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Abstract

In 2012, Dales and Polyakov introduced the concepts of multi-norms and dual multi-norms
based on a Banach space. Particular examples are the lattice multi-norm (‖ · ‖Ln) and the dual
lattice multi-norm (‖ · ‖DLn ) based on a Banach lattice. Here we extend these notions to cover
‘p-multi-norms’ for 1 ≤ p ≤ ∞, where ∞-multi-norms and 1-multi-norms correspond to multi-
norms and dual multi-norms, respectively. We shall prove two representation theorems. First we
modify a theorem of Pisier to show that an arbitrary multi-normed space can be represented as
((Y n, ‖·‖Ln) : n ∈ N), where Y is a closed subspace of a Banach lattice; we then give a version for
certain p-multi-norms. Second, we obtain a dual version of this result, showing that an arbitrary
dual multi-normed space can be represented as (((X/Y )n, ‖ · ‖DLn ) : n ∈ N), where Y is a closed
subspace of a Banach lattice X; again we give a version for certain p-multi-norms.

We shall discuss several examples of p-multi-norms, including the weak p-summing norm and
its dual and the canonical lattice p-multi-norm based on a Banach lattice. We shall determine
the Banach spaces E such that the p-sum power-norm based on E is a p-multi-norm. This relies
on a famous theorem of Kwapień; we shall present a simplified proof of this result. We shall
relate p-multi-normed spaces to certain tensor products.

Our representation theorems depend on the notion of ‘strong’ p-multi-norms, and we shall de-
fine these and discuss when p-multi-norms and strong p-multi-norms pass to subspaces, quotients,
and duals; we shall also consider whether these multi-norms are preserved when we interpolate
between couples of p-multi-normed spaces. We shall discuss multi-bounded operators between
p-multi-normed spaces, and identify the classes of these spaces in some cases, in particular for
spaces of operators between Banach lattices taken with their canonical lattice p-multi-norms.
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1. Introduction

1.1. Multi-norms and dual multi-norms. A theory of multi-norms based on a

normed space was introduced by Dales and Polyakov in [20]. The study of multi-norms

and dual multi-norms was continued in [8, 18, 19], and there is a survey in [16]; a recent

contribution is [7]. We recall the basic definitions of this theory.

We write N for the set of natural numbers; for n ∈ N, the collection of permutations of

the set Nn = {1, . . . , n} is denoted by Sn. The underlying field F of a linear space is either

the real field R or the complex field C. As in the earlier papers, En denotes the n-fold

Cartesian power of a linear space E, taken with the coordinatewise linear operations.

The first definition that we give brings in a new term, ‘power-norm’; the word ‘special-

norm’ was used in [20, §2.2.1] and [52]. Thus a ‘power-norm’ is a sequence of norms defined

on the powers of E.

Definition 1.1. Let E be a linear space over F. A power-norm based on E is a sequence

(‖·‖n : n ∈ N) such that ‖·‖n is a norm on En for each n ∈ N and such that the following

Axioms (A1)–(A3) are satisfied for each n ∈ N and x = (x1, . . . , xn) ∈ En:

(A1) ‖(xσ(1), . . . , xσ(n))‖n = ‖x‖n (σ ∈ Sn);

(A2) ‖(α1x1, . . . , αnxn)‖n ≤ (maxi=1,...,n |αi|)‖x‖n (α1, . . . , αn ∈ F);

(A3) ‖(x1, . . . , xn, 0)‖n+1 = ‖x‖n.

In this case, (En, ‖ · ‖n) = ((En, ‖ · ‖n) : n ∈ N) is a power-normed space.

The power-norm is a multi-norm and (En, ‖·‖n) is a multi-normed space if, in addition

to (A1)–(A3), we have

(A4) ‖(x1, . . . , xn−1, xn, xn)‖n+1 = ‖(x1, . . . , xn)‖n

for each n ∈ N and x1, . . . , xn ∈ E.

The power-norm is a dual multi-norm and (En, ‖ · ‖n) is a dual multi-normed space

if, in addition to (A1)–(A3), we have

(B4) ‖(x1, . . . , xn−1, xn, xn)‖n+1 = ‖(x1, . . . , xn−1, 2xn)‖n

for each n ∈ N and x1, . . . , xn ∈ E.

Let (En, ‖ · ‖n) be a power-normed space. Then, in particular, (E, ‖ · ‖1) is a normed

space; we shall usually write ‖x‖ for ‖(x)‖1 for x ∈ E, so giving the base norm on E.

The power-norm is based on E. In the case where (E, ‖ · ‖) is a Banach space, each space

(En, ‖ · ‖n) is also a Banach space, and (En, ‖ · ‖n) is termed a power-Banach space, etc.

[5]
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Many properties of multi-norms and of dual multi-norms were described in [20]; these

properties included some strong connections with the theory of absolutely summing op-

erators and with the theory of tensor norms.

For example, as in [20] and [18], there are a maximum multi-norm and minimum

multi-norm based on a normed space E; these are denoted by (‖ · ‖max
n : n ∈ N) and

(‖ · ‖min
n : n ∈ N), respectively, and they are defined by the property that

‖x‖min
n ≤ ‖x‖n ≤ ‖x‖max

n (x ∈ En, n ∈ N)

for every multi-norm (‖ · ‖n : n ∈ N) based on E. The formula for ‖ · ‖min
n is

‖x‖min
n = max

i=1,...,n
‖xi‖ (x = (x1, . . . , xn) ∈ En, n ∈ N).

By [20, Theorem 3.33], the dual of ‖ · ‖max
n is µ1,n, the weak 1-summing norm, to be

defined in §1.5, and so

‖x‖max
n = sup

{∣∣∣ n∑
i=1

〈xi, λi〉
∣∣∣ : λ1, . . . , λn ∈ E′, µ1,n(λ1, . . . , λn) ≤ 1

}
for each n ∈ N and x = (x1, . . . , xn) ∈ En.

There are also maximum and minimum dual multi-norms based on a normed space E;

the maximum dual multi-norm is the sequence (‖ · ‖n) defined by

‖x‖n =

n∑
i=1

‖xi‖ (x = (x1, . . . , xn) ∈ En, n ∈ N)

(see [20, p. 59]).

In fact, in this work, we shall refer to ‘∞-multi-norms’ and ‘1-multi-norms’ for ‘multi-

norms’ and ‘dual multi-norms’, respectively, as special cases of ‘p-multi-norms’; see the

definitions in §2.2.

1.2. Description of the main results. Our aim in this memoir is to generalize the

notions of multi-norms and dual multi-norms to that of a p-multi-norm for 1 ≤ p ≤ ∞;

in the cases where p =∞ and p = 1, we shall recover the classes of multi-norms and dual

multi-norms, respectively. A p-multi-norm is a power-norm with an additional property;

the precise definition will be given in §2.2.

Again p-multi-norms have a strong connection with certain cross-norms defined on

tensor products. The study of p-multi-norms involves consideration of the normed space

on which the p-multi-norm is based, and we shall obtain new results in this direction,

especially involving ‘p-spaces’.

A key example of a p-multi-norm is that of the canonical lattice p-multi-norm defined

on a real or complex Banach lattice: this p-multi-norm will be defined in Definition 4.22.

There is a sense in which this p-multi-norm is generic. Indeed, our main representation

theorem is Theorem 5.7, which roughly says the following. Take p with 1 < p <∞. Then

a p-multi-norm based on a Banach space and satisfying extra conditions is the same as the

canonical lattice p-multi-norm defined on a closed subspace of a certain Banach lattice.

The analogous result for multi-norms themselves is Theorem 5.5: a multi-norm based

on a Banach space is the same as the canonical Banach-lattice multi-norm defined on a
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closed subspace of a certain Banach lattice. This latter theorem is a result of Pisier, stated

as [45, Théorème 2.1]. The analogous result for certain dual multi-norms is Theorem 5.6.

