly
(SoT)™ =8 oT™ ¢ £(E™) (neN). (1.3.2)
The action of a linear functional A on an element x of a linear space FE is usually denoted
by (z, ), so that the nth amplification of \ is the linear map A, which is defined on
E™ by
A (X1, yxn) = ({21, N, o (@0, A) = (=, N),  E" — F", (1.3.3)
where = (z1,...,z,).
Take m,n € N. For ¢ = (21,...,2) € E™ and y = (y1,...,Yn) € E™, we write
(myy) = (171, ey Tmy Y1y 7yn) € Em+na
this is called the concatenation of x and y.
Suppose that F'is a linear subspace of a linear space E. Then we shall often write

Jp:F—E and Qp:E— EJF (1.3.4)

for the natural embedding and the quotient map, respectively. Take n € N. Then F™ is
a linear subspace of E", and we identify (F/F)™ with the quotient space E™/F" via

(x1+F,...;on+ F)=x+F" (x=(z1,...,2,) € E"). (1.3.5)

Consequently, the quotient map Qpn : E™ — E™/F™ is identified with the nth amplifi-
cation Q(Fn) of the quotient map Qp : E — E/F.

Let E and F be linear spaces. A bijection in L(E, F) is a linear isomorphism. Take
T € L(E,F). Then T induces a linear map

T:x+kerT+— Tx, E/kerT — F. (1.3.6)

Of course, T is a linear isomorphism from E/kerT onto T(E); this is the fundamental
isomorphism theorem. For n € N, we have ker T") = (ker 7)™, and the identification of
E" /ker T™ with (E/ker T)™ implies that the induced map T is identified with the

nth amplification T(n) of T, as the following diagram illustrates:

E" [ker T(™)

(1.3.7)

(E/ker T)"
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Let E and F be linear spaces, and take n € N. For Ty,...,T,, € L(E,F), define
A(T1,~.~,Tn) S [:(E,Fn) and E(Tl,...,Tn) S E(En,F) by

A(Tl,...,Tn)(x) = (Tlx, . ,Tnm) (Z‘ c E) (138)

and
E(Tl ’’’’’ Tn)<$1,...,$n) =Tr1+ -+ Thry, (T1,...,2, GE‘)7 (139)

respectively.

Take m,n € N. Then M,,, ,, = M,,;, ,(F) denotes the space of all m x n matrices over F,
with M, for M, ,,; we shall write T' € My, ,, as (T; ;). The transpose of T' = (T; ;) € M,
is the matrix T* = (T};) € M, ;. A matrix T € M,,, is row-special (respectively,
column-special) if it has at most one non-zero entry in each row (respectively, column);
T is special if it has at most one non-zero entry in each row and in each column. Suppose
that E is a linear space over F. Then we further regard a matrix in M,, ,,(F) as defining
a linear map from E™ to E™ in the obvious way.

Now let (E, || - ||) be a normed space over a field F. We write

Bg, Bg, and Sg

for the closed unit ball, the open unit ball, and the unit sphere of E, respectively. The
dual space of E (consisting of all continuous linear functionals on F) is denoted by E’,
and the duality is implemented by the bilinear map

(x,\) = (z,\), ExE —T;

the dual norm to || - || on E’ is often denoted by || - ||". The weak topology on E is o(E, E")
and the weak™ topology on E' is o(E’, E). The bidual of E'is E"” = (E’)’, and the canonical
embedding of E into E” is kg; we shall usually identify E with kg(F) and sometimes
write Z for kg (z), where x € E.

Let E be a normed space, take n € N, and let || - ||, be a norm on E™ defining the
product topology. Suppose that F' is a closed linear subspace of E. Then F™ is a closed
linear subspace of (E™, | - ||,), and using the identification we obtain a norm
on (E/F)™ = E™/F™ that is given by the following explicit formula:

I+ F o = o1+ Bt F)l = inf st )l (13.10)

for ¢ = (x1,...,2,) € E™.
Suppose that F and F' are normed spaces, and take p with 1 < p < co. Then we write

Ea,F

for the direct sum E @ F, taken with the norm given by ||z + y| = (||z|? + ||y||?)'/? for
xz € E and y € F. The dual space of E @), F is identified with E’ @, F'.

Suppose that F and F are normed spaces. Then we write B(F, F) for the normed
space (with respect to the operator norm) of all bounded linear operators from E to F,
with B(E) for B(E, E). The space B(E, F) is a Banach space whenever F is a Banach
space, and B(FE) is a unital Banach algebra when E is Banach. For details on Banach
algebras, see [15]. An operator of norm at most 1 is a contraction. For T € B(E, F), we
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write 77 € B(F', E') for the dual of T, so that T" is defined by the formula
(2, T'\) = (Txz,\) (v €E, N€F);
of course, | T'|| = ||T||. For y € F and X € E’, set
(yoN)(z)=(z,\N)y (x€E). (1.3.11)
Then y ® A € B(E, F) with |ly ® A|| = |ly]| | All, and
F(E,F)=lin{y@X:ye F, A€ E'}

is the subspace in B(FE, F') consisting of the finite-rank operators. Let T € B(E, F'), take
n € N, and suppose that ||-|| and |||-||| are norms on E™ and F", respectively, defining the
product topologies. Then T : (E™ || -||) — (F™,|||-]||) is a bounded linear operator. A
bijection T' € B(E, F) such that T~! € B(F, E) is an isomorphism; the spaces E and F
are isomorphic, written

E~F

when there is such an isomorphism from E onto F. Take C' > 1. Then E and F are
C-isomorphic when there is an isomorphism T' € B(E, F) with ||T||||T~!|| < C; in this
case, we write

E~F.

In the case where E and F' are Banach spaces, it is of course immediate from Banach’s
isomorphism theorem that each bijection T' € B(FE, F) is an isomorphism.

Suppose that E and F' are isomorphic normed spaces. Then the Banach—-Mazur dis-
tance from F to F is

d(E,F)=inf{||T|||T~"| : T € B(E, F) is an isomorphism};

the spaces F and F are almost isometric if d(E,F) = 1. The infimum in the definition
of d(E, F) is attained when F and F are both finite-dimensional spaces, but this is not
true in general. We have d(E, F') < C whenever E ~ F. Clearly

d(B,G) < d(E, F)d(F,G) (1.3.12)

for three normed spaces E, F', and G such that £ ~ F ~ G.
The following definition is taken from [2, Definition 11.1.1].

DEFINITION 1.3. Let E and F be infinite-dimensional Banach spaces. Then F is finitely
representable in F if, for each finite-dimensional subspace X of E and each £ > 0, there
is a finite-dimensional subspace Y of F' with dimY = dim X such that d(X,Y) <1 +e¢.

Let E, F, and G be infinite-dimensional Banach spaces, and suppose that F is finitely
representable in F' and that F' is finitely representable in G. Then it is noted in [2|
Proposition 11.1.4] that E' is finitely representable in G. Examples of spaces that are
finitely representable in other spaces will be given in §1.6.

Let E and F be normed spaces. An operator T € B(E, F) is an embedding if it is an
isomorphism onto a subspace of F' (where the subspace has the relative norm from F),
and E embeds in F if there is such an embedding. Thus T' € B(E, F') is an embedding if
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and only if there exists ¢ > 0 such that |Tz|| > c||z|| (z € E). We define the embedding
constant of T € B(E, F) by the formula
B(T)=p(T:E— F)=if{||Tz|| : ¢ € Sg},

so that B(T) > 0 when T is an embedding. When we consider an embedding 7' : E — F
as an isomorphism onto its range, we see that 7' has an inverse T-! : T(E) — E and
that

|7~ T(E) = E|| = 1/B(T).
Suppose that E, F, G, and H are normed spaces, and take R € B(E,F) to be a
surjection, S € B(F,G), and T € B(G, H). Then TSR € B(E, H) and
B(TSR) < BES)|IR[ T (1.3.13)

Indeed, take £ > 0, and then take y € Sp with ||Sy|| < 8(S) + €. Since R is a surjection,
there exists € E with Rz =y, and then 1 < ||R|| ||z||, so that
I TSRz

]|

Inequality ((1.3.13]) follows.
Let E and F be normed spaces, and suppose that T' € B(E, F') is an open map, and
hence a surjection. Then we define the modulus of surjectivity of T € B(E, F') by

r(T) =inf{c > 0: By C I'(By)} (T € B(E,F)),

B(TSR) < < TIISyIIRN < (BCS) + ) IRIHIT]-

so that r(T") > 0. In this case, the induced map T : E/ker T — F is an isomorphism and
1
r(T) =T | (1.3.14)
Let E and F' be Banach spaces. Then the following are standard results: for each em-
bedding T' € B(E, F'), the map T is a surjection and r(T") = 1/8(T); for each surjection
T € B(E, F), the map T" is an embedding and 5(T7") = 1/r(T).

Two normed spaces E and F' are isometrically isomorphic, written
EXF,

when there is a linear isometry from F onto F'; an embedding of F into F' is an isometric
embedding if it is an isometry, and then E embeds isometrically in F.

Let E and F' be normed spaces, and take T' € B(E, F'). Then T is a quotient operator
it T(B%) = B% and an ezact quotient operator if T(Bg) = Bp. Each exact quotient
operator is a quotient operator; the converse is not necessarily true. We shall use the
following standard result [27, p. 333].

PROPOSITION 1.4. Let E and F' be normed spaces, and take T € B(E, F).

(i) The induced operator T: E /ker T — F is an isometric isomorphism if and only if T
1S a quotient operator.

(ii) The operator T is an isometric embedding if and only if T’ is an exact quotient
operator if and only if T' is a quotient operator. m
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Suppose that F' is a closed subspace of a normed space E. Then the annihilator of F
in E’ is the weak*-closed subspace of E’ defined by

FLt={NcE :(z,\)=0 (zeF)},
so that F” is identified with E//F+. Thus J5 = Qp. in the notation of (1.3.4).

DEFINITION 1.5. Let E be a normed space. Then a normed space F' is a subquotient of
FE whenever there is a closed subspace G of E such that F' is isometrically isomorphic to
a subspace of the quotient space E/G.

Equivalently, the normed space F' is a subquotient of a normed space E whenever F
is isometrically isomorphic to a quotient of a subspace of FE.
We shall also use the following result.

PROPOSITION 1.6. Let E, F, and G be normed spaces. Suppose that there are a quotient
operator Q : E — F and a contraction J : E — G such that J(E) is dense in G and
|Qx|| < ||Jz|| (z € E). Then F is isometrically isomorphic to a quotient of G.

Proof. Take z € J(E). Then there exists x € E with Jz = z; we set Tz = Q. Since
|Qz|| < ||Jz| (z € E), the element Tz is well-defined in F and ||Tz| < ||Jz| = ||z]
Clearly the map T : J(E) — F is linear. Since J(E) is dense in G, the map T extends to
a contraction T : G — F. Take y € F with ||y|| < 1. Since @ is a quotient operator, there
exists ¢ € E with ||z < 1 and Qz = y. Then ||Jz| < 1 and T'(Jx) = y. This shows that
T is a quotient operator, and so the map T : G/ker T — F is an isometric isomorphism

by Proposition [[.4(i).

Let E be a normed space. A closed subspace F' of E is complemented if there is a
closed subspace G of F such that E = F @ G; an idempotent in the algebra B(E) is a
projection on E.

Now suppose that F is a Banach space and that F' is a complemented subspace of E.
Then there is a projection P on E with P(FE) = F and E = P(E) @ (Ig — P)(E); the
space F'is A-complemented (for A > 1) if there is such a projection P with ||P|| < A, and
A(F, E), the projection constant of F' in E, is the infimum of such numbers A.

A Banach space F is injective if, for every Banach space G, every closed subspace
F of G, and every T € B(F,E), there is an extension T € B(G,E) of T; the space
E is A-injective if, further, we can ensure that |T|| < A||T||. For example, the space
£>(S) of bounded, scalar-valued functions on a non-empty set S is always l-injective.
See |17, Proposition 2.5.5], for example.

For p with 1 < p < oo, we write /P for the usual Banach space of scalar-valued,
p-summable sequences, with

@)l = (Xles) " <0 ((as) €

for n € N, the n-dimensional versions of these spaces are denoted by ¢2. The Banach
space of all scalar-valued null sequences is cg; the linear subspace of sequences which are
eventually 0 is cqg, so that cgg is dense in ¢y and /P for 1 < p < oc.
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We shall write d; for the sequence (d;; : j € N) for i € N, where 0; ; is the Kro-
necker delta. Later, we shall identify finite sequences (aq, ..., a;,) in F” with the element
(a1, ...,,,0,0,...) € co, and regard cgp and €2 as subspaces of ¢P, so that

¢ =lin{dy,...,0,} (neN).
For n € N, we write P, : FN — F™ for the linear map which is the projection onto the
first n coordinates. Let E = ¢ (for 1 < p < o0) or E = ¢g. Then P,|E € B(FE) with
IP.|E|| = 1 in each case; we note that lim, ., P,7 =T in (B(E), || -]|) for each compact

operator T'on E. We also regard each T' = (T; ;) € M, », where m,n € N, as an operator
on cpg via the formula

Ta= T(Z aj5j> = Z(ZTWQJ)(S =TP,a (a=(a;) € coo).
Jj=1 =1 gj=1
More generally, we have the following definition.

DEFINITION 1.7. Let E be a normed space, and take n € N and p with 1 < p < oc.
Define

- 1/p
2l s = (3 llaill?) ™ (@ =(@1,... 20) € B, nEN). (1.3.15)
i=1
Clearly (E™, | - |l (g)) is a normed space that is a Banach space when E is a Banach
space. The norm || - ||z (g is called the p-sum norm on E, and we write ¢ (E) for E™

taken with this norm. Let F' be a closed subspace of E. Then clearly the restriction of
the p-sum norm on E™ to F™ and the quotient of the p-sum norm on (E/F)™ are the
p-sum norms on F” and (E/F)", respectively. The dual space to (2 (E) is £2 (E").

Let E be a normed space. We define the following space:

#(B) = {(@a) € B (@a) v (i) = (Z feali?) " < o},

so that ¢P(FE) is a normed space; the specified norm on ¢?(FE) is also called the p-sum
norm. In the case where 1 < p < oo, the dual space to (P(F) is Ep,(E’), and so the dual
of the p-sum norm based on E is the p’-sum norm based on E’.

The following result is easily checked.

ProprosITION 1.8. Let p with 1 < p < oo, and take m,n € N.

(i) We have | T : 2 — 2. || = |T* : 07, — £2'|| (T € M, ).
(ii) For each row-special matriz T € M, p,, we have
1/p
p) 1j € Nn}.

m
It — 5] = max{ (3 70,
i=1
(iii) For each column-special matriz T € M,, ,,, we have

IT: e — e | = max{(zm: |Ti,j|P’)1/p' e Nm}. .
j=1

Let I' be an index set. Then the space of functions on I" with finite support is denoted
by ¢oo(T"). Now take p with 1 < p < co. Then we write ¢ (T") for the corresponding space,
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and define elements d., in these spaces for v € ' by d,(s) = 1 if s = v and 0,(s) = 0 if
s € T'\ {7}. Thus coo(I") is dense in (£7(T'), || - [|¢p(ry) for 1 < p < oo. In particular, the
uniform norm || - ||co on a set T' is defined by

[flloe = supf{lf(s)]: s €T} (f € £2(I)).

Let K be a compact (Hausdorff) space. Then (C(K),| - ||oo) is the uniform algebra
(with the pointwise operations and the norm || - ||) of all scalar-valued, continuous
functions on K if it be necessary to specify the scalar field, we shall write C(K,R) or
C(K,C), as appropriate. For a study of C(K) as a Banach space, see |17], for example.

We shall use the fact that each Banach space E is a quotient of a space £*(T") for some
index set I'. Indeed, we can take I' = Bg and define

Q:) aydy =Y ay, M) —E.
We recall two elementary and well-known facts that we shall use.

PRrROPOSITION 1.9. Let E be a finite-dimensional normed space, and take € > 0. Then
there ezist n € N and an embedding J : E — £5° such that

el < IJzlleo < (X + o)) (z € E), (1.3.16)
and so d(E,J(E)) <1+e.
Proof. We may suppose that ¢ < 1.

The set Sgr :={\ € E' : ||A|| = 1} is compact, and so totally bounded, in the metric
space (E',|| - ||), and hence there exist n € N and A1,...,\, € Sg such that, for each
A € Sgr, there exists i € N,, with ||A — A\;|| < /2. Set

Jr=14+¢e)((z,\),....{x,\n)) (z€E).
Then Jx € £° (z € E), the map J : E — £5° is linear, and (1.3.16|) follows easily, so that

J is an embedding. m

PROPOSITION 1.10. Let E be a normed space, take k € N, and suppose that {x1,...,x}
is a linearly independent set in E. Then there exists € > 0 such that {y1,...,yx} is a
linearly independent set whenever y; € E and ||x; — y;|| < e for j € Ng.

Proof. Set F = lin{x1,...,x}, a finite-dimensional subspace of E, and consider the
linear bijection

k
T: (G Gr) = > Gy, L — F.
j=1
Set M = || T71|| > 0, fix e € (0,1/M), and consider elements 1, ...,yx € E such that
llz; —y;ll <e (5 € Ng). Suppose that (i,...,¢; € F with Z§:1 ¢;y; = 0. Then

1 g b k k
M Z Gl < HZCJ%H = HZCJ(CCJ - yj)H < EZ G-
J=1 j=1 j=1 =1

Since ¢ < 1/M, this is a contradiction unless Zle || = 0. Hence ¢; = --- = (, =0,
and so {y1,...,yr} is linearly independent. m
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Now let E be a normed space, and take n € N. We shall consider norms ||| - ||| on E™
that satisfy the following two conditions:

llelll > max flaill (@ = (1, o20) € BY) (13.17)

and
11(0,...,0,2:,0,...,0)||| = l|lz:]| (x; € E, i €Ny,). (1.3.18)

Each norm that satisfies these conditions defines the product topology of E™. Certainly
- 1ll :== |l - | satisfies these conditions whenever (|| - ||,,) is a power-norm based on E.

The maps Ap,,...7,) € L(E,F") and X(p, . 1,) € L(E™, F) were defined in (1.3.8])
and (|1.3.9)), respectively. The results of the following proposition will be developed further
in §3.2.

ProrosiTION 1.11. Let E and F' be normed spaces, and take n € N.

(i) Suppose that the norm ||| - ||| on F™ satisfies (1.3.17)) and (1.3.18). Then the map
(Th,....Tn) = Aepy,..1),  B(E,F)" — B(E,F"),
is a linear isomorphism.
(i) Suppose that the norm ||| ||| on E™ satisfies (1.3.17) and (1.3.18)). Then the map

(Th,...,Ty) = X(ny,..1), B(E,F)" — B(E",F),

s a linear isomorphism.

Proof. Take Ty,..., T, € B(E, F).
(i) For each z € E, we have

n n
1Az @< 3O, 0, T, 0,01 < (SIT:) o]
1=1 =1

by (T318), and s0 Agr,, 7, € B(E, F™) with [Acry, 1l < X0y T3]l

Clearly the specified map is a linear injection. For i € N,,, let 7; : F™ — F be the
coordinate projection onto the ith coordinate, and take T' € B(E, F™); by , m; is
a contraction, and so m; o T' € B(E, F). Further T' = A o7,... x,07), and so the specified
map is a surjection.

(ii) For each z1,...,z, € E, we have

IS, @1 @)l < (Z IT0) e ool < (32 B0 - )l
i=1
by (1.3.17), and so Xr, .1,y € B(E™, F) with [|S(r, 7|l < > 1T
Clearly the specified map is a linear injection. For i € N,,, let +; : E — E™ be the
embedding into the ith coordinate, and take T' € B(E"™, F); by (1.3.18)), ¢; is an isometry,
and so T ov; € B(E, F'). Since T' = (7o, ... Tor,), the specified map is a surjection. m

Let F be a normed space, take n € N, and suppose that E™ is endowed with a norm
[|| - ||| which satisfies (1.3.17)) and ([1.3.18]). As a special case of clause (ii), above, take
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AL,y An € B, and define X = Xy, x) € (E7, ]| - ]]])', so that
n

@A) => (i, Ni)  (x=(21,...,2,) € E"). (1.3.19)

=1

Then
| < < .
Jmax A< X< Y Il

i=1
where ||| - |||" is the dual norm to ||| - |||, and so, by identifying A € (E™, ||| - |||)’ with
(A1,.. .5 An) € (E')™, we have defined a norm on (E’)™. We have identified kg with /{(En),
and so we regard kg~ (E™) as a subspace of (E")™.

Suppose in addition that T is an operator from E into a normed space F' and that F™
is also endowed with a norm ||| - ||| which satisfies (1.3.17) and (1.3.18). Then the above
identification of the dual spaces of (E™, ||| - |||) and (F™, ||| - |||) with (E")™ and (F')",
respectively, implies that the dual of the nth amplification of T is identified with the nth

amplification of the dual of T, so that
(T™M) = (1) (neN). (1.3.20)

1.4. Tensor products. We recall some definitions concerning tensor products of normed
spaces; for the theory of such tensor products, see [2225], 32 55| and [15, Appendix 3].

Suppose that F and F are linear spaces over the same field F, and denote their
(algebraic) tensor product by F ® F. Each element z € E ® F has a representation

as z = Z;-L:lxj ® y;, where n € N, xy,...,2, € E, and y1,...,y, € I in the case
where z # 0, we may suppose that the sets {x1,...,2,} and {y1,...,yn} are linearly
independent.

Let F' be a subspace of a linear space E, and let G be a linear space. Then FF ® G
is a subspace of E ® G, and the quotient space (E ® G)/(F ® G) can be identified with
(E/F)®G.

Let F/, F', and G be linear spaces, and take .S to be a bilinear map from E x F' into G.
Then there is a unique linear map Ts : F ® F' — G such that

Ts(zx®y)=S(x,y) (xe€eE yeF).

Let E, F, X, and Y be linear spaces, and suppose that S € L(E, X) and T € L(F,Y).
Then there is a unique linear map S® T : E® F — X ® Y such that

(SeT)(z®y)=SroTy (r€FE,yeF).

Similarly, suppose that A and g are linear functionals on E and F, respectively. Then
A ® g is the unique linear functional on F ® F' such that

Au)(zey)={x,\Ny,n) (ze€E yekF). (1.4.1)

Suppose that E is a finite-dimensional space with a basis {e1,...,e,} and that F is
a linear space. Then each element z € E ® F' has a unique representation in the form
7 = Z?Zl e; ® y;, where y1,...,y, € F. For example, the space F" has the standard
basis {d1,...,d,}, and so we can identify (y1,...,y,) € F" with 37, §; @ y; in F" @ F.
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Let F and G be linear spaces, and take T' € L(F, G) and n € N. As above, we identify
F™ and G" with F* ® F and F" ® G, respectively. Then the nth amplification 7 of T
is identified with the operator I,, ® T': F" ® F' — F" ® G. More generally, for A € M, ,,
where m,n € N, the action

AQT :F"@F -F"®G (1.4.2)
corresponds to the map
x— ATMx) =T" (Ax), F" - G™. (1.4.3)

In particular, the map AQ I[r : F*® F — F™ ® F corresponds to the map A : F™* — F™,
with the above identification.

Let E and F be normed spaces. The projective tensor norm || -||» on E® F is defined
by

lelle =it { >l sl 2= Y2 @95 meN} (e EeP),
j=1 j=1

where the infimum is taken over all representations of z as an element of £ ® F. Then
(E®F,||lx) is a normed space; it is complete if either F or F is finite-dimensional and the
other is a Banach space, but it is not complete if both F and F' are infinite-dimensional
spaces; the Banach space which is its completion is denoted by

(E®F | |lx)-
The injective tensor norm || - ||c on E ® F is defined by

Izlle = SUP{’Z@j,)\X%,M : A€ Bp, p € BF’},
j=1

where z = Z;nzl xj ® y; is any representation of z in £ ® F. Then (E® F,| - ||-) is a

normed space; the Banach space which is its completion is denoted by
(E@F| ).
We note that always ||zl < ||z|lx (2 € E® F); it is straightforward to see that, in

the case where dim ¥ = n, we have

2l <nllzlle (2 € E®F), (1.4.4)

and so the identity map from (E® F. || -||c) onto (E® F, || - ||x) is an isomorphism in this
special case.
A norm || - || on E® F is a cross-norm if
le@yll=lzl[lyl (z€F,yekF),
and a sub-cross-norm if
le@yll <zl llyl (z€FE,yeF).

A sub-cross-norm || - || on F ® F is reasonable if the linear functional A ® p that was
defined in is bounded on (E ® F,| - ||) with ||A ® u|] < [|A]| ||| for each XA € E’
and p € F’. The projective and injective tensor norms on F ® F are both cross-norms;
indeed, the projective tensor norm is the maximum cross-norm on £ ® F.
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The following result is |55, Proposition 6.1].

ProOPOSITION 1.12. Let E and F' be normed spaces.

(i) A norm |- || on E® F is a reasonable sub-cross-norm if and only if
Izlle <Mzl < llzll (2 € E@F).

(ii) Fach reasonable sub-cross-norm || - || on E® F is a cross-norm, and the dual norm
Il -|" is @ cross-norm on E' @ . =

Let E and F be normed spaces. The dual space (E ® F)' is isometrically isomorphic
to B(E, F') via the map ¢ defined by
(y,(N)(@)) = (z@y,\) (r€E,ycF, e (ERF)). (1.4.5)

By [22, p. 47], there is a natural isometric embedding of E’ & F’ in (E ® F)’, but this
embedding is not usually a surjection. However, in the case where either E or F is a
finite-dimensional space, we have the two identifications

(E@F|-l) = (EF, | ) (1.4.6)
and
(ERF |- =(EF,|-|.). (1.4.7)

See |22, Theorem 6.4], for example.

Now let E, F, and G be Banach spaces, and take S to be a bounded bilinear map
from E x F into G. Then there is a unique bounded linear map T : E ® F — G such
that Ts(x ® y) = S(x,y) (v € E, y € F); further, || Ts|| = ||S]|. The bilinear map

R:(y, N)—~y®\ FxE —B(E,F),

where y ® A\ was defined in , is bounded, and so we obtain a bounded linear
operator Tg : F & E' — B(E,F). The range of Tx is the space of nuclear operators,
denoted by (N (E, F),| - |l,), where || - ||,, is the nuclear norm; see [22, §3.6].

We shall use the following standard theorem; see [55, Propositions 2.3 and 3.2], for
example. For the final statement, see [22, (4.3) and (5.8)].

THEOREM 1.13. Let E, F, X, and Y be Banach spaces, and suppose that S € B(E, X)
and T € B(F,Y). Then there are unique operators

S, TeBERF,XRY) and SR.TeBESF,X®Y)
with
STy =SzTy (reE ycF)
and
SR T)zRy)=Sz®Ty (xe€E, yeF),
respectively. Further,

IS @ T = [|S @ T = [|S] I T]].

Suppose that S and T are injective. Then S ®. T is always injective, and S @, T 1is
injective whenever either E or F' has the approximation property. m
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We shall usually write S ® T for either S ®, T or S ®. T, as appropriate.
In particular, suppose that F'is a closed subspace of a Banach space E and that G is
a Banach space. Then the linear map

Ig @z Jp: (GRF |- |lx) = (G&E, |- [|x)

is a contraction, but it is not always an embedding. More generally, the projective tensor
product ‘preserves quotients, but not necessarily subspaces’ and the injective tensor prod-
uct ‘preserves subspaces, but not necessarily quotients’. This phenomenon is discussed
in the literature; for example, see [23, Theorem 2.3.1] and [55, §§2.1,3.1]. The following
result is contained in |22 Chapters 3 and 4] and [55 §2.1, §3.1, and Exercise 3.3].

PROPOSITION 1.14. Let E and G be Banach spaces, and suppose that F is a closed
subspace of E.

(i) The linear map I ® Qr : G® E — G ® (E/F) is a quotient operator.
(ii) The linear map I @ Jp - G ® F — G ® E is an isometry if and only if each
T € B(F,G') extends to an operator T € B(E,G') with ||T|| = ||T).
(ili) For each measure space 2, the linear map Iy o) @ Jp: LHQ)® F — LY (Q) @ E is
an isometry.
(iv) The linear map kg @ kg : G® E — G" ® E" is an isometry.
(v) The linear map Ig ® Jp: GO F — G & E is an isometry. m

The next proposition is closely related to clause (ii), above; it may be well-known
(see, e.g., |47, Section 3]), but we prove it for the sake of completeness.

PRrROPOSITION 1.15. Let F' be a finite-dimensional subspace of a Banach space E, and let
G be a Banach space. Then the linear map

Ic@,Jr:GOF -G®F
is an embedding, and B(Ig Q@ Jp) > 1/A(F, E). Moreover, in the case where G = F', we
have

B(IF’ Qr JF) = 1//\(Fa E)
Proof. The first part of this proposition is easy, and hence we need to show only that
ﬂ(IF/ (o JF) < 1/)\(F, E) Set

T=1Ip @ Jr:FF®QF - F ®FE
and ¢ = 1/8(T). By (|1.4.5)) and the fact that F' is reflexive, we may consider the surjection
T’ as an operator from B(FE, F') onto B(F). Since r(T") = 1/8(T') = ¢, it follows that, for
each U € B(F), there exists V € B(E, F) with T/(V) = U and |V|| < ¢||U]|. But T is
the restriction map, and so, taking U = Ir, we conclude that A\(F, E) < c.
The result follows. =

1.5. Weak p-summing norms. Let F be a normed space. In this section, we shall
recall the definition of the weak p-summing norms on E and give some of their basic
properties. Throughout this section, 1 < p < oo and ¢ = p'.

The following standard definition was given in [20} Definition 4.1.1] and |19} §2.3]; for
further discussion, see also [22] 24} 32].
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Let E be a normed space, and take n € N. Following the notation of |18 |20} 32|, we
define pp () for @ = (z1,...,x,) € E™ by

n /
L () = sup{(Z |<xi7)\>|p>1 e BE/} = sup{[[(z, |}z : A € B}
=1

Then (E™, ity ) is a normed space; it is a Banach space when E is a Banach space. We
write pf’n when it is necessary to identify the space E. For example,

poen(®@) = max il = ez ) (@ = (o1, o20) € B7). (15.1)

DEFINITION 1.16. Let E be a normed space, and take p with 1 < p < oo and n € N.
Then iy, is the weak p-summing norm on E (at dimension n).

Let E be a normed space. Clearly (pp.,) is a power-norm based on E and, for each
n € N, we have

i 1/p
max il < ppalerom) < (X all?) T @nme € B). (152)
et i=1

Also pp, n(x) > pip, n(x) (® € E™) whenever 1 < p; < py < oo and n € N. By [32, p. 26]
or [55, (6.4)], it follows that, for each p € [1,00], n € N, and 1, ...,z, € F, we have

tpn (@1, Tn) = Sup{HZCjsz C1yen. (o €T, (Z |gj|Q) < 1}. (1.5.3)
j=1 j=1
Now take n € N and Ay,..., A, € E/, and set A = (A1,...,A,). Then
n o\ /P
Lpm(N) = sup{(z (2, As)] ) Lz € BE}. (1.5.4)
i=1

Let E and F be normed spaces, and take n € N and T € B(E, F). Then
iy (T7@) < @7 (@ € B"). (15.5)

Let E be a normed space. Then the space of sequences © = (z;) € EY such that

|| = sup{(i (s, w’)l/” PN€E B} < oo
=1

1=

is denoted by (5 (B), 1| - iz () in (23, p. 16], by (6°2(), | - [3) in [24) p. 32),
and by (€;(E), || - [I;') in [55, (6.4)].
Let E be a normed space, and take n € N. For ¢ = (z1,...,z,) € E™, consider the

map
T$:(C17"',Cn)'_>zcz‘xi, E%-}E
i=1

Then T, € B(¢2, E) and i () = ||T%||. The norm on E™ corresponding to the injective
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tensor norm on /2 @ E is denoted by || - ||e.n, and so, for & = (z1,...,2,) € E", we have

n n n 1/q
lx|em = HZ&@@ :sup{‘Zai@i,/\)‘ : <Z|ai|q> <1, )\EBE/}
i=1 c i=1 i=1

= sup{ (i |<xi,)\>|1’> e PN BE/} = fpn(T).
i=1

Hence
lzllen = tpn(x) (€ E™). (1.5.6)

It follows that
(E"; ppn) = B(EE, E) = (£, @ B, || - [l.n)- (1.5.7)
In the case where F is a finite-dimensional normed space, we also have
(E" pip.n) = B(E', £7,).
Indeed, the element & = (1,...,2,) € E™ corresponds to T,, € B(E’, (2), where
'\ = X" () = (x,)\) (AeE).

Let F be a normed space with a closed subspace F', and take p with 1 < p < oo,
n € N, and @ € F". Then it follows immediately from the Hahn—Banach theorem that
we obtain the same values for p, () whether it be evaluated with respect to E or F.
Thus ‘a weak p-summing norm passes to subspaces’, in the sense that

TE) (™ ) = (B py) (15.8)

is an isometry for each n € N; cf. Proposition v). Now suppose that 1 < p < oo with
p # 2 and that n € N. Then it is not necessarily the case that the norm Mg {LF on the
quotient space (E/F)™ of E™ is equal to the quotient of the norm uﬁn on E™; we shall
show this in Example below.

Let E be a normed space, and again take p with 1 < p < oo and set ¢ = p’. For n € N
and « € E™, define

Vpn () = sup{[(@, A)| : A € (E)", pg.n(A) <1}

Then we see that (E™,v,,) is a normed space; we write I/En when it is necessary to
identify the space F. For example,
n
v n(x) = Z lz;l (&= (z1,...,2,) € E", n €N). (1.5.9)
j=1

Clearly (vp,n) is a power-norm based on E. The norm v, , is the restriction to E™ of the
dual norm of f1,.,,, where i, is defined on (E')™. Since (/2 & E') = (2 & E" by ,
it follows that

Vpn(@) =||Z||zn (€ E" neN), (1.5.10)

where || - ||,n denotes the projective tensor norm on (£ @ E and we are using Proposi-
tion [L.14[iv). Hence

(B vpn) = QE, || lrn) (neN). (1.5.11)
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DEFINITION 1.17. Let E be a normed space, and take p with 1 < p < oo and n € N.
Then vy, is the dual weak p-summing norm on E (at dimension n).

Take n € N. Then it is clear that the dual space to (E™, up ) is ((E')", v4,n) and that
the dual space to (E™,vp ) is ((E')™, tign)-
It follows from (|1.5.2)) by duality that, for each n € N,

(Z Hxi”p) < vpn(@r,zn) Yzl (21, @ € B). (1.5.12)
i=1 =1

ExAMPLE 1.18. Let F be a normed space, and take n € N. Then we have defined the
p-sum norm || - [,z gy on the space E™ in Definition As in §1.4, we identify /# @ E
with E", and so we obtain a norm on #2 ® E corresponding to the p-sum norm. It follows
from (1.5.6), (1.5.2), (1.5.12), (1.5.10) that

e = (@) < @l ) < Vpon (@) = @ (@ € B, (15.13)
and so, by Proposition | - llez (&) defines a reasonable cross-norm on ¢ @ E.
(In fact, it follows from [55| (6.9)] that
dp(2) < \2llen) < 9p(2) (2 € 6, @ E),
where d,, and g, denote certain ‘Chevet—Saphar tensor norms’.)
Now suppose that E and F' are normed spaces and that T' € B(E, F). Also in §1.4,

we identified the operator I, @ T : £ ® E — (2 ® F with the nth amplification T of T..
It is clear from the definitions that

|1, @T : 2 @ E — (2 @ F|| = |T™ : 2(E) — 2(F)| = ||T]. (1.5.14)

|

In the language of §3.1, this will say that T" is a multi-bounded operator with respect to
the p-sum norms based on E and F, respectively, and that |7, = || 7. =

PROPOSITION 1.19. Let E and F be normed spaces, and take T € B(E,F) and n € N.
Then

HT(n) . (En”ulf,n) - (Fn“u;n)H — HT(n) . (En vE ) — (F” o )H = HT”

»pn »Ypn
Proof. Recall that we are identifying the nth amplification T of T with the operator
I,T: @ F — (2 ® F. By Theorem [1.13] ||I,, ®: T|| = || I, ® T|| = ||T||- The result
now follows from the identifications of the weak p-summing norm and the dual weak

p-summing norm in ([1.5.6) and (1.5.10)), respectively. m
The next result follows from Proposition i) and (1.5.11]).

PROPOSITION 1.20. Let F be a closed subspace of a Banach space E, let Qp : E — E/F
be the quotient map, and take p with 1 < p < oo and n € N. Then
(B vy) = (B/F)" vh")

is a quotient operator. m

Take F' to be a closed subspace of a Banach space F, and suppose that 1 < p < oo

with p # 2 and that n € N. Then it is not necessarily the case that the norm v/’ on the

subspace F™ of E™ is equal to the restriction to F™ of the norm VpE,n on E™. We shall
also show this in Example [I.30] below.
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1.6. Subspaces and subquotients of LP-spaces. Let (€, 1) be a measure space, and
take p with 1 < p < co. We write LP(§, u) or LP(Q) for the usual Banach space of scalar-
valued, p-integrable (with respect to the measure u) functions. In particular, we write
LP(T) for the usual space of p-integrable (with respect to Lebesgue measure) functions
on I. Again we write LP(Q, u, R) or LP(Q, u, C), etc., when necessary.

We shall need some results which determine the Banach spaces that are either sub-
spaces or subquotients of Banach spaces of this form, and we summarize the story here.
Following Pisier [51], we make the following definition.

DEFINITION 1.21. Take p with 1 < p < oco. Then the class of Banach spaces that are
subquotients of Banach spaces of the form LP(, 1), where (€, 1) is a measure space, is
denoted by SQ(p).

Each Banach space F is a quotient of a space of the form ¢1(T"), and so SQ(1) is the
class of all Banach spaces. Set B = Bgs. Then the map x — kg(x)|B, E — (>°(B), is
an isometric embedding, and so SQ(o0) is the class of all Banach spaces. Also SQ(2) is
the class of all Hilbert spaces. Let E be a Banach space. Then clearly E’ € SQ(p’) if and
only if E € SQ(p).

The first result is standard; see |2, Theorem 6.4.19 and Proposition 11.1.9], for ex-
ample. (The result is stated just for real Banach spaces in these sources; the result for
complex Banach spaces follows easily.) An early source for the final clause is a paper of
Dor |26, Theorem 2.1].

PROPOSITION 1.22.

(i) Suppose that 1 < p <2 and 1 <r < oco. Then £" and L"(I) each embed in LP(T) if
and only if p < r < 2.

(ii) Suppose that 2 < p < oo and 1 < r < co. Then £" and L"(I) each embed in LP(I) if
and only if r =2 orr = p.

Moreover, in both cases, £" and L"(I) embed isometrically in LP(I) whenever they embed
in LP(I). m

COROLLARY 1.23. Suppose that 2 <p < oo and 1 <r < oco. Then ¢" and L"(I) are each
isometrically isomorphic to a quotient of LP(I) if and only if 2 < r < p.

Proof. Set ¢ = p' and s = r’. Suppose that 2 < r < p. Then 1 < g < s < 2, and so, by
Proposition [1.22(i), ¢° and L*(I) embed isometrically in L4(I). Hence ¢" and L"(I) are
isometrically isomorphic to a quotient of LP(I). The converse is similar. m

It follows from Proposition (1) and Corollarythat the space ¢" is a subquotient
of LP(I) whenever 1 <p<r<2or2<r<p<oo.

Although it is not strictly relevant to our work, we note that, for each r,p € (1, 00),
the space £" embeds in LP(I) as a complemented subspace if and only if r = p or r = 2 |2}
Theorem 6.4.21].

We shall also use the following result from |2, Theorem 11.1.8].

PROPOSITION 1.24. Take p with 1 < p < co. Then each separable Banach space that is
finitely representable in (P is isometrically isomorphic to a closed subspace of LP(I). m



Multi-normed spaces 25

We next give in Theorem [I.26]a more general version of Proposition [I.22] We shall use
the following remark. Take p with 1 < p < o0, let (€, ) be a measure space, and suppose
that F is a closed, separable subspace of LP (€2, ). Then it is easy to see that E embeds
in a space LP(3,v), where (X,v) is a measure space and v is o-finite, whence LP(X,v)
is separable. By [33] p. 15] and by [37, p. 128], each infinite-dimensional, separable space
of the form LP(X,v) is isometrically isomorphic either to €7 or to L”(I) or to (P &, LP(I)
or to ¢ &, LP(I) for some n € N, and hence embeds isometrically in LP(I).

The first result is close to [2, Proposition 11.17].

PROPOSITION 1.25. Let Q be a measure space, and take r with 1 <r < oco. Then L™()
1s finitely representable in 0.

Proof. Take a finite-dimensional subspace X of L"(Q) and take € > 0, say {x1,...,Zm}
is a basis for X, where m € N. We approximate each x; by a simple function f; in L"(Q)
in such a way that the linear operator T : X — L"(Q) with Tz; = f; (i € N,;,) is an
isomorphism onto F := lin{f1,..., fm} with |T| [T~} < 1 + . Take {A;,...,A,} to
be a measurable partition of {2 such that each function f; is constant on each set Aj,
and set G = lin{x4,,...,x4,}. Then FF C G and G = ¢I,. We conclude that there is a
finite-dimensional subspace Y of ¢" such that d(X,Y) < 1+ ¢, as required. =

THEOREM 1.26. Let Q be a measure space, and take p with 1 < p < oco.

(i) Suppose that r is such that 1 <p <r <2 or thatp > 2 and r =2 or r = p. Then
the space L"(QY) is finitely representable in ¢P and there is a measure space X such
that L™ () is isometrically isomorphic to a closed subspace of LP(X).

(ii) Suppose that 2 < p < oo and 1 < r < co with r # 2 and v # p. Then " is not
isomorphic to a closed subspace of LP ().

(iii) Suppose that 1 < p <r <2 or2 <r < p < co. Then L"(Q) belongs to the class
SQ(p).-

Proof. (i) By Proposition L™ (Q) is finitely representable in ¢". By Proposition m
{" embeds isometrically in LP(I). Again by Proposition LP(T) is finitely representable
in ¢P. Thus L"(Q) is finitely representable in ¢P.

By [24, Corollary 8.14(a)], there is a measure space X such that L" () is isometrically
isomorphic to a closed subspace of LP(X).

(ii) By Proposition [.22(ii), £" is not isomorphic to a subspace of LP(I), and so the
result follows from our preliminary remark.

(iii) The case where 1 < p < r < 2 is covered in (i); the case where 2 < r < p < 00
follows by duality. m

The following theorem implies that ¢" is isomorphic to a member of the class SQ(p)
if and only if r lies between 2 and p; it is surely well-known, but we have not found an
explicit statement in the literature.

THEOREM 1.27. Take p and r with 1 < p < oo and 1 < r < oo, and suppose that either
l1<p<2andréglp?2], or2<p<ooandr¢][2,p].

i) For each C > 0, there exists n € N such that £} is not C-isomorphic to a space in
n

the class SQ(p).
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(ii) For each measure space Q such that L () is an infinite-dimensional space, the space
L™(9) is not isomorphic to a space in the class SQ(p).

Proof. By duality, it suffices to prove the theorem in the case where 2 < p < oo and
r & [2,p], and so we suppose that this is the case.

(i) Assume to the contrary that, for some C > 0 and each n € N, there is an n-
dimensional subspace E,, of a quotient of the space LP(X) with d(E,,¢;) < C. By [62,
IL.E.8] and [40, Corollary 5], respectively, we have

dir ) =nlV/2=Yrland - d(E,, 02) < nlt/2-1/7 (1.6.1)

for each n € N. (Again, the results quoted are given for real-valued spaces, but they
extend easily to complex-valued spaces.)

First suppose that p < r < co. Then, by (1.3.12]) and (1.6.1]), we have
n/2UT < opl/2=1e (e N),
and so n'/P~1/7 < C (n € N), a contradiction.
Next suppose that 1 < r < 2. Then we claim that
d(E,, 7)) > ent/m"1/2 (n eN) (1.6.2)
for some ¢ > 0. Indeed, take n € N and closed subspaces X and Y of L?(X) such that
Y ¢ X C LP(Y) and dim(X/Y) = n, with quotient map @ : X — X/Y, and take a
contractive isomorphism 7' : £], — X/Y, with inverse S : X/Y — (]. We again write
{61,...,0,} for the canonical basis of ¢]. For each i € N,,, there exists z; € X with

lz:]] <2 and Q(x;) = T9;. In the following sums, €1, ..., &, range over all choices of £1.
We have

1 1 1 1 nl/r

= il 2 o Q@i 2 T om ||, = Tor

n ZE z x — 2n ZE Q(l. ) X/Y HS” 2n ZE £, ||SH

On the other hand, the space L?(X) is of type 2 because p > 2 [62}, II1.A.23], and so there
is a constant M > 0 such that

E Eilyq

Thus ||S|| > en'/"=1/2 where ¢ = 1/2M, and so d(E,, (%) > en'/"=1/2 (n € N), giving
the claim .

It follows that cn'/"~1/2 < C' (n € N), again a contradiction.

(ii) Let © be a measure space such that L"(2) is an infinite-dimensional space, and
assume towards a contradiction that L"(f2) is isomorphic to a subquotient E of LP(X),

1 - 2\ /2 1/2
- X<M(;||xi||) < 2Mnl/2,

where ¥ is a measure space, say d(E,L"(2)) = C. For each n € N, the space £, is
isometrically isomorphic to a closed subspace of L"(2), and so there is an n-dimensional
subspace E, of a quotient of the space LP(X) with d(E,, ¢,) < C. However, by (i), this
is not the case for some n € N, giving the required contradiction.

Thus L"(€2) is not isomorphic to a subquotient of L?(X) for any measure space X. u

We now present a result about uncomplemented subspaces of the spaces ¢P that we
shall use.
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THEOREM 1.28. Take p with 1 < p < oo and p # 2. Then there is a closed subspace F
of P such that F is isomorphic to P and F is not complemented in ¢P.

Proof. In the case where p = 1, this is a theorem of Bourgain [10]. For 1 < p < 2 and
2 < p < o0, this is [5, Theorem 3.1] and [54, Corollary to Theorem 6], respectively. m

COROLLARY 1.29. Take p with 1 < p < oo and p # 2. Then there are a constant C > 0,
a closed, uncomplemented subspace F of ¢, and an increasing sequence (Fy,) of subspaces
of F such that dim F,, = n, d(F,,(2) < C, and \(F,, F) < C for eachn € N, and further
such that |J{F, : n € N} is dense in F' and lim,,_,o0 A(Fy, £F) = 0.

Proof. By Theorem there is a closed subspace F' of #? such that F' is not comple-
mented in 2 and F ~ (P, say T : ¢? — F is the specified isomorphism. Set F,, = T({2)
(n € N). We see that dimF,, = n (n € N) and that there exists C' > 0 such that
d(F,,t2) < C and \(F,,F) < C for each n € N, and also that |J{F,, : n € N} is dense
in F. It remains to show that lim,_, . A(Fy,, F) = oo.

Assume towards a contradiction that there is a strictly increasing sequence (ny) in N
such that each space F,, is complemented in (P by a projection, say @ € B(¢P), and
that sup{||Qx|| : k¥ € N} < co. Set ¢ = p’, so that 1 < ¢ < oo. The space B(¢?) is the dual
of the space G := /? ® ¢9, and so the sequence (Q}) has an accumulation point, say Q,
with respect to the weak* topology o(B(¢P),G) on B(¢P).

Take f € ¢P. We first claim that Qf € F. For otherwise there exists A € £9 such that
(Qf,A) =1and (g,A\) =0 (g € F). However (Qf, \) = lim,{ga,A) = 0 for a subnet (g4)
of (Qrf), a contradiction. Thus Qf € F, as claimed.

We next claim that Qf = f (f € F'). Indeed, first suppose that f € F,, for some
k € N. Then Q;f = f for each j € N with j > k, and so (Qf, A\) = (f, A) for each A € £,
whence Qf = f. Since |J{F.,, : k € N} is dense in F, the second claim follows.

We have shown that @ € B(¢P) is a projection onto F', a contradiction of the fact that
F is not complemented in ¢P. Thus we conclude that lim,, o A(F,, P) = 00. m

A similar result to the above can be obtained in the case where p = 1 from results
in [10] by somewhat different methods. As we shall not use the case where p = 1, we do
not provide a proof of this remark.

ExAMPLE 1.30. Suppose that F is a closed subspace of a Banach space E, with the
embedding Jr : F' — E and quotient map Qp : E — E/F. Take p with 1 < p < oo and
p # 2, and take n € N. Then, as we remarked, it is not necessarily the case that the weak
p-summing norm ug /F on the quotient space E™ /F"™ = (E/F)™ is equal to the quotient
of the weak p-summing norm Nf,n on E" or that the dual weak p-summing norm 1/5 n
on the subspace F™ of E™ is equal to the restriction to F™ of the dual weak p-summing

norm Vﬁn on E™. Further the relevant norms are not always uniformly equivalent as n
varies. Here we present examples to substantiate these remarks.
Denote by 7, the quotient norm on (E/F)™ of the norm p, on E™. Then we do

have

WP @+ FY) <l @+ FY) (2 e B, vl (2) < vl (@) (zeF),
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and so, for each n € N, the norms i, /F and Bk, are equivalent on (E/F)™ and the

norms v, and v}, are equivalent on F". However, we shall show that we do not always
have uniform equivalence (in n) in the two cases.

Set ¢ = p/, so that 1 < ¢ < oo and g # 2, and consider the special case where E = /4.
By Corollary[I.29] there are a constant C' > 0, a closed subspace F of E, and an increasing
sequence (F,,) of subspaces of F' such that dim F,, = n, d(F,,,¢2) < C, and \(F,,,F) < C
for each n € N, and lim,, o0 A(Fy, E) = co. For each n € N, take a projection @Q,, of F
onto F,, with |@,] < C, and set

Cn = 1/ﬁ(-[£{’t Qx JFn)7

where Jp, : F,, — E is the inclusion map. Thus, for each n € N, ¢,, is the minimum
constant such that

v (@) < carlla(@) (@€ F).

Since d(Fy,, £%) < C, we have d(F},¢2) < C, and so there is an isomorphism T, : F, — (P

with | T,,] = 1 and |71 < C.

Let us combine the commutative diagram

~ Ip @7 JF,

PRIF, ——— "> OF
T ® IFRL ]

1 F, Qn Jr,
F! ® F,———>F/ ®FE

with equation (1.3.13) (which applies because T}, ! @, I, is an isomorphism), with The-

orem and with Proposition [[.15} Then we conclude that

1/Cn = 6([@{; (oo JF") < Cﬁ(IF;l (o JF") = C/)\(Fn,E) —0 asn— oo.
Thus there is a sequence () such that @, € ¢4 ® F, with vf7 (x,) =1 for each n € N
and v}, (x,) — 0 as n — oo.

We now regard x, as an element of the subspace F)' of F™ for n € N and use
Proposition [[.19] to conclude that

V;};z(xn) l/fn(le") (xn)) < Cy;fjn(mn)v
and hence that

BUE s (Fw) = (B 07,)) >0 as = oc, (16.3)

) p n
an equation that we shall refer to later.

Recall that F is a closed subspace of E = ¢4. Since /P has the approximation property,
Theorem implies that the map

Ipp @p Jp : PRF — P & (7

is an injection. However, it follows from ([1.6.3)) that it is not an embedding.
Let U : F' — E'/Ft be the inverse of the isometric isomorphism J;. induced by
Jp t B - F' as in 1) Take n € N, and write ﬁgn for the quotient norm on the
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space (E'/F+)™ of the norm pfn on (E")™. Then we have a commutative diagram

(75"
(E"vE.Y = (F™ kY
o J4) ™ ,
(B, 1) W) (F)™, ul)
I(")

n —E E'JFL €
(B FH)m, mEl) ~———— (B /FL) )

Set
dn = |15 o s ((B/JFR) u2177) = (B ) F)" 8
so that d,, is the minimum constant such that

A+ (F)) < duplZ /T (A4 (FHY) - (e (B)"),

Since U is an isometric isomorphism, Proposition m (applied to U and its inverse)

implies that U™ is an isometric isomorphism of ((F')", ,uqF:/n) onto ((E'/FH)™, E /F ).
Hence, using the above diagram, we see that
dp = U™ ((F)", 5l ) = (B'JFH™ 12|
= r((Jp)™) = #((J2)) = 1/B8(J0) = 00 asn — oo, (1.6.4)

using (|1.3.7)), (1.3.14)), and (|1.6.3). This shows that the norms E;/FL and @Z, on the
Hq, :u’q,n

space (E'/F+)™ are not uniformly equivalent as n varies. m

1.7. Schechtman’s space. In this section, we give a result about quotients of the spaces
LP(T), where 1 < p < oo; in the case where 1 < p < 2, the result seems to be new, and
may have independent interest.

We first describe some Banach spaces Z, and .S, for p > 1 that arose in the paper [57]
of Schechtman, where a somewhat different notation was used.

DEFINITION 1.31. Take p with 1 < p < co. Then Z,, is the Banach space (7 (¢?).

Let M, denote the linear space of all scalar-valued N x N-matrices. We may consider
the Banach space Z, = ¢P(¢?) for 1 < p < oo to be a subspace of M, in the following
way. Given a € Z,, we have a = (a; : j € N), where a; € ¢* (j € N) with

> 1/p
lallz, = (3~ llasIi%)
j=1

we set a; = (a;; : 4 € N) for j € N, and identify a with (o, ;) € M, so that a; is the
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Jjth column of the matrix («; ;). For later reference, we note that

ol = (X lans)) ™ (1.71)

j=1 i=1

The dual space of Z, is Z,, where ¢ = p'; the duality bracket is given by

((ev,5), (Bij)) Z @ ;Bi; (i) € Zp, (Bij) € Zy).

i,j=1

For a = (a; ;) € M, let a' = (a;;) € Mo denote its transpose, and consider the
subspace
Sy={b+c:bce Z,}

of M, and the linear surjection
T:(bye)—b+c, Z,®1Z,— S,

The kernel of T is clearly a closed subspace of the Banach space Z, ©; Z,, and we give
Sp the quotient norm, so that

lalls, = mf{[|bllz, + llcllz, : b,c € Zp,a=b+c'}  (a€S,).

Thus (S, || - ||s,) is a Banach space; further, ||lalls, = [la’[|s, (a € Sp).

In the next lemma, we use ‘matrix units’ e;; € My for 4,j € N, where e;;(r,s) =1
when (r, s) = (4, j) and e;;(r, s) = 0 when (7, s) # (4, ), and consider matrices (c; ;) with
only finitely-many non-zero entries, writing the matrix as Z s jeq;. For example, for
each sequence (a;) € coo and 7 € N, the elements

(o] o0

Zajeij and Zajej,-

j=1 j=1
correspond to the ith row and ith column, respectively, of M,

LEMMA 1.32. Take p with 1 < p < 2, and suppose that (o) € coo. Then:

(i) for each i € N, we have

o0 o0
Hzajeij s :HZozjeﬂ
j=1 rj=l

(i) for any strictly increasing sequences (i) and (ji) in N, we have

[ eweiall, = (Siewr)”

= (o)™

Jj=1

Proof. (i) Take i € N.
First consider the row a = Ejoil ajeq;, an element of Z, C S, C M. Then

> 1/2
lalls, = lla'lls, < la'llz, = (3" lal?) ",
j=1

where the final equality follows from (|1.7.1]).
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Conversely, given € > 0, take b, c € Z, such that a = b+ ¢' and
lalls, = [Ibllz, + llcllz, — &,

say b = (Brs) and ¢ = (v, 5) as elements of M. Then o; = 5, ; + ;. (j € N), so that,
by the subadditivity of the £2-norm, we obtain

> 1/2 > 1/2 i 1/2 > 1/p i 1/2
(Z |Oéj|2) < (Z \5i,j|2) + (Z 15,3 2) < (Z |5z‘,j|p) + (Z |Vj,z'|2)
=1 j=1 j=1 j=1 j=1
3 o]+ s
J=1 J=1

Since € > 0 was arbitrary, we conclude that (372, |a;|?

< |lbllz, + licllz, < llalls, +e&.
ZP

1/2
)" < llalls, -

The claimed equality follows.
(ii) Set a = Y p- | agei, j.- Then

> 1/p
lalls, < llallz, = (3 laxl?) .
k=1

Conversely, given € > 0, again take b = (5,5) and ¢ = (7,.5) in Z, such that a = b+ ¢!
and

lalls, = [[bllz, + llcllz, — e

Then ap = i, j, + Vjr.ir (k € N), so that, by the subadditivity of the ¢P-norm,

b 1/p > 1/p > 1/p
(D lant) ™ < (X 18uinl?) * + (X hiwanl?) < lbllz, + liellz, < lalls, +e.
k=1 k=1 k=1

As before, this implies that (37, |a;[P) Y < lals, -
The claimed equality follows. m

THEOREM 1.33. Take p with 1 < p < 2. Then the space S, is isomorphic to a member of
the class SQ(p), but it is not isomorphic to a closed subspace of LP(QY) for any measure
space §2.

Proof. By Proposition i), ¢% embeds in LP(I), and so Z, embeds in LP(I), whence
Z, ®1 Z, embeds in LP(I) @1 LP(I) ~ LP(T). Since S, is a quotient of Z, &1 Z,, the space
S, is isomorphic to a member of the class SQ(p).

Assume towards a contradiction that there is an embedding J : S, — LP(2) for some
measure space ), so that ||Ja| rr) > B(J)|lals, (a € Sp), where 3(.J) > 0, and set

f@j = Jeij S LP(Q) (Z,j S N)

It follows from Lemma i) that the ‘rows’ and ‘columns’ of the array (f; ;) each form
a basis of the space £2, and so it now follows from the main theorem, Theorem 1.1, in [29)
that there exist strictly increasing sequences (ix) and (jx) in N such that

1y
dm o 3 f

= 0. 1.7.2
) (1.7.2)
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(In fact, the cited theorem is considerably more general.) Take n € N. By Lemma [1.32(ii),
applied with oy =1 (k <n) and ar =0 (k > n), we see that

n 1 n
n § Cir. gk = E flka
k=1 s, ~ B(J) k=1

a contradiction of (1.7.2)). Thus S, is not isomorphic to a closed subspace of L(2). m

Lr(Q)

The following theorem will be used in Example [2.31]

THEOREM 1.34. For each p with 1 < p < oo and p # 2, there is a separable Banach
space in the class SQ(p) that is not isomorphic to a closed linear subspace of LP(§2) for
any measure space €.

Proof. First, suppose that p = 1. For each measure space ), the Banach space L!(Q) has
cotype 2 [2, Theorem 6.2.14(i)], and so each closed subspace of L!(€) has cotype 2. The
spaces E = ¢9 for ¢ > 2 have cotype ¢ |2, Theorem 6.2.14(ii)], and so these spaces are not
isomorphic to a closed linear subspace of L'(Q). Certainly E € SQ(1). (Indeed, there is
a quotient operator from ¢! onto E [2, Theorem 2.3.1].)

Second, suppose that p > 2, and set ¢ = p’. Take r with 2 < r < p, and set s = 7’.
By Proposition i), ¢5 embeds isometrically in L4(I), and hence ¢" is isometrically
isomorphic to a quotient of LP(I). However, by Theorem m(ii), £" is not isomorphic to
a subspace of LP(Q2) for any measure space 2.

Finally, suppose that 1 < p < 2. Then the result follows from Theorem .

1.8. The spaces LP(); F) and p-spaces. In this section, we shall define the class of
‘p-spaces’; as a preliminary, we shall recall the definition of the spaces L?(Q; F).

Let (92, 1) be a measure space, take p with 1 < p < oo, and suppose that F is a
Banach space. Then the space LP(£2; E) consists of the (equivalence classes of) strongly
p-measurable functions F : Q — E such that the function s — ||F(s)|| on Q belongs to
LP(Q, p) (see |25]). Thus (LP(; E), || - ||) is a Banach space with respect to the norm || - ||
specified by

1/p
|F| = ( / IIF(S)II”dM(S)> (F e I(% B)),

with ||F|| = esssup{||F(s)| : s € @} when p = occ.

The tensor product LP(Q) ® E can be identified with a dense subspace of LP(Q; E);
indeed, the elementary tensor f ® x € LP(2) ® E corresponds to the function

fRx:s— f(s)x, Q— E;
see |22 Chapter 7], for example. In particular, as before we shall identify £, ® E with
2 (E) for m € N, so that the action of
S@Ig: 0, FE =+ F F

(where m,n € N and S € M, ,,,) corresponds to the action of S as a map from ¢, (E) to
(P (E); this is consistent with the identification of (z1,...,z,) € E™ with 2?21 0; ®
in F* ® E in §1.4 and with (1.4.3).
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Now suppose that Q and X are measure spaces and that F is a Banach space, and
again take p with 1 < p < oco. For each S € B(LP(2), LP(X)), there is a linear map

S@lp:LP(Q)@FE = LP(Y)®E,

and we consider whether this map is bounded with respect to the relative norms from
LP(; E) and LP(X; E), respectively. (We note in passing the following from [51} §1.2]:
An operator S € B(LP(Q2), LP(X)) is regular, equivalently, order-bounded (see §4.2) if and
only if the above operator S ® Ig is bounded for every Banach space E.)

The following definition is due to Herz [31, p. 70].

DEFINITION 1.35. Let E be a Banach space, and take p with 1 < p < co. Then F is a
p-space whenever

I1S@ el <[ISI (5 € B(LX (), LP(X)))
for all measure spaces €2 and X.
Further, Herz shows the following in [31, Proposition 0].

THEOREM 1.36. Let E be a Banach space, and take p with 1 < p < oo. Then the following
are equivalent:

a) F is a p-space;
b) |S: 2 (E) = 2(E)|| < ||S: €, — L8| for each S € B(¢E,, %) and m,n € N;
c) |S:8(E) =2 (E)| < |IS: e, — L] for each S € B((E,) and m € N;

(
(
(
(d) ||S:P(E) = P(E)|| < ||S: P — LP|| for each S € B({P). m

Herz also notes the following; they are easily seen. Take p with 1 < p < co. Then:

(i) each space LP(2) for a measure space € is a p-space;

(ii) each closed subspace of a p-space is a p-space;
(iii) each quotient of a p-space by a closed subspace is a p-space;
(iv) the dual of a p-space is a p’-space (when 1 < p < 00).

It follows that each space in the class SQ(p) is a p-space. However, Herz left open the
converse to this latter statement; we shall consider this in the next section.

1.9. Kwapien’s theorem. In this section, we shall characterize the class of p-spaces.

In fact, the converse to the above statement of Herz follows from a theorem of
Kwapien [36, Theorem 2']. A generalization of Kwapien’s theorem is stated by Pisier
in [51, Theorem 4.6]: to obtain Kwapieii’s result, one must take C' = 1 and the class B to
be just the singleton {F} in the cited reference. The theorem of Kwapien is important for
this memoir and elsewhere, and the original proof is perhaps somewhat inaccessible, and
so we wish to present a detailed account; our proof is based on one given by Professor
Christian Le Merdy in an unpublished note, and we are grateful to him for agreeing that
we could present this proof here.

First, we introduce a further definition; it uses the notation of .
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DEFINITION 1.37. Let (E, || - ||) be a normed space, and take p with 1 < p < co. Suppose
that m,n € N, x € £, and y € E". Then y <, = if

Iy Mlen < e, Mller, (A€ EY). (1.9.1)
The condition in (1.9.1)) is that

(S lwp)” < (

m
j=1 =1

1/p
(@ NIF) " (e B,
where @ = (x1,...,2,) and Yy = (Y1, - -, Yn)-

Let E be a normed space, take m € N and ¢ = (21,...,2,) € £,(E), and let z
correspond to  in /2, @ E, say z = 27:1 0; ® xj. Suppose also that

k
z = E T & ai,
i=1

where k € N, r1,...,rp € £ and ay,...,a; € E. Take A € E’. Then
k
(@) = (Im @ A\)(2) = Y {as, \)ri € 20, (1.9.2)
i=1
THEOREM 1.38. Let (E, | -||) be a normed space, and take p with 1 < p < co. Suppose
that m,n € N, x € E™, and y € E" with y <, ®, and set

Z={({@\: e E}.