Our generalization of Pisier’s theorem to p-multi-norms requires, in fact, that the

p-multi-norm be a ‘strong’ p-multi-norm that is ‘p-convex’. We shall explain these extra

terms in §2.5 and §2.6, respectively. In §2.5, we shall show that each p-multi-norm based

on a Banach space is a strong p-multi-norm whenever p is equal to 2 or ∞ and that, for

any other value of p with 1 ≤ p ≤ ∞, there is a Banach space E and a p-multi-norm

based on E that is not a strong p-multi-norm; we shall give a number of examples of

p-multi-norms that are or are not strong p-multi-norms.

There is a dual representation theorem, given as Theorem 5.10; it shows that certain

p-multi-norms, including dual multi-norms, based on a Banach space are the same as the

quotient p-multi-norm based on a space X/Y , where Y is a closed subspace of a Banach

lattice X and we take the canonical lattice p-multi-norm based on X.

Throughout we shall consider when properties of p-multi-norms based on Banach

spaces pass to the corresponding power-norms based on subspaces, on quotients, on dual

spaces, and on spaces that are the intermediate space formed by complex interpolation

between a compatible couple of Banach spaces. Most of these results are not needed for

the main representation theorems of Chapter 5.

Chapter 1 gives background, mainly in the theory of Banach spaces; a reader may

wish to skim the results of this chapter and return to consult it when the particular

background is relevant.

For example, we shall recall in Chapter 1 some standard theory of tensor products of

Banach spaces, concentrating on the projective and injective tensor products. In §1.3, we

shall define the p-sum norm based on a normed space, and, in §1.5, we shall introduce

weak p-summing norms and their duals; these are examples of power-norms. A source of

examples for us will be spaces in the class SQ(p), where 1 ≤ p ≤ ∞; these are Banach

spaces that are isometrically isomorphic to closed subspaces of quotients of Lp-spaces,

and we shall introduce this class in §1.6. In §1.7, we shall use an example of Schechtman

to exhibit a space Sp for 1 ≤ p ≤ 2 that is isomorphic to a member of the class SQ(p),

but not isomorphic to a closed subspace of Lp(Ω) for any measure space Ω. Some results

here may be new.

The p-spaces of Herz are introduced in §1.8. Spaces in the class SQ(p) are, by a theo-

rem of Kwapień, exactly these p-spaces; the theorem of Kwapień seems to be important,

and we shall present a proof of this result in §1.9. Finally, in §1.10, we shall recall some

theory of complex interpolation spaces between compatible couples of Banach spaces.

In Chapter 2, we shall begin our study of p-multi-norms, which are special types of

power-norms, giving the definition and various examples. In Theorem 2.8, we shall relate

p-multi-norms to the p-spaces of Herz; indeed, we shall show that, for p with 1 ≤ p <∞,

the p-sum norm based on a Banach space E is a p-multi-norm if and only if E is a p-space

if and only if E belongs to the class SQ(p). Suppose that there are p0-multi-norms and

p1-multi-norms based on Banach spaces E0 and E1, respectively. In §2.3, we shall discuss

when there is a p-multi-norm based on suitable intermediate spaces between E0 and

E1. In §2.4, we shall characterize p-multi-norms in terms of certain tensor products of
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Banach spaces, thus showing that our theory can be regarded as belonging to the latter

subject. We shall also introduce, in §2.5 and §2.6, two strengthenings of the notion of

a p-multi-norm to give strong p-multi-norms and p-convex and p-concave multi-norms,

respectively; we shall give a variety of examples that show that, in various settings, there

are p-multi-norms that are not strong p-multi-norms. Throughout the chapter, we shall

explain when p-multi-norms and their strengthened versions based on Banach spaces pass

to closed subspaces, to quotient spaces, to dual spaces, and to interpolation spaces.

The natural morphisms in the category of multi-normed spaces are the multi-bounded

maps, and these are introduced in Chapter 3; we shall give various examples, and define

p-multi-norms on spaces of multi-bounded operators.

In Chapter 4, we shall turn to our main topic, that of p-multi-norms in the setting

of Banach lattices, in particular introducing in §4.3 the canonical lattice p-multi-norm

based on a Banach lattice. In §4.1 and §4.2, we shall recall and somewhat extend some

background on Banach lattices and regular and order-bounded operators between Banach

lattices, in particular discussing pre-regular operators. In §4.4, we shall show that complex

interpolation between Banach lattices gives a Banach lattice and that two canonical lattice

p0- and p1-multi-norms on a Banach lattice produce a canonical lattice p-multi-norm for

an appropriate value of p. In §4.5, we shall show how spaces of p-multi-bounded operators

between Banach lattices with their respective canonical lattice p-multi-norms are related

to spaces of pre-regular operators.

Finally, in Chapter 5, we shall give our representation theorems, together with some

examples that show their limits.

1.3. Notation and terminology. First, we recall some standard definitions and nota-

tions primarily involving normed and Banach spaces that we shall use.

The cardinality of a set S is |S|. The closed unit interval [0, 1] is denoted by I. The

conjugate index of p ∈ [1,∞] is denoted by p′, so that 1/p+ 1/p′ = 1; we shall often set

q = p′. Throughout we shall interpret the expression( n∑
i=1

αpi

)1/p

,

where α1, . . . , αn ≥ 0 and n ∈ N, as max{α1, . . . , αn} when p =∞.

Let E be a linear space over a field F (always R or C). Then we write IE for the

identity operator on E. However the identity on Fn is usually denoted by In for each

n ∈ N. The linear span of a subset S of E is denoted by

linS.

Let E and F be linear spaces. Then E⊕F is the direct sum of E and F , and L(E,F )

is the linear space (over F) of F-linear maps from E into F .

Definition 1.2. Let E and F be linear spaces, and take n ∈ N. The nth amplification

of T ∈ L(E,F ) is given by

T (n) : (x1, . . . , xn) 7→ (Tx1, . . . , Txn), En → Fn. (1.3.1)
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Let T ∈ L(E,F ), and take n ∈ N. Then the mapping T (n) is clearly also linear, and

it is injective or surjective if and only if T has the corresponding property. We may write

(1.3.1) as

T (n) : x 7→ T (n)x, En → Fn.

Let E be a linear space, and take S, T ∈ L(E). Then clearly

(S ◦ T )(n) = S(n) ◦ T (n) ∈ L(En) (n ∈ N). (1.3.2)

The action of a linear functional λ on an element x of a linear space E is usually denoted

by 〈x, λ〉, so that the nth amplification of λ is the linear map λ(n), which is defined on

En by

λ(n) : (x1, . . . , xn) 7→ (〈x1, λ〉, . . . , 〈xn, λ〉) = 〈x, λ〉, En → Fn, (1.3.3)

where x = (x1, . . . , xn).

Take m,n ∈ N. For x = (x1, . . . , xm) ∈ Em and y = (y1, . . . , yn) ∈ En, we write

(x,y) = (x1, . . . , xm, y1, . . . , yn) ∈ Em+n;

this is called the concatenation of x and y.

Suppose that F is a linear subspace of a linear space E. Then we shall often write

JF : F → E and QF : E → E/F (1.3.4)

for the natural embedding and the quotient map, respectively. Take n ∈ N. Then Fn is

a linear subspace of En, and we identify (E/F )n with the quotient space En/Fn via

(x1 + F, . . . , xn + F ) = x+ Fn (x = (x1, . . . , xn) ∈ En). (1.3.5)

Consequently, the quotient map QFn : En → En/Fn is identified with the nth amplifi-

cation Q
(n)
F of the quotient map QF : E → E/F .