Then there is a matriz A € M, ,, such that Ax =y, w= (A® Ig)(z), where z € ZQ E
and w € 2 @ E correspond to x and y, respectively, and the map AlZ : Z — (2 is a
contraction as an element of B(Z,2), where we regard Z as a subspace of ¢2,.

Proof. Set @ = (x1,...,2m) € E™ and y = (y1,...,Yn) € E", and define

m k n L
zzz:éj@xj:z:ri@ai and U):Z(Sj®yj223i®bi
j=1 i=1 j=1 i=1

as elements of /2 ® E and /¥ @ E, respectively, where we may suppose that z,w # 0,
and we specify that {ry,...,rt} and {s1,...,s¢} are linearly independent subsets of ¢2,
and 2 respectively, and {aq,...,ar} and {by,...,b;} are linearly independent subsets
of E. We see from that Z = lin{ry,...,rg}, a linear subspace of (£, and so
2€ZQE.

Take A € E' with (a;, \) = 0 (i € Ni). By (1.9:2)), we have (z, \) = 0. Thus (y, A) = 0,
and hence Zf:1<b¢,)\>51' = 0. Since {si,...,S¢} is a linearly independent set in 7, it
follows that (b;, A\) = 0 (i € Ny); this implies that b; € lin{a1,...,ax} (¢ € Ny), and hence

k
w = Zti@)ai
=1

for some ¢1,...,t; € E. There is a linear map A : Z — 2 such that Ar; =t; (i € Ny),
and then w = (A® Ig)(z). We extend A (arbitrarily) to a linear map from ¢, to (£, and

regard A as a matrix in M, ,,; we have Az = y when we regard A as a map from E™
to E™.
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We claim that the map A : Z — (P is a contraction. Indeed, take (1,...,(; in F, and
set r = Zle ¢iri € Z. Since {a1,...,ar} is linearly independent, there exists A € E’

with (a;, \) = ¢; (¢ € Ni), and then, by ,

k
IPlles, = I, A lep, and 1| Arll = ||D2 G|, = g e
=1

D
n

Since y <, x, it follows that [[Ar|,» < ||r[/z , and so A is a contraction in B(Z, 7). =

We record a relevant result that we shall use later: it is Lemma 7.7 of [24], with C' =1
and X = Z = F and Y = F for Banach spaces F and F.

THEOREM 1.39. Let E and F be normed spaces, and take p with 1 < p < oco. Suppose
that an operator T € B(E, F) has the property that
1Tyl 7y < ®ler, ()

whenever m,n € N, x € E™, y € E", and y <, . Then there are a measure space
and a contraction J : E — LP(Q) such that | Tx|| < |[Jz| ey (z € E). =

This theorem says that T ‘factors through a subspace of LP(2), with both factors
being contractions’. We obtain the following corollary by taking FF' = F and T = Ig in
the above theorem.

COROLLARY 1.40. Let E be a normed space, and take p with 1 < p < co. Suppose that

lYller gy < |

whenever m,n € N, x € E™, y € E", and y <p €. Then E embeds isometrically into a

o (E)

space LP(2) for some measure space ). m

Part of the following lemma is exactly [49, Lemma 8.5], with X; of that reference
taken to be the scalar field.

LEMMA 1.41. Let E be a Banach space, let T be an index set, and take Q € B(¢*(T), E)
and p with 1 < p < co. Suppose that, for each r,s € N and each C € M, 5, we have

[C®Q: P T) = ERFE|<|C: & k. (1.9.3)
Then

Do lQg; 1P < > Il (1.9.4)
j=1 i=1

whenever m,n € N and f1,..., fm, 91, 9n € C1(T) with (g1,...,9n) <p (f1,--+ fm)-

Proof. Set (X, |- |) = (¢*(T), || - ller(ry). We take m,n € N, f = (f1,..., fm) € X™ and
g=1(01,...,9n) € X™ with g <, f, and seek to prove inequality .

By reducing T if necessary, we may suppose that max{|f1(v)|,...,|fm ()|} > 0 for
each v € I'. We may also suppose that f; #0 (i € N,,) and Y~ || fil|? = 1.

As in Theorem set Z = {(f,\) : A € X'}, regarded as a linear subspace of /7.
Since g <, f, it follows from Theorem that there is a matrix A € M, ,,, such
that Af = g and A|Z : Z — (P is a contraction as an element of B(Z, (). We write
A= (am 11 € Ny, Jj e Nn)
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Define

m

o = (LI 1Em) " Ger),

i=1
so that a(y) >0 (y € T') and

> af ”*lefll” S =1

vyel ~el
Thus a € P(T") with [|a|ep @) = 1.
Now define b; , = fi(y)/a(y) for i € N,,, and v € T, so that

biya(y) = fi(y) (i€ Np,yel).

Take h € coo(T). Since the function ¢ — P is convex on R, we have

L@ RN 0] P
(Z 7 ) <L AT ey GENm)

yel a(/}/) yel
and so
, v |h(7)] N i h(v)|P
\;bmwl s(%fx il ) <k 0l Jro)
eSS e BOP
=15 %m(waw (i € N
Hence

i!meh I<Z||fl|“2|fz ” =" I = [0,

i=1 el ~el’ ~el
This shows that the linear map

B (S biah() o (oo, - lencry) = (s

yel

E{’,L)v

is a contraction. Since cyo(I") is dense in ¢P(T"), there is a contraction, also denoted by B,
in B(¢P(T"), ¢2,) extending the original B. Clearly

1 1
1:@(fl(’)/)ﬂ"'vfm(’)/)):m<f7€“/> (761—‘)1

where ¢, : X — F is the evaluation functional at . Thus the range of B is contained in

B‘sw = (bm);l

the subspace Z.
Define
C=AoB:(P(T) — &,

so that the map C' is also a contraction. We set C = (¢, ), where
m
Cjy = Zaj,ibm (jeN,,yel).

Thus

gj = Zaj)ifi = Z Z a;j,ibi o (7)0y = Z cinyo(7)0y  (J€Ny). (1.9.5)
i=1

i=1~el ~el’
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Fix € > 0, and choose a finite subset I'y of I" such that
n n
D RUgITIP = > 1Qys11” — e, (1.9.6)
Jj=1 j=1

say [Tg| = k; we may suppose that k& > n. We also write C' for the restriction of the
original operator C' to ¢P(T'y), and regard the new map C as a matrix in M, ;. Set

x = (a(y)dy : v € ) € £7(Ly,X) and h = (g1|To, - - ., ga|T0) € £5(X). By (L.9.5), we
have Cz = h. (1.9.7)
As in , we can identify the map C ® @ : #(T'y) ® X — (2 ® E with

QM oC:P(Ty,X)— 7(E).

Since C' is a contraction, the hypothesis (1.9.3) (with s = k and r = n) implies that the
above map is a contraction, and so, by (1.9.7)), we have

D 1R To)I” = Q™ o OY@)lIfy ) < N@llfopy x) = D la(MIP <1 (1.9.8)

j=1 v€lo

It follows from and - ) that
Z”ng |” < ZIIQ gilTo)[P +e <1+e.

Jj=1
This holds true for each ¢ > 0, and so we obtain the required inequality (1.9.4), where
we recall that >\ [|filP =1. m
We can now conclude the proof of Kwapieni’s theorem.
THEOREM 1.42. Take p with 1 < p < co. Then the class SQ(p) coincides with the class
of p-spaces.

Proof. We have noted, following Herz, that each member of the class SQ(p) is a p-space.
Now suppose that F is a Banach space that is a p-space. We shall apply Proposi-

tion [I.6] Theorem [1.39] and Lemma [T.41]

Take r,s € N and C € M, ;. Since E is a p-space, we know that
IC@Ig: PR F — £ E| < ||C'€p — 2.
There is an index set I and a quotient operator @ : £*(I') — E; by ( m,
I, ®Q: 2@ () » £ Bl = Q| = 1.
Since C® Q = (C® Ig) o (I, ® Q), it follows that inequality of Lemma is

satisfied, and hence that lemma shows that

m

Z 1Qg;|I” < Z I1f:ll”

whenever m,n € N and gl,...,gn,fl,...,fm € (Y(T) with (g1,---,9n) <p (f1s--+, fm)-
By Theorem [1.39] (taken with E = ¢/(T'), F = E, and T = Q), there is a contraction

J : f1(T) — LP(Q) for some measure space {2 such that

1R < I fllery  (f € £1(T)).
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By Proposition (taken with E = (Y(T'), F = E, and G equal to the closure of the
range of J in LP(2)), the space E is isometrically isomorphic to a quotient of G. Thus E
belongs to the class SQ(p). m

The above is an ‘isometric’ version of Kwapien’s theorem. There is also an isomorphic
version; it is proved by a small variation of the above proof.

THEOREM 1.43. Let E be a Banach space, and take C > 1 and p with 1 < p < co. Then
the following are equivalent:

a) E is C-isomorphic to a p-space;
b) ||S® Ig| < C|S| (S € B(LP(Q),LP(X))) for all measure spaces Q and X;
c) ||S: P (E)—=(E)| <C|S: e, — 2] for each S € B(¢P,,¢2) and m,n € N;

d) |S: 8 (E) = (E)| <C|S: e, — L for each S € B(E,) and m € N. m

m

(
(
(
(

COROLLARY 1.44. Take p with 1 < p < co and r with 1 < r < oo, and suppose that )
is a measure space such that L" () is an infinite-dimensional space. Then the following
are equivalent:

(a) L™(Q2) is a p-space;
(b) L™(82) is isomorphic to a p-space;
(c) either l<p<r<2or2<r<p<oo.

Suppose that 1 <p <2 and r & [p,2] or2 < p < oo and r & [2,p|. Then, for each C > 0,
there exists n € N such that the space ¢}, is not C-isomorphic to a p-space.

Proof. The main part of this result follows immediately from Theorems iif), [L.27)i1),
and The final clause follows from Theorems i) and "

1.10. Interpolation spaces. We summarize the basics of complex interpolation theory.
For details, see [6l §§2.3,2.4], [28, Chapter 9], and [51]; the seminal paper is that of
Calderén [11).

Let (Eo, || - llo) and (E1,] - |]1) be two (real or complex) Banach spaces that are both
linear subspaces of a Banach space (H, || - ||), the ambient space, and suppose that the
inclusion maps from (Ej, || - ||;) into (H, || - ||) are both continuous. Then the pair

{(Eo, [ - lo), (B, [ - [11)}

is a compatible couple (of Banach spaces). It is straightforward to show that, in this case,
the spaces Eg N Ey and Ey + E; are Banach spaces under the respective norms defined
by

%] gonm, = max{||z|o, [lz[l1}  (z € Eo N Ey),

2l Bot+ &, = inf{[|zollo + |z1l1 : © = 20 + x1, 29 € Eo, 21 € Ex1}  (z € Eo + En).

A Banach space (G, || - ||) that contains Ey N Ey and is contained in Ey + F; and is such
that the two inclusions

(Eo NEL | - |Eonm,) = (Gy |- |)) = (Eo + Ev, || - |Bg+By)

are continuous is then an intermediate space.
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For details of the following remarks, see [6, Chapter 4], for example. For the remainder
of this section, all our Banach spaces are complex Banach spaces.

Suppose that {(Eo, || - |lo), (F1, ]| - [[1)} is a compatible couple of Banach spaces. Let
Ly and Ly be the lines {iy : y € R} and {1 + iy : y € R}, respectively, in C, and set
S =(0,1) x R C C, an open strip in C. Take F to be the linear space of all functions F
on S taking values in (Eg + E1, || - || gy+#, ) such that F is bounded and continuous on S,
analytic on S, and F|L; is a bounded and continuous map into (Ej, || - ||;) for j =0, 1.

We define a norm on F by setting

1Fll7 = max sup{[|[F(2)l|; : 2 € Ly} (I € F).
By the Phragmén—Lindel6f theorem,
IF()|ge+r, < IFll7 (2 €S, FeF).

Further (F,| - ||#) is a Banach space.

Next take § € (0,1), and identify 6 with the point (6,0) of S. Then the map F' — F(0)
is a contractive linear map from F into (Ey + E1, || - || 5o+, ), and the image of this map
is denoted by

(Eo, E1)o = Ejg);
Ejg) is a Banach space with respect to the quotient norm defined by
[zlljg) = inf{|| F||7 : F' € F, F(0) =2} (z € E),

so that || - [|fg] is the interpolation norm. Further (Ejg, || - ||fe) is an intermediate space.

We now note that, in the definition of the family F, we may suppose that F(iy) and
F(1+1iy) tend to 0 in Ey and Ej, respectively, as |y| — co. Indeed, we can multiply each
original function in the family F by the function

2z exp(0(2% — 6%), S —C,

for suitable 0 > 0 to obtain this without changing the space (Epg, || - ||jg)); for this,
see [13], p. 1007]. This extra property of F was assumed by Calderén when he introduced
this theory in [11]. We shall suppose throughout that functions in F have this extra
property.

We note that if we move to norms on Ey and E; that are equivalent to || - ||o and
|- ll1 on Ey and Ej, respectively, we do not change the intermediate space Ejp (and the
interpolation norm is equivalent to the original interpolation norm).

We also note that, in the above situation, the space Eo N E; is dense in (E, || - [|f7);
this is |6, Theorem 4.2.2(a)].

A Banach-space-valued form of the famous Riesz—Thorin interpolation theorem is the
following; full details are given in [6, Theorem 5.1.2].

THEOREM 1.45. Let Q0 be a measure space, and let {Eo, E1} be a compatible couple of
complex Banach spaces. Take 0 € (0,1) and po,p1 with 1 < pg,p1 < 00, and define p by

1 1-6 0
= +

p Po P
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Set E = (Eo,E1)g. Then {LP°(Q; Ey), LP*(Q; E1)} is a compatible couple of Banach
spaces, and
(LPo(2; Ey), LP (2 Eq))o = LP (S E)

with || fllg) = | fllze:m) (f € LP(Q E)). m

In particular, with the above notation, {¢?°(Ey), ¢P*(E;)} is also a compatible couple
of Banach spaces, and

(Lo (Ep), P+ (Eq))g = (P (E), (1.10.1)

where E = (Ey, E1)g.

Take n € N. By [6, Theorem 5.1.2], it is also true that {¢P°(Ey),(5°(E1)} is a com-
patible couple of Banach spaces and

(0 (Eo), 6 (Ev))o = £3(E), (1.10.2)
where 1/p = (1 —0)/po and E = (Eyp, E1)s.

The fundamental theorem in this context is the following [6, Theorem 4.1.4].
THEOREM 1.46. Let {(Ey, ||-|l0), (E1,||-1l1)} and {(Fo, ||-|l0), (F1,|-]1)} be two compatible
couples of complexr Banach spaces, and suppose that T : Ey + E1 — Fy + F1 is a linear
map such that T(E;) C F; and T|E; : E; — Fj is bounded, with norm M;, for j = 0,1.
Take 6 € (0,1). Then T(Epy) C Fig and || T|Epg|| < My *M{.

PROPOSITION 1.47. Let {Eg, E1} be a compatible couple of complex Banach spaces, and

take 6 € (0,1). Suppose that 1 < p < oo and that Ey and E; are both p-spaces. Then
(Eo, E1)g is also a p-space.

Proof. Set E = (Ey, E1)p. By (LI0.1), (£ (Eo), & (E1))e = £ (E) (n € N).

Take m,n € Nand T € B(f2,,¢2), and consider T as a map defined on the spaces Ej*
and on ET", say

My =T : 63,(E;) = G(EpIl - (5 =0,1).
Since Ey and E; are both p-spaces, in fact M; < |T'|| (j = 0,1). By Theorem m
T (E)) C 42 (F) and
IT = 5,(E) = e(B)|| < My~ M7 < | T|*°|T|1° = ||T].

and so E is a p-space by Theorem (b)=(a). m

We shall see in Example to be given below, that an apparent generalization of
the above result to the case where Ey and F; are pg- and pi-spaces, respectively, and
1/p=(1—6)/po + 0/p1 is not necessarily true.



2. Power-norms and p-multi-norms

2.1. Power-norms. We now return to the theory of power-norms. Throughout we con-
tinue to consider linear spaces over a field IF, where F is either R or C.

Let (|| - ||») be a power-norm based on a normed space F, as in Definition Then
it is easy to see |20, Lemma 2.11] that

max il < flalln < 3llesll (@ = (@1, 20) € B, nEN). (2.1.1)
VN ) P

Thus the formulae ||z||,, = max;—1,._, ||@;|| and |||, = Y ;—, ||z;i|| define the minimum
and maximum power-norms based on FE, respectively; the corresponding spaces E™ are
just £2°(E) and (% (E), respectively.

Let (E™, | - ||») be a power-normed space, and suppose that F is a subspace of E.
Then an easy check shows that (F™, || -||,.) is also a power-normed space. If F' is a closed
subspace of E, equation defines a power-norm based on E/F; the latter is called
the quotient power-norm.

Let (E™, || - |ln) be a power-normed space. Then, by |20, Proposition 2.30], the dual
sequence ((E")™, ] -,,) is a power-Banach space. We say that ((E")", || - ||,) is the dual
power-Banach space to (E™,| - ||.). If (E™, || - ||l») is a multi-normed space or a dual
multi-normed space, then ((E')", | -||,) is a dual multi-Banach space or a multi-Banach
space, respectively (20}, §2.3.2].

The following characterization of power-norms is straightforward.

PROPOSITION 2.1. Let E be a linear space, and suppose that || - || is a norm on E™ for
each n € N. Then (|| - ||n) is a power-norm based on E if and only if

Tz, < max{|T;;|:i € Ny, j € Ny }z|, (xecE") (2.1.2)
for each special matrix T € M, ,, and each m,n € N. m

In fact, to verify that (]|-|») is a power-norm based on a linear space E, it is sufficient
to check for a restricted class of special matrices T. Indeed, to verify (Al), it is
sufficient to consider square matrices (7; ;) such that T;; = ¢;; save for two specified
values iy and jo of ¢ and j, respectively, and such that T; ; = 1—6; ; when {7, 7} = {i0, jo};
to verify (A2), it is sufficient to consider diagonal matrices; to verify (A3), it is sufficient
to consider matrices of the form

(41]
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0
1 0 0 0
01 0 0 1 0 0
. S MnJrl,n and S Mn,n+1-
I .00
0 0 1
0 0 0 0 0 ... 1 0

DEFINITION 2.2. Let E be a linear space, and let (|| - ||2 : n € N) and (|| - ||2 : n € N) be
two power-norms based on E. Then

(- Im) < - 1R) 3 flzlly < 2l (z € E", neN),

and (|| - |2 : n € N) dominates (|| - ||} : n € N), written (|| - ||1) < (|| - ||?), if there is a
constant C' > 0 such that

|zl < Cllz||2  (x € E™ neN), (2.1.3)
the two power-norms are equivalent, written
(-l :neN)y= (-7 :neN) or ([-l) = 7),
if each dominates the other.
For discussions of when two multi-norms are equivalent, see 8] and [19].
2.2. p-multi-norms. We now define the main topic of this memoir, a special class of
power-normed spaces.

DEFINITION 2.3. Let E be a linear space, and take p with 1 < p < co. A p-multi-norm

based on E is a sequence (|| - || : n € N) such that || - ||, is a norm on E™ for each n € N
and

| Tx||m <||T:6 — &z, T eMyn, xecE" m,neN), (2.2.1)
then (E™, | - ||») is a p-multi-normed space.

In the case where E is a Banach space, we may refer to a p-multi-Banach space.

This definition was first given by Ramsden [52], where the term ‘type-p multi-norm’
was used. As observed in |52} p. 58], it follows from Propositionthat each p-multi-norm
is a power-norm.

The motivation for giving this definition is the following. The characterizations given
in Theorems 2.35 and 2.36, respectively, of [20] prove that oo-multi-norms and 1-multi-
norms in the above sense are exactly the multi-norms and dual multi-norms that were
defined in Definition [1.1] and so our new definition generalizes the old one given for the
cases p =1 and p = oo.

For n € N, let C,, be a class of matrices in M, such that

Ut s ei<1 (Uec,)
and such that the absolutely convex hull of C,, is the closed unit ball of the space M,
when this space is identified with B(¢%). Then, to verify (2.2.1)), it suffices to check that
axiom (A3) holds and ||Uz||, < |||, (x € E™) for each U € C,. In particular, in the

case where p = 2 and F is a complex linear space, the class U,, of unitary matrices in
M., (C) satisfies the required condition with C,, = U,,.
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Let (|| - [|n : » € N) be a p-multi-norm based on a linear space E. As noted in [52}
Lemmas 4.3.2 and 4.3.4], the following variations of axioms (A4) and (B4) hold:

||($1, ey Tn—1, Ty, ﬂxn)”n+1 = ||(‘Tla ey In—1, "prn)”na (222)

H('rh sy Tp—1,0T + ﬁy)”n < ||($1, <oy Tn—1, VgL, ’Yqy)Hn-i-h (223)

for all «,3 € F, z1,..., 2,2,y € E, and n € N, where ¢ = p’ and v, = (|a|” + |B]")/"

for r = p,q. In the two cases where p = 1 and p = oo, just (2.2.2) characterizes a

p-multi-norm. However, for 1 < p < oo, these two equations do not characterize p-multi-

norms based on FE, as we shall see in Example (ii) below. These equations are used by

Blasco [7] to characterize a larger class of power-normed spaces than the p-multi-normed
spaces.

It follows from (2.2.2)) that
" 1/p
l(arz, ..., anz)|ln = (Z |ai|p) 2| (a1y...,an €F,z€ E,neN), (2.24)
i=1
and so
I(z,...,2)||n = n'/?||z| (z€E, neN). (2.2.5)
In particular, for each non-zero normed space F, a given power-norm based on F is a
p-multi-norm for at most one value of p.

The following result follows easily from (2.2.3)) by induction on n € N; in particular
the given inequality holds for all p-multi-norms based on E.

PROPOSITION 2.4. Let E be a normed space, take p with 1 < p < oo, and suppose that
(I - =) is a power-norm based on E such that inequality (2.2.3)) is satisfied. Then

n
|3 @i
i=1

forall ay,...,a, €F andn € N, where ¢ =p'. m

< [l(a)

x|, (x=(r1,...,2,) € E")

&

We note the following standard constructions involving p-multi-norms; clause (iv)
is [52, Corollary 4.4.12].

PROPOSITION 2.5. Let E be a normed space, take p with 1 < p < oo, and suppose that
(I - =) is a p-multi-norm based on E.

(i) For each subspace F of E, the power-normed space (F™, | - ||») s a p-multi-normed
space.
(ii) For m € N, set F = E™. Then the power-normed space (F™, | - ||mn) is a p-multi-
normed space.
(iii) For each closed subspace F' of E, the quotient power-normed space ((E/F)™, | - ||n)
is a p-multi-normed space.
(iv) The sequence (|| - ||2,) of dual norms is a p'-multi-norm based on E'.

Proof. (i) & (ii) These are easily checked.
(iii) Take m,n € N, & € E", and T € M, ,, with || : £ — (2 || < 1, and take € > 0.
There exists y € F" with ||z + y||, < || + F"|, +¢. Since Ty € F™, we have
IT(@ + F")[lm < T (@ + Y)llm < [l +ylln < [l@+ || +e.

This holds for each € > 0, and so ||T(x + F")||m < || + F"||», as required.
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(iv) Set ¢ = p'. Take m,n € N, T € M,, ,,, and X € (E’)". Then, for each x € E™
with |||, < 1, we have

(@, TA)| = (T2, M| < [T ||n|IA]7, < 1T €5, = G, = 1T 6 — L1 I

and 8o || Ty < [|T: €4 — £ || |A|l5,- Thus (]| - |I7,) is ¢-multi-norm based on E’. m

DEFINITION 2.6. Let (E™, || - ||») be a p-multi-normed space, where 1 < p < co. Then
the sequence (]| - ||7,) of norms is the dual p’-multi-normbased on E'.

ExaAMPLES 2.7. Take p with 1 < p < .
(i) Forn e Nand z = (z1,...,2,) € F", set

~ 1/p
2l = (3 12it?) ™ = 1zl
i=1

Then (|| - ||») is a p-multi-norm based on F, and it is immediately checked that it is the
unique p-multi-norm based on F such that ||z]|; = |2| (¢ € F).

(ii) Let E be a normed space. Then we have defined the p-sum norm in Definition [1.7]
by the formula

n

1/p
Il = (3 lzil?) " (@ =(@r,. . m) € B nEN).  (226)

i=1

Set || ln = I - ller (&), so that (E", || - [[n) = €, (E). Then clearly (|| - ||») is a power-norm
based on E and the sequence (||-||,,) satisfies and ([2.2.3)); this power-norm is called
the p-sum power-norm. For p = oo, we obtain the minimum multi-norm; for p = 1, we
obtain the maximum dual multi-norm, as in [20].

Now consider the special case in which £ = ¢P. Take m,n € N, T' € M,, ,, such that
|T:¢2 —¢P || <1, and & = (21,...,2,) € (¢P)". For k € N, set

ap = (T1g, - Tng) €T,

where z; = (z;; : j € N) for i € N,,. Then

o0 m o0 oo o0 n

T2l = > Y ((Te)awl” =Y ITenlfy <> ey =D lel” = ||,
k=1 i=1 k=1 k=1 k=1 j=1

and so (|| - ||») is a p-multi-norm based on ¢P. More generally, consider the case where

E = LP(, p), where (€2, 1) is a measure space. Then we shall see in Example [2.27ii)

that (|| - ||») is a strong p-multi-norm, and hence (|| - ||,) is a p-multi-norm.

Next suppose that 1 < p < 2 and r € [p,2]. By Proposition the spaces £"
and L"(I) are isometrically isomorphic to closed subspaces of LP(I), and so, by Proposi-
tion i), the p-sum power-norm is a p-multi-norm based on the spaces ¢" and L"(I).
Second, suppose that 2 < p < oo and that r € [2,p]. Then, by Corollary " and
L"(T) are isometrically isomorphic to quotients of LP(I), and so, by Proposition iii),
the p-sum power-norm is a p-multi-norm on these spaces.

However, we shall see in Theorem that the p-sum norm based on a Banach space
is not always a p-multi-norm.

(iii) Let E be a normed space. For n € N, the norm p,, , on E™ is the weak p-summing
norm discussed in §1.5.
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It is shown in [20, Theorem 3.16] that (up,) is a p-multi-norm based on E; we shall
prove a stronger result in Example iii). It follows that the set of p-multi-norms based
on an arbitrary normed space E is not empty. In fact, we shall see in Theorem that
(tp,n) has the property that

ppn(®) < |2ln (@€ E", neN)

for each p-multi-norm (|| - ||,) based on E.

(iv) Let E be a normed space, and set ¢ = p’. For n € N, the dual weak p-summing
norm v, , on E" was also discussed in §1.5; indeed, v, ;, is the restriction to E™ of the
dual norm of %, on (E")".

Since (fq,) is a g-multi-norm based on E’, it follows that (v ) is a p-multi-norm
based on E. In fact, we shall see in Theorem that (vp ) has the property that

|Z)ln < vpu(x) (z€E" neN)
for each p-multi-norm (|| - ||,,) based on E. =

The results concerning p-sum power-norms mentioned in Example ii) are special to
the cases mentioned. Indeed, take p with 1 < p < oo. Then it follows from Theorem [T.306}
(a)&(b), that the p-sum power-norm based on a Banach space E is a p-multi-norm if
and only if F is a p-space, and so the following theorem is an immediate consequence of
Kwapieni’s theorem, Theorem [1.42

THEOREM 2.8. Let E be a Banach space, and take p with 1 < p < co. Then the following
conditions on E are equivalent:

(a) the p-sum power-norm based on E is a p-multi-norm;
(b) E is a p-space;
(¢) E belongs to the class SQ(p). m

Further, take p with 1 < p < oo and r with 1 < r < 0o, and let {2 be a measure
space such that L"(Q) is an infinite-dimensional space. Then, by Theorem and Corol-
lary the p-sum power-norm based on L"(f2) is a p-multi-norm if and only if either
1<p<r<2or2<r<p< oo In particular, equations (2.2.2) and (2.2.3) do not
characterize p-multi-norms when 1 < p < co.

EXAMPLE 2.9. We now generalize a construction of [45, p. 17] (using a different term-
inology).
Fix independent standard normal random variables, f1, fo,.... More specifically, we
suppose, in the real case, that each f; has the probability density function
1 2
——exp(—t~/2 teR),
= oR(£/2) (ER)

so that the joint density function of f1,..., f, on R™ (for n € N) is
1 9 9
Wexp(—(t1 +F+12)/2)  (t1,...,tn €R).

In the complex case, f1, f2,... are independent complex standard normal random vari-
ables of the form (g; + ih;)/V/2, where g1,h1, g2, ho,... are real independent standard
normal random variables. For background information, see [41, pp. 148-149].
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Now suppose that E is a complex Banach space, take n € N, and suppose that
U = (Ui;) € M,,(C) is a unitary matrix. Take fi,..., f, to be independent complex
standard normal random variables, as above. Then the two n-tuples f = (f1,..., fn) and
((Uf)1,...,(Uf),) are equidistributed (see [48, Chapter 2]), and so

IEHZJFZ% :EHZ(ZUi’jfj)xi (1,...,2n € E). (2.2.7)
=1 i=1 j=1
For n € Nand © = (z1,...,2,) € E™, define
n
lz[ln = EHZ fizi |, (2.2.8)
i=1

so that || - ||» is @ norm on E™.

We claim that (]| - ||) is a 2-multi-norm based on E. Indeed, it is immediate that
(Il - [|) satisfies axiom (A3). Now take n € N and a unitary matrix V € M,,(C), and set
U =V*! so that U is also a unitary matrix in M, (C). It follows from (2.2.7) and (2.2.8)
that

Vel = 2|3 f(ve),
i=1

=5y (3 veum)|

1= 7=

~E3 (3wt~ 2] s
J=1 = =

and so (|| - ||ln) satisfies (2.2.1]) for each unitary matrix V, and hence for all matrices in
M, (C). It follows that (|| - ||) is a 2-multi-norm.
In fact, we could also define

n p\1/p
@l = (B|[D fiw||)
=1

for each p with 1 < p < oco. This will be a 2-multi-norm based on E by the same reasoning
as in the case where p = 1. Moreover, all these 2-multi-norms are equivalent: for each

= [|2[[n,

such p, there is a constant C), such that
lzlln < llpn < Cpllzlln (x € E™, neN);

the second inequality in the above formula is the Gaussian version of the Khintchine—-
Kahane inequality [39, §4.2]. m

ExXAMPLE 2.10. As indicated, a number of multi-norms have been introduced in earlier
works. Here we recall one of these, from [20} §1.4].

Let E be a normed space, and take p,q with 1 < p < ¢ < co. Then the (p, q)-multi-
norm (|| - ||5Lp’q)) based on F is defined by

e = sup{ (3w 2l7) i, 2 <1}
=1

for @ = (21,...,2,) € E™ and n € N. By [20, Theorem 4.1], (|| - [©*?) is indeed a
multi-norm based on E.
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For example, it is shown in [20, Theorem 4.6] that || - ||£Ll’1) = |- || (n € N), where
(|| - |™ax) is the maximum multi-norm, defined on page [6]
The theory of when two such multi-norms are equivalent is given in [8]. =

As in §1.5, the norms || - ||c,, and || - ||lx,n are the injective and projective norms,
respectively, on 2 ® E. The following theorem is similar to results in [52| §4.5].

THEOREM 2.11. Let E be a normed space, and take p with 1 < p < o0o. Suppose that
(I - =) is a p-multi-norm based on E. Then

Np,n(w) = |z |€,n <zfn < lelﬂ,n = Vp,n(w) (x € E", n €N).

Proof. Set ¢ =p', and take n € N and « = (21,...,2,) € E™. By Proposition

SUP{HZ%% : (Z|ai|q) < 1} < |lz||n,
i=1 i=1
and hence, by (1.5.3) and (L.5.6),
n n 1/q
@l = ttpn(@) = sup{ |3 s s (D leul?) " <1} < al.
i=1 =1

The dual g-multi-norm based on E’ is (|| - ||},). We have ||Allcn = pgn(X) < ||A]]}, for
each A € (E')", and hence

]l = sup{[(z, X)| < [IAll}, < 1} < sup{[{@, A)] : pgn(X) S 1} = vpn() = @]z,
This completes the proof. m

In particular, for each Banach space E and each p with 1 < p < 00, there are minimum
and maximum p-multi-norms based on E, namely (, ») and (v, ), respectively, as noted
in [52]; for n € N, we have fioo , = || - |™" and vee ,, = || - |* in the notation of §1.1.

The following remarks are also contained in [52, §4.5]; clauses (i) and (ii) are immediate
from Theorem 2111

PROPOSITION 2.12. Let E be a normed space, and take p with 1 < p < oo.

(i) The dual of the mazimum p-multi-norm based on E is the minimum p'-multi-norm
based on E'.

(ii) The dual of the minimum p-multi-norm based on E is the mazimum p'-multi-norm
based on E'.

(iii) The bidual of a p-multi-norm based on E is a p-multi-norm based on E", and the

canonical embedding of (E™, ||-||») into ((E")™,||-||1) is an isometry for eachn € N. u

2.3. Interpolation spaces and p-multi-norms. Let (Ey,| - |lo) and (Eq,| - |l1) be
two (real or complex) Banach spaces such that {Ey, E1} is a compatible couple. Further,
suppose that (|| - |%) and (]| - ||1) are power-norms based on the respective spaces. Then,
for each m € N, we consider the pair

(BN - 19 (B - 1)}
Since EJ* N E* = (Eg N Ey)™ and EJ* + E* = (Eo + E1)™, it follows that this pair is
also a compatible couple of Banach spaces.
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Now suppose that Ey and E; are complex Banach spaces. Take 6 € (0,1), and set
E = (Ey, E1)g, as in §1.10. Then the norms || - || and || - ||}, are equivalent to the
norms on ¢2,(Ey) and ¢2,(E), respectively, and so it follows from Theorem [L.45 that the
intermediate space ((EF*, || [1%,), (BT, - ||%,))e is isomorphic to £2,(E); the interpolation
norm defined on E™ by using || - |2, and || - ||}, is denoted by || - ||m-

THEOREM 2.13. Let {(Eo,| - |lo), (E1,]| - |1)} be a compatible couple of complex Banach
spaces, and suppose that (|| -||%) and (|| - ||L) are power-norms based on Eq and E, resp-
ectively. Take 0 € (0,1), and set E = (Ey, E1)g. Then (E™,| - ||l») is a power-normed
space.

Proof. The axioms (A1)-(A3) are easily checked using Theorem [1.46] m

DEFINITION 2.14. The pair (E™, | - ||) is the interpolation power-normed space of index
6 defined by the compatible couple of complex Banach spaces {(Eo, ||-]l0), (E1, ||-||1)} and
the power-norms (|| - [|9) and (|| - ||}) based on Ey and Ej, respectively; the power-norm
based on E is the interpolation power-norm.

For example, suppose that (|| -[|%) and (|| - ||}) are a po-sum and a p;-sum power-
norm (as in Example ii)) based on Banach spaces Ey and Ei, respectively, where
1 < po,p1 < co. Take 6 € (0,1), and define p by

1 1-6 6
+—.
p 20 p1
Then, by , the interpolation norm on E™ is the p-sum power-norm based on E.
Now suppose that 1 < pg,p1 < oo and that (|| - ||2) is a po-multi-norm based on a
complex Banach space Ey and (|| - ||) is a p;-multi-norm based on a complex Banach
space F1. Take 6 € (0,1), and define p as above. We ask whether the interpolation power-
norm (|| - ||,) based on E is a p-multi-norm. The first theorem shows that this is the case
when pg = p1; Example will show that this may not be the case for certain values of
po and p1 with py # p1, even when Ey = E;, and Example will show that this may
not be the case for more general values of pg and p;.

THEOREM 2.15. Take p with 1 < p < oo, and suppose that {FEy, E1} is a compatible
couple of complex Banach spaces and that there are p-multi-norms (|| - [|2) and (|| - ||1)
based on Ey and Ey, respectively. Take 6 € (0,1). Then the interpolation power-norm
defined from these p-multi-norms that is based on (Eg, E1)g is also a p-multi-norm.

Proof. Set E = (Ey, E1)y. Let F be the space of functions on the strip S taking values
in Ey+ F4, as defined in §1.10, and, for k£ € N, take Fj to be the corresponding space of
functions on the strip S taking values in E§ + E¥, so that the image of the map

F s F(0), Fyp— E§+EY,

is E¥; the space E¥ has the interpolation norm, say || - ||, determined by |- || and || - ||+

We need to check inequality in Definition [2.3|for the interpolation power-norm
(Il - I|) based on E. For this, take m,n € N, T € B(¢F,, ¢P) with ||T : (2, — (2] <1, and
= (z1,...,Tm) € E™.
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Take € > 0. Then there exists F' € F,,, with F'(§) = « and ||F||£,, < ||||m + €. Set
G=ToF:S— E".

Then it is easily seen that, as a map from S into (Ey 4+ ET, || - | gp + £r ), the new function
G satisfies the conditions for it to belong to the space F,. For j = 0,1 and z € L;, we
have ||G(2)[|gr < [[F(2)|| g because both Ey and Ey are p-multi-normed spaces, and so
IGllx, < |IF|l%, - Since G(0) = Tz, it follows that ||Tx|, < ||Z|m + &. This holds true
for each € > 0, and so ||Tz||,, < ||&|m. Thus holds, as required. m

EXAMPLE 2.16. Let F be a complex normed space, and consider the maximum dual
multi-norm and minimum multi-norm based on E. Take 6 € (0,1). Then, as in (1.10.2)),
for each m € N, the interpolation space between (. (E) and (X(E) is ¢, (E), where
p=1/(1—0), and so the interpolation power-norm based on FE is a p-multi-norm if and
only if the p-sum power-norm based on F of Example ii) is a p-multi-norm. However,
this is not the case for suitable Banach spaces E. Indeed, suppose that F = ¢". Then, as
stated after Theorem [2.8] the p-sum power-norm based on E is not a p-multi-norm when
r is outside a certain range of values. m

2.4. Characterization of p-multi-norms. We shall now characterize p-multi-norms
in terms of tensor products.

In [18], it was explained how multi-norms correspond to certain tensor norms. We
recall this briefly; details are given in [18] §3].

DEFINITION 2.17. Let E be a normed space. Then a norm || - || on ¢o ® E is a ¢g-norm if
l01 ® z|| = ||=|| for each 2 € E and the linear operator T ® I is bounded on (¢o®@ E, || - ||)
with norm at most ||T|| for each compact operator T' on cp.

Suppose that || - || is a cp-norm on ¢y ® E, and set

Il = [0
i=1

(x1,...,2n € E, n €N). (2.4.1)

Then (|| - || : » € N) is a multi-norm based on E.
A more general and detailed version of the following theorem is given as [18, Theo-
rem 3.4].

THEOREM 2.18. Let E be a normed space. Then the above construction defines a bijection
from the family of co-norms on cg @ E onto the family of multi-norms based on E. The
injective tensor morm and the projective tensor norm on cy ® E correspond to the min-
imum and mazximum multi-norms, respectively. m

A norm || - || on ¢p ® E satisfies property (P) (due to Pisier) [45] §2, p. 12] if
1T @ Iell < I (T € B(co))- (2.4.2)

It is shown in [18, Corollary 3.6] that these norms are exactly the co-norms of Definition
[2.17] and so the definition of a multi-normed space corresponds to the theory in the
memoir of Marcolino Nhani [45] concerning norms on ¢y ® F satisfying property (P). In
particular, the word ‘compact’ is not required in Definition as noted in [18]. As we
shall explain in §5.1, ¢g-norms also arise in the thesis [44] of McClaran.
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In the paper [18], there is also a notion of an ¢'-norm on ¢! @ E, and it is noted
in [18] §4.1] that £*-norms correspond to dual multi-norms in an analogous way to that
defined above. These results will be generalized below.

We have the following analogue of Definition |2.17] and Theorem [2.18

DEFINITION 2.19. Let E be a normed space, and take p with 1 < p < co. Then a norm
|| -]] on 2 ® E is an ¢P-norm if ||6; @ z|| = ||z|| for each € E and the linear operator
T ® I is bounded on (/? ® E, || -||) with norm at most ||T'|| for each operator T on ¢P.

It is clear from Theorem [I.13]that the projective tensor norm || - || and the injective
tensor norm || - ||c on ? ® E are each ¢P-norms.

Take p with 1 < p < oo, and let || - || be an ¢P-norm on /’ @ E. Fix a € ? and z € E,
and define SB = B1a (8 € £P). Then S is a finite-rank operator on ¢ with ||S| = |||
and (S® Ig)(61 ® ) = a ® x. Thus

lae@z| = [I(S @ Ip)(d @) < [|S[|6 @ 2| = [lalle ],
and so || - || is a sub-cross-norm on P ® E. Essentially as in (2.4.1)), we define

(@1, 2)|n = HZ 5,9z (z1,...,1, € E, neN). (2.4.3)
i=1
Then || - ||; coincides with the given norm on E, and it is clear that each || - ||,, is a norm

on E™ and that (2.2.1) is satisfied. Hence (|| - ||, : n € N) is a p-multi-norm based on E.
By Theorem [2.11]
Izlle <zl < llzll= (2 € & © E),

and so it follows from Proposition that || - || is a reasonable cross-norm on Q@ E.
The following statement recasts the definition of a p-multi-norm in the above notation.

PrRoOPOSITION 2.20. Let E be a mormed space, and take p with 1 < p < oo. Then a
sequence (E™; | - ||ln : n € N) corresponds to a p-multi-norm based on E if and only if

IT®Ig: 4, QFE—= £ QE|<|T: 04 — &)
for each m,n € N and T € B(¢P2,,(P). m

THEOREM 2.21. Let E be a normed space, and take p with 1 < p < oco. Then the con-
struction given in (2.4.3)) defines a bijection from the family of ¢P-norms on P ® E onto
the family of p-multi-norms based on E.

Proof. Suppose that ||-|| is an £P-norm on ¢ ® E. Then we have noted that (|||, : n € N)
is a p-multi-norm based on FE.

Conversely, suppose that (|| - ||, : » € N) is a p-multi-norm based on E.

First note that each element z of cyp ® E can be expressed ‘essentially uniquely’ in
the form z = 2?21 0; ® x; for some n € N and z1,...,z, € E, in the sense that the
representation is unique up to the addition of some zero vectors x;. In this case, we define

21l = l[(z1, - o @)l

That ||z]| is uniquely defined follows because (|| - ||,) satisfies axiom (A3). It is clear that
I -1 is a norm on ¢oo ® E.
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We claim that || - || is a cross-norm on cgg ® F with respect to the norm || - ||¢» on coo.
Indeed, take a = (ag, ..., @) in ¢gp and « € E. Then
n
laal = >6 @ ae| = e, .., ana)ln = lale |
j=1

by (2.2.4), and this gives the claim.
Next, take m,n € N, and consider z = Z;L:1 0;Qx; € coo®@FE and T = (T; ;) € My -
Then

(T®lIg)(z) = Z ZTi,j(si ® ;= Z(E— ® (Z Ti’jxj) = 251. @ (Tx);, (2.4.4)
j=11i=1 =1 j=1 i=1
where = (z1,...,%,), and so

(T @ Ie)(2)ll = [[Te|lm < T : £, = &, 2] = [IT]] |2l

Thus
1T @ Ipll < T (2.4.5)
We shall now extend the above norm || - || from coo @ E to /F @ E.
Take z € ¢ ® E, so that
k
z= Zuj ®xz; forsomek €N, uq,...,ux € P, and z1,...,x; € E; (2.4.6)
j=1
we may suppose that z # 0 and that the sets {uj,...,ur} and {z1,..., 2%} are linearly

independent in /P and FE, respectively. Define
2n = (P ®Ig)(2) €Ecoo®E, t, =z (neN).
Then we have
tn = [(Pn @ Ip)(2) || = [(Pn @ I5)(Pri1 ® Ig)(2)|| < [[Palltnsr  (n €N)
by (2.4.5). Since || P,| = 1, the sequence (%) is increasing in R. Further,

k k k k
o= |32 Paws @ | < 3 IPws @ sl = D IPausll gl < 3 Nl sl (€ W),
i=1 j=1 j=1 j=1

where we are using the fact that || - || is a cross-norm on ¢op ® F, and so (¢,) is bounded
above. Hence (t,) converges, and so we may define

Izl = lim_t, = sup{]|(Po @ I)(2)] - n € N}.

In the case where z € ¢go® F, the new definition is consistent with the existing definition.

Clearly the map ||-|| : z — ||z|| is a seminorm on ?QE. Now take z € /PQF with z # 0,
and express z in the form . Since {uy, ..., ux} is linearly independent in ¢?, it follows
from Proposition that there exists n € N such that {P,uq,...,Pyuy} is linearly
independent in ¢gp. Thus z, = Zle P,u; @ x; # 0. This implies that ||z]| > ||z, || > 0,
and so || - || is @ norm on ¢ ® E. This norm extends the specified norm on cgo ® E, and
also z = lim,_, 0 2, With respect to || - || for each z € £ ® E, so that coo @ F is dense in
(PR E, |-
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Take T to be an operator on 7, say with ||T|| = 1, and take z € ¥ ® E to be of the
form in (2.4.6). Then, for each m,n € N, we see that

[(PT @ 1) (2)[| < [(PuT @ I5)(z = 2m)|| + [|(PaT © L) (zm)|

k
< D IR Uer = P ()|l + | (PaT P © 1) (z0n) -

j=1
We have lim,, o0 ||(Iep — Pr)(u)|| = 0 for each u € ¢P. Also, by (2.4.5]), we have
[(PaT P @ 1) (zm)|| < [[PaT P |[[[2mll < l[2mll < Iz (m,n €N),

and so ||[(P,T @ Ig)(2)|| < ||z|| (n € N). Hence ||(T ® Ig)(2)|| < ||z]|, and so || - || is an
fP-norm on /# ® E.
The correspondence that we have described is clearly a bijection. m

The above proof also establishes Theorem by replacing ‘P’ by ‘cy’ throughout.
As such the proof seems to be simpler than the one of this specific fact given in [1§].

2.5. Strong p-multi-norms. There are strengthenings of the concept of a p-multi-
norm that we shall describe in the next two sections. The role of these strengthenings
will become apparent later, in the representation theorems of Chapter 5. We recall that
the notation y <, « was introduced in Definition

DEFINITION 2.22. Let F be a linear space, and take p with 1 < p < co. A strong p-multi-

norm based on E is a sequence (|| - ||,) such that || - ||,, is a norm on E™ for each n € N
and such that |ly|. < |||, whenever m,n € N, x € E™, y € E™, and y <, . In this
case, (E™,|| - ||») is a strong p-multi-normed space.

It is clear that each strong p-multi-norm is a power-norm. The following result shows
that it is indeed a p-multi-norm.

PROPOSITION 2.23. Let E be a linear space, and take p with 1 < p < oco. Suppose that
(E™ || - |In) is a strong p-multi-normed space. Then (||-||.) is a p-multi-norm based on E.
Proof. Take m,n € N, x € E™, and T € M., ,, with ||T: & — ¢¢ || < 1. Then
Tz, Mleg, = 1T, M)ller, < @ Mz (A€ EY),
and so Tx <, . Hence ||Tx||,, < |||/, by the defining condition of a strong p-multi-
norm. This shows that (|| - ||,) is a p-multi-norm. m
The following result is immediately checked.
PROPOSITION 2.24. Let E be a linear space, take p with 1 < p < oo, and let (|| - ||.) be a

strong p-multi-norm based on E.

(i) Suppose that F is a subspace of E. Then (F™,| - ||ln) s a strong p-multi-normed
space.

(ii) Suppose that m € N, and set F'= E™. Then (F™, || |lmn) s a strong p-multi-normed
space. m

We shall now see that the converse of Proposition[2.23]is true in the special cases where
p = 2 or p = oo; we recall that the latter case corresponds to multi-norms themselves.
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In Example we shall show that the converse holds for all Banach spaces only when
p=2o0rp=o0.

THEOREM 2.25. Let p =2 or p = oo, and suppose that (E",| - ||n) s a p-multi-normed
space. Then (|| - ||») is a strong p-multi-norm.

Proof. Take m,n € N, x € E™, and y € E™ such that y <, «, and set
Z={(z,\): N € E'}.

By Theorem there is a matrix A € M, ,,, such that Az = y and A|Z : Z — /P is
a contraction as an element of B(Z,¢?), where the norm on Z is the restriction of the
norm on ¢ .

In the case where p = 2, there is an orthogonal projection P of ¢¢ onto Z with
IP|| =1, and we set T = (A|Z) o P : ¢, — (2. For p = oo, the space ¢ is a 1-injective
space, and so there is an extension T : ¢/, — (P of A|Z with ||T'|| = ||A|Z]|. In both cases
T is a contraction.

For each A € E’, we have

<va)‘> = (<A£B7)\>) = <y7)‘>7

and so y = Tz. Since (|| - ||») is a p-multi-norm, inequality (2.2.1)) holds, and so we have
lylln < ||z||m, as required. m

In particular, each multi-norm is a strong multi-norm.

Recall that the quotient of a p-multi-norm is a p-multi-norm. However, it is not
generally true that the quotient of a strong p-multi-norm is necessarily a strong p-multi-
norm. (By Theorem this is true for p = 2 and p = 00.) An example to demonstrate
this when 2 < p < oo will be given within Example 2.30] and a counter-example for
each p with 1 < p < co and p # 2 will be given in Example 2.31] The example within
Example [2:30] will also show that, for 1 < p < 2, the dual of a strong p-multi-norm, which
is a p/-multi-norm, is not necessarily a strong p’-multi-norm; Corollary will show the
stronger result that this holds for each p with 1 < p < oo and p # 2.

THEOREM 2.26. Let E and F be infinite-dimensional Banach spaces such that E is
finitely representable in F', and take p with 1 < p < oco. Suppose that the p-sum power-
norm based on F is a strong p-multi-norm. Then the p-sum power-norm based on E is
also a strong p-multi-norm.

Proof. Take m,n € N, ¢ = (z1,...,z,) € E™, and y = (y1,...,yn) € E™ such that
Yy <p , so that

Dol MP <Y Hzn NP (A e E).
j=1 i=1

Set X =lin{z1,...,Zm,y1,--.,Yn}, a finite-dimensional subspace of F, and take £ > 0.
Then there is a finite-dimensional subspace Y of F' and an isomorphism T : X — Y such
that | T[T < 1+e.

Take p € F'. Then T'(ulY) belongs to X', and so has a norm-preserving extension,
say A, to E'. Thus (Tz,u) = (z,T'(u|Y)) = (2, \) (z € X), and so
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n

> (Tyj,m)l Z (Twg )P and Y| Ty;|IP <D (1 Tas|?
i=1 j=1 i=1

j=1

because the p-sum power-norm based on F' is a strong p-multi-norm. Hence
n n m
oMyl < NTHP Y NTys P < 1T HP Y TP
j=1 j=1 i=1

<ITWPNT=HE Y Nl < (L) D [l P
i=1 i=1

This holds true for each € > 0, and so 37_, [Jy;[|P < 377 [Jq|P.
We have shown that the p-sum power-norm based on E is a strong p-multi-norm. m

We consider again some examples of p-multi-norms that were given above in Ex-
ample [2.7]
ExaMPLES 2.27. Take p with 1 < p < 0.

(i) The unique p-multi-norm based on F is obviously a strong p-multi-norm.

(ii) Let F be a normed space, and again consider the p-sum power-norm based on E
given by

" 1/p
@l = l2lzmy = (D llaall?) ™ (@1, 20 € Byn € N).
i=1

Certainly this power-norm is a strong p-multi-norm when p = 0o, S0 we now suppose
that 1 < p < 0.

We know that this power-norm is a p-multi-norm in the special case that E = /P,
In fact, it is a strong p-multi-norm in this case. To see this, fix m,n € N, and take
x = (21,...,%m) € E™ and y = (y1,...,yn) € E", say z; = (a) for i € N,,, and
y;j = (yjx) for j € N,,. Suppose that [[(y, \)|[,2 < [[(z, A)||¢z, just for each A € E' = " of

the form 6, for £ € N. Then
Z lyjkl? < Z |k |”
j=1 i=1

for each k € N, and so

n

o0 n o0 m m (o]
Z lyjkl” = Z Z lyjrl” < Z Z |zik | = ZZ |zir]P.
k=1 1=1

j=1k=1 k=1j=1 i=1 k=1

n m
Do lysl? <D llaill?,
j=1 i=1

and hence ||y, < ||&||m, as required.

Thus

By Theorem the p-sum power-norm is a strong p-multi-norm when based on any
Banach space E that is finitely representable in /7.

Let © be a measure space. Suppose that either 1 <p<r <2orp>2andr=2or
r = p. Then, by Theorem [1.26{1), the space L"(f) is finitely representable in 7, and so
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the p-sum power-norm based on L" () is a strong p-multi-norm. In particular, the p-sum
power-norm based on LP(f2) is a strong p-multi-norm.

We shall see shortly that the p-sum power-norm based on a Banach space E may be
a p-multi-norm that is not a strong p-multi-norm.

(iii) Let E be a normed space, and consider the weak p-summing norm (u, ) based
on E. Take m,n € N, & € E™, and y € E" with y <, . Since

(@) = sup{l| (@ Ml : A € Bir),
it is immediate that fi, ., (y) < pp m(x), and so (upn) is a strong p-multi-norm.
However, it is not necessarily the case that each quotient of the weak p-summing norm
is a strong p-multi-norm; we shall see this in Example [2.39]

(iv) Let E be a normed space, and consider the dual weak p-summing norm (v, ,,)
based on FE.

There are Banach spaces E such that (v, ), when based on E, is and is not a strong
p-multi-norm. Indeed, by (i), (vp,,), when based on F, is a strong p-multi-norm. However
Theorem will show that this is not necessarily the case when 1 < p < oo and p # 2,
even for certain finite-dimensional spaces F.

(v) The 2-multi-norm defined in Example is a strong 2-multi-norm. m

Let E be a Banach space. We showed in Theorem that the p-sum power-norm
based on E is a p-multi-norm if and only if F belongs to the class SQ(p) if and only if E
is a p-space. In contrast, we obtain the following theorem; it is an immediate consequence
of Corollary and the above remarks.

THEOREM 2.28. Let E be a Banach space, and take p with 1 < p < oo. Then the following
conditions on E are equivalent:

(a) the p-sum power-norm based on E is a strong p-multi-norm;
(b) E is isometrically isomorphic to a closed subspace of LP(Q2, 1) for some measure space

(Qp). =
COROLLARY 2.29. Take p and r with2 <p < oo and 1 <r < co. Then:

(i) the p-sum power-norm based on " is a p-multi-norm if and only if 2 < r < p;
(ii) the p-sum power-norm based on £" is a strong p-multi-norm if and only if r = 2 or
r=p;
(iii) the p-sum power-norm based on C, is a strong p-multi-norm for each n € N if and
only if r=2 orr =np.

Proof. (i) This is noted on page

(ii) Tt follows from Theorem that the p-sum power-norm based on ¢" is a strong
p-multi-norm if and only if " is isometrically isomorphic to a closed subspace of LP(€2, 1)
for some measure space ({2, u); by Proposition and Theorem ii), this holds if
and only if r =2 or r = p.

(iii) Suppose that r = 2 or r = p. By (ii), the p-sum power-norm based on ¢" is a
strong p-multi-norm, and so the same is true for the p-sum power-norm based on ¢;, for
each n € N.
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Suppose that the p-sum power-norm based on ¢ is a strong p-multi-norm for each
n € N. By Theorem and the remarks above Theorem £;, embeds isometrically
in LP(I) for each n € N. Tt follows that ¢" is finitely representable in LP(I), and so, by
Proposition £ is isometrically isomorphic to a closed subspace of LP(I). Again, this
implies that r =2 or r =p. =

ExaMPLE 2.30. Take p and r with 2 < r < p < co. Then the p-sum power-norm based on
LP(I) is certainly a strong p-multi-norm. By Corollary £ is isometrically isomorphic
to a quotient of LP(I). The quotient multi-norm based on ¢" is also the p-sum power-
norm, but, by Corollary ii)7 this is not a strong p-multi-norm. Thus the quotient of
a strong p-multi-norm is not necessarily a strong p-multi-norm.

Now suppose that 1 < p < s < 2. Then the p-sum power-norm based on ¢° is a strong
p-multi-norm, but the dual p’-multi-norm based on ", where r = s, is a p/-multi-norm
that is not a strong p’-multi-norm. Thus the dual of a strong p-multi-norm is not neces-
sarily a strong p/-multi-norm. m

ExaMpPLE 2.31. This example will extend the previous one by showing that, for each p
with 1 < p < 0o and p # 2, there is a Banach space FE, a strong p-multi-norm based
on F, and a closed subspace F' of E such that the quotient power-norm based on E/F
is not a strong p-multi-norm. In particular, this shows that, for each such p, there is a
p-multi-norm that is not strong.

Indeed, for each p with 1 < p < oo and p # 2, it follows from Theorem [T.34] that there
is a closed subspace F of a space LP()) that has a quotient F' which is not isomorphic
to a closed linear subspace of any space LP(X). By Theorem the p-sum power-norm
based on E is a strong p-multi-norm. The quotient of this power-norm is the p-sum
power-norm based on F'; by Theorem [2.28| again, this latter p-multi-norm is not strong. m

In summary, the class of p-multi-normed spaces is closed under taking quotients, but
this is not true for the class of strong p-multi-normed spaces when 1 < p < oo and p # 2.

We now consider when interpolation preserves strong p-multi-norms. The first example
given below shows that the interpolation space between two strong pp- and p;-multi-
normed spaces (with py # p1) need not be a p-multi-normed space and, even in the
special case that py = p1 = p, so that the interpolation space is a p-multi-normed space,
it is not necessarily a strong p-multi-normed space.

ExXAMPLE 2.32. Let Fy and EF; be two complex Banach spaces, take pg and p; with
1 < po,p1 < 0o, and take 0 € (0,1). As usual, define p by the formula

_1-0 0
T po p1

As in (LI0.1), (£ro(Ey),tP*(Er))g = (P(E), where E = (Ey, E1)g, and so, as before,
the interpolated norm on ¢P(E) from the pg- and p;-sum power-norms on Ey and Ej,

respectively, is the p-sum power-norm based on F.

SRR

Suppose that
1<po<2<p <o0,

and take Ey = ¢P°(C) and E; = ¢?(C). Now take j to be 0 or 1. In both cases, it follows
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from Proposition that the space E; embeds isometrically into LPs (I, C), and so, by
Theorem the p;-sum power-norm based on FEj; is a strong p;-multi-norm. However,
(E07E1)9 = eq((c)a where

¢ po 2
and clearly ¢ < min{p, 2}. By remarks on page the p-sum power-norm based on ¢9(C)
is not a p-multi-norm.

Now suppose that 2 < p < oo and take Ey = ¢2(C) and E; = ¢?(C). By Proposi-
tion both the spaces Fy and F; embed isometrically into LP(I, C), and so the p-sum
power-norm on both Ey and Ej is a strong p-multi-norm. We have (Ey, Eq)g = £7(C),
where

2 p’
so that 2 < r < p. By Corollary[2.29(i), £"(C) is in the class SQ(p), and so the interpolated
p-sum power-norm on (Ey, F1)p is a p-multi-norm; this also follows from Theorem
However, by Corollary [2.29((ii), this p-multi-norm is not a strong p-multi-norm. m

1 _1-0 0
r

We now exhibit a finite-dimensional Banach space and a 1-multi-norm (i.e., a dual
multi-norm) based on this space such that the 1-multi-norm is not a strong 1-multi-norm.
The example also shows that the dual of a multi-norm, which is a 1-multi-norm, is not
necessarily a strong 1-multi-norm. A more general example will be given in Corollary [2.38]
but the present calculation is elementary and avoids an appeal to deep theorems contained
within Theorem [[.28

ExaMPLE 2.33. Fix n € N, and consider the finite-dimensional Banach space E = £5°,
with dual space E' = ¢L. We define y = ¢,(61,...,8,) € E™, where ¢, > 0 is to be
determined. Set m = 2", and let x1, ..., %, be the vectors in F of the form (g1, ...,&,),
where each ¢; is equal to 1 and each choice of (e1,...,&,) is taken exactly once, so that
lzjlle =1 (j € Ny,); set & = (21,...,2,) € E™.

Now take A = (A1,...,A,) € EY, say with [[A2 = >=7_, [Aj| = 1. Then we have

1y, Mller, = cn Y IN] = ca
j=1
Also

[, A)

n
=2 >N
=1

by Khintchine’s inequality; here A; is an absolute constant. In fact, by [58], A1 = 1/v/2.
By Holder’s inequality, we have

n n 1/2
1=l a2 ()
j=1 j=1

and so ||(@, \)[[o > 2"/(2n)"/2. Thus y <1 @ when we make the choice ¢, = 2"/(2n)'/2
for n € N.

n 1/2
=L e N} > A (DD IAP2)
j=1
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We consider the 1-multi-norm based on E that is defined by
k
I(z1,oz)lle = D Nzille (2150528 € B, k€ N);
j=1

this is the maximum dual multi-norm based on E. We have
n1/22n

n
lyll» :CnZ||6jHE =Nntp = /2

j=1

Moreover, |||/, = m = 2", and so the inequality ||y, < |||, fails whenever n'/? > /2,
i.e., whenever n > 3.

We conclude that there is a 1-multi-norm based on a finite-dimensional space £3° that
is not a strong 1-multi-norm.

Now take F' = E’ = (1. Then the corresponding dual of the prescribed maximum
1-multi-norm based on FE is the minimum co-multi-norm based on F'. By Theorem [2.25
each oo-multi-norm is a strong oco-multi-norm. But of course the dual of this strong
oo-multi-norm based on F' is the 1-multi-norm based on E that was defined above, and
this is not a strong 1-multi-norm. m

We wish now to determine when the maximum p-multi-norm (v,,) when based on
various spaces is a strong p-multi-norm. We first give an equivalent condition for a p-
multi-norm to be strong; in the following theorem, the norm on /£ @ E, for n € N, is that

specified by (2.4.3).

THEOREM 2.34. Let E be a linear space, and take p with 1 < p < co. Suppose that (||-||»)
is a sequence such that || - ||, is a norm on E™ for each n € N. Then (|| - ||») is a strong
p-multi-norm if and only if, for each m,n € N, for any subspaces Z and W of 2, and (%,
respectively, and any contraction T in B(Z, W), the map

TRIg:ZFE —>W®EFE
is also a contraction with respect to the associated norms on (2 @ E and %, ® E, respect-
wely.

Proof. Suppose that (|| - ||») is a strong p-multi-norm, and take m,n € N, subspaces Z
and W of ¢, and 2, respectively, and a contraction T in B(Z, W).
Let z€ Z® E, say

m k
z = E (Sj@fﬂj: E ri®a¢,
j=1 i=1

where x1,...,2,m € E, k € N, and {ry,...,rt} and {a1,...,ax} are subsets of Z and E,
respectively. Take A € E’. Then, by (|1.9.2), we have

(S e d) " = [

j=1 i=1

e,

Now set w = (T ® Ig)(z) € W® E C ) ® E, so that w = > ", §; @ yj, say, where
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Y1, -, Yn € E. Then, by another application of (1.9.2)), we have

n k k
P P
S 1w NP = || S ta 7], = (3t ) [
j=1 i=1 " i=1 "
k » m
<[ Xtae nr], =3l P
=1 Jj=1
Set ¢ = (z1,...,%m) and y = (y1,...,Yn). Then we have shown that y <, @, and so,

by hypothesis, |[y|ln < ||Z||m, i-e., |Jw|| < ||z]|. Thus T ® Ig is a contraction.