Let E and F be linear spaces. A bijection in L(E,F ) is a linear isomorphism. Take

T ∈ L(E,F ). Then T induces a linear map

T : x+ kerT 7→ Tx, E/kerT → F. (1.3.6)

Of course, T is a linear isomorphism from E/kerT onto T (E); this is the fundamental

isomorphism theorem. For n ∈ N, we have kerT (n) = (kerT )n, and the identification of

En/kerT (n) with (E/kerT )n implies that the induced map T (n) is identified with the

nth amplification T
(n)

of T , as the following diagram illustrates:

En/kerT (n)

T (n)

++En
T (n)

//

zzzz

dddd

Fn

(E/kerT )n
T

(n)

33 (1.3.7)
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Let E and F be linear spaces, and take n ∈ N. For T1, . . . , Tn ∈ L(E,F ), define

∆(T1,...,Tn) ∈ L(E,Fn) and Σ(T1,...,Tn) ∈ L(En, F ) by

∆(T1,...,Tn)(x) = (T1x, . . . , Tnx) (x ∈ E) (1.3.8)

and

Σ(T1,...,Tn)(x1, . . . , xn) = T1x1 + · · ·+ Tnxn (x1, . . . , xn ∈ E), (1.3.9)

respectively.

Take m,n ∈ N. Then Mm,n = Mm,n(F) denotes the space of all m×n matrices over F,

with Mn for Mn,n; we shall write T ∈Mm,n as (Ti,j). The transpose of T = (Ti,j) ∈Mm,n

is the matrix T t = (Tj,i) ∈ Mn,m. A matrix T ∈ Mm,n is row-special (respectively,

column-special) if it has at most one non-zero entry in each row (respectively, column);

T is special if it has at most one non-zero entry in each row and in each column. Suppose

that E is a linear space over F. Then we further regard a matrix in Mm,n(F) as defining

a linear map from En to Em in the obvious way.

Now let (E, ‖ · ‖) be a normed space over a field F. We write

BE , B◦E , and SE

for the closed unit ball, the open unit ball, and the unit sphere of E, respectively. The

dual space of E (consisting of all continuous linear functionals on E) is denoted by E′,

and the duality is implemented by the bilinear map

(x, λ) 7→ 〈x, λ〉, E × E′ → F;

the dual norm to ‖ · ‖ on E′ is often denoted by ‖ · ‖′. The weak topology on E is σ(E,E′)

and the weak∗ topology on E′ is σ(E′, E). The bidual of E is E′′ = (E′)′, and the canonical

embedding of E into E′′ is κE ; we shall usually identify E with κE(E) and sometimes

write x̂ for κE(x), where x ∈ E.

Let E be a normed space, take n ∈ N, and let ‖ · ‖n be a norm on En defining the

product topology. Suppose that F is a closed linear subspace of E. Then Fn is a closed

linear subspace of (En, ‖ · ‖n), and using the identification (1.3.5) we obtain a norm

on (E/F )n = En/Fn that is given by the following explicit formula:

‖x+ Fn‖n = ‖(x1 + F, . . . , xn + F )‖n = inf
y1,...,yn∈F

‖(x1 + y1, . . . , xn + yn)‖n (1.3.10)

for x = (x1, . . . , xn) ∈ En.

Suppose that E and F are normed spaces, and take p with 1 ≤ p ≤ ∞. Then we write

E ⊕p F

for the direct sum E ⊕ F , taken with the norm given by ‖x+ y‖ = (‖x‖p + ‖y‖p)1/p for

x ∈ E and y ∈ F . The dual space of E ⊕p F is identified with E′ ⊕p′ F ′.
Suppose that E and F are normed spaces. Then we write B(E,F ) for the normed

space (with respect to the operator norm) of all bounded linear operators from E to F ,

with B(E) for B(E,E). The space B(E,F ) is a Banach space whenever F is a Banach

space, and B(E) is a unital Banach algebra when E is Banach. For details on Banach

algebras, see [15]. An operator of norm at most 1 is a contraction. For T ∈ B(E,F ), we
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write T ′ ∈ B(F ′, E′) for the dual of T , so that T ′ is defined by the formula

〈x, T ′λ〉 = 〈Tx, λ〉 (x ∈ E, λ ∈ F ′);

of course, ‖T ′‖ = ‖T‖. For y ∈ F and λ ∈ E′, set

(y ⊗ λ)(x) = 〈x, λ〉y (x ∈ E). (1.3.11)

Then y ⊗ λ ∈ B(E,F ) with ‖y ⊗ λ‖ = ‖y‖ ‖λ‖, and

F(E,F ) = lin {y ⊗ λ : y ∈ F, λ ∈ E′}

is the subspace in B(E,F ) consisting of the finite-rank operators. Let T ∈ B(E,F ), take

n ∈ N, and suppose that ‖·‖ and |||·||| are norms on En and Fn, respectively, defining the

product topologies. Then T (n) : (En, ‖ · ‖)→ (Fn, ||| · |||) is a bounded linear operator. A

bijection T ∈ B(E,F ) such that T−1 ∈ B(F,E) is an isomorphism; the spaces E and F

are isomorphic, written

E ∼ F,

when there is such an isomorphism from E onto F . Take C ≥ 1. Then E and F are

C-isomorphic when there is an isomorphism T ∈ B(E,F ) with ‖T‖ ‖T−1‖ ≤ C; in this

case, we write

E ∼
C
F.

In the case where E and F are Banach spaces, it is of course immediate from Banach’s

isomorphism theorem that each bijection T ∈ B(E,F ) is an isomorphism.

Suppose that E and F are isomorphic normed spaces. Then the Banach–Mazur dis-

tance from E to F is

d(E,F ) = inf{‖T‖‖T−1‖ : T ∈ B(E,F ) is an isomorphism};

the spaces E and F are almost isometric if d(E,F ) = 1. The infimum in the definition

of d(E,F ) is attained when E and F are both finite-dimensional spaces, but this is not

true in general. We have d(E,F ) ≤ C whenever E ∼
C
F . Clearly

d(E,G) ≤ d(E,F ) d(F,G) (1.3.12)

for three normed spaces E, F , and G such that E ∼ F ∼ G.

The following definition is taken from [2, Definition 11.1.1].

Definition 1.3. Let E and F be infinite-dimensional Banach spaces. Then E is finitely

representable in F if, for each finite-dimensional subspace X of E and each ε > 0, there

is a finite-dimensional subspace Y of F with dimY = dimX such that d(X,Y ) < 1 + ε.

Let E, F , and G be infinite-dimensional Banach spaces, and suppose that E is finitely

representable in F and that F is finitely representable in G. Then it is noted in [2,

Proposition 11.1.4] that E is finitely representable in G. Examples of spaces that are

finitely representable in other spaces will be given in §1.6.

Let E and F be normed spaces. An operator T ∈ B(E,F ) is an embedding if it is an

isomorphism onto a subspace of F (where the subspace has the relative norm from F ),

and E embeds in F if there is such an embedding. Thus T ∈ B(E,F ) is an embedding if
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and only if there exists c > 0 such that ‖Tx‖ ≥ c‖x‖ (x ∈ E). We define the embedding

constant of T ∈ B(E,F ) by the formula

β(T ) = β(T : E → F ) = inf{‖Tx‖ : x ∈ SE},

so that β(T ) > 0 when T is an embedding. When we consider an embedding T : E → F

as an isomorphism onto its range, we see that T has an inverse T−1 : T (E) → E and

that

‖T−1 : T (E)→ E‖ = 1/β(T ).

Suppose that E, F , G, and H are normed spaces, and take R ∈ B(E,F ) to be a

surjection, S ∈ B(F,G), and T ∈ B(G,H). Then TSR ∈ B(E,H) and

β(TSR) ≤ β(S)‖R‖ ‖T‖. (1.3.13)

Indeed, take ε > 0, and then take y ∈ SF with ‖Sy‖ < β(S) + ε. Since R is a surjection,

there exists x ∈ E with Rx = y, and then 1 ≤ ‖R‖ ‖x‖, so that

β(TSR) ≤ ‖TSRx‖
‖x‖

≤ ‖T‖ ‖Sy‖ ‖R‖ < (β(S) + ε)‖R‖ ‖T‖.