Conversely, suppose that the stated condition holds. Take m,n € N, and then take
T = (r1,...,2y) € E™andy = (y1,...,yn) € E" suchthat y 5, . Set 2z = 37" | 6;@;
and w = Z?:l 5]‘ [ yj-

By Theorem there are a subspace Z of /£, and a contraction T in B(Z, ?) with
(T ®1Ig)(z) = w. By hypothesis, T ® I : Z® E — (2 ® E is also a contraction, and so

lylln = lwll = [(T'@ Ie)zll < [|2] = [2]|m-
This shows that (|| - ||,,) is a strong p-multi-norm. =

ExAMPLE 2.35. Take p with 1 < p < oco. We shall now exhibit some further Banach
spaces E such that the maximum p-multi-norm (v, ,) of Example iv), when based
on FE, is a strong p-multi-norm. We recall from that v, , corresponds to the
projective tensor norm on ¢ @ E for n € N.

Indeed, take E to be L'(£2, 1) for a measure space (€2, ). In particular, consider the
case where E = ¢1(I) for an index set I. By Proposition (iii)7 X ® E is isometrically a
closed subspace of Y @ E whenever X is a closed subspace of a Banach space Y. Now take
m,n € N and subspaces Z and W of ¢£, and %, respectively, and let T" be a contraction
in B(Z,W). Then, by Theorem

TRIg:Z3E —-WQE

is also a contraction with respect to the projective norms on ## ® E and ¥ ® E, respect-
ively. By Theorem [2.34] (v ,,) is a strong p-multi-norm based on E. m

The spaces E = L(Q, 1) for a measure space (£2, i) are the only Banach spaces that
we know to have the property that the maximum p-multi-norm (v, ,,), when based on E,
is strong.

Next we shall describe a criterion that will enable us to see that certain maximum p-
multi-norms (v, ,,) are not strong; the projection constant A(F, E)) was defined on page

THEOREM 2.36. Take p with 1 < p < oo, and suppose that Z and W are two subspaces
of P, of the same finite dimension, such that

A(Z, W)ANW, P) < \N(Z, £P). (2.5.1)
Then the mazimum p-multi-norm (vp ) based on the dual space Z' is not strong.

Proof. By a small perturbation, we may suppose that both Z and W are subspaces of
(2 for some m € N, and then A(W,2) = A(W,¢P) and A\(Z,(F,) = A\(Z, (P).
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Set k =dimZ =dimW and ¢ = 1/8(Jz &, Iz/), where Jz : Z — 2, is the natural
embedding, so that, by Proposition we have ¢ = \(Z,(2)). Set
W=WwaZz, Z=ZZ, L= &Z7.
By the definition of ¢, there exists z € Z with ||z||. = 1 and ||z]|z = ¢, taking the
corresponding projective norms on L and Z.

There is a linear bijection T': Z — W such that ||T|| = 1 and ||T7!|| = d(Z, W); set
w= (T®Iz)(z) € W C L. Using Theorem we have

c=|zlz = (T @ Iz)(w)llz < |77 [z || lwllw = d(Z,W)]||w]|w-
Also A(W,L) < A(W,£2,), and so ||w|lw < AW, 2 )||w||r. Hence

NZ,63,) = e < d(Z, W)AW, &7, )[|w]|. (2.5.2)

Assume that the maximum p-multi-norm (v, ,) based on Z’ is strong. Since v,
corresponds to the projective tensor norm on ¢2 ® Z' for n € N, it follows from Theorem
that the map T ® Iz : Z — W is also a contraction with respect to the norm || - ||L,
on Z and W. Thus we see that ||w||L < ||z|l. = 1, and so it follows from that

MNZ, 02 ) < d(Z,W)X(W, 2. Hence inequality (2.5.1)) does not hold, a contradiction.
This completes the proof. m

THEOREM 2.37. Take p with 1 < p < oo and p # 2. Then there is a finite-dimensional
Banach space E such that the mazimum p-multi-norm based on E is not strong.

Proof. In the case where p = 1, an appropriate example (with dimension 3) is given in
Example 2:33] and so we now suppose that p > 1. We shall apply Theorem [2:36]

By Corollary there are a constant C' > 0 and an increasing sequence (F),) of
subspaces of P such that d(F,,¢2) < C (n € N) and lim,, 00 A(Fp,, ?) = 0co. Take n € N
with A(Fy,, ¢P) > C, and set Z = F,, and W = (2. Then d(Z, W) < C, A(W,¢?) =1, and
A Z,£P) > C, and so inequality holds. By Theorem the maximum p-multi-

norm on the dual space Z’ = F}, is not strong. =

COROLLARY 2.38. Take q with 1 < g < oo and q # 2. Then there is a finite-dimensional
Banach space F such that the minimum g-multi-norm (ug.n) based on F is strong, but
such that the dual ¢'-multi-norm (vy ,,) based on F' is not strong.

Proof. By Example ili), the minimum g¢-multi-norm based on the above space Z
is strong, but, as stated, the dual ¢’-multi-norm based on Z’, which is the maximum
¢’-multi-norm (v, ), is not strong. m

ExaMPLE 2.39. We finally exhibit a quotient of a weak p-summing norm that is not a
strong p-multi-norm. To see this, we shall again use the example given in Corollary
and the characterization of strong p-multi-norms given in Theorem

In this example, we suppose that 1 < p < oo and p # 2; a variation of Corollary [I.29]
that holds in the case where p = 1 would give an analogous example for the case where
p = 1. However we shall give an easier example of the same phenomenon in this case in
Example [5.12

Thus take p with 1 < p < co and p # 2, set ¢ = p’, and let C > 1 be the constant
specified in Corollary Then there are n, N € N, a closed subspace Z of ¢}, with
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dimZ = n and A(Z,¢%) > C, and an isomorphism T: Z — (¢ with ||T]| = 1 and
7= < C.
Set E = (4%, so that E' = (%, and F = Z+ C E. Let Qr: E — E/F be the quotient
map Then Q% : (E/F)" — E’ is an isometry onto the subspace F- = Z, and so the map
U: (E/F) — Z given by
Ur=Qp(\) (Ae(E/F))
is an isometric isomorphism.

We consider the weak p-summing norm (g, ) based on E. As in Example iii)7
this p-multi-norm is strong. The purpose of this example is to show that the induced
quotient p-multi-norm based on E/F is not strong.

Take m € N. We recall that

(Ema,up,m) = ép ®FE = B(E, o )

We shall again write 7, ,, for the quotient norm on (E/F)™ = (8, ® (E/F') induced by
the norm iy, on E™ = (P, @ E. As usual, (9;)"; denotes the standard basis for ¢2 ; we
shall denote by (0})1™, the corresponding sequence of biorthogonal functionals, Whlch is
equal to the standard basis for ¢4, under our identification of ¢¢, with the dual of /2.
Define
y=> 6;0U'T's e lh®(E/F) (2.5.3)

i=1

and
z=(T"'®Igr)y ZT 15, @U'T's, € Ze (E/F) C % @ (E/F).

i=1

For each A € (E/F)’, equation (1.9.2)) implies that
n n

(Y, \) =D (NU'T'§)6; => (TUN, ) 6; = TUN.

i=1 i=1
A similar calculation shows that (@, A\) = U, and hence we have

1y Mller, = ITUXe, < [UAllez, = [[a, Mlex,

because ||T|| = 1. This shows that y <,
Let p € (% and A € (E/F)". By applying the functional p ® A, which is given by
(1.4.1), to the element & € £, ® (E/F), we obtain

n

(@, 18 \) = 3 (T3, m)U'T'0}, A) = (S (TUN 87)8i, (T 1)
=1 i=1
N

= (TUX (T 1) = (UA ) = (@A, 1) = (3 (Q A )01, 11)

i=1

i (07, 1) QF(;“)Q <IN®QF (25 ®5) u®A>,
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Since the functionals of the form p ® X span the space (/5 ® (E/F))’, it follows that
N
xz = (In ®QF)(Z5Z' ®5§>7
i=1

and hence fi,, y(x) < sz]il 5 ® 5;”6 ~=1

We shall now assume towards a contradiction that the p-multi-norm (7, ,,) based
on E/F is strong. Note that 71, ,,(y) < 7z, y(z) < 1. The quotient norm of y is attained
because /¥ ® E is a finite-dimensional space, and so we can find an element

v=) 6i®ueclF
i=1
such that ||v||;,, <1 and (I, ® Qr)(v) = y. Comparing the definition (2.5.3)) of y with

the expression

(In®Qr)(v) = > 6 @ Qrui,

i=1
we deduce that
U/T/(Sg = QFrv; (Z € Nn) (254)

Define V': ¢, — (¥ by setting

Vz= Z(z,vﬁéi (z € X)),

i=1

so that V is the operator corresponding to the element v, and hence ||V|| = ||v]e,n < 1. We

observe that V|Z = T. Indeed, for z € Z,set \ = U "'z € (E/F)’, sothat z = U\ = Q% )\;
using (2.5.4)), we obtain

n n

Vz= ZO\, Qrvi)d; = Z</\, U'T'8)6; = TUN =Tz,

i=1 i=1
as required. This implies that the operator P := T~!'V € B((})) is a projection with
image Z, and consequently A\(Z, £R;) < ||P|| < C, which contradicts our choice of Z.
Thus we have shown that the p-multi-norm (f, ,,) based on E/F is not strong, as
required. m

2.6. Convex and concave power-norms. The second strengthening of the concept
of a p-multi-norm that we shall consider involves convexity.

DEFINITION 2.40. Let (E™, | -||») be a power-normed space, and take p with 1 < p < co.
Then (E™, || - ||n) is p-convez if
1
1@, ) lmn < (B, + w1l (2.6.1)
and p-concave if

1@, 9)llmn > (]2 + Y127 (2.6.2)

in both cases for each m,n € N, each * € E™, and each y € E™.
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Each power-norm is obviously 1-convex and oco-concave. Suppose that a power-norm
is p-convex, respectively, p-concave. Then it is also r-convex, respectively, r-concave, for
each r € [1, p], respectively r € [p, o0].

For example, take p, g with 1 < p < ¢ < oo, and let (]| - ||£lp’q)) be the (p, ¢)-multi-norm
defined in Example ﬁ Then (]| - ||£Lp’q)) is r-convex for r > 1 if and only if r € [1,¢].
We shall see in Theorem that, for each p with 1 < p < oo, there are p-multi-norms
that are not p-convex.

A 2-convex 2-multi-norm based on a Banach space E is exactly what is termed a
sequential morm in [38, Definition 2.1], and the corresponding space (E™,| - ||») is an
operator sequence space. A related notion of a p-operator space (for 1 < p < 00) was
introduced by Daws [21]. One could say that our theory of p-multi-normed spaces is
‘half-way’ between that of classical Banach space theory and operator space theory; our
hope is that it sheds some light on both of these topics and their connections.

The main texts on operator space theory are those of Blecher and Le Merdy [9], of
Effros and Ruan [27], of Helemskii [30], and of Pisier [50].

Let (E™, ] - ||») be a p-convex or p-concave power-normed space, and suppose that F
is a subspace of E. Then the corresponding power-norms based on F' and, in the case
where F is closed, on the quotient E/F are both p-convex or p-concave, respectively.

For m,n € N, consider the linear bijection J,, that takes the element = + y in
E™ & E" to the concatenation (x,y) in E™". Then (E™,| - ||,,) is p-convex if and only
if

Trnt (E™ 1+ ) @p (B 1 ) = (B ) (2.6.3)

is a contraction for each m,n € N. Similarly, (E™,| - ||») is p-concave if and only if the
inverse J;L}n of Jy,.n is a contraction for each m,n € N.

PROPOSITION 2.41. Let (E™, ||-||n) be a power-normed space, and take p with 1 < p < oo.
Then (E™ || - ||ln) is p-concave if and only if (E")™, || -||)) is p’-convex, and (E™,|| - ||»)
is p-convex if and only if (E")™, | -%,) is p’-concave.

Proof. For notational convenience, set ¢ = p’ and F = E’.

Suppose that (E™, || - ||,) is p-convex, so that the above map J,, ,, is a contraction for
each m,n € N. The dual J}, ,, of J;,, , is the linear bijection taking (A, ) in the space
F™ " to A+ pin F™ @, F" = (E™ @, E™)’, and this map is also a contraction. But

ran), and so

the map J), ,, is exactly the map corresponding to J,;%, on (F™ ™ || .||/ ..

m,n n
(F™, || - |II,) is g-concave.
Similarly, we see that (F™,] -||7,) is ¢g-convex whenever (E™, | - ||») is p-concave.
Now suppose that (F™, ||-||},) is g-convex, respectively, g-concave. Then we have shown
that the bidual ((E”)™, || - ||//) is p-concave, respectively, p-convex, and hence (E™, || - ||»)

is p-concave, respectively, p-convex. m

EXAMPLES 2.42. Take p with 1 < p < oo.

(i) The unique p-multi-norm based on F is obviously p-convex and p-concave, as is
the p-sum power-norm based on a normed space.

(ii) It is easy to see that the p-sum power-norm is the maximum p-convex power-norm,
in the sense that, for each normed space F and each p-convex power-norm (|| - ||,,) based
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on F, we have
[2lln < @)l (@€ E", neN). (2.6.4)

(iii) The weak p-summing norm (u, ,,) based on a normed space E is a p-multi-norm,
and it is p-convex. For take m,n € N, x = (21,...,2,) € E™ and y = (y1,...,yn) € E™.
For each A\ € Bg/, we have

(O e D+ 3 1 ) " < @) + i),

and 80 fip.m ((2,9)) < (tp.m(2)P + pipn(y)P)/P. Thus (1,.,) is p-convex.

In particular, (us2,,) based on a Banach space E is a sequential norm, and in fact
(E™, p2,y) is the minimum operator sequence space based on E, in the language of [38|
p. 250].

(iv) Let E be a normed space, and consider the maximum p-multi-norm (v, ,,) based
on E. The dual of this p-multi-norm is the p’-multi-norm (4, ,) based on E’, and so, by
(ii) and Proposition (Vp,n) is p-concave. =

PROPOSITION 2.43. Take p with 1 < p < oo. Let {Eo, E1} be a compatible couple of

complex Banach spaces, and suppose that (EZ, || -1|%) and (E},||-||L) are p-convex power-
normed spaces based on Ey and Ey, respectively. Take 6 € (0,1), and set E = (Ey, F1)g.
Then the power-normed space (E™ || - ||n) is p-convex.

Proof. Take m,n € N. Then, essentially as in (1.10.1), {EF* @, E§, E* &, ET'} is a
compatible couple of complex Banach spaces and
(Eq" @p Eg, EY" ®p ET')o = E™ &) E™.

The maps J,Sg,)n and Jy(,i)n associated with Ey and E1, respectively, are both contractions,
and so, by Theorem the map J,, , associated with F is also a contraction. Thus
(E™, || - |ln) is p-convex. =



3. Multi-bounded operators

We obtain preliminary results on multi-bounded operators.

3.1. Definitions and basic results. We recall that the nth amplification T of a
linear mapping T' between linear spaces F and F' was defined for n € N in Definition [1.2
indeed, T(") is specified by the formula

T (21,...,2n) —= (Txy,...,Txy), E"— F"

Suppose that (E™,| - ||n) and (F™,| - ||n) are two power-normed spaces, and that
T e B(E,F). It follows from that the nth amplification of T' is bounded as a
linear map from (E™, || - [|,) to (F™, || - ||l.) (with |T|| < |T™|| < n||T||) for each n € N.
However, in general, the norms ||7(|| will not be uniformly bounded in n € N. The
following generalizes definitions given in |20, §6.1.3]. Recall that §(S) is the embedding
constant of an operator S, as on page

DEFINITION 3.1. Let (E™, || - ||») and (F™,|| - ||») be power-normed spaces, and suppose
that T' € B(E, F'). Then T is multi-bounded, with norm ||T||,sp, if

T || mp == sup{||T™]| : n € N} < o0.
The map T is a multi-contraction, respectively, a multi-isometry, if the map
T (B |- ) = (™ ]+ )

is a contraction, respectively, an isometry, for each n € N. Further, T" is a multi-isomor-
phism if it is a bijection and if both T : E — F and T~! : F — E are multi-bounded,
and T is a maulti-embedding if it is an embedding and if inf{3(T) : n. € N} > 0.

The spaces (E™, || - ||n) and (F™, || - ||n) are multi-isomorphic, respectively, multi-iso-
metric, if there is a multi-isomorphism, respectively, a bijective multi-isometry from F
onto F.

The collection of multi-bounded maps from F to F is denoted by M(E, F').

In particular, in the case where (E™, |- ||,) and (F™, || - ||) are p-multi-normed spaces
for some p with 1 < p < oo, we shall sometimes say that T is p-multi-bounded if it
is multi-bounded with respect to the two p-multi-norms, and we shall write M, (E, F)
for the collection of p-multi-bounded maps from E to F. In this case, the norm of a
p-multi-bounded operator T' € M, (E, F') is sometimes denoted by ||T|| p-mb.

In the case where (E",| - |») and (F™,| - ||») are operator sequence spaces, our
definitions coincide with those of sequentially bounded maps, sequential contractions, and
sequential isometries given in |38 Definition 2.2].

(65]
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For a study of Mo (E, F) and M (FE) = M (E, E) (in the setting of multi-bounded
spaces), see |20, Chapter 6].
Let E and F be Banach spaces such that (E™, |- ||,,) and (F™, ||-||») are power-normed

spaces. Then (M(E, F),| - ||ms) is easily seen to be a Banach space (cf. |20, Theorem
6.15]).

EXAMPLE 3.2. Take p,q such that 1 < p,q < oo, suppose that (E™, || - ||,) is a p-multi-
normed space and that (F™, | - ||,) is a ¢g-multi-normed space, and consider the space
(M(E,F),| - lmb). We suppose that E, F # {0}.

First suppose that p < q. Take y € F and A € F’, and consider T := y® X € F(E, F).
Then, for n € N and @ = (z1,...,2,) € E™, we have

1T = 1121, Ny, - (@ )

= 1/q
= (X Iz 00) sl by @23
j=1

< (Ol )
j=1

< tpn @) A lyl < 2l a Ayl by Theorem .11}

and so T € M(E,F) with | T|lms = [[A|llly]l. It follows that F(E,F) C M(E,F). In
particular, M(E, F') # {0}.

Second suppose that p > q. Take T' € B(E, F') with T' # 0, and then take x € E with
lz]]| =1 and Tz # 0. For n € N, set « = (z,...,x) € E". By , ||, = n'/? and
1T x|, = ||Tz|[n'/?, and so |T™)| > || Txz||n'/9=1/P - 0o as n — oco. It follows that
T ¢ M(E,F), and so M(E,F) ={0}. m

ExampPLE 3.3. Let E and F' be Banach spaces, and take p,q with 1 < p < ¢ < co. Con-
sider the weak p-summing norm (u,, ,,) based on E, so that (y, ,,) is a strong p-multi-norm,
and the g-sum power-norm (|| - [[s4(p)) based on F, so that (|| - [|s4(r)) is a power-norm
that is sometimes a (strong) g-multi-norm. Then the space of multi-bounded operators
from (E", pp.n) to (F™, | - [l¢a(ry) with the multi-bounded norm || - [[mp is exactly the
space (II, ,(E, F),m, ) of (¢, p)-summing operators from E to F, and so

[Tl = 7g,p(T) (T € Lgp(E, F)).

Consider the special case when F = E and g = p; we shall write II,(E) for II, ,(E, E),
mp for m, ,, and w,(E) for m,(Ig), as is standard. Thus

||IE DB pipn) = (E™ ]| - Z{’L(E))Hmb = mp(E). (3.1.1)

See |20} §3.4.2], for example, for background on (g, p)-summing operators. m

Let (E™, | - ||») be a power-normed space, and let F' be a linear subspace of E. Then
the inclusion Jp : F — E is a multi-isometry. Suppose that F' is closed in E. As we
remarked after (L.3.5)), for each n € N, we identify the nth amplification of the quotient
mapping Qr : E — E/F with the quotient mapping of E™ onto E"/F™, and so Qp is a
multi-contraction.



Multi-normed spaces 67

Let (E™,| - ||n) and (F™, || - ||») be two power-normed spaces, and take T € B(E, F)
and n € N. Recall from that we have identified the dual of the nth amplification
of T with the nth amplification of the dual 7" of T, so that (7))’ = (T")(™). Moreover,
we have identified the nth amplification of the canonical embedding of E into its bidual
E” with the canonical embedding of E™ into its bidual (E™)”. Since the latter operator
is an isometry, we see that the canonical embedding of a power-normed space into its
bidual is a multi-isometry.

PROPOSITION 3.4. Let (E™, || - ||ln) and (F™,| - ||») be power-normed spaces, and take
T € B(E,F). Then T is multi-bounded if and only if T' : F' — E’ is multi-bounded
with respect to the dual power-norms based on F' and E’, respectively, and, in this case,
1T lb = || T )| mb- In the case where (E™, ||« ||n) and (F™, |- ||l») are p-multi-normed spaces
for some p with 1 <p < oo and T € M,(E,F), we have T' € My (F',E’).

Proof. Take n € N. Then ||(T")™| = |[(T™)'|| = |T™|. Thus 7" is multi-bounded if
and only if 7' is multi-bounded; in this case, ||T”||mb = ||T||mb- =

The following remarks are contained in |20, Chapter 6] in the setting of multi-norms,
but they apply in the setting of power-norms and, in particular, for p-multi-norms.

DEFINITION 3.5. Let (E™, || - ||l,) be a power-normed space, and take (z;) € EN. Then
(z;) is a multi-null sequence in E if, for each € > 0, there exists ng € N such that

sup [|(Tna1s - Tngr)le < (n > no).
keN

Let (E™, || ||l») and (F™, ||-||») be two power-normed spaces, and take T € B(E, F'). Then
T is multi-continuous if (T'z;) is a multi-null sequence in F' whenever (z;) is a multi-null
sequence in FE.

The following result has the same proof as |20, Theorem 6.14].

THEOREM 3.6. Let (E™, || - ||n) and (F™, | - ||n) be two power-normed spaces, and take
T e B(E,F). Then T is multi-continuous if and only if T is multi-bounded. m

We shall next prove the power-normed analogue of the theorem on quotient operators
stated as Proposition i). This result will be used later.

PROPOSITION 3.7. Let (E™,|| - ||n) and (F™, |- ||l») be power-normed spaces, and suppose
that T € B(E,F). Then the operator T: E/ker T — F induced by T is a multi-isometry
if and only if T™) is a quotient operator for each n € N.

Proof. We have identified the two spaces (E/kerT)™ and E™/(ker T')" isometrically for
each n € N. Hence the diagram implies that T is a multi-isometry if and only if
T(") is an isometry for each n € N, and, by Proposition i), the latter happens if and
only if T(") is a quotient operator for each n € N. m

COROLLARY 3.8. Let F' be a closed subspace of a power-normed space E. Then the iso-
morphism Jy. : E'/FY — F' induced by the dual of the inclusion Jp : F — E is a
multi-isometry.

Proof. Taken € N. By Proposition we must show that (.J5,)(™ is a quotient operator.
Since (J5,)™ = (J}"))’ and J}ﬂ") is an isometry, this follows from Proposition (ii). n
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PROPOSITION 3.9. Let E be an infinite-dimensional Banach space. Then:

(i) for 1 < p < oo, the power-normed spaces (E™, ppn) and (E™, || - ||z (g)) are not
multi-isomorphic;
(ii) for 1 < p < oo, the power-normed spaces (E™, || - || (g)) and (E",vp,) are not

multi-isomorphic.

Proof. (i) Assume towards a contradiction that there is a multi-isomorphism 7' € B(E),
where T maps (E™, j1,.,) onto (E™, || - ller(z)) for each n € N. Then we have

sup{ |7 : (E™, pip.n) = (E™, || * llen(my)|| : 7 € N} < o0.

By Example (in the case where p = ¢), this means that T is a p-summing operator,
which contradicts the fact that 7" is an isomorphism on an infinite-dimensional Banach
space. Indeed, the composition of any two p-summing operators is compact (see [24,
p. 50]), and hence the isomorphism 7% would be compact if 7' were p-summing.

(ii) This follows easily by duality. =

Note that, for each n € N, we have the equalities fioon = || - [[¢ec(z) by (1.5.1) and
I~ llex 2y = v1,0 by (1.5.9).

COROLLARY 3.10. Let E be an infinite-dimensional Banach space. Then for 1 < p < oo
the p-multi-normed spaces (E™, pip n) and (E™, v, ) are not multi-isomorphic.

Proof. For 1 < p < oo, this follows immediately by combining Proposition i) with

the inequality (1.5.12]), while the case where p = oo follows from (1.5.1)) and Proposi-
tion i). m

There is a quantitative version of Proposition [3.9/and Corollary in the case where
FE is a finite-dimensional space. Indeed, suppose that dim F = k. Then

Vk <|g: (Enn“p,n) - (En,Vp,n)”mb <k

The upper bound follows from ([1.4.4). The lower bound follows from (3.1.1]) in the case
where 1 < p < 2 because 7,(E) > ma(E) = Vk; in the case where 2 < p < oo, it follows
by duality. It can be shown that both these bounds are optimal to within a multiplicative
constant.

ExampLE 3.11. We shall show that, for each p with 1 < p < 0o, the inverse of a bijective
multi-contraction need not be multi-bounded, and hence there is no analogue of the
Banach isomorphism theorem for multi-bounded operators.

(We remark that, in the setting of multi-norms themselves, several examples of the
failure of the Banach isomorphism theorem were given in [20]. For example, Example 6.25
of |20] shows that there are multi-norms based on infinite-dimensional Banach spaces E
and F' such that M(E,F) = B(E, F), but M(F,E) = N(F, E), the nuclear operators
from F to E, and Example 6.30 of [20] shows that the analogue of the Banach isomorphism
theorem may fail even when there is one multi-norm based on a Banach space E and we
consider operators in B(E). See [20, Example 6.39] for a further example.)

In the present situation, take p with 1 < p < oo and take any infinite-dimensional
Banach space F, and consider the identity operator I'r on E. Equation shows
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that
115 (E™ vpn) = (E" upn)| <1 (n€N),

but Corollary implies that its inverse is not multi-bounded, so that
115" < (B ) = (E™,vpa)ll = 00 s n = oc.

With a little more work, we can present a similar example for strong p-multi-normed
spaces. In the case where either p = 2 or p = oo, this follows immediately from the above
example by Theorem Otherwise, take F = (P. By Example ii), (iil), the p-sum
norm (|| - ||z (g)) and the weak p-summing norm (u,,,) are strong p-multi-norms based
on FE. Equation shows that

M5 (B - llepmy) = (B ppn)| 1 (n€N),
but, by Proposition (i)7 its inverse is not multi-bounded, so that
1157+ (B™ pn) = (B™ |- o)l = 00 as m = oo
This provides the required example. =

ExaMpPLE 3.12. Let F be a closed subspace of a Banach space F, and take p with
1 < p < oo. Equation (|1.5.8)) shows that the inclusion Jz : F' — E is a multi-isometry with
respect to the minimum p-multi-norms (1,,) and (u),,) based on F and E, respectively.

In contrast, suppose that F' and E are endowed with their maximum p-multi-norms

(1/11;? ) and (an)7 respectively. Proposition implies that Jz is a multi-contraction,

but it is not always a multi-embedding. Indeed, suppose that 1 < p < co and p # 2 and
that F and F' have been chosen as in Example [1.30] Then (1.6.3) shows that Jg is not a

multi-embedding of (F",vL, ) into (E™,vF,). =

rTpsn U p,m

1 < p < o0. We observe that, by Propositions [1.20| and uf /zF is equal to the quotient

norm on (E/F)™ of the norm v, on E™ for each n € N.

However, the analogous result may fail for the minimum p-multi-norm. To see this,
take ¢ with 1 < ¢ < co and ¢ # 2, and choose E and F as in Example[T.30] Then it follows
from that the g-multi-normed space ((E’/F*)", ,ug;/ FL) is not multi-isomorphic
to the g-multi-normed space ((E’/FJ-)”,ﬁg;L), where ﬁg; denotes the quotient norm on

(E'/F+)™ of the norm uf’ln on (E")"forneN. m

EXAMPLE 3.13. Again, let F' be a closed subspace of a Banach space F, and take p with
-

We have noted in Theorem that multi-norms correspond to cg-norms on ¢y ® E.
Suppose that (E™, || - ||») and (F™, || - ||») are multi-normed spaces. Then T' € B(E, F) is
multi-bounded if and only if I, ®T is bounded as a map from cy® E to co® F, and further
1T lmb = ||Icy ® T'||. Thus, in this case, our multi-bounded operators are the same as the
‘opérateurs réguliers’ of |45, Définition 3.2] (where they are defined in the special case
that E and F are Banach lattices). More generally, take p with 1 < p < co and suppose
that (E™, | - ||») and (F™,|| - ||») are p-multi-normed spaces. Then p-multi-norms based
on E correspond to (P-norms on ¢’ ® E, where the correspondence is given in ([2.4.3).
Thus the following theorem follows from Theorem [2:21]
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THEOREM 3.14. Take p with 1 < p < oo, and suppose that (E™, || - ||») and (F",] - ||»)
are p-multi-normed spaces. Take T € B(E,F). Then T is p-multi-bounded if and only if
Ip @ T is bounded as a map from P @ E to (P @ F ; in this case, |T||mb = |[Ier @ T||. m

Let {Eo, E1} and {Fp, F1} be two compatible couples of complex Banach spaces,
and suppose that T : Ey + By — Fy + F; is a linear map such that T'(E;) C F; and
T|E; : E; — Fj is bounded for j = 0,1. Take 6 € (0,1), and set

E= (Eo,El)g and F = (Fo,Fl)g.
Then, as in Theorem m T(E) C F and T|E € B(E,F). Now take n € N. Then
T™ is a linear map from (Ey + F1)" to (Fy + Fy)" such that 7 (E7) C F}' and
T(”)|E]” € B(EJ”,FJ”) for j = 0,1. Take p with 1 < p < 0o, and suppose that there are
p-multi-norms based on all of the spaces Ey, E1, Fy, and F;. By Theorem the two
interpolation spaces F and F' are such that both the interpolation power-norms based
on these two spaces are also p-multi-norms. As in Theorem m (EY,EY)e = E™ and
(Ey, FY)g = F™ for each n € N.
We use the above notation in the following theorem.

THEOREM 3.15. Let {Ey, Er} and {Fo, F1} be two compatible couples of complex Banach
spaces, and take p with 1 < p < oo and 0 € (0,1). Suppose that there is a p-multi-norm
based on each of these spaces and that T : Eqg + E1 — Fy + Fy is a linear map such that
T|\E; € My(E;, F;) for j=0,1. Then T(E) C F and T|E € M,(E, F).

Proof. The p-multi-norms based on each space are all denoted by (|| - ||)-
There exist constants My and M; such that

T B ll) = E2 - ) <My (neN)
for j =0,1. By Theorem T(")(E”) C F™ and
700 B < MM (ne W),
and so T(E) C F and T|E € M,(E, F), giving the result. m

3.2. Multi-norms on spaces of multi-bounded operators. We now consider how
to recognize the space M(E, F) as a power-normed space.

Let (E™, |- ||») and (F™, | - ||») be power-normed spaces. Then we saw in Proposition
1.11)(i) that the map

(Tl,...,Tm)0—>A(T17___7Tm), B(E‘,.F)"L—)B(E‘,.F’m)7

is a linear isomorphism for each m € N.
Now suppose that m € N and that T1,...,T,, € M(E,F); set T' = A(p,

T (2y,...,2,) = (Tizj ;i €Ny, j €N, (21,..., 2, € E),

.....

and so

1T (21, ..., 20) lmn < Z HTz’(n)(xl’ cosx)ln (#1,..., 20 € E).
i1
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This shows that T € M(E, F™) with | T|lmp < Y vy |Ti]lmb, and so we have a linear
map

U o (T, o) = Ay o1y, M(EE)™ — M(E,F™)
for each m € N. Now take ' € M(E,F™), and set T; = m; 0T € B(E, F) for i € N,,,, as
in Proposition [1.11{i). Then |T¥|| < |IT™)]| (k € N), and so T; € M(E,F) (i € N,,).
Thus ¥,, is a surjection, and hence a linear bijection.
We denote by || - ||, the norm on M(E, F)™ induced by this identification, so that

(T4, ... ,Tm)an = ||A(T1’._‘,Tm)||mb (Th,...,Tn € M(E,F), m € N).
Thus

Ty, Tw) I,
=sup{||(Tiz; : i € Ny, 5 € Nl 2 [|(z15 -+, 20)|ln <1, n €N} (3.2.1)

for Th, ..., Tm € M(E, F), essentially as in [20, Proposition 6.19]. We see easily that

is a power-normed space.

Clause (i) of the following result was given in [52, Proposition 4.4.7].

THEOREM 3.16. Let (E™,||-||n) and (F™,||-||n) be power-normed spaces, take p such that
1 <p<oo, and set M = (M(E,F)™, | -|1.).

(i) Suppose that (F™,| - ||») is a p-multi-normed space. Then M is a p-multi-normed
space.
(ii) Suppose that (F™,| - ||n) is a strong p-multi-normed space. Then M is a strong
p-multi-normed space.
(iil) Suppose that (F™, || - ||») is a p-convex power-normed space. Then M is a p-convex
power-normed space.

Proof. (i) Take m,n € N, S € M, ,,, and T1,...,T,, € M(E,F); set T = (T1,...,T,).
We have
(T (S(TN) P (@) = SO ((Wn(T)) P (@) (x € EX, keN),

and so
[ (S@NPN < S : 88— [ |(Tn(THP]| - (k €N)

because, by Proposition (ii), ((F*,|| - |lkj) : 5 € N) is a p-multi-normed space. It
follows that

IST)F = 1(Cm (ST b < 1S = €5 — £

P (T) [ = (1S = €6 = &[T
and this shows that (M(E, F)™,| - [If,) is a p-multi-normed space.

(ii) Take m,n € N, (S1,...,8n) € M(E,F)™, and (Th,...,T,) € M(E,F)" such
that

(Th, ..., 1) <p (S15--+, Sm)-
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For each € F and A\ € F', the map T — (T'z, \), M(E,F) — T, is a continuous linear

functional, and so
(S 1menr)” < (S 1sanr) "
j=1 i=1

Now take k € N and z1,...,x;r € E. Then

m k

(iiwmw)”” < (XX s NP) oner)

j=1r=1 i=1r=1
Since the power-norm based on F' is a strong p-multi-norm, it follows that

||(le'7- ] S Nn, re Nk)”nk S H(Szxr RS va re Nk)”mk:

By (Z1).

(T Tl < (S0, S

This shows that (|| - ||I,) is a strong p-multi-norm based on M.

(iii) Take m,n € N, Sy,...,S, € M(E,F), and T1,...,T, € M(E,F), and set
S =(S1,...,8) and T = (Ty,...,T},). For each k € N and = (21,...,21) € EF, we
have

H((Szxr 11 € Nm, re Nk)7 (Tj,TT j c Nn, re Nk))||(m+n)k

< (I(Siwr : i € Nop, 7 € N)|[0y, + [Ty = j € Ny 7 € Ny [7,)1/7

because the power-norm based on F' is p-convex, and so, by (3.2.1)),

1S, T < (ISIE) + (IT NP7
This shows that (M(E, F)™,| - ||I,) is p-convex. =

We remark that one can also identify M(E, F)™ with M(E™, F), following Prop-
osition [L.11](ii), so obtaining another power-norm, say (|| - [|X), based on M(E, F)) when
(E™, || - |n) and (F™,|| - ||n) are power-normed spaces. In the case where 1 < p < oo and
(E™, || - ||n) is a p-multi-normed space, (M(E,F)™,| - ||¥) is a ¢-multi-normed space,
where ¢ = p’. Similar results to those in Theorem hold; see [52].



4. Banach lattices

4.1. Background on Banach lattices. We now consider how the theory of p-multi-
norms described above applies in the special case where they are based on a Banach
lattice. In particular we shall introduce the canonical lattice p-multi-norm associated
with a Banach lattice.

Background on Banach lattice theory which is relevant to the theory of multi-norms
is given in [20, §1.3]. For example, the spaces C(K), ¢" and L"(§2) (for each r with
1 <r < o0) are Banach lattices in the usual way.

In most texts (for example, see [43]), a ‘Banach lattice’ is based on a real Banach
space; we shall call this a real Banach lattice, and the complexification of a real Banach
lattice is what we shall term a complez Banach lattice, as in [20]. We shall use the term
Banach lattice for a real or complex Banach lattice.

The lattice operations in a real Banach lattice E are denoted by V and A, and we
shall use standard notation; for example,

xt=2v0, 27 =(-2)V0, |z|=2V(-2)=0" 42",

forx € E.

We recall the standard construction of the complexification of a real Banach lattice.
Indeed, suppose that E is a (complex) linear space such that £ = Er @ iEg for a real
Banach lattice (Eg, || - ||). The positive cone of Fg is denoted by ET; it is the positive
cone of E. Take z € E, say z = x + 1y, where =,y € Eg, so that x = Rz and y = 3z, and
first define the modulus |z| € ET of z by

|2 = (2> + [y[*)"/?

(the right-hand side is well-defined in E* by the ‘Youdine-Krivine functional calculus’,
given below), and then define

Izl =11z (2 € E).
Alternatively, we can set
|z| = |z +1iy| = sup{zcosf + ysinh : 0 < 6 < 27}, (4.1.1)

the supremum always exists in ET and the two definitions of |z| are consistent. Then
(E, |I]) is a complex Banach lattice; the space Fy is the underlying real lattice. For details
of these remarks, see [1}, §3.2], [3], [20], [43} §1.d], [46} §2.2], and [56, Chapter II, §11].
Let E be a Banach lattice. For z € ET, we set
A, ={z€E:|z| <z}

(73]
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A functional \ € E’ is positive if

(z,0) >0 (z€ET),
and these positive linear functionals form the positive cone (E')" in E’, so that E’ is the
dual Banach lattice. In fact, take A, i € Ep. Then (x, AV u) and (z, A A ) are defined
for z € ET by the following Riesz—Kantorovich formulae:

{(ac, AV ) =sup{(y,\) + (2, 1) 1 y,2 € BT,y + z =z}, (4.1.2)

(@, AA p) =inf{(y, \) + (z, 1) 1y, 2 € EY, y+ 2z =x},
and then AV p and A A pu are extended in the obvious way to be defined on Ex.
Now take FF = E @ iF to be the complexification of a real Banach lattice E. Let A
be a continuous, real-linear functional on E. Then A extends uniquely to a continuous,
complex-linear functional on F': indeed, we define

Mz +iy) = AMz)+iNy) (z,y € E),

and so we may regard E’ as a real-linear subspace of F’. For each A in F’, there exist
A1 and Ay in B’ such that A(z) = A\ (z) + iX2(x) (z € E), and so F’ is isomorphic as
a complex Banach space to the complexification E’ @ iE’. In fact, this identification is
isometric; the details of this are given in [1, Corollary 3.26] and [45| Proposition 2.2.6],
for example. Thus we obtain the dual Banach lattice of a (complex) Banach lattice.

Similarly, given a bounded operator T : E — F between two real Banach lattices, one
can define the complezification Tc of T by

Te:z+iy—Tx+iTy, FE®iE — FQiF.

It is easy to see that T¢ is again a bounded operator with ||T|| < ||Tc|l < 2||T||; see
[1, p. 106], for example.

A linear subspace F' of a real Banach lattice F is a sublattice if x Vy,z ANy € F
whenever x,y € F'; a linear subspace F' of a complex Banach lattice F is a sublattice if
F' is the complexification of a sublattice of Fr. The lattice operations in a real Banach
lattice are continuous, and so, for example, the closure of a sublattice in a Banach lattice
is a sublattice. A linear subspace F' of a Banach lattice F is an order-ideal in E if x € F
whenever z € E and |z| < |y| for some y € F’; clearly each order-ideal in F is a sublattice
of F.

Let F be a norm-closed order-ideal in a Banach lattice E, and let Qp : E — E/F be
the quotient map. Then the quotient space E/F, taken with the positive cone Qr(E™),
is a Banach lattice.

Let FE be a Banach lattice. We set

BE =BgnN ET.
We shall use the following easy fact. Suppose that =,y € ET and (y, \) < (z, \) for each
positive linear functional A on E. Then y < z in E*. Also, for each A € (E’)", we have
Al = sup{(x,\) : € BS}. (4.1.3)
We shall often use the following Riesz decomposition property of Banach lattices;
see |43} p. 2] or |46, Theorem 1.1.1], for example.
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PROPOSITION 4.1. Let E be a Banach lattice. Suppose that x1,x2,y € ET are such that
y < x1 + x9. Then there are y1,y2 € BT with y; < 21, y2 < 22, and y =y +y2. =

DEFINITION 4.2. A Banach lattice (E, || - ||) is monotonically bounded if every increasing
net in BE is bounded above; it is Dedekind complete if every non-empty subset of ET
which is bounded above has a supremum; it has the Fatou property if, for every increasing
net (z, : @ € A) in E™ that has a supremum z € EY, necessarily

z]| = sup{[|za| : a € A}. (4.1.4)

For example, suppose that K is a compact space. Then the Banach lattice C'(K) is
Dedekind complete if and only if K is extremely disconnected [17, Theorem 2.3.3].

A Dedekind complete Banach lattice has the Fatou property if and only if it has the
Nakano property, in the sense of [20, Definition 1.22(v)]. A dual Banach lattice is always
Dedekind complete and has the Fatou property [46, Proposition 2.4.19].

DEFINITION 4.3. A Banach lattice (E, | - ||) is an AL-space if
|z + vyl =|z| + |ly|| whenever z,y € EY with z Ay =0,
and an AM -space if
|z Vy| = max{||z|,||y]|]} whenever =z y€ ET with zx Ay =0.

We shall use the following terminology.
Let F and F be real Banach lattices. A linear map T : E — F' is a lattice homomor-
phism if
T(xVy)=TzVTy (x,y€E).

Let F and F be complex Banach lattices that are the complexifications of the real Banach
lattices Eg and Fg, respectively. A linear map T : E — F is a lattice homomorphism if
T(x+1iy) = Sx 4+ 1Sy (z,y € ERr), where S is a lattice homomorphism from Eg to Fg.

Now suppose that F and F' are Banach lattices and that 7' € B(E, F'). Then T is a
lattice isomorphism if it is a bijective lattice homomorphism; one can easily see that, in
this case, the inverse map 7! is also a lattice homomorphism. The map T is a lattice
isometry if T is a lattice homomorphism that is an isometry; the two lattices E and F
are lattice isomorphic, respectively, lattice isometric, if there is a lattice isomorphism,
respectively, a lattice isometry, from F onto F. A lattice embedding from E to F is
an embedding that is a lattice isomorphism onto its range. For example, the canonical
embedding kg : E — E” is a lattice isometry |3, Theorem I1.5.4].

Let E and F be complex Banach lattices, and suppose that T' € B(E, F) is a lattice
isomorphism such that | Tz| = ||z|| (x € E1). One can easily check (using ) that
T : E — F is an isometry.

The following central representation theorem is proved in |1, Theorems 3.5 and 3.6],
[3, Theorems 4.27 and 4.29], |43, §1.b], and |46, Theorems 2.1.3 and 2.7.1], for example;
we shall call it Kakutani’s theorem; detailed attributions for the various statements are
given in [1]. The proofs in the above sources are for real Banach lattices; the complex
version is given in |1} Theorem 3.20].



76 H. G. Dales et al.

DEFINITION 4.4. Let E be a Banach lattice. Then e € Et is an AM -unit for E if, for
each z € E, we have ||z|| <1 if and only if |z| <e.

THEOREM 4.5.

(i) A Banach lattice is an AL-space if and only if it is lattice isometric to a Banach
lattice of the form L(Y) for some measure space §).
(ii) A Banach lattice is an AM-space if and only if it is lattice isometric to a closed
sublattice of a space C(K) for some compact space K.
(iii) A Banach lattice with an AM -unit is lattice isometric to a space C(K) for some
compact space K. m

We recall one standard construction concerning Banach lattices; see [43, §1.d] for
details.

Let E be a Banach lattice, and take e > 0 in E. We denote by I. the principal
order-ideal in F generated by e, so that

I, ={z € E: |z|] < (e for some ¢ > 0}.
For x € I, set
[#lle = inf{¢ > 0: || < Ce}.

Then (I, | - ||c) is a Banach lattice that is an AM-space, and e is an AM-unit for I, and
so, by Theorem [£.5((iii), I. is lattice isometric to C(K) for some compact space K.
DEFINITION 4.6. Let E be a Banach lattice. An element e with e > 0 is a strong unit if
I.=F.

Thus || - || and || - ||e are equivalent norms on E when e is a strong unit, and we have

the following result.

PROPOSITION 4.7. Let (E,| - ||) be a Banach lattice with a strong unit, e. Then || - | is
equivalent to the given norm || -||, and (E, ||-||e) is lattice isometric to C(K) for a certain
compact space K. m

Let n € N. A function F': R® — R is positively homogeneous if
F(aty,...,at,) = aF(t1,...,t,) (a €RT ty,... t, €R).

Now let E be a real Banach lattice, take x1,...,x, € FE, and choose an element
e € ET such that |z;] < e (i € N,); for example, take e = |21V -+- V |z,| in E. Let
F : R" — R be a continuous, positively homogeneous function. Then, identifying I, with
C(K,R) for some compact space K, we can set

F(ar,....xn)(t) = F(z1(t),...,an(t)) (t € K),

and so
F(zy,...,z,) € I, C E}

in fact, the element F(x1,...,x,) is independent of the choice of e. The map that takes F
to F(x1,...,x,) is the Youdine—Krivine calculus |35}, |63]; for details of this construction,
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see [43] §1.d], for example. In particular, for each p with 1 < p < oo and each Banach
lattice F/, we can define the element

(z”: ‘xi‘p>1/p c Bt
i=1

for x1,...,x, € FE, where we interpret this element as |z1|V -+ V |2, | in the case where

p = oo. Similarly, for each 6 € (0,1), we can define the element |z|*~%|y|? for z,y € E.
The Youdine—Krivine functional calculus as above is indeed usually given for real

Banach lattices. There is an extension to the complex setting; see [34, Section 3], for

example.

Let E and G be real Banach lattices, and suppose that T' € B(E,G) is a lattice
homomorphism. Take n € N, z1,...,2, € E, and a continuous, positively homogeneous
function F : R™ — R. Then

T(F(z1,...,2n)) = F(Txy,...,Txy). (4.1.5)

Let E be a real Banach lattice, let F' : R™ — R be a continuous, positively homoge-
neous function, and suppose that F(t1,...,t,) > 0 (t1,...,t, € R). Then we see that
F(z1,...,2,) > 0 for each z1,...,2, € E. Thus, in order to verify an inequality (or
an equality) that involves only continuous, positively homogeneous functions of finitely
many variables (and, in particular, any lattice operations) in an arbitrary real Banach
lattice, it suffices to verify the inequality for real numbers.

Take p with 1 < p < co. We recall from [43], p. 42] that, for a real Banach lattice E,
n €N, and z1,...,z, € E, we have

(Z|xl|p) :sup{z oz (an, ... 0m) € Bﬁ%(R)}v (4.1.6)
i=1 i=1

where ¢ = p’. The same proof as that in [43] shows that, for a complex Banach lattice E,
n €N, and z1,...,x, € E, we have

(Z |$z|p) = SUP{‘Z o737}
i=1 i=1
where again q = p’. It follows that
(Z'JM ) :sup{%(Zaixi) sag,..,ap) € BZZ(C)}- (4.1.8)
1=1 i=1

Indeed, these equalities hold in C'(K,C) for each compact space K, and hence in an
arbitrary Banach lattice.

: (al,...,an) S B@Z(C)}7 (417)

We have the following generalized versions of Hélder’s inequality.

PROPOSITION 4.8. Let E be a Banach lattice.

(i) Take po,p1 with 1 < py < p1 < oo and take 6 with 0 < 6 < 1, and define p by
1/p=(1—0)/po+0/p1. Then

- 1/p - (1-0)/po 1
(Zai|$i|p) < (Zai|$i|p0> O(Zai|xi|p1)
i=1 i=1 i=1

0/p1
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for eachn €N, z1,...,2, € E, and ay,...,a, € RT, and

- 11-6,. 16 1/p - _ (1=6)/po /- . 0/p1
(z(lfml lwil”)”) <(;|le1’0) (;|yl|m) (4.1.9)

im
for each n € N and x1,...,Zn,Y1,---,Yn € E.
(ii) Take p with 1 < p < co. Then

i i, Ai)| < <(Zn: |1711|p> 1/p7 (2": |>\¢|q) 1/q>

for eachn €N, x1,...,x, € E, and \1,...,\, € E', where q =p'.

Proof. The first part of clause (i) and clause (ii) are given in [43| Proposition 1.d.2(ii), (iii)],
for example.

For the second part of clause (i), recall that the following generalization of Holder’s
inequality holds for each n € N, each qg, ¢1 € (1,00), and each s1,...,8,,t1,...,t, € RT,
where 1/p=1/q0 + 1/q1:

- 1/p n 1/q0 1< A Ve
<§Sftf> §(§5g0> (2_;”) : (4.1.10)

Now take @1,...,%n,Y1,---,Yn € F, and set s; = |2;|*7% and t; = |y;| for i € N,,,
and set go = po/(1 —0) and ¢1 = p1/60. Then we see that our two definitions of p coincide
and that inequality (4.1.9) holds with this interpretation of the symbols.

Define

- 1/p
F: (xla"'axn7y1a"'ayn)’_> (Z(|$i|1_9|yi|9)p) ) RQn%R7

i=1
and

1=

n (1-0)/po 1 0/p
G:(Z1,. . Ty Y1y ey Yn) — (Z|xi|p0) O(Z|yi|p1) 1, R2" — R.
i=1

Then F and G are continuous and positively homogeneous functions on R?” such that

F(x17"’7xn7y17"’7yn) SG(xlw'wxnaylw”vyn) (:L'lw-wxnuylw'wyn ER>

By the Youdine—Krivine calculus described above, the same inequality holds whenever
Ti,e.o s TnsYls---,Yn € E, where we note that all terms are in ET, and so inequality

(4.1.9) holds in this case. m

In the next result, we shall use the following form of the Riesz—Kantorovich formula
for complex Banach lattices specifically given in |1, Corollary 3.26].
Let E be a complex Banach lattice, and take A € E’. Then

(z,|\]) = sup{|(z,\)] : 2 € A,} (x € ET). (4.1.11)
It follows that, for each A € (E’)*, we have
(||, A) = sup{|{z, )| : p € Ay} (x € E). (4.1.12)
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PROPOSITION 4.9. Let E be a Banach lattice, and take p with 1 < p < o0o. Then

<ac7 (En: |)\¢\q> 1/q> = Sup{‘i(%,)@ (X1,...,Tn € E, (i |xi|p)1/p < x}
i=1 i=1 i=1

for eachx € EY, ne€N, and \1,...,\, € E', where g =1p'.

Proof. This result in the case where F is a real Banach lattice is given in [43, p. 48].
Now suppose that E is a complex Banach lattice with underlying real Banach lat-
tice Eg, and take x € ET, n € N, and \q,...,\, € E'. By the real case, we have

n

<:z:, (i |>\z|q)1/Q> — sup{Z(xi, IAil) s 21, ..., 2, € ER, (Zn: m‘p)l/p - I}
=1 i=1

Fix € > 0, and take z1,...,2, € ET with

()" <t (o () ) £ Yot

=1 i=1 =1

By (4.1.11)), there exist z1,...,2, € E such that
|z;| <a; and  (m;, | N]) < | (20, M) + &

for each ¢ € N,,. By multiplying each z; by a complex number of modulus 1, we may
suppose that (z;, \;) € RT. It follows that

(zj: |zi\p)1/” <2 and <m, (Zj: |/\i‘q)1/q> < i(zi,,\i> +e(n+1).

i=1

This holds true for each € > 0, and so

<x, (Zz:; \)\i|t1>1/q> < sup{’é}(zi,)\ﬁ 21,2y € B, (g \z#’)l/p . x}

The opposite inequality follows immediately from Proposition ii), and so the result

is proved. =

The following is Khintchine’s inequality for Banach lattices; it follows easily from the
same inequality for scalars and the Youdine—Krivine calculus.

PROPOSITION 4.10. Let E be a real Banach lattice. Then

1 (" A2 1 ‘
—= Ixil) <5 ‘ EiT;

for each n € N and x1,...,x, € E, where the outer sum on the right-hand side is taken
over all choices of e; = £1 fori € N,,. m

The following deep theorem of Krivine is taken from |43 Proposition 1.f.14]; here K¢
denotes Grothendieck’s constant.

THEOREM 4.11. Let E and F be Banach lattices, and take T € B(E, F). Then

() ) < eimi (S er) ]
i=1 i=1

foreachneN and x1,...,2, € E. =
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The following definition is taken from |43 Definition 1.d.3].

DEFINITION 4.12. Let EF be a Banach lattice, and take p with 1 < p < oo. Then FE is
p-convex (with constant 1) if

ICJl? + [y )21 < (lll? + Iyl P (2,9 € B)
and p-concave (with constant 1) if
IClzl? + [y P)YP) = (l]l? + lylP)Y? - (2,y € B).

For example, for a space E = LP(Q2), where 1 < p < 0o and () is a measure space, we
have

n
1=

1 n 1
H (> 1) /pHE = (>C1Al) P (Fueifu € BineN), (4.1.13)
1 i=1
and so LP() is both p-convex and p-concave. Conversely, it is shown in [43, p. 59] that
each Banach lattice that is both p-convex and p-concave is lattice isometric to a Banach
lattice of the form LP()). More generally, a calculation shows that, for r with 1 < r < oo,
the Banach lattice L" () is p-convex if and only if r € [p, oo] and is p-concave if and only
if r € [1,p].

Take p with 1 < p < oo. It is noted in [43, Proposition 1.d.4] that a Banach lattice
is p-convex, respectively, p-concave, if and only if the dual Banach lattice is p’-concave,
respectively, p’-convex.

4.2. Regular and order-bounded operators. We first recall the definitions of two
Banach spaces B,.(E, F') and By (E, F).

Let E be a Banach lattice. A subset B of E is order-bounded if there exists x € E
such that B C A,. Let E and F be real Banach lattices, and let S and T be linear
operators from E to F. Then

S<T if Sx<Txz (z€E").
Clearly (L(E, F), <) is an ordered linear space.

DEFINITION 4.13. Let E and F be real Banach lattices, and consider a linear operator T’
from E to F. Then:

(i) T is positive if T > 0;
(ii) T is regular if T =Ty — Ty, where T} and T, are positive operators;
(iii) T is order-bounded if T'(B) is an order-bounded subset of F for each order-bounded
subset B of E.

The set of positive operators from E to F is closed under addition and multiplication
by a € R, and so it is a cone. Each regular operator is order-bounded. The book [3] is
devoted to positive operators on real Banach lattices (and more general spaces).

Now suppose that E and F are complex Banach lattices, with underlying real Banach
lattices Eg and Fg, respectively. Then T' € L(E, F) is positive if T(Eg) C Fr and the
map T'|Eg : Egr — Fg is positive. For a positive operator, we have |Tz| < T(|z|) (z € E).
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Each operator in L(E, F) has a unique expression in the form S + iT, where S and T
belong to L(Fg, Fr) and

(S+iT)(z+1iy) =Sz —Ty+i(Sy+Tz) (z,y € Er);
such an operator is reqular or order-bounded if both S and T are regular or order-bounded,
respectively.

Let F and F' be Banach lattices. Each order-bounded operator is continuous, and so
we denote the spaces of all positive, all regular, and all order-bounded operators from E
to F by B(E,F)*, B,(E, F), and By(E, F'), respectively. Thus we have

B(E,F)* C B.(E,F) C By(E,F) C B(E, F).
We write B,.(F) and By (E) for B,.(E, E) and By(E, E), respectively. Take T € B(E, F)™.
Then
|T|| = sup{||Tz| : = € BL}. (4.2.1)
PROPOSITION 4.14. Let E and F' be Banach lattices, and take p with 1 < p < oco. For
each T € B(E,F)*, we have

“ 1/p - 1/p
(Z \Txm) gT(ZmV’) (z1,...,2n € E, n € N).
i=1 i=1

Proof. We may suppose that z1,...,z, € ET and that we are working in Er and Fg.

Set ¢ =p'.

By (4.1.6), we have (3", |x;]P)!/P = sup A, where
A= {ZOZZ.’EZ . (Ckh Ce 7O[n) S B@Z(R)}
i=1
Further,

(zn: |Txi|p)1/p — supT(A).
=1

Since sup T'(A) < T'(sup A), the result follows. m
It follows that

| i) | < | (S tel?)
=1 =1

for each T' € B(E, F)*, a result of Krivine [43, Proposition 1.d.9].
In particular, Proposition implies that

(Zn: |<:c¢,/\>|1’)1/p < <(Zn: |xi|p>1/p,)\> (@1, 20 € By n €N) (4.2.3)

for each A € (E')*.

Let E and F be Banach lattices. We now describe the norms on B,.(F,F) and
By(E, F). For each T € By(E, F), there exists ¢ > 0 such that, for each € ET, there
exists y € FT with T(A,) € A, and |ly|| < ¢||z|. The infimum of these constants c is
denoted by ||T||s. Details of this result are given in |20, Proposition 1.26], which is based
on [60].

(x1,...,2n € E, n €N) (4.2.2)
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For T € B,.(E, F), set
T, = inf{||S|| : S € B(E,F)*, |Tz| < S(]z]) (2 € E)}.
PROPOSITION 4.15. Let E and F be Banach lattices. Then:

(i) ||+ llv @s @ norm on the space By(E, F) such that
[Tl = IT (T € Bo(E, F)),

and (By(E,F),|| - |ls) is a Banach space;
i) || - |lr is @ norm on B,.(E, F) such that

1Tl = | TNle = [IT} (T € B(E, F)),
and (B-(E,F),| - |l+) is a Banach space. m

In the case where F' = E, the spaces (B.(E),| - ||-) and (By(E),|| - ||») are unital
Banach subalgebras of B(FE).

The following result is proved in [3| pp. 12-13], for example; formula below is
a Riesz—Kantorovich formula.

PropPOSITION 4.16. Let E and F be Banach lattices, with F' Dedekind complete. Then
B.(E,F) = By(E,F) is a Dedekind complete Banach lattice. Suppose that T € B.(E, F').
Then

IT|(z) =sup{|Tz| : |2| <z} (z€ET) (4.2.4)

and, further, |[T|l, = || |||} and |T2| < |T|(2]) (= € E). =

Let E and F be Banach lattices. Often, but not always, the two spaces B,.(F, F') and
By(E, F') are the same; by the above result, this holds when F' is Dedekind complete, and,
in particular, when F' is a dual Banach lattice. In the case where E and F are AL-spaces,
it follows from [1, Theorem 3.9 and Corollary 3.10] and (3| Theorem 15.3] (where we
note that each AL-space is a ‘K B-space’) that B,.(E, F') = By(E, F) = B(E, F') and that
ITIl- = |IT|| (T € B(E, F)). On the other hand, suppose that p > 1, that E = LP(Q) for
a measure space ), and that E is an infinite-dimensional space. Then, by [4], B, (E) is
not even dense in (B(E), |- ||), and || - || and || - || are not equivalent on B,.(F). Examples
with B,.(E, F) C By(E, F) and with By(E, F) C B(E, F) are given in [3| Examples 1.11
and 15.1]. An example given in [60, §2] shows that there may be operators in By(FE, F)
that are not even in the || - ||-closure of B,.(E, F), and Example 4.1 of [60] exhibits Banach
lattices £ and F' and a compact, order-bounded operator V : E — F which is not in
the || - |[p-closure of B,.(E, F'). Suppose that B,.(E, F) = By(E, F). Then the norms || - ||,

and || - ||» are equivalent on B,.(E, F)), but examples in [60] show that the norms are not
necessarily equal in this case. For general Banach lattices E and F, the two norms || - ||,
and || - || are not necessarily equivalent on B,.(E, F).

More information on regular and order-bounded operators can be found in the fine
survey article |61]. In this article, Theorems 2.1 and 2.4, respectively, characterize the
lattices F' such that B,.(E, F) = B(E, F) for every Banach lattice E and lattices F such
that B,.(E,F) = B(E,F) for every Banach lattice F'; some extra cases are provided
by Example 2.7 and Theorems 2.8 and 2.9 of [61]. Further, conditions for the equality
By(E,F) = B,.(E,F) are given in [61, Section 4].
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Let E and F be Banach lattices, and take T € B,.(E, F). Then T|G € B, (G, F) for
each closed sublattice G of E.

DEFINITION 4.17. Let E and F be Banach lattices, and take T' € B(F, F'). Then T is
pre-regular if T' € B(F', E') is regular, and then
HTHI"“ = ”T/H’r
for each such operator T. The space of pre-regular operators from F to F' is denoted by
Bpr(E, F).
Thus B, (E, F) is a linear subspace of B(E, F),
[Tllpr 2 ([T (T € Byr(E, F)),

and (Bp-(E, F), || - |lpr) is a Banach space.
It is clear that T” is regular and that ||T7], < |T||- for each T € B,(E,F), and
so a regular operator is pre-regular. Further, the dual of an order-bounded operator is

order-bounded [3, Theorem 5.8], and so an order-bounded operator is pre-regular by
Proposition [£.16] Thus we have

B(E,F)* C B.(E,F) C By(E,F) C B,.(E,F) C B(E, F).
The following example shows that B,(E, F') can be a proper subset of B, (E, F').
EXAMPLE 4.18. In [3| Example 15.1], it is shown that the map
T:fes (F(/n) - f(0)in €N),  C(I) = co,

is a bounded linear operator that is not order-bounded, and hence not regular. However
the dual 7" of T is an operator T" : £* — C(I) between two AL-spaces, and so T" is
regular, and hence T is pre-regular. m

ProprosITION 4.19. Let E and F be Banach lattices, and suppose that F' is Dedekind
complete and has the Fatou property. Take T € B.(E,F). Then T' € B.(F',E') and

1Tl = T}
Proof. We shall show that |T||, < ||T"||,. Since || 7", < [|T'|l» < ||T||, this implies the

result.

Fix € > 0. By (4.2.1)), there exists x € ET with ||z||
T < 1T ()] + €.

Set S = {|Tz| : |z| < x}, a subset of F*, so that, by ([{.2.4), supS = |T|(z). The
family F of finite subsets of S, when ordered by inclusion, is a directed set. For each
a € F, set y, = supa, so that (y, : @ € F) is an increasing net in F'* such that
sup{ya : @ € F} = |T|(z). Since F has the Fatou property,

IT(z) | = sup{llyall : @ € F}.

Note that ¥ = xp(z) belongs to (E”)*. Now se‘ig ={|T"¢| : |¢| < *}, a subset of
(F")*, and let F be the family of finite subsets of S; suppose that the elements yg are
defined in an analogous way to the elements y,,, now with respect to F. Since F" has the

1 and

Fatou property,
NT"|@)| = sup{llgs] : B € F}.
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Since {|7¢| : [¢| < 2} D {|T"Z] : [2] < 2} and the embedding of F' into F” is a
lattice homomorphism, so that {J, : @ € F} is a subset of {ys : 5 € F}, it follows that
HT|@)[| = [[[T]()]]. Thus

HTHE = 1T @) = T - e
This holds true for each e > 0, and so ||T||, < ||T”||,, as required. m

COROLLARY 4.20. Let E and F' be Banach lattices, and suppose that F' is a dual Banach
lattice. Take T € By (E,F). Then T' € B.(F',E") and |T"||, = |T|l- = || |T]||- =

THEOREM 4.21. Let E and F be Banach lattices, and take T € B(E, F). Then the fol-
lowing are equivalent:

(a) T' : F' — E’ is regular, so that T is pre-regular;

(b) T : E" — F" is regular;

(¢c) kpoT : E — F" is regular.