Inequality (1.3.13) follows.

Let E and F be normed spaces, and suppose that T ∈ B(E,F ) is an open map, and

hence a surjection. Then we define the modulus of surjectivity of T ∈ B(E,F ) by

r(T ) = inf{c > 0 : B◦F ⊂ cT (B◦E)} (T ∈ B(E,F )),

so that r(T ) > 0. In this case, the induced map T : E/kerT → F is an isomorphism and

r(T ) = ‖T−1‖. (1.3.14)

Let E and F be Banach spaces. Then the following are standard results: for each em-

bedding T ∈ B(E,F ), the map T ′ is a surjection and r(T ′) = 1/β(T ); for each surjection

T ∈ B(E,F ), the map T ′ is an embedding and β(T ′) = 1/r(T ).

Two normed spaces E and F are isometrically isomorphic, written

E ∼= F,

when there is a linear isometry from E onto F ; an embedding of E into F is an isometric

embedding if it is an isometry, and then E embeds isometrically in F .

Let E and F be normed spaces, and take T ∈ B(E,F ). Then T is a quotient operator

if T (B◦E) = B◦F and an exact quotient operator if T (BE) = BF . Each exact quotient

operator is a quotient operator; the converse is not necessarily true. We shall use the

following standard result [27, p. 333].

Proposition 1.4. Let E and F be normed spaces, and take T ∈ B(E,F ).

(i) The induced operator T : E/kerT → F is an isometric isomorphism if and only if T

is a quotient operator.

(ii) The operator T is an isometric embedding if and only if T ′ is an exact quotient

operator if and only if T ′ is a quotient operator.
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Suppose that F is a closed subspace of a normed space E. Then the annihilator of F

in E′ is the weak∗-closed subspace of E′ defined by

F⊥ = {λ ∈ E′ : 〈x, λ〉 = 0 (x ∈ F )},

so that F ′ is identified with E′/F⊥. Thus J ′F = QF⊥ in the notation of (1.3.4).

Definition 1.5. Let E be a normed space. Then a normed space F is a subquotient of

E whenever there is a closed subspace G of E such that F is isometrically isomorphic to

a subspace of the quotient space E/G.

Equivalently, the normed space F is a subquotient of a normed space E whenever F

is isometrically isomorphic to a quotient of a subspace of E.

We shall also use the following result.

Proposition 1.6. Let E, F , and G be normed spaces. Suppose that there are a quotient

operator Q : E → F and a contraction J : E → G such that J(E) is dense in G and

‖Qx‖ ≤ ‖Jx‖ (x ∈ E). Then F is isometrically isomorphic to a quotient of G.

Proof. Take z ∈ J(E). Then there exists x ∈ E with Jx = z; we set Tz = Qx. Since

‖Qx‖ ≤ ‖Jx‖ (x ∈ E), the element Tz is well-defined in F and ‖Tz‖ ≤ ‖Jx‖ = ‖z‖.
Clearly the map T : J(E)→ F is linear. Since J(E) is dense in G, the map T extends to

a contraction T : G→ F . Take y ∈ F with ‖y‖ < 1. Since Q is a quotient operator, there

exists x ∈ E with ‖x‖ < 1 and Qx = y. Then ‖Jx‖ < 1 and T (Jx) = y. This shows that

T is a quotient operator, and so the map T : G/kerT → F is an isometric isomorphism

by Proposition 1.4(i).

Let E be a normed space. A closed subspace F of E is complemented if there is a

closed subspace G of E such that E = F ⊕ G; an idempotent in the algebra B(E) is a

projection on E.

Now suppose that E is a Banach space and that F is a complemented subspace of E.

Then there is a projection P on E with P (E) = F and E = P (E) ⊕ (IE − P )(E); the

space F is λ-complemented (for λ ≥ 1) if there is such a projection P with ‖P‖ ≤ λ, and

λ(F,E), the projection constant of F in E, is the infimum of such numbers λ.

A Banach space E is injective if, for every Banach space G, every closed subspace

F of G, and every T ∈ B(F,E), there is an extension T̃ ∈ B(G,E) of T ; the space

E is λ-injective if, further, we can ensure that ‖T̃‖ ≤ λ‖T‖. For example, the space

`∞(S) of bounded, scalar-valued functions on a non-empty set S is always 1-injective.

See [17, Proposition 2.5.5], for example.

For p with 1 ≤ p ≤ ∞, we write `p for the usual Banach space of scalar-valued,

p-summable sequences, with

‖(αj)‖`p =
( ∞∑
j=1

|αj |p
)1/p

<∞ ((αj) ∈ `p);

for n ∈ N, the n-dimensional versions of these spaces are denoted by `pn. The Banach

space of all scalar-valued null sequences is c0; the linear subspace of sequences which are

eventually 0 is c00, so that c00 is dense in c0 and `p for 1 ≤ p <∞.
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We shall write δi for the sequence (δi,j : j ∈ N) for i ∈ N, where δi,j is the Kro-

necker delta. Later, we shall identify finite sequences (α1, . . . , αn) in Fn with the element

(α1, . . . , αn, 0, 0, . . . ) ∈ c00, and regard c00 and `pn as subspaces of `p, so that

`pn = lin {δ1, . . . , δn} (n ∈ N).

For n ∈ N, we write Pn : FN → Fn for the linear map which is the projection onto the

first n coordinates. Let E = `p (for 1 ≤ p ≤ ∞) or E = c0. Then Pn|E ∈ B(E) with

‖Pn|E‖ = 1 in each case; we note that limn→∞ PnT = T in (B(E), ‖ ·‖) for each compact

operator T on E. We also regard each T = (Ti,j) ∈Mm,n, where m,n ∈ N, as an operator

on c00 via the formula

Tα = T
( ∞∑
j=1

αjδj

)
=

m∑
i=1

( n∑
j=1

Ti,jαj

)
δi = TPnα (α = (αj) ∈ c00).

More generally, we have the following definition.

Definition 1.7. Let E be a normed space, and take n ∈ N and p with 1 ≤ p ≤ ∞.

Define

‖x‖`pn(E) =
( n∑
i=1

‖xi‖p
)1/p

(x = (x1, . . . , xn) ∈ En, n ∈ N). (1.3.15)

Clearly (En, ‖ · ‖`pn(E)) is a normed space that is a Banach space when E is a Banach

space. The norm ‖ · ‖`pn(E) is called the p-sum norm on E, and we write `pn(E) for En

taken with this norm. Let F be a closed subspace of E. Then clearly the restriction of

the p-sum norm on En to Fn and the quotient of the p-sum norm on (E/F )n are the

p-sum norms on Fn and (E/F )n, respectively. The dual space to `pn(E) is `p
′

n (E′).

Let E be a normed space. We define the following space:

`p(E) =
{

(xn) ∈ EN : ‖(xn)‖`p(E) =
( ∞∑
n=1

‖xn‖p
)1/p

<∞
}
,

so that `p(E) is a normed space; the specified norm on `p(E) is also called the p-sum

norm. In the case where 1 ≤ p <∞, the dual space to `p(E) is `p
′
(E′), and so the dual

of the p-sum norm based on E is the p′-sum norm based on E′.

The following result is easily checked.

Proposition 1.8. Let p with 1 ≤ p ≤ ∞, and take m,n ∈ N.

(i) We have ‖T : `pn → `pm‖ = ‖T t : `p
′

m → `p
′

n ‖ (T ∈Mm,n).

(ii) For each row-special matrix T ∈Mm,n, we have

‖T : `pn → `pm‖ = max
{( m∑

i=1

|Ti,j |p
)1/p

: j ∈ Nn
}
.