In this case, the three operators have the same reqular norm.

Proof. Certainly (a)=-(b) and |||, < ||T’||;. Since kpo T =T" o kg : E — F", we see
that (b)=(c) and ||kp o T < [|T"]

Finally, suppose that (c) holds. Then (kg o T)" : F"' — E’ is regular. Now we have
T = (kpoT) okp : F/' — E'; and so T’ is regular, giving (a); further, we have
Il < (s o TY Il By Corollary I3 s o Tl = (s 0 TV}, and hence [[T'], <
Irsr o Tl

The result follows. m

4.3. Multi-norms based on Banach lattices. We now define the canonical lattice
p-multi-norm based on a Banach lattice.

DEFINITION 4.22. Let F be a Banach lattice, and take p with 1 < p < oo. For each

n € N, set
1/p
) &” = H(Z il”)

The definition corresponding to (4.3.1]) in the special case where p = oo is

(@ = (21,...,20) € E"). (4.3.1)

]y = 1| V- Vil | (2= (z1,...,2,) € E);
the above definition in the special case where p =1 is
Il = ||z + -+ |zal | (2 = (21,...,20) € ™).

Then (|| - ||&) and (|| - [|PF) are the lattice multi-norm and the dual lattice multi-norm,
respectively, based on E, as defined in |20, Definition 4.41].

Let E be a Banach lattice. Then the Banach space (E™, || - ||LP) is the space that is
sometimes denoted by E(4F), slightly modifying the notation of [43 p. 46], and we shall
do this at some later points. See also [45] p. 8].

The space (E™, | - ||LP) is itself a Banach lattice with respect to the coordinatewise
operations.
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THEOREM 4.23. Let E be a Banach lattice, and take p with 1 < p < oco. Then the sequence
(Il - |&P) based on E is a strong p-multi-norm.

Proof. As in [20, Theorem 4.42], it is immediately checked that (|| - ||£) is an oo-multi-
norm. By Theorem [2.25] each co-multi-norm is a strong co-multi-norm, and so the result
holds in the case where p = co.

Now suppose that 1 < p < oo, and set ¢ = p’. By Proposition we know that
a strong p-multi-norm is a p-multi-norm, and so it suffices to verify the condition in
Definition [1.37]

Take m,n € N, ¢ = (21,...,2y) € E™, and y = (y1,...,yn) € E" with y <, =.
Thus, for each positive linear functional A on E, each p € E’' with |u| < A, and each
(a1,...,ay) € By, we have

]<zn:ajyj,u>\ < zn:|aj| 50 )] < @n:'“j'q)l/q(i )"
< (ilm,ml”)ws (im,w)l/” by (4.1.12

m

1/
< <(Z \xi\P> " /\> by (4.2.3),
i=1
and so it follows from (4.1.12)) that
(S < (S1e) )
j=1 i=1
This holds for each positive linear functional A\, and so
‘Zajyj‘ < (Z |(E2|P) p in £
j=1 i=1
for each (ai,..., o) € Bye. It now follows from (4.1.6) or (4.1.7) that
" 1/p i 1/p
(k) " < ()
j=1 i=1

and hence ||y||LP < ||z|| %P, giving the result. m

Let E be a Banach lattice, and take p with 1 < p < co. It follows from Theorem
that
ppn(®) < ll2|7? (2 € E",neN),

A short calculation shows that we have equality in the case where E = C(K) for a
compact space K.

DEFINITION 4.24. Let E be a Banach lattice, and take p with 1 < p < oco. Then the
sequence (|| - [|Z7) defined in (4.3.1) is the canonical lattice p-multi-norm based on E.

ExampPLE 4.25. Take p with 1 < p < co and n € N. We give a specific example of a
space E(f) = (E™, || - [l57).
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Indeed, we take r with 1 < r < oo, and consider the Banach lattice £ = ¢". The space
E(¢P) consists of n-tuples © = (x1,...,%y), where z; = (2;; : j € N) € £" for i € N,,,
and the norm of such an element is

||$||,LLP — (i (En: |xi’j|p)r/p) 1/7“. (43.2)

j=1 i=1

Now consider the Banach space F = ¢£. For 1 < r < oo, the space ¢"(F) consists of
sequences y = (y; : j € N), where y; = (y;,; : 4 € N,,) € ££ for j € N, and the norm of

such an element is
s n » r/p\ 1/7
lller = (3 (X lwat) ) (4.3.3)

j=1 i=1
Thus E(¢2) with E = ¢" is isometrically isomorphic to ¢"(F) with F = (2. u
THEOREM 4.26. Let E be a Banach lattice, and take p with 1 < p < oco. Then the

canonical lattice p-multi-norm based on E is p-convex if and only if E is p-conver as a
Banach lattice.

Proof. Suppose first that E is p-convex as a Banach lattice, and suppose that m,n € N,
= (21,...,%m) € E™ and y = (y1,...,9yn) € E™. Set || - || = || - |57 (n € N) and

u= (i |a?i|p)1/p and v = (zn:\yﬂp)l/p
i=1 =1
in E. It follows that

1
1@, )l = ([ @+ 02) 2] < (Jull? + [0lP) 7P = (], + lyl15)" 7

Hence the p-multi-norm (|| - ||%?) is p-convex.

Conversely, suppose that the p-multi-norm (|| - ||%?) is p-convex, and take z,y € E.
Then

1 L,
I (2l” + )7 1 = [l )lIE™ < (el + lyli?)' 7,
and so F is a p-convex Banach lattice. m

COROLLARY 4.27. Take p with 1 < p < oo, and suppose that E is a p-convex Banach
lattice. Then

|z)5? < |xle@E (e E',neN). =

It is shown in [20, §4.3.1] that the two sequences (|| - [|Z : n € N) and (|| - |1 : n € N)
are multi-norms and dual multi-norms, respectively, and that the duals of the lattice
multi-norm and the dual lattice multi-norm based on E are the dual lattice multi-norm
and the lattice multi-norm, respectively, based on E’. We now generalize these facts; the

proof is similar to one on pages 47 and 48 of [43] that shows (for the case of real Banach
lattices) that the dual space of E(f2) is E'(¢2 ).

THEOREM 4.28. Let E be a Banach lattice, and take p with 1 < p < oco. Then the dual
of the canonical lattice p-multi-norm based on E is the canonical lattice p’-multi-norm
based on E’.
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Proof. The cases where p = 1 and p = oo have already been covered, and so we may
suppose that 1 < p < co. Set ¢ = p’. For n € N, we write | - ||/, for the dual of the norm
|- |17, so that || - ||/, is defined on the space (E’)".

Taken € Nand A = (Aq,...,\y) € (B')". For = (x1,...,2,) € E", we have

o N1 S ol < (Sle) 7 () ) < (S )
i=1 i=1 i=1 i=1
by Proposition [4.§(ii), and so

IAIl, < H(Zn: |Ai|q)1/qH — A
i=1

For the reverse inequality, take z € ET, n € N, and & = (21, ...,3,) € E™ such that
(30, 2P)Y/P < . Then ||z||5? < ||z|. For each A = (A1,...,\,) € (E')", we have

‘zn:@ii’M

and so it follows from Proposition [£.9] that

(o ()" < 1A ol
=1

[ElE

< M),

Hence, by (4.1.3]), we have
° 1/q
IALE = [ (S al?) | < 1Al
i=1

This concludes the proof. m

Take p with 1 < p < co. We now consider the canonical lattice p-multi-norms associ-
ated with sublattices and quotients of a Banach lattice.

First, let F' be a closed sublattice of a Banach lattice F, and consider the canonical
lattice p-multi-norm based on E. Then F is a Banach lattice, and the p-multi-norm
induced on the family {F™ : n € N} is exactly the canonical lattice p-multi-norm based
on F.

Next suppose that F' is a closed order-ideal in E, so that E/F is again a Banach
lattice; we again write Qp : E — E/F for the quotient map, so that Qp is a lattice
homomorphism. Then there are a quotient power-norm, temporarily called (|| - ||n.quot),
and a canonical lattice p-multi-norm, temporarily called (|| - ||s,can), based on E/F. We
claim that these two p-multi-norms coincide.

Take n € Nand ¢ = (z1,...,2,) € E. Then

e ((Slee-wt) ") =@e (1)) e ),

and so ||£B + Fnlln,can S ||$ + Fn”n,quot~

To prove that, conversely, we have ||+ F" ||, quot < ||+ F" || can, it suffices to show
that, for each n € N, each z1,...,z, € F, and each y € F, there exist y1,...,yn, € F
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such that
(4.3.4)

- 1/p - 1/p
(Z|$i—yi|p> S‘(Z|$i|p> -y
=1 =1

and we shall do this. Set

" 1/p
(o)

Without loss of generality, we may suppose that 0 < y < wu, for otherwise, replacing y
by (Ry)* A u will reduce the right-hand side of . It suffices to prove that, for each
such y, there exist y1,...,y, € E such that holds and |y;| < y (i € N,,), for the
latter condition guarantees that y1,...,y, € F. We can work in the order-ideal I,,, which
we can identify with C'(K) for a compact space K, and so it suffices to establish the
inequality in the special case in which F = C(K).
For i € N,,, define y; such that
z;(t)

(1) = ()| A0 e

and y;(t) = 0 when ¢ € K and x;(t) = 0. Then we see that yi,...,y, € C(K) and also
that |z; — yi| = |@:i| — |yi| (4 € N,,). By replacing each z; by |z;|, we may suppose that
z; >0 (i € N,)in . Hence y1,...,yn € C(K)T and y; = x; Ay for each i € Ny,
and so we see that it suffices to prove that

when ¢t € K and z;(t) # 0

1/p

(an(xi —x; A y)p)l/P < (2”: xf’) -y (4.3.5)

1= 1=
whenever 1, ..., 2, € C(K)' and y € C(K)* with y < u. Since the order in C(K,R) is
pointwise, it suffices to prove for 1,..., 2,y € RT. Set © = (xq,...,2,) € R®
and ¥y = (y,9,...,y) € R"; without loss of generality, we may suppose that ||z|/,» = 1,
in which case 0 <y < 1. Thus we need to show that |[(x —y)"||» <1—y
We may suppose that x1,...,x, > y and that zgy1,...,2, < y for some k € N,,.

Take a1, ...,a; > 0 such that

k

I =) e =3 (@ —y)a; and Za 1,
i=1

where ¢ = p’. ThenZ 1%21 and so

I =) *ller < szaz y < llelle (e, an)lle —y =1 -y,

as required. Thus we have proved the following theorem.

THEOREM 4.29. Let E be a Banach lattice, and suppose that F' is a closed order-ideal
in E. Take p with 1 < p < co. Then the quotient power-norm induced on E/F by the
canonical lattice p-multi-norm on E is the canonical lattice p-multi-norm on E/F. m

4.4. Interpolation between Banach lattices. We consider interpolation between
complex Banach lattices. In particular we wish to note first that in certain circumstances,
a particular interpolation space between two Banach lattices is itself a Banach lattice.
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This topic has been previously considered; the seminal work is [11], and some works have
shown the result for Banach lattices of particular types. The result is also stated without
proof by Raynaud and Tradacete [53, p. 96]. However we have not found exactly the
result that we seek, and so we provide details here; we are grateful to Michael Cwikel for
some valuable comments, based on [14].

The initial definition and results apply to both real and complex Banach lattices.

DEFINITION 4.30. Let (Ey, ||-]lo) and (E1, ] -|l1) be Banach lattices such that {Ey, E1 } is
a compatible couple of Banach spaces with an ambient space H that is a Banach lattice.
Suppose, further, that, for i = 0, 1, each E; is an order-ideal (not necessarily closed) in H.
Then {Ey, E1} is a compatible couple of Banach lattices.

Later, we shall use the following remark. Let Fy and E; be a compatible couple of
Banach lattices, and take © € Ey + EF; such that 0 < x < yo + y1, where yo € EO+ and
y1 € Bf". Then

2]l zotrm: < llyollo + [lyall1-

Indeed, by the Riesz decomposition property, Proposition there exist zg,z1 € HT
such that xg < yg, 1 < y1, and x = zg+x1. Since Ey and F; are ideals in H, we see that
zo € Ef and x1 € B, Thus ||| 5,42, < |zollo + |71ll1 < llyollo + [|y1]l1, as required.

THEOREM 4.31. Let {Ey, E1} be a compatible couple of Banach lattices. Then
(EO n El» ” . ”EoﬂEl) and (EO + El? ” : ||E0+E1)

are Banach lattices that are sublattices of the ambient space.

Proof. We know that Eyg N E; and Ey + F7 are Banach spaces, and they are sublattices
of the ambient space.

It is clear that EyN Ey is a Banach lattice; we shall show that Fo+ E; (with the norm
-l =1 llgo+E,) is & Banach lattice.

We first claim the following: Take x,y € Eg + Eq1 with 0 < 2 < y. Then |lz| < ||y||.
Indeed, fix € > 0. Then there exist yy € Ey and y; € Fy such that y = yo + y1 and

1ollo + llyally < llyll + e

We may suppose that yo € (Ep)r and y; € (E1)g. We have z <y < yi + v, and

lyg llo + 11y 111 < llyll +e.

By the remark preceding the theorem, ||z| < [|lyg [lo + |y |1 < |ly|| + €. This holds true
for each € > 0, and so the first claim is proved.
Second, we claim the following: For each z € Ey + Fy, we have || |z| | = ||z]|-
Indeed, take z € Fy + F1 and fix € > 0. Then there exist zg € Fy and z; € E; such
that z = 29 + z; and
lzollo + 1zl < Il2l] + <.

Then |z[ < [20] + |21 By the remark, [| |z] || <[ |zo[ lo + [ |z1] [l. = [lz0llo + [|z1]l1, and so
[z < [|z] 4. Hence || [z] | < ||=].
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For the reverse inequality, again fix € > 0. There exist zy € Ey and z; € E; such that

|z| = 20 + 21 and
[20ll0 + [lz1]lx < 2] [ +&.
Since |z| < |z0| + |21, there exist xo € Ef and x1 € Ef such that z¢ < |20], 1 < |21],
and also |z| = mg + x1. Take e € H' such that z, zg, and x; belong to I.. Then I, is
lattice isomorphic to C(K) for a compact space K. By working in C(K), we see that
there exist wg and w; in I, such that
wo(t) = xo(t) -arg z(t), wi(t) =x1(t)-argz(t) (t€ K).

Then |wg| = xo and |wi| = 1, so that wg € Ep and w; € E;. Further, we see that
wp +wy = |z]-argz = z in C(K), and hence z = wg + w; in I.. It follows that

12l < llwollo + [lwilly = llzollo + 21l < llzollo + [lz1llx < [ 2] ]| + &

Thus ||z|| < || |2] || The second claim follows.

Finally, suppose that z,w € Ey + Ey with |z| < |w|. Then || |z||| = ||z|| and || |w| || =
|lw]| by the second claim, and || |z] || < || |w]| || by the first claim, and so ||z|] < ||w]|. This
shows that (Eg + E1, || - ||g,+E, ) is indeed a Banach lattice. m

We also note the following. Suppose that Fy and E; are complex Banach lattices that
are the complexifications of Fy and F7i, respectively. Then Ey N E; and Ey + E; are the
complexifications of Fy N Fy and Fy + Fy, respectively.

Let H be a Banach lattice. Take xg,21 € HT and 6 € (0,1). Then the element
257%2¢ is defined in H*; here we identify x5~ %2¢ with |2|'~?|1|?, which is defined by
the Youdine-Krivine calculus, as in [43]. By [43] Proposition 1.d.2(i)], we have

lzg 2| < llwoll* =l 1. (4.4.1)

Recall from inequality (4.1.9) (with pp = p; = 1) that
0

iyi"zf < (Zn: yi)lfo(zn: z) (4.4.2)

i=1 i=1
foreach n € Nand y1,...,Yn,21,...,2, € HT.

DEFINITION 4.32. Let {Ey, E1} be a compatible couple of Banach lattices, and take 6
with 0 < 8 < 1. Then the Calderén—Lozanovskii space, denoted by Eé_eEf , is the set of
all z € Ey + F such that |2| < 23 %2f for some xg € Ef and z; € F;". For z € By EY,
set

|zl = inf{c: |z < cab ™2y, x; € Bf, (i=0,1)} (4.4.3)

We see that
)l = mf{llyollg *lluallf : [zl < w5 %), i € Bf (i=0,1)} (x€ By E}). (44.4)

The following result is implicit in [53, §4], but no explicit proof was given in that
source.

PROPOSITION 4.33. Let {Ey, E1} be a compatible couple of Banach lattices, and take 6
with 0 < 6 < 1. Then the Calderén-Lozanovskii space (ES™°EY,||-||) is a Banach lattice
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and also an intermediate space. Further, the closure of Eg N Ey in E(lfeEle is a Banach
lattice.

Proof. The ambient space for {Ey, E1} is H, say.

Set L = Ej~?E{. Clearly ax € L and |jaz||; = |a|||z||, whenever o € F and z € L.
Now take 1,22 € L. We claim that x1 + z2 € L and ||x1 + z2||p < ||z1]|z + ||z2]lL, and
hence || - || is a seminorm.

To see that x1 + zo € L, it suffices to show that

|1+ 22| < (31 +y2)" 0 (21 + 22)° (4.4.5)

whenever y; € Ef, z; € Ef and |z;] < y;_ezf in H for j = 1,2. Since we know that

|x1 + x| < |z1| + |22|, inequality (4.4.5)) follows from (4.4.2). Hence x1 + x5 € L.
We now claim that

21+ 22l < |lz1]lz + l22(z

Let j € {1,2}. Given ¢; > ||lz;]|1, choose v; € Bf, and w; € Bf; with |z;] < cjvjlfew?,
and set y; = cjv; € Ef and z; = cjw; € Ef. Then |z;| < yjl._ezﬁ, so that

|21+ 22| < (Y1 +y2) (21 + 22)°

by inequality (4.4.5). Using (4.4.4), we see that
21 + a2l < llyr +y2llo "Nz + 2|11
< (erllvalo + e2llvzllo)~(exllwn iy + ezllwell1)°
< (61 + 62)170(01 + 82)0 =1 + Co2.
Since ¢1 > ||z1||r and ¢ > ||z2|| were arbitrary, the claim follows.

We have shown that (L, || - ||1) is a seminormed space.

We see easily that the inclusion map of Eg N E; in L is contractive. To see that the
inclusion map of L into Ey + Ej is a contraction, take x € L with ||z|z < 1. Then there
exist xg € BEO and z; € Bgl with |z| < 237%¢. But 2}7%9 < (1 — 0)zo + Oz, (for
xo, 21 € R, this is |28 Proposition 4.1.3]), and so

2l o0 = ] [ 2o v < (1 = O)l[zollo + Ollzafly < 1.

It follows that ||z||gy+r, < ||z|l (x € L), and so the inclusion is indeed a contraction.

In particular, this shows that z = 0 when ||z||L =0, and so || - || is a norm on L. Hence
(L] - ||z) is an intermediate space.
We now claim that (L,|| - ||z) is a Banach space. For this, it suffices to show that

>, x; converges in L whenever (x;) is a sequence in L with |z;|r < 277 (j € N); take
j=1%j J J

(x) to be such a sequence.

For each j € N, there exist y;0 € Ef and y;1 € EY with |ly;0llo = ly;1]1 <277 and
|lz;| < y;’aey;?’l (j € N). The two series Z;il yj,0 and Z;‘;l y;1 converge, say to yo € Ey

and y; € E, respectively. Set

k
ugp = sz (k € N).
j=1
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The sequence (ug) converges in (Eg + E1, || - ||gy+E, ), say to z, and so (Jux|) converges
to |x| in the same space. For each k € N, we have

k k Lo k P
lug| < Zyjl-,ﬁey?,1 < (Z yj,O) (Z yj,l)
j=1 j=1 j=1

by inequality 1} and so |ug| < yé_gyf. Since this holds for each k € N, it follows
that |z| < yg~%%?, and this implies that = € L with ||z < |lyolls ™1l by (4.4.4).
Again take k € N. Then
k 1-6 k 0
|z — uk| < (yo - Zyj,O) (y1 - Z%’J) ;
j=1 j=1

and so
k k
1-6 o 1
[z —ukllL < Hyo—zyj,OHO Hyl—zyj,lH TR
j=1 j=1

again using inequality (4.4.4). It follows that (uj) converges to x in (L, | - [|). We have
shown that (L, || - ||) is a Banach space.

It is clear that (L, || - ||) is a Banach lattice, and that the closure of EgN E; in Ef Y EY
is also a Banach lattice. m

We remark that, in the case where Ey and F; are the complexifications of real Ba-
nach lattices F and F}, respectively, the Calderén—Lozanovskii space EéfoEf is the
complexification of the space FolfeFf) .

Now suppose that {Fy, E1} is a compatible couple of complez Banach lattices, and
take 6 with 0 < @ < 1. Then, as in §1.10, we can define the intermediate Banach space
((Eo, E1)o, || |lje7). The following key result of Raynaud and Tradacete is [53, Theorem 9].

THEOREM 4.34. Let {Ey, E1} be a compatible couple of complex Banach lattices, and
take 0 with 0 < 6 < 1. Then the intermediate space ((Eo, E1)s, |- l6)) 4 the closure in the
Calderén—Lozanovskii space (E;"°E¢,||-||) of the space EqN Ey. Further, llzlljoy = Izl
for eachxz € EgNE;. n

COROLLARY 4.35. Let {Ey, E1} be a compatible couple of complex Banach lattices, and
take 6 with 0 < 6 < 1. Then the intermediate space ((Eo, E1)o, || - |ljg)) 45 a Banach
lattice. m

THEOREM 4.36. Let E be a complex Banach lattice. Take 6 with 0 < 6 < 1, take n € N,
and take po,p1 with 1 < pg,p1 < 0o. Then the interpolation space

(B - [1Po), (B - )

0

is isometrically isomorphic to the Banach lattice (E™, || - ||LP), where
1 1-6 6
= +

Z; Po 171 .
Proof. We shall use Theorem [£.34] We may suppose that py # pi, for the result is trivial
when py = p;.
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Set F; = (E™,| - ||LP?) for i = 0 and i = 1. The space £2°(E) plays the role of an
ambient Banach lattice for the Banach lattices Fy and F', where we note that the natural
injections of Fy and Fy in £2°(E) are continuous lattice homomorphisms and that Fj and
F are order-ideals in £2°(E).

We denote the Calderén-Lozanovskii space Fy °F{ specified in Definition by
(L[ llz)-

The only non-trivial fact that we must show is that

o 1/p
— P _ n
el =||(XClanl?) 7| @ = (@m0 € B, (4.4.6)
k=1
and we shall now do this. Fix « = (21, ...,2,) € E™; without loss of generality, we may

suppose that z1,...,z, € ET.
As a preliminary, we set a; = p/p; and 5; = a; — 1 for i = 0,1, so that 8; # 0. We
note that (1 — 9)040 —+ 00[1 = 1 and (1 — 9),@0 + 951 = 0
Consider the functions
L —Bi/p
“(Xwr) L RoR
k=1
defined for j € N,, and i = 0, 1, where F;;(0,...,0) = 0. It is clear that each function Fj;

is continuous and positively homogeneous, and so operates on Er by the Youdine-Krivine
calculus. We note that

Fio®)' PFi1(8)° = |t;] (t=(t,...,tn) ER", jEN,). (4.4.7)

Fj,i : (t17~-~7tn) — |t]

Take t = (t1,...,t,) € R, and set t;; = Fj;(t) for j € N,, and i = 0,1. Then

" N\ 1/pi n o\ /P n —Bi/p n 1/pi—Bi/p
(Z X pl) = (Zﬁj z’”) (Z|tk|p) = (Z|tk|p) :
=1 j=1 k=1 k=1

Also 1/p; — B;/p = 1/p, and hence

(2": |t pi)l/pi = (Zn: |tk|P>l/p (1=0,1). (4.4.8)

k=1
For j € N, and i = 0,1, set z;;, = Fj;(21,...,2,) € ET. It follows from (4.4.7) that

zy=ai%%  (jEN,).

Set @; = (x1,4,...,%n,) € (ET)" for i = 0,1. Then z = =} ¢, and so
L,poy1-6 L,p1\6 - P 1/p
Iz < (lwollz) = (a7 = || (3 lanl?) |
k=1
by [@E4.8).
For the reverse inequality, again take @ = (z1,...,z,) € (ET)™, and suppose that
g, ¢ € (ET)" satisfy ¢ < :c(lfewf, say o = (21,0,---,%n,0) and &1 = (T1,1,...,Tn1).

Since the lattice operations in £5°(E) are defined coordinatewise, we have

z; <ai’al, (G EN,).
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It follows from inequality (4.1.9)) that

(i x?) 1/p - (i )(1 6)/po (Z )9/p1

j=1 j=1 j=1

and so, by inequality (4.4.1)),

(=),

1—0H

n 1/p n 1/p1 )0
gH(foﬂo> 0 <Z$§)11> 1
j=1 J=1
—0 Pp1N0
= (lzollz ) = (2 [l )’

Taking the infimum over all such choices of g and x;, we conclude that

" 1/p
[ tenl) ) = Nl
k=1

We have established (4.4.6)), and hence the theorem follows. m

We believe that a similar result holds when we start with a compatible couple {Ey, E; }
of complex Banach lattices, rather than one fixed Banach lattice, but we do not have a
proof of such a general result; certain special cases are listed by Calderén in [11].

4.5. Regular and multi-bounded operators. Let E and F be Banach lattices, take p
with 1 < p < oo, and consider the canonical lattice p-multi-norms based on E and F'. As
before, the norm of a p-multi-bounded operator T' € M, (E, F) is denoted by ||T||p-mb-
To be specific, we have T' € M,,(E, F) if and only if there exists a constant C' > 0 with

IS ) <l (S ier)
=1 =1

and then ||T||,-mp is the infimum of the constants C.

(z1,...,2y € E, n €N), (4.5.1)

The space of multi-bounded operators between two Banach lattices E and F, each
equipped with the lattice multi-norm (||-||£), is discussed and often identified in [20} §6.4].
First, we note that each order-bounded operator T' from F to F' is co-multi-bounded and
that | T]|co-mb < ||T|ls |20, Theorem 6.31], so that

B.(E,F)C By(E,F)C M (E,F)CB(E,F),

and all the inclusions are contractions. There is a comprehensive statement of some
conditions for equality in the above inclusions in |20, Theorem 6.33]; here we state just
one result.

PROPOSITION 4.37. Let E and F' be Banach lattices, considered with their Banach lattice
multi-norms. Suppose that F' is monotonically bounded and Dedekind complete. Then

Br(EvF) = Bb(E7F) = Moo(EaF) L
COROLLARY 4.38. Let E and F be Banach lattices. Then
B.(E,F")=By(E,F') = Mo (E, F').

Proof. For a Banach lattice F', the dual Banach lattice F’ is monotonically bounded and
Dedekind complete. m
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Let E and F be Banach lattices. As mentioned above, the ‘opérateurs réguliers’ of [45]
Définition 3.2] are exactly the operators in our class M (E, F); this class is denoted by
B,.(E, F)in [45, Définition 3.2]. Note that these ‘opérateurs réguliers’ are not always the same
as the usual ‘regular operators’. The ‘opérateurs ¢! -réguliers’ of [45] are our 1-multi-bounded
operators. It is shown in [45, Lemme 1.1] that, in our notation, M (E, F) = My (E, F);
this will also be a consequence of our Theorem[4.40] to be given below. Our ‘p-multi-bounded
operators’ correspond to the ‘opérateurs p-réguliers’ of [45, Remarque, p. 21].

Take p with 1 < p < oo. It follows from that each positive operator in B(E, F) is
p-multi-bounded, with ||T|p-mb < ||T]|, and so each regular operator is p-multi-bounded.
In fact, the following stronger statement is true.

THEOREM 4.39. Let E and F be Banach lattices, and suppose that T' € B(E, F) is pre-
regular. Take p with 1 < p < oo. Then T is p-multi-bounded with

T - < (1T -

Proof. We write kT for kp o T : E — F"; by Theorem a)=(c), kT is regular.
Take n € N and z1,...,x, € E. Then

IS )], = (S 0r)
By @:22),

o < (i)

F :

T " » 1/p
< .
. o S W (S fel)

1= 1=1

i 1/p n 1/p
(S, <l )],

In terms of the canonical lattice p-multi-norms, this says that
[Tz, ... Ten) 7P < KTl (21, 0]
By Theorem [A.21] ||KT||, = ||T”||», and so the result follows. =
Thus, in the above setting, we have
B(E,F)* C B.(E,F) C By(E,F) C By (E,F) C M,(E,F) C B(E, F)
for each p with 1 < p < cc.

H(iqmw)” "

and so

L,p
n N

We shall now show that, in the case where p = 1 or p = 0o, the converse of Theo-
rem[4:39 holds, in the sense that each p-multi-bounded operator is pre-regular, and further
1T ||l p-mb = ||T”||» for such operators T'. However, Example will show that there are
2-multi-bounded operators on certain Banach lattices that are not pre-regular and that
there are pre-regular operators T such that || T|2-mb 7 |77 ||

THEOREM 4.40. Let E and F be Banach lattices, and suppose that T € B(E,F). Then

the following conditions on T are equivalent:

(a) T is co-multi-bounded;
(b) T is 1-multi-bounded;
(¢) T is pre-regular.

Further, in this case, | T ||oo-mb = |T||1-mb = [|T7]] -
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Proof. Suppose that T satisfies (c). Then, by Theoremm7 T satisfies (a) and (b), and
1T oc-mb < [Tl and | T||1-mb < |77

Suppose that T satisfies (a). Then kT is oo-multi-bounded, again writing T for
kpoT : E — F", and so, by Corollary kT is regular. By the implication (c)=(a)
of Theorem m T is pre-regular, and so T satisfies (c).

Suppose that T satisfies (b). Then, by Proposition T : F' — E’ is co-multi-
bounded, and so, by Corollary T’ is regular. Hence T satisfies (c).

Thus (a), (b), and (c) are equivalent.

To establish the equality of the three norms when (a)—(c) are satisfied, fix x € ET,

and set
n

A:{\/|T$i|5$1a---7$n€E+ﬁAg;,n€N}.

i=1

Then we can regard A as an increasing net in both F* and (F”)*; also
lall < T [loo-mpll2l] (e € A),
and so A has a supremum, say A, in F” with
[Al = sup{llal| : @ € A} < [T |2]-

It follows that

[KT|(x) = sup{[wT'(2)] : [2] <a} <A,
and so

AT (@) < [JA < ([T co-m |21,

whence || [T || < ||T]|co-mb- By Theorem [4.21} || T'||- = ||T ||, and so || T”]|» < |T'||co-mb-
Finally, we have

||T||1—mb = ”T/HOO—mb = ||TH||T = ||T/||,«,
again by Theorem Thus ||T|co-mb = [|T]|1-mb = | T7]|+- =

COROLLARY 4.41. Let E and F be Banach lattices. Then My (E,F) = B(E, F) if and
only if T € B.(F',E") for each T € B(E,F). u

In [45], Banach lattices E such that M (F) = B(E) are said to be homogénes; by |45,
Corollaire 4.2], they are characterized as being the lattices that are lattice isomorphic to
either AL- or AM-spaces. (Here we are using |43 Theorem 1.b.12] and [46, 2.1.12] to see
that the definitions of AL- and AM-spaces in [45] coincide with the Banach lattices that
are lattice isomorphic to AL- or AM-spaces, in our terminology.)

THEOREM 4.42. Let E and F be Banach lattices, and suppose that T € B(E, F). Then
T is 2-multi-bounded, and ||T||2-mb < Ka||T||-

Proof. This follows from Krivine’s theorem, Theorem m

We summarize the above results in the following theorem; it follows from Theorems

4:39] [£:40 and [£.42] and from a remark on page 82}
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THEOREM 4.43. Let E and F be Banach lattices, and take p with 1 < p < co. Then

By(E,F) C By (E,F)=M1(E,F) = Mx(E,F) C M,(E,F) C My(E,F)=B(E,F).

In the case where E and F are AL-spaces and 1 < p < oo, we have
B.(E,F)=By(E,F)=M,(E,F)=B(E,F). n

EXAMPLE 4.44. We claim that there is reflexive Banach lattice E with B,,.(E) C B(E).
Indeed, take E = ¢P, where 1 < p < 0o, and assume towards a contradiction that each
2-multi-bounded operator in B(E) is pre-regular. Then each dual operator in B(E’) is
regular, and so B,(E’) = B(E’). But, as noted above, it is shown in [4] that B,.(EF’) is
not even dense in B(E’). Since || - ||2-mp is equivalent to || - ||, it also follows from [4] that
I || is not equivalent to || - ||o-mp on B,-(E). =

THEOREM 4.45. Let E and F be Banach lattices, and take p1,p2 € R such that either
1<p1 <p2<2o0r2<ps <p; <oo. Then

M(E,F) = My (E,F) C My, (E,F) C My,(E,F) C Ma(E,F) = B(E,F). (4.5.2)

Proof. We suppose that 1 < p; < ps < 2.

Take T € M, (E, F), say with [|T||p;-mb < 1. Then also T' € B(E,F) = My(E, F),
with HTHQ_mb < Kg.

First, suppose that E and F' are complex Banach lattices, and take n € N. By Theo-
rem 4.36, the spaces E(¢F?) and F({P?) are isometrically isomorphic to (E(¢21), E(£2))s
and (F(¢Rr), F(£2))g, respectively, for a suitable choice of § € (0,1). Further, T is
a linear map from E(¢2') + E(£2) to F(¢21) + F(¢2) such that T : E(fP1) — F(¢P1)
is bounded with norm at most 1 and T : E(f2) — F(£2) is bounded with norm at
most K. By Theorem 1.46, T is a bounded linear map from E({22) to F({P?) with
norm at most Kg, a bound independent of n. It follows that T € M,,,(E, F), and so
(4.5.2) holds.

Next, suppose that E' and F' are real Banach lattices, and again take n € N. For an
arbitrary p with 1 < p < 0o, we again write £ (R) and ¢2(C) for the appropriate spaces
taken over real and complex scalars, respectively. It is easy to see that the complexification
E(2(R)) @iE(E(R)) of E(£2(R)) may be identified with (F @ 1FE)(¢2(C)), and that this
identification is isometric. Using this identification, we may also identify the nth amplifi-
cation (Tc)(™ of the complexification Tt with the complexification of T(™), namely with

(T™)c: E(6(R)) ®iE(f (R)) = F(£5(R)) @ iF (£ (R)).
In particular, the two operators have the same norms, and so
[(Te) ™ : (E @1E)(#5(C)) — (F @ iF) (& (C))]|
is equal to
I(T™)e: E(2H(R)) @B (R)) — F(¢5(R)) & iF (! (R))].

The latter norm is bounded by 2|7 : E(¢2(R)) — F(¢7*(R))|| < 2; this is because
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ITcll < 2||IT7) and ||T||p,-mb < 1. It follows from the first part of the proof that

1T s B2 (R)) — F(62(R))]
< (T™)c: E(G2(R) ©1E(642(R)) = F(£2 (R)) © iF (42 (R))|
= |(Te)™: (E @ 1E)(#2(C)) — (F & 1F)(42(C))| < 2Kg,
and hence ||T||p,-mb < 2KY. Thus the result follows in this real case.
The case where 2 < py < p; < o0 is similar. =

The following example leads to the determination of M, (E, F') in some cases.

EXAMPLE 4.46. Let E and F' be Banach lattices, and take p with 1 < p < oo and n € N.
As before, the space E™ with the canonical lattice p-multi-norm || - ||%? is denoted by
E(¢?) and the space E™ with the p-sum power-norm is denoted by 2 (E). (We recall that
the p-sum power-norm is always a power-norm, and that it is a p-multi-norm for certain

Banach spaces E.) Thus we may consider the space of p-multi-bounded operators from
FE to F with respect to these power-norms.

Specifically consider two operators S € B(E,F) with S : (?(E) — F(¢?) and
T € B(E, F) with T(™ : E({2) — ¢2(F). By the definitions given in [43, Definition 1.d.3]:
S is p-multi-bounded if and only if S is a p-convexr operator, and the p-multi-bounded
norm of S is M(p)(S); T is p-multi-bounded if and only if T" is a p-concave operator, and
the p-multi-bounded norm of T"is M, (7). The Banach lattice £ is p-convex or p-concave
if the identity operator on E is p-convex or p-concave, respectively. Thus the canonical
lattice p-multi-norm and the p-sum power-norm based on E are equivalent if and only if
E is p-convex and p-concave; this holds for the spaces LP(€2) for a measure space §.

By Theorem (E(2)) = E'(£2'), and so it follows from our Proposition that
an operator T between two Banach lattices is p-convex if and only if T" is p’-concave and
that T is p-concave if and only if 7" is p’-convex, as in |43 Proposition 1.d.4]. m

PROPOSITION 4.47. Let ) and X be measure spaces, and suppose that 1 <r < p < s < co.
Then

M, (L7(Q2), L*(%)) = B(L" (), L*(%)), (4.5.3)
with equality of norms.

Proof. Set E = L"(Q) and F = L*(X), and take T € B(E, F'). The Banach lattice F' is
p-convex with constant 1, and so

|(Smar)”| < (Sizsa)” (hesfue Bonen,
i=1 i=1

The Banach lattice E is p-concave with constant 1, and so

n
=

(1) < | ()| Giver o€ B
=1 1

It follows that T € M, (E, F) with || T||p-mb < ||T]|. Since the inequality ||T'|| < || T p-mb
always holds, we obtain equality of norms in (4.5.3). m
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COROLLARY 4.48. Let Q) and X be measure spaces, and take r,s with 1 <r < s< 2 or
2<r<s<oo. Then

Mp(L7(€), L*(X%)) = B(L"(2), L*(X)) (4.5.4)
for each p € [r,2] or each p € [2, 8], respectively.
Proof. First suppose that 1 < r < s < 2 and that p = r. Then (4.5.4]) holds by Proposition

4.47] Thus it holds for each p € [r,2] by Theorem [£.45] The case where 2 < r < s < o0
is similar. m

The following result essentially contains a converse to Corollary [£.48]in a special case.

PROPOSITION 4.49. Take r with 1 < r < oo.

(1) Suppose that 1 < p < 2. Then M,(¢") = B({") if and only if 1 <r < p.
(ii) Suppose that 2 < p < oo. Then M,(¢") = B({") if and only if r > p.

Proof. The facts that M,(¢") = B({") for p € [r,2], and hence for r € (1,p], when
1 <p <2, and for p € [2,7], and hence for r > p, when 2 < p < oo are special cases of
Corollary [£.48] We must show that these are the only cases for which M, (£7) = B(¢7).

In the case where p = 1, it follows from Theorem [£.40|that M (¢") = B,,.(¢") for each
r € (1,00]. Further, B, (¢") = B,.(¢") for each r € (1, 00), and we have noted that B, (¢")
is not even dense in B(¢"). Thus My (€") # B(L").

Now suppose that 1 < p < 00, 1 < r < o0, and M, (¢") = B(¢"). Thus there exists
C > 1 such that

[Tlp—mb < C|IT|| (T € B(L")). (4.5.5)
Take m,n € N. As in Example we see that there is an isometric isomorphism
from ((£,)", || - =) onto (£,(€5), || - ller (¢z)) formed by ‘taking transposes’. Now take

T e B(é:n) and regard T as an m x m matrix (T} ;) and as an element of B(¢"), and take
= (21,...,2,) € (£],)", where x; = (z; 5 : k € N,,) for ¢ € N,,. Then

m

ITM || L = H ((zm: Tykip i €Ny) i j € Ny
_ (zm:(Z‘ZT kak’ )T/P)l/r
=

o (eR)

m

On the other hand,

n

e = (i(Zw )

Jj=1 1i=1
Thus (4.5.5)) implies that
1T : 6, (E) = L (B)|| < CIIT : £, = £l
for each T' € B({},) and m € N, where E = (2. It follows from Theorem (d)=(a),
(with r replacing p in the notation) that ¢ is C-isomorphic to an r-space for each n € N.

By the final claim of Corollary r € [p,2] when 1 < p < 2 and r € [2,p] when
2 < p < 00, as required. m
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COROLLARY 4.50. Take p1,ps such that 1 < py,ps < co. Then the inclusion
Mpl (E) c MP2 (E)
holds for every Banach lattice E in each of the following three cases:
(i) p1 € {1700};
(i) 1<pi <p2 <2
(ili) 2 <py < p1 < o0.
For all other pairs {p1,p2}, there is a Banach lattice E such that My, (E) ¢ M,,(E).

Proof. The proof of the inclusions My, (E) C M,,(E) in the specified cases follows from
Theorem [4.45] To show that the inclusion fails in all other cases, take E to be the Banach

lattice /P1. m



5. Representation theorems

We now seek canonical representation theorems for certain p-multi-normed spaces.

5.1. Representations as subspaces of lattices. Let F be a Banach space. The mem-
oir |45] contains a representation theorem for spaces ¢y ® E satisfying property (P),
which was defined on page[49] and hence gives a representation theorem for multi-normed
spaces, in terms of closed subspaces of Banach lattices, or as ‘sous-espaces de treillis’; the
theorem is |45, Théoréme 2.1], where the result and proof are attributed to Pisier. The
theorem is also stated as |20, Theorem 4.56]. We now give a simpler and shorter version
of this proof in the language of multi-norms; further, we shall generalize the result to
apply to certain p-multi-norms.

After the relevant part of this memoir was completed, we discovered that a different
proof of Pisier’s representation theorem was given by Casazza and Nielsen |12, Theo-
rem 1.7]; this proof uses ultraproducts and is also different from our proof. Further, a proof
of our Theorem (in a different language) is contained in the thesis [44] of McClaran;
again, the proof is different from ours. We are grateful to Professor W. B. Johnson for
discussing this thesis with us.

We commence by setting the scene for the results.

Let (E,| - ||) be a normed space. We write K for the closed unit ball Bg: of E’, so
that K is a compact space with respect to the relative weak* topology o(E’, E), and
the space (C(K), || - [ls) is a Banach lattice. As before, to every element x € E one can
associate the element Z in E” defined by Z(\) = (z,A) (A € E’); with a slight abuse of
notation, we also denote the restriction of T to K by Z, so that we are considering T as
an element of C'(K). The map

= (B D) = (CED, - o),

is a linear isometry. Throughout this section, V' denotes the order-ideal in C'(K) generated
by (the image of) E. Thus, for each f € C(K), we have f € V if and only if | f| < \/I_, |7
holds in C(K) for some n € N and z1,...,z, € E.

Let E be a normed space, and fix p with 1 < p < co. We shall be especially interested
in functions on K of the form

fo = (E |§i|p> 3 for ¢ = (x1,...,2,) € E",
i=1

where n € N; here we interpret fp as max{|Z1|,...,|Z,|} in the case where p = cc.

[101]
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Since the lattice operations in C(K) are defined pointwise, we have

\) = (Z |z, w’)l/” (\ € K), (5.1.1)

and so fz € C(K)T. We note that f, depends on p, although this is not shown explicitly
in the notation. Take « € F, m,n € N, & € E™, and y € E". Then f,. = |a|fz and

faw) = (F2+ DY? < fut fy- (5.1.2)

Further, f, < fz in (C(K)*, <) if and only if y <, « (in the notation of Definition ,
and so, in the particular case that (E™,| - ||,) is a strong p-multi-normed space, we
have ||yl < ||z||;m whenever f,, < fz in (C(K)T,<). (Indeed, this fact motivated us to

formulate the definition of a strong p-multi-norm.)
Take n € N. There are constants C; and Cy (depending on n) such that

n n /p n
Al < (X)) <o\
=1 =1 =1

for fi,...,fn € C(K), and so f € V if and only if |f| < f for some n € N and = € E™.

DEFINITION 5.1. Let (E™, | - ||.) be a power-normed space, and take p with 1 < p < cc.
For each f € V| set
pp(f) = inf{||x||,, : | f| < fo for some € E™ and n € N}. (5.1.3)

Thus p,(f) € RT for each f € V. The first lemma is immediate.

LEMMA 5.2. Let (E™, ||-||n) be a power-normed space, and take p with 1 < p < co. Then:

(i) pplaf) =lalpy(f) (@ €F, feV);

(i) pp(f) = pp(f) (F €V);
(iil) pp(f) < pplg) whenever f,g € V with |f| < |g| in C(K)™;
(iv) pp(fe) < ||m||m whenever m € N and x € E™.

LEMMA 5.3. Let (E™, || - ||n) be a strong p-multi-normed space, where 1 < p < co. Then
pp(fa) = [@llm  (z € E™, meN).

Proof. Take m € N and x € E™. By Lemma iv), pp(fe) < ||||m. Now suppose that
y € E", where n € N, and that |fz| < fy. Then ||y, > ||@]|m, and so pp(fo) = ||Z]/m. =

Suppose that (E™,] - ||,) is a power-normed space and that 1 < p < co. In addition,
assume that p, is subadditive, so that

pp(f+9) < pp(f) +pplg) (f,g€V). (5.1.4)

Then p, is a lattice seminorm on V, and so ker p, = {f € V' : p,(f) = 0} is an order-ideal
in V and V/ker p, is a normed lattice with respect to the norm induced by p,. Let X be
the completion of this normed space, so that X is a Banach lattice, and define

J:ix—=Z+kerp, E—X.

Then J is a linear map and (31, |J2;|P)Y/P = fp +kerp, for = (21,...,2,) € E™
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As in Definition we write (|| - [|ZP) for the canonical lattice p-multi-norm based
on the Banach lattice X, and we suppose throughout that this is the p-multi-norm that
is based on X.

LEMMA 54. Let (E™,| - ||n) be a power-normed space, and take p with 1 < p < oo.
Further, assume that p, is subadditive. Then J : E — X is a multi-contraction. In the
case where (E™, || - ||n) s a strong p-multi-normed space, J : E — X is a multi-isometry.

Proof. Take n € N and @ = (x1,...,2,) € E™. Then
- 1/p
1@l = [| (S0 172l ) | = 1S+ Ker pyll = py(fa) < Nl (5.1.5)
i=1

by Lemma[5.2(iv). Thus J : E — X is a multi-contraction. In the case where (E™, | - ||»)

is a strong p-multi-normed space, p,(fz) = |||, by Lemma and so (5.1.5) shows
that J : E — X is a multi-isometry. m

Clearly the point to be resolved before we can claim a satisfactory representation
theorem is when the above map p,, is subadditive. We shall first show that this is certainly
the case when we are considering multi-norms themselves, so recovering the theorem of
Pisier.

THEOREM 5.5. Let (E™, || -||») be a multi-Banach space. Then there are a Banach lattice
X and a closed subspace Y of X such that (E™,| - ||,) is multi-isometric to (Y™, - ||%).

Proof. The multi-norm (]| -||,,) is a strong multi-norm by Theorem As we remarked,
it suffices to show that the function p = p, defined above (in the case where p = c0) is
subadditive.

Take f,g € V, and fix ¢ > 0. Then we can find m,n € N, x € E™, and y € E™ such
that

f1<fa 9l < fy Nzllm <p(f) +¢, and |yl < plg) +e.
Set G = {70 @1 £5°, so that

[(w, )| = Nlulleze + [vlleze (w € £, v e L)
By Proposition there exist £ € N and a linear embedding 1" : G — £7° such that
[(w, )| < [T (u, )| < (X +)[[(u, )] (u€ by, velF) (5.1.6)

Clearly there are linear mappings A : €57 — £3° and B : £5° — £7° for which

max{[[A[l, [ B} < [|T| <1+

such that each element T'(u,v) can be written in the form Au + Bw.
We can regard T as a matrix, and hence as a linear map from E™ x E" to E*.
Similarly, we can regard A and B as linear maps from E™ and E™, respectively, to E*.
Define z = T'(x,y) € E*, say z = (21,..., z;), and take A € E’. Then it follows from

that
(z.0) = XO(T(@,y)) = TA"H (@, y)) = T (), A" (y)).
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Combining this with (5.1.6)), we obtain
F2(0) = max (2, 0)] = (2, M)l = I T (@), A () e

> (A (@), A () e = A (@)l + AN @) ez = Fa(N) + F5(V),
and hence f, > fo + fy > |f| + 19| > |f + g|. This shows that
p(f +9) < |zlk = [[Ax + Bylr < [[Az[[x + | Byllx
< @A +e)(lzllm + lyln) < (1 +2)(p(f) + p(g) + 2¢).
The above inequality holds true for each e > 0, and so p(f + g) < p(f) + p(g), which

shows that p is indeed subadditive.
This completes the proof of the theorem. m

We next consider the representation of 1-multi-norms, i.e., of dual multi-norms. As
we saw in Example there are 1-multi-norms that are not strong 1-multi-norms, and
so we must impose this condition on the 1-multi-norm. Indeed, since the canonical lattice
1-multi-norm (|| - |P%) = (|| - ||I"") of the following result is strong (by Theorem ,
the hypothesis that the 1-multi-norm based on E be strong is clearly necessary for the
following theorem to hold.

THEOREM 5.6. Let (E™, ||||n) be a strong 1-multi-Banach space. Then there are a Banach
lattice X and a closed subspace Y of X such that (E™,| - ||n) s multi-isometric to
@™ 0 175)-
Proof. Again it suffices to show that the function p = p; defined above (in the case where
p = 1) is subadditive.

Take f,g € V, and fix € > 0. Then we can find m,n € N, x € E™ and y € E” such
that

1< far gl < fyo lelm < p(f) +&, and  |ylln < p(g) +c.
Then |f+g| < fz +fy = f(:c,y)a and so

p(f+9) < (@ y)llmin < l2lm + [ylln < p(f) + p(g) + 2¢.
This holds true for each £ > 0, and so p(f + g) < p(f) + p(g), as required. =

We now seek a result that is applicable in the case where 1 < p < oo. In the fol-
lowing theorem, we impose the extra condition that the p-multi-norm be strong, which
is certainly a necessary condition, and that the p-multi-norm be p-convex; for each p,
this latter condition is necessary if we require that the Banach lattice be p-convex, for
then the corresponding canonical p-multi-norm is p-convex by Theorem and so the
initial p-multi-norm must be p-convex, where we note that p-convexity passes to closed
subspaces. In Example we shall exhibit a strong 2-multi-Banach space (that is not
2-convex) which is not multi-isometric to (Y™, || - ||£-2) for any closed subspace Y of a
Banach lattice.

THEOREM 5.7. Take p with 1 < p < oo, and let (E™,|| - ||n) be a strong p-multi-Banach
space that is p-convex. Then there are a p-conver Banach lattice X and a closed subspace
Y of X such that (E™,| - ||l.) is multi-isometric to (Y™, || - ||LP).
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Proof. To establish the existence of X and Y such that (E™, || - ||,) is multi-isometric to
(Y™, || - |E+P), it suffices to show that p, defined above is subadditive. Set ¢ = p'.

Again take f,g € V, and fix € > 0. Then we can find m,n € N, x € E™, and y € E"
such that

1< far gl < fys o @llm < pp(f) +e and lylln < pp(g) + e

We may suppose that  and y are non-zero. We set

1 1
o ( | ]m ) SR ( ]l ) i
(@] + ol ) (@l + Tl )

so that a9 + 89 = 1. By Holder’s inequality applied pointwise in C(K), we have

1/
Fl+1gl < (W+W) §

oP ﬁp

Set z = (z/a,y/B) € E™t™, say z = (z1,..., Zm+n). Then

P P\ L e
<ap+5p < (X Rr) =t
=1

and so pp(f + 9) < pp(f2) = |1 2]|m+n- Since the multi-norm (|| - ||,,) is p-convex, we have
1/p
5, Yl
el < (1 Il )

and the expression on the right-hand side is just |||, + ||yl|». Therefore

pp(f +9) < 2llm + ylln < pp(f) + pp(g) + 2¢.

This holds true for each € > 0, and so p, is indeed subadditive.
We must also show that the Banach lattice X is p-convex. For this, take f,g € V, as
above. Then

P ((F17 + 1gIP)P) < [[@, )i < (l]1Z, + ly]2) 7
< ((op(f) + )7 + (pplg) +2)P) 2.

This also holds true for each € > 0, and so

1/
P ((LF17 +1917)77) < (pp(F)P + ppl9)?) "
This implies that the Banach lattice X is p-convex. m
Recall that a sequential norm is a 2-multi-norm that is 2-convex.

COROLLARY 5.8. Let E be a Banach space, and let (|| - ||») be a sequential norm based
on E. Then there are a 2-convex Banach lattice X and a closed subspace Y of X such
that (E™, || - ||n) is multi-isometric to (Y™, || - ||L2).

Proof. By Theorem every 2-multi-norm is a strong 2-multi-norm. =

EXAMPLE 5.9. First, for each p with 1 < p < oo, we shall construct an example of a
p-multi-normed space based on a Banach space E that is not multi-isomorphic to any
closed subspace of a Banach lattice with the canonical p-multi-norm.

Let (E,|| - ||g) be a Banach space, and consider the dual weak p-summing norm
(Vp,n) based on E, as in Example iv); we recall from Theorem that (v,,) is



106 H. G. Dales et al.

the maximum p-multi-norm based on E and that, for n € N, v, ,, corresponds to the
projective tensor norm || - ||, on £ ® E. Suppose that X is a Banach lattice equipped
with the canonical lattice p-multi-norm (|| - ||5?) and that T : E — X is an embedding
onto a closed subspace Y of X; we may suppose that || T = 1. Define M,, = ||(T~")™|
(n € N).

In fact, we take E = ¢4(R), where ¢ = p’. We write (4,) for the standard basis in
¢P(R), as before, and now write (4},) for the standard basis in F. Fix n € N, and set

e=(41,...,0]) € E™. Then, using (1.5.10), we have
Vo) = Y6 @4
| Tn

Consider X = (d1,...,0,) € (E")" = (¢*)". By (1.5.3), pg,n(A) = 1, and consequently
n=(e,\) < vpn(e). Thus v, ,(e) = n.

Take n € N, and set z; = T¢} (i € N,,) and & = (z1,...,2,) € Y, so that T(e = x.
Then

- 1/p
n=vpn(e) < Mallelf = M| (Y i) .

i=1
By Proposition

1y P el ‘” -
\/i(z |z <o ;em

(5.1.7)

)

where the outer sum on the right-hand side is taken over all choices of ¢; = £1 for ¢ € N,,.

‘We have
n n
[$ e <[5
i=1 i=1

— pl/a
E

)

and so

=nl/q,

Al () <]
— x; <
% ;| |
Suppose that p > 2. Then
n 1/p n 1/2
(Xl = (X faal?)
i=1 i=1
and hence, using (5.1.7)), we see that

n 1|/ 1/p
g < vl (o)

and so M, > (1/v/2)n'/? (n € N).
Suppose that 1 < p < 2. Then

n 1/p n 1/2
(Elal) ™ <t (i)
=1 =1

1 n
TSI
i=1

1 n
< e

<nl/,

and now

n 1 - 1/p
i = (i) e
V2M, = V2 ;'”

and so M, > (n/2)*/? (n € N).
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In each case, M,, — oo as n — 0o, and so there is no embedding of E onto a closed
subspace of a Banach lattice such that the inverse is multi-bounded.

In the case where p = 2, the multi-norm (s ) is a strong 2-multi-norm. This shows
that the convexity condition in Corollary is not redundant. m

5.2. Representations as quotients of lattices. We now give a related representation
theorem for dual multi-normed spaces and certain other p-multi-normed spaces. We state
two theorems, but we shall give one combined proof.

THEOREM 5.10. Let (E™, | - ||ln) be a 1-multi-Banach space. Then there are a Banach
lattice X and a closed subspace Y of X such that (E™, || - ||n) is multi-isometric to the
space (X/Y)™, ||| - llln), where (||| - |||n) is the 1-multi-norm based on X/Y that is the

quotient of the canonical lattice 1-multi-norm (|| - |£1) = (|| - |PL) based on X.
The above theorem is related to [44, Theorem 4.18].

THEOREM 5.11. Take p with 1 < p < oo, and let (E™, || - ||n) be a p-multi-Banach space.
Suppose that (E™, || - ||n) is p-concave and that, for each finite-dimensional subspace F
of E, equipped with the p-multi-norm inherited from (E™ | - ||n), the dual p’-multi-norm
based on F' is a strong p'-multi-norm. Then there are a Banach lattice X and a closed
subspace Y of X such that (E™, || - ||n) is multi-isometric to

((X/Y)" - M)

where (||| - |||n) is the p-multi-norm based on X/Y that is the quotient of the canonical
p-maulti-norm (|| - ||£P) based on X.

Before giving the proof, we make a preliminary remark.

The hypothesis that arises in Theorem [5.11|implies that the dual p’-multi-norm based
on E’ is a strong p’-multi-norm. Indeed, set ¢ = p’, take m,n € N, and suppose that
A€ (E)™ and p € (E')™ satisfy

[z, A)

g <@ wle (@ cB). (5.2.1)

For each € > 0, there is a unit vector y = (y1,...,¥m) in E™ with [{(y, A)| > [|Al|m — €.
Set F =1lin{y1,...,Ym}, a finite-dimensional subspace of E. For each = € F, inequality
(5.2.1) holds, and so, by the hypothesis in Theorem we have [|A[F™ || < || F™||n-

Hence
[alln = ([l E™ [ = IAE™ ([ > Ky M > [ Al — €.

This holds true for each € > 0, and so |||/ > ||A]|m. Thus the p’-multi-norm based on

E’ is strong. Unfortunately, the converse to this statement does not hold in general; we
shall show this in Example below.

Proof of Theorems and . Set ¢ = p’ (with p = 1 and ¢ = oo in the case of
Theorem , and set
I=J{zeE": ||, =1}
neN
For each ¢ = (z1,...,2,) € Z, set Ey = lin{x1,...,2,}, so that (Eg, | - ||) is a finite-
dimensional, and hence closed, subspace of E. As such, E; inherits a p-multi-norm from
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(E™, || - |n); we equip E., with the dual g-multi-norm. (By assumption when p > 1, or by
Theorem when p = 1, this ¢g-multi-norm is strong.) Then there is a multi-isometry
Sg of E!, into some Banach lattice Y, equipped with its canonical lattice g-multi-norm.
Indeed, this is immediate from Theoremfor q = o0, from Theoremfor q = 1 (taking
into account the preliminary remark), and from Theorem and Proposition for ¢q
with 1 < ¢ < 0.

Being finite-dimensional, the space Ej is reflexive, so that we may consider S., as an
operator from Y, onto E,; the relevant power-norm based on Y, is the dual p-multi-norm
which agrees With the canonical p-multi-norm based on the Banach lattice Y, by Theorem
Since S is an 1sometry for each n € N, equation and Proposition ii)
imply that (Sgz" () ) = (S2)™ is an exact quotient operator, and so this operator maps the
closed unit ball of (Y,,)™ onto the closed unit ball of E”.

Define X to be the £'-sum of the family {Y, : ® € T}, so that X is the space of
functions f:Z — (J, .7 Y, such that

fl@eYy (@€I) and Y |f(z)l < oc.

x€l
Then X is a Banach lattice with respect to the pointwise-defined vector lattice operations;
we equip {X™ : n € N} with its canonical p-multi-norm (|| - ||Z7).
We shall now show that, for each n € N, the nth amplification 7" of the linear
mapping T : X — F that is defined by the formula

Tf=Y S.(f(®) (feX)
xel

maps the closed unit ball of X™ onto the closed unit ball of E™. This will clearly imply
that 7(") maps the open unit ball of X™ onto the open unit ball of E”, and hence
complete the proof by Proposition

Let n € N. On the one hand, the following calculation for f = (f1,...,fn) € X"
shows that 7™ maps the closed unit ball of X™ into the closed unit ball of (E™, || - ||,,)

IIT(")f||n=H<ZS' (@ ) —HZ CARIACI] §
SIS ((Fi@) =) |, < D0 N@) g7

ZH( |fste V’)WH = H(Zlfjlp) /”H ey

On the other hand, let © € Z, say @ € E" for n € N. Then « € E7, so that
x = (S.)™(X) for some unit vector A = (A1, ..., \,) € (Y)™. Moreover, since x € Z, we
can define f = (f1,..., fn) € X™ by setting f;(y) = A; if y = « and f;(y) = 0 otherwise,
for j € N,,. Then we have

= (o) = SIS wwr) = [ ) = e

IA

53
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and T f = (SzAj)j=1 =z, and so T maps the closed unit ball of X™ onto the closed
unit ball of (E™, || - ||n)-
As indicated, this completes the proof of Theorems and ]

ExaMpLE 5.12. This example shows that the quotient of a canonical lattice 1-multi-
norm is not necessarily a strong l-multi-norm. (We have seen a similar example of a
strong p-multi-norm with a quotient that is not a strong p-multi-norm in the case where
l<p<ooandp#2in Examplem)

Indeed, let (E™, ||-|,,) be a 1-multi-Banach space. Then, by Theorem [5.10} there are a
Banach lattice X with the canonical lattice 1-multi-norm (|| - ||2%) and a closed subspace
Y of X such that (E",| - ||,) is multi-isometric to ((X/Y)™, ||| - [|[|»). Now (|| - [|PF)
is a strong l-multi-norm by Theorem but the quotient ((X/Y)", ||| - |||») is not
necessarily a strong l-multi-norm; this would imply that every 1-multi-norm is strong,
and this is not true by Example .

EXAMPLE 5.13. Take p with 1 < p < oo, let (E™, || - ||») be a p-concave p-multi-Banach
space, and suppose that the dual p’-multi-norm based on E’ is a strong p’-multi-norm. As
we remarked before the proof of Theorems[5.10]and [5.11} it is not in general true that this
implies that the hypotheses of Theorem [5.11] are satisfied. To substantiate this remark,
we shall now show that, for certain values of p, there exists a p-concave p-multi-norm
based on a Banach space E such that: (i) the dual p’-multi-norm based on E’ is strong;
(ii) E has a finite-dimensional subspace F' such that the dual p’-multi-norm based on F’
is not strong.

Indeed, take p with 1 < p < 2, set ¢ = p/, and let E be the Banach space LP(I).
We consider the p-sum power-norm based on E. By Theorem this is a strong p-
multi-norm, and it is p-concave; the dual multi-norm based on E' = L4(I) is the g-sum
power-norm based on E’, and this is also a strong ¢-multi-norm by Theorem [2.28

Now take r with p < r < 2, and set s = . Then it follows from Proposition that
{" embeds isometrically into F, and so, for each n € N, the space E has a subspace F,
that is isometrically isomorphic to £],. We have F), = ¢3 (n € N).

For n € N, consider the p-sum power-norm based on F;, and the dual g-multi-norm,
which is the ¢g-sum power-norm based on F) = ¢5. Since 2 < s < ¢, it follows from
Corollary iii) that there exists n € N such that the g-sum power-norm based on F),
is not strong.

Although FE does not satisfy the hypotheses of Theorem [5.11] it obviously does satisfy
the conclusions of the theorem. m
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Fatou property, 75
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Nakano property, 75
p-concave, 80
p-convex, 80
real, 73

Banach—Mazur distance, 11

base norm, 5

Calderén—Lozanovskii space, 90
Chevet—Saphar norms, 23
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Banach lattices, 89
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conjugate index, 8
contraction, 10
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dual multi-norm, 57, 60, 67
dual multi-normed space, 5
dual operator, 11
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embedding constant, 12, 65

Fatou property, 75
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interpolation norm, 39, 48
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isometric embedding, 12
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isomorphism, 11

lattice embedding, 75

lattice homomorphism, 75
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lattice isomorphism, lattice isometry, 75
linear isomorphism, 9

matrix, special, 10
modulus, 73
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multi-bounded operator, 65
multi-continuous operator, 67
multi-contraction, 65
multi-isometry, 65
multi-isomorphism, 65
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dual lattice, 84
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