(iii) For each column-special matrix T ∈Mm,n, we have

‖T : `pn → `pm‖ = max
{( m∑

j=1

|Ti,j |p
′
)1/p′

: i ∈ Nm
}
.

Let Γ be an index set. Then the space of functions on Γ with finite support is denoted

by c00(Γ). Now take p with 1 ≤ p ≤ ∞. Then we write `p(Γ) for the corresponding space,
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and define elements δγ in these spaces for γ ∈ Γ by δγ(s) = 1 if s = γ and δγ(s) = 0 if

s ∈ Γ \ {γ}. Thus c00(Γ) is dense in (`p(Γ), ‖ · ‖`p(Γ)) for 1 ≤ p < ∞. In particular, the

uniform norm ‖ · ‖∞ on a set Γ is defined by

‖f‖∞ = sup{|f(s)| : s ∈ Γ} (f ∈ `∞(Γ)).

Let K be a compact (Hausdorff) space. Then (C(K), ‖ · ‖∞) is the uniform algebra

(with the pointwise operations and the norm ‖ · ‖∞) of all scalar-valued, continuous

functions on K; if it be necessary to specify the scalar field, we shall write C(K,R) or

C(K,C), as appropriate. For a study of C(K) as a Banach space, see [17], for example.

We shall use the fact that each Banach space E is a quotient of a space `1(Γ) for some

index set Γ. Indeed, we can take Γ = BE and define

Q :
∑

αγδγ 7→
∑

αγγ, `1(Γ)→ E.

We recall two elementary and well-known facts that we shall use.

Proposition 1.9. Let E be a finite-dimensional normed space, and take ε > 0. Then

there exist n ∈ N and an embedding J : E → `∞n such that

‖x‖ ≤ ‖Jx‖∞ ≤ (1 + ε)‖x‖ (x ∈ E), (1.3.16)

and so d(E, J(E)) ≤ 1 + ε.

Proof. We may suppose that ε < 1.

The set SE′ := {λ ∈ E′ : ‖λ‖ = 1} is compact, and so totally bounded, in the metric

space (E′, ‖ · ‖), and hence there exist n ∈ N and λ1, . . . , λn ∈ SE′ such that, for each

λ ∈ SE′ , there exists i ∈ Nn with ‖λ− λi‖ < ε/2. Set

Jx = (1 + ε)(〈x, λ1〉, . . . , 〈x, λn〉) (x ∈ E).

Then Jx ∈ `∞n (x ∈ E), the map J : E → `∞n is linear, and (1.3.16) follows easily, so that

J is an embedding.

Proposition 1.10. Let E be a normed space, take k ∈ N, and suppose that {x1, . . . , xk}
is a linearly independent set in E. Then there exists ε > 0 such that {y1, . . . , yk} is a

linearly independent set whenever yj ∈ E and ‖xj − yj‖ < ε for j ∈ Nk.

Proof. Set F = lin {x1, . . . , xk}, a finite-dimensional subspace of E, and consider the

linear bijection

T : (ζ1, . . . , ζk) 7→
k∑
j=1

ζjxj , `1k → F.

Set M = ‖T−1‖ > 0, fix ε ∈ (0, 1/M), and consider elements y1, . . . , yk ∈ E such that

‖xj − yj‖ < ε (j ∈ Nk). Suppose that ζ1, . . . , ζk ∈ F with
∑k
j=1 ζjyj = 0. Then

1

M

k∑
j=1

|ζj | ≤
∥∥∥ k∑
j=1

ζjxj

∥∥∥ =
∥∥∥ k∑
j=1

ζj(xj − yj)
∥∥∥ ≤ ε k∑

j=1

|ζj |.

Since ε < 1/M , this is a contradiction unless
∑k
j=1 |ζj | = 0. Hence ζ1 = · · · = ζk = 0,

and so {y1, . . . , yk} is linearly independent.
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Now let E be a normed space, and take n ∈ N. We shall consider norms ||| · ||| on En

that satisfy the following two conditions:

|||x||| ≥ max
i=1,...,n

‖xi‖ (x = (x1, . . . , xn) ∈ En) (1.3.17)

and

|||(0, . . . , 0, xi, 0, . . . , 0)||| = ‖xi‖ (xi ∈ E, i ∈ Nn). (1.3.18)

Each norm that satisfies these conditions defines the product topology of En. Certainly

||| · ||| := ‖ · ‖n satisfies these conditions whenever (‖ · ‖m) is a power-norm based on E.

The maps ∆(T1,...,Tn) ∈ L(E,Fn) and Σ(T1,...,Tn) ∈ L(En, F ) were defined in (1.3.8)

and (1.3.9), respectively. The results of the following proposition will be developed further

in §3.2.

Proposition 1.11. Let E and F be normed spaces, and take n ∈ N.

(i) Suppose that the norm ||| · ||| on Fn satisfies (1.3.17) and (1.3.18). Then the map

(T1, . . . , Tn) 7→ ∆(T1,...,Tn), B(E,F )n → B(E,Fn),

is a linear isomorphism.

(ii) Suppose that the norm ||| · ||| on En satisfies (1.3.17) and (1.3.18). Then the map

(T1, . . . , Tn) 7→ Σ(T1,...,Tn), B(E,F )n → B(En, F ),

is a linear isomorphism.

Proof. Take T1, . . . , Tn ∈ B(E,F ).

(i) For each x ∈ E, we have

|||∆(T1,...,Tn)(x)||| ≤
n∑
i=1

|||(0, . . . , 0, Tix, 0, . . . , 0)||| ≤
( n∑
i=1

‖Ti‖
)
‖x‖

by (1.3.18), and so ∆(T1,...,Tn) ∈ B(E,Fn) with ‖∆(T1,...,Tn)‖ ≤
∑n
i=1 ‖Ti‖.

Clearly the specified map is a linear injection. For i ∈ Nn, let πi : Fn → F be the

coordinate projection onto the ith coordinate, and take T ∈ B(E,Fn); by (1.3.17), πi is

a contraction, and so πi ◦ T ∈ B(E,F ). Further T = ∆(π1◦T,...,πn◦T ), and so the specified

map is a surjection.

(ii) For each x1, . . . , xn ∈ E, we have

‖Σ(T1,...,Tn)(x1, . . . , xn)‖ ≤
( n∑
i=1

‖Ti‖
)

max
i=1,...,n

‖xi‖ ≤
( n∑
i=1

‖Ti‖
)
|||(x1, . . . , xn)|||

by (1.3.17), and so Σ(T1,...,Tn) ∈ B(En, F ) with ‖Σ(T1,...,Tn)‖ ≤
∑n
i=1 ‖Ti‖.

Clearly the specified map is a linear injection. For i ∈ Nn, let ιi : E → En be the

embedding into the ith coordinate, and take T ∈ B(En, F ); by (1.3.18), ιi is an isometry,

and so T ◦ ιi ∈ B(E,F ). Since T = Σ(T◦ι1,...,T◦ιn), the specified map is a surjection.

Let E be a normed space, take n ∈ N, and suppose that En is endowed with a norm

||| · ||| which satisfies (1.3.17) and (1.3.18). As a special case of clause (ii), above, take
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λ1, . . . , λn ∈ E′, and define λ = Σ(λ1,...,λn) ∈ (En, ||| · |||)′, so that

〈x,λ〉 =

n∑
i=1

〈xi, λi〉 (x = (x1, . . . , xn) ∈ En). (1.3.19)

Then

max
i=1,...,n

‖λi‖ ≤ |||λ|||′ ≤
n∑
i=1

‖λi‖,

where ||| · |||′ is the dual norm to ||| · |||, and so, by identifying λ ∈ (En, ||| · |||)′ with

(λ1, . . . , λn) ∈ (E′)n, we have defined a norm on (E′)n. We have identified κEn with κ
(n)
E ,

and so we regard κEn(En) as a subspace of (E′′)n.

Suppose in addition that T is an operator from E into a normed space F and that Fn

is also endowed with a norm ||| · ||| which satisfies (1.3.17) and (1.3.18). Then the above

identification of the dual spaces of (En, ||| · |||) and (Fn, ||| · |||) with (E′)n and (F ′)n,

respectively, implies that the dual of the nth amplification of T is identified with the nth

amplification of the dual of T , so that

(T (n))′ = (T ′)(n) (n ∈ N). (1.3.20)

1.4. Tensor products. We recall some definitions concerning tensor products of normed

spaces; for the theory of such tensor products, see [22–25, 32, 55] and [15, Appendix 3].

Suppose that E and F are linear spaces over the same field F, and denote their

(algebraic) tensor product by E ⊗ F . Each element z ∈ E ⊗ F has a representation

as z =
∑n
j=1 xj ⊗ yj , where n ∈ N, x1, . . . , xn ∈ E, and y1, . . . , yn ∈ F ; in the case

where z 6= 0, we may suppose that the sets {x1, . . . , xn} and {y1, . . . , yn} are linearly

independent.

Let F be a subspace of a linear space E, and let G be a linear space. Then F ⊗ G
is a subspace of E ⊗G, and the quotient space (E ⊗G)/(F ⊗G) can be identified with

(E/F )⊗G.

Let E, F , and G be linear spaces, and take S to be a bilinear map from E×F into G.

Then there is a unique linear map TS : E ⊗ F → G such that

TS(x⊗ y) = S(x, y) (x ∈ E, y ∈ F ).

Let E, F , X, and Y be linear spaces, and suppose that S ∈ L(E,X) and T ∈ L(F, Y ).

Then there is a unique linear map S ⊗ T : E ⊗ F → X ⊗ Y such that

(S ⊗ T )(x⊗ y) = Sx⊗ Ty (x ∈ E, y ∈ F ).

Similarly, suppose that λ and µ are linear functionals on E and F , respectively. Then

λ⊗ µ is the unique linear functional on E ⊗ F such that

(λ⊗ µ)(x⊗ y) = 〈x, λ〉〈y, µ 〉 (x ∈ E, y ∈ F ). (1.4.1)

Suppose that E is a finite-dimensional space with a basis {e1, . . . , en} and that F is

a linear space. Then each element z ∈ E ⊗ F has a unique representation in the form

z =
∑n
j=1 ej ⊗ yj , where y1, . . . , yn ∈ F . For example, the space Fn has the standard

basis {δ1, . . . , δn}, and so we can identify (y1, . . . , yn) ∈ Fn with
∑n
j=1 δj ⊗ yj in Fn⊗F .
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Let F and G be linear spaces, and take T ∈ L(F,G) and n ∈ N. As above, we identify

Fn and Gn with Fn ⊗ F and Fn ⊗G, respectively. Then the nth amplification T (n) of T

is identified with the operator In ⊗ T : Fn ⊗F → Fn ⊗G. More generally, for A ∈Mm,n,

where m,n ∈ N, the action

A⊗ T : Fn ⊗ F → Fm ⊗G (1.4.2)

corresponds to the map

x 7→ A(T (n)x) = T (m)(Ax), Fn → Gm. (1.4.3)

In particular, the map A⊗ IF : Fn⊗F → Fm⊗F corresponds to the map A : Fn → Fm,

with the above identification.

Let E and F be normed spaces. The projective tensor norm ‖ · ‖π on E⊗F is defined

by

‖z‖π = inf
{ m∑
j=1

‖xj‖ ‖yj‖ : z =

m∑
j=1

xj ⊗ yj , m ∈ N
}

(z ∈ E ⊗ F ),

where the infimum is taken over all representations of z as an element of E ⊗ F . Then

(E⊗F, ‖·‖π) is a normed space; it is complete if either E or F is finite-dimensional and the

other is a Banach space, but it is not complete if both E and F are infinite-dimensional

spaces; the Banach space which is its completion is denoted by

(E ⊗̂ F, ‖ · ‖π).

The injective tensor norm ‖ · ‖ε on E ⊗ F is defined by

‖z‖ε = sup
{∣∣∣ m∑
j=1

〈xj , λ〉〈yj , µ〉
∣∣∣ : λ ∈ BE′ , µ ∈ BF ′

}
,

where z =
∑m
j=1 xj ⊗ yj is any representation of z in E ⊗ F . Then (E ⊗ F, ‖ · ‖ε) is a

normed space; the Banach space which is its completion is denoted by

(E ⊗̂ F, ‖ · ‖ε).

We note that always ‖z‖ε ≤ ‖z‖π (z ∈ E ⊗ F ); it is straightforward to see that, in

the case where dimE = n, we have

‖z‖π ≤ n‖z‖ε (z ∈ E ⊗ F ), (1.4.4)

and so the identity map from (E⊗F, ‖ · ‖ε) onto (E⊗F, ‖ · ‖π) is an isomorphism in this

special case.

A norm ‖ · ‖ on E ⊗ F is a cross-norm if

‖x⊗ y‖ = ‖x‖ ‖y‖ (x ∈ E, y ∈ F ),

and a sub-cross-norm if

‖x⊗ y‖ ≤ ‖x‖ ‖y‖ (x ∈ E, y ∈ F ).

A sub-cross-norm ‖ · ‖ on E ⊗ F is reasonable if the linear functional λ ⊗ µ that was

defined in (1.4.1) is bounded on (E ⊗ F, ‖ · ‖) with ‖λ ⊗ µ‖ ≤ ‖λ‖ ‖µ‖ for each λ ∈ E′
and µ ∈ F ′. The projective and injective tensor norms on E ⊗ F are both cross-norms;

indeed, the projective tensor norm is the maximum cross-norm on E ⊗ F .
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The following result is [55, Proposition 6.1].

Proposition 1.12. Let E and F be normed spaces.

(i) A norm ‖ · ‖ on E ⊗ F is a reasonable sub-cross-norm if and only if

‖z‖ε ≤ ‖z‖ ≤ ‖z‖π (z ∈ E ⊗ F ).

(ii) Each reasonable sub-cross-norm ‖ · ‖ on E ⊗ F is a cross-norm, and the dual norm

‖ · ‖′ is a cross-norm on E′ ⊗ F ′.

Let E and F be normed spaces. The dual space (E ⊗̂ F )′ is isometrically isomorphic

to B(E,F ′) via the map ι defined by

〈y, (ιλ)(x)〉 = 〈x⊗ y, λ〉 (x ∈ E, y ∈ F, λ ∈ (E ⊗̂ F )′). (1.4.5)

By [22, p. 47], there is a natural isometric embedding of E′ ⊗̂ F ′ in (E ⊗̂ F )′, but this

embedding is not usually a surjection. However, in the case where either E or F is a

finite-dimensional space, we have the two identifications

(E ⊗ F, ‖ · ‖ε)′ ∼= (E′ ⊗ F ′, ‖ · ‖π) (1.4.6)

and

(E ⊗ F, ‖ · ‖π)′ ∼= (E′ ⊗ F ′, ‖ · ‖ε). (1.4.7)

See [22, Theorem 6.4], for example.

Now let E, F , and G be Banach spaces, and take S to be a bounded bilinear map

from E × F into G. Then there is a unique bounded linear map TS : E ⊗̂ F → G such

that TS(x⊗ y) = S(x, y) (x ∈ E, y ∈ F ); further, ‖TS‖ = ‖S‖. The bilinear map

R : (y, λ) 7→ y ⊗ λ, F × E′ → B(E,F ),

where y ⊗ λ was defined in (1.3.11), is bounded, and so we obtain a bounded linear

operator TR : F ⊗̂ E′ → B(E,F ). The range of TR is the space of nuclear operators,

denoted by (N (E,F ), ‖ · ‖ν), where ‖ · ‖ν is the nuclear norm; see [22, §3.6].

We shall use the following standard theorem; see [55, Propositions 2.3 and 3.2], for

example. For the final statement, see [22, (4.3) and (5.8)].

Theorem 1.13. Let E, F , X, and Y be Banach spaces, and suppose that S ∈ B(E,X)

and T ∈ B(F, Y ). Then there are unique operators

S ⊗π T ∈ B(E ⊗̂ F,X ⊗̂ Y ) and S ⊗ε T ∈ B(E ⊗̂ F,X ⊗̂ Y )

with

(S ⊗π T )(x⊗ y) = Sx⊗ Ty (x ∈ E, y ∈ F )

and

(S ⊗ε T )(x⊗ y) = Sx⊗ Ty (x ∈ E, y ∈ F ),

respectively. Further,

‖S ⊗π T‖ = ‖S ⊗ε T‖ = ‖S‖ ‖T‖.

Suppose that S and T are injective. Then S ⊗ε T is always injective, and S ⊗π T is

injective whenever either E or F has the approximation property.
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We shall usually write S ⊗ T for either S ⊗π T or S ⊗ε T , as appropriate.

In particular, suppose that F is a closed subspace of a Banach space E and that G is

a Banach space. Then the linear map

IG ⊗π JF : (G ⊗̂ F, ‖ · ‖π)→ (G ⊗̂ E, ‖ · ‖π)

is a contraction, but it is not always an embedding. More generally, the projective tensor

product ‘preserves quotients, but not necessarily subspaces’ and the injective tensor prod-

uct ‘preserves subspaces, but not necessarily quotients’. This phenomenon is discussed

in the literature; for example, see [23, Theorem 2.3.1] and [55, §§2.1, 3.1]. The following

result is contained in [22, Chapters 3 and 4] and [55, §2.1, §3.1, and Exercise 3.3].

Proposition 1.14. Let E and G be Banach spaces, and suppose that F is a closed

subspace of E.

(i) The linear map IG ⊗QF : G ⊗̂ E → G ⊗̂ (E/F ) is a quotient operator.

(ii) The linear map IG ⊗ JF : G ⊗̂ F → G ⊗̂ E is an isometry if and only if each

T ∈ B(F,G′) extends to an operator T̃ ∈ B(E,G′) with ‖T̃‖ = ‖T‖.
(iii) For each measure space Ω, the linear map IL1(Ω) ⊗ JF : L1(Ω) ⊗̂ F → L1(Ω) ⊗̂E is

an isometry.

(iv) The linear map κG ⊗ κE : G ⊗̂ E → G′′ ⊗̂ E′′ is an isometry.

(v) The linear map IG ⊗ JF : G ⊗̂ F → G ⊗̂ E is an isometry.

The next proposition is closely related to clause (ii), above; it may be well-known

(see, e.g., [47, Section 3]), but we prove it for the sake of completeness.

Proposition 1.15. Let F be a finite-dimensional subspace of a Banach space E, and let

G be a Banach space. Then the linear map

IG ⊗π JF : G ⊗̂ F → G ⊗̂ E

is an embedding, and β(IG⊗π JF ) ≥ 1/λ(F,E). Moreover, in the case where G = F ′, we

have

β(IF ′ ⊗π JF ) = 1/λ(F,E).

Proof. The first part of this proposition is easy, and hence we need to show only that

β(IF ′ ⊗π JF ) ≤ 1/λ(F,E). Set

T = IF ′ ⊗π JF : F ′ ⊗̂ F → F ′ ⊗̂ E

and c = 1/β(T ). By (1.4.5) and the fact that F is reflexive, we may consider the surjection

T ′ as an operator from B(E,F ) onto B(F ). Since r(T ′) = 1/β(T ) = c, it follows that, for

each U ∈ B(F ), there exists V ∈ B(E,F ) with T ′(V ) = U and ‖V ‖ ≤ c‖U‖. But T ′ is

the restriction map, and so, taking U = IF , we conclude that λ(F,E) ≤ c.
The result follows.

1.5. Weak p-summing norms. Let E be a normed space. In this section, we shall

recall the definition of the weak p-summing norms on E and give some of their basic

properties. Throughout this section, 1 ≤ p ≤ ∞ and q = p′.

The following standard definition was given in [20, Definition 4.1.1] and [19, §2.3]; for

further discussion, see also [22, 24, 32].
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Let E be a normed space, and take n ∈ N. Following the notation of [18, 20, 32], we

define µp,n(x) for x = (x1, . . . , xn) ∈ En by

µp,n(x) = sup
{( n∑

i=1

|〈xi, λ〉|p
)1/p

: λ ∈ BE′

}
= sup{‖〈x, λ〉‖`pn : λ ∈ BE′}.

Then (En, µp,n) is a normed space; it is a Banach space when E is a Banach space. We

write µEp,n when it is necessary to identify the space E. For example,

µ∞,n(x) = max
i=1,...,n

‖xi‖ = ‖x‖`∞n (E) (x = (x1, . . . , xn) ∈ En). (1.5.1)

Definition 1.16. Let E be a normed space, and take p with 1 ≤ p ≤ ∞ and n ∈ N.

Then µp,n is the weak p-summing norm on E (at dimension n).

Let E be a normed space. Clearly (µp,n) is a power-norm based on E and, for each

n ∈ N, we have

max
i=1,...,n

‖xi‖ ≤ µp,n(x1, . . . , xn) ≤
( n∑
i=1

‖xi‖p
)1/p

(x1, . . . , xn ∈ E). (1.5.2)

Also µp1,n(x) ≥ µp2,n(x) (x ∈ En) whenever 1 ≤ p1 ≤ p2 ≤ ∞ and n ∈ N. By [32, p. 26]

or [55, (6.4)], it follows that, for each p ∈ [1,∞], n ∈ N, and x1, . . . , xn ∈ E, we have

µp,n(x1, . . . , xn) = sup
{∥∥∥ n∑

j=1

ζjxj

∥∥∥ : ζ1, . . . , ζn ∈ F,
( n∑
j=1

|ζj |q
)1/q

≤ 1
}
. (1.5.3)

Now take n ∈ N and λ1, . . . , λn ∈ E′, and set λ = (λ1, . . . , λn). Then

µp,n(λ) = sup
{( n∑

i=1

|〈x, λi〉|p
)1/p

: x ∈ BE
}
. (1.5.4)

Let E and F be normed spaces, and take n ∈ N and T ∈ B(E,F ). Then

µp,n(T (n)x) ≤ µp,n(x)‖T‖ (x ∈ En). (1.5.5)

Let E be a normed space. Then the space of sequences x = (xi) ∈ EN such that

‖x‖ := sup
{( ∞∑

i=1

|〈xi, λ〉|p
)1/p

: λ ∈ BE′

}
<∞

is denoted by (`pweak(E), ‖ · ‖`pweak(E)) in [23, p. 16], by (`weak
p (E), ‖ · ‖weak

p ) in [24, p. 32],

and by (`wp (E), ‖ · ‖wp ) in [55, (6.4)].

Let E be a normed space, and take n ∈ N. For x = (x1, . . . , xn) ∈ En, consider the

map

Tx : (ζ1, . . . , ζn) 7→
n∑
i=1

ζixi, `qn → E.

Then Tx ∈ B(`qn, E) and µp,n(x) = ‖Tx‖. The norm on En corresponding to the injective
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tensor norm on `pn ⊗E is denoted by ‖ · ‖ε,n, and so, for x = (x1, . . . , xn) ∈ En, we have

‖x‖ε,n =
∥∥∥ n∑
i=1

δi ⊗ xi
∥∥∥
ε

= sup
{∣∣∣ n∑

i=1

αi〈xi, λ〉
∣∣∣ :
( n∑
i=1

|αi|q
)1/q

≤ 1, λ ∈ BE′

}
= sup

{( n∑
i=1

|〈xi, λ〉|p
)1/p

: λ ∈ BE′

}
= µp,n(x).

Hence

‖x‖ε,n = µp,n(x) (x ∈ En). (1.5.6)

It follows that

(En, µp,n) ∼= B(`qn, E) ∼= (`pn ⊗ E, ‖ · ‖ε,n). (1.5.7)

In the case where E is a finite-dimensional normed space, we also have

(En, µp,n) ∼= B(E′, `pn).

Indeed, the element x = (x1, . . . , xn) ∈ En corresponds to T ′x ∈ B(E′, `pn), where

T ′x(λ) = λ(n)(x) = 〈x, λ〉 (λ ∈ E′).

Let E be a normed space with a closed subspace F , and take p with 1 ≤ p ≤ ∞,

n ∈ N, and x ∈ Fn. Then it follows immediately from the Hahn–Banach theorem that

we obtain the same values for µp,n(x) whether it be evaluated with respect to E or F .

Thus ‘a weak p-summing norm passes to subspaces’, in the sense that

J
(n)
F : (Fn, µFp,n)→ (En, µEp,n) (1.5.8)

is an isometry for each n ∈ N; cf. Proposition 1.14(v). Now suppose that 1 < p <∞ with

p 6= 2 and that n ∈ N. Then it is not necessarily the case that the norm µ
E/F
p,n on the

quotient space (E/F )n of En is equal to the quotient of the norm µEp,n on En; we shall

show this in Example 1.30 below.

Let E be a normed space, and again take p with 1 ≤ p ≤ ∞ and set q = p′. For n ∈ N
and x ∈ En, define

νp,n(x) = sup{|〈x,λ〉| : λ ∈ (E′)n, µq,n(λ) ≤ 1}.

Then we see that (En, νp,n) is a normed space; we write νEp,n when it is necessary to

identify the space E. For example,

ν1,n(x) =

n∑
j=1

‖xj‖ (x = (x1, . . . , xn) ∈ En, n ∈ N). (1.5.9)

Clearly (νp,n) is a power-norm based on E. The norm νp,n is the restriction to En of the

dual norm of µq,n, where µq,n is defined on (E′)n. Since (`qn ⊗̂E′)′ = `pn ⊗̂E′′ by (1.4.6),

it follows that

νp,n(x) = ‖x‖π,n (x ∈ En, n ∈ N), (1.5.10)

where ‖ · ‖π,n denotes the projective tensor norm on `pn ⊗ E and we are using Proposi-

tion 1.14(iv). Hence

(En, νp,n) ∼= (`pn ⊗ E, ‖ · ‖π,n) (n ∈ N). (1.5.11)
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Definition 1.17. Let E be a normed space, and take p with 1 ≤ p ≤ ∞ and n ∈ N.

Then νp,n is the dual weak p-summing norm on E (at dimension n).

Take n ∈ N. Then it is clear that the dual space to (En, µp,n) is ((E′)n, νq,n) and that

the dual space to (En, νp,n) is ((E′)n, µq,n).

It follows from (1.5.2) by duality that, for each n ∈ N,( n∑
i=1

‖xi‖p
)1/p

≤ νp,n(x1, . . . , xn) ≤
n∑
i=1

‖xi‖ (x1, . . . , xn ∈ E). (1.5.12)

Example 1.18. Let E be a normed space, and take n ∈ N. Then we have defined the

p-sum norm ‖ · ‖`pn(E) on the space En in Definition 1.7. As in §1.4, we identify `pn ⊗ E
with En, and so we obtain a norm on `pn⊗E corresponding to the p-sum norm. It follows

from (1.5.6), (1.5.2), (1.5.12), (1.5.10) that

‖x‖ε,n = µp,n(x) ≤ ‖x‖`pn(E) ≤ νp,n(x) = ‖x‖π,n (x ∈ En), (1.5.13)

and so, by Proposition 1.12, ‖ · ‖`pn(E) defines a reasonable cross-norm on `pn ⊗ E.

(In fact, it follows from [55, (6.9)] that

dp(z) ≤ ‖z‖`pn(E) ≤ gp(z) (z ∈ `pn ⊗ E),

where dp and gp denote certain ‘Chevet–Saphar tensor norms’.)

Now suppose that E and F are normed spaces and that T ∈ B(E,F ). Also in §1.4,

we identified the operator In⊗T : `pn⊗E → `pn⊗F with the nth amplification T (n) of T .

It is clear from the definitions that

‖In ⊗ T : `pn ⊗ E → `pn ⊗ F‖ = ‖T (n) : `pn(E)→ `pn(F )‖ = ‖T‖. (1.5.14)

In the language of §3.1, this will say that T is a multi-bounded operator with respect to

the p-sum norms based on E and F , respectively, and that ‖T‖mb = ‖T‖.

Proposition 1.19. Let E and F be normed spaces, and take T ∈ B(E,F ) and n ∈ N.

Then

‖T (n) : (En, µEp,n)→ (Fn, µFp,n)‖ = ‖T (n) : (En, νEp,n)→ (Fn, νFp,n)‖ = ‖T‖.

Proof. Recall that we are identifying the nth amplification T (n) of T with the operator

In ⊗ T : `pn ⊗ E → `pn ⊗ F . By Theorem 1.13, ‖In ⊗π T‖ = ‖In ⊗ε T‖ = ‖T‖. The result

now follows from the identifications of the weak p-summing norm and the dual weak

p-summing norm in (1.5.6) and (1.5.10), respectively.

The next result follows from Proposition 1.14(i) and (1.5.11).

Proposition 1.20. Let F be a closed subspace of a Banach space E, let QF : E → E/F

be the quotient map, and take p with 1 ≤ p ≤ ∞ and n ∈ N. Then

Q
(n)
F : (En, νEp,n)→ ((E/F )n, νE/Fp,n )

is a quotient operator.

Take F to be a closed subspace of a Banach space E, and suppose that 1 < p < ∞
with p 6= 2 and that n ∈ N. Then it is not necessarily the case that the norm νFp,n on the

subspace Fn of En is equal to the restriction to Fn of the norm νEp,n on En. We shall

also show this in Example 1.30 below.
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1.6. Subspaces and subquotients of Lp-spaces. Let (Ω, µ) be a measure space, and

take p with 1 ≤ p ≤ ∞. We write Lp(Ω, µ) or Lp(Ω) for the usual Banach space of scalar-

valued, p-integrable (with respect to the measure µ) functions. In particular, we write

Lp(I) for the usual space of p-integrable (with respect to Lebesgue measure) functions

on I. Again we write Lp(Ω, µ,R) or Lp(Ω, µ,C), etc., when necessary.

We shall need some results which determine the Banach spaces that are either sub-

spaces or subquotients of Banach spaces of this form, and we summarize the story here.

Following Pisier [51], we make the following definition.

Definition 1.21. Take p with 1 ≤ p ≤ ∞. Then the class of Banach spaces that are

subquotients of Banach spaces of the form Lp(Ω, µ), where (Ω, µ) is a measure space, is

denoted by SQ(p).

Each Banach space E is a quotient of a space of the form `1(Γ), and so SQ(1) is the

class of all Banach spaces. Set B = BE′ . Then the map x 7→ κE(x)|B, E → `∞(B), is

an isometric embedding, and so SQ(∞) is the class of all Banach spaces. Also SQ(2) is

the class of all Hilbert spaces. Let E be a Banach space. Then clearly E′ ∈ SQ(p′) if and

only if E ∈ SQ(p).

The first result is standard; see [2, Theorem 6.4.19 and Proposition 11.1.9], for ex-

ample. (The result is stated just for real Banach spaces in these sources; the result for

complex Banach spaces follows easily.) An early source for the final clause is a paper of

Dor [26, Theorem 2.1].

Proposition 1.22.

(i) Suppose that 1 ≤ p ≤ 2 and 1 ≤ r < ∞. Then `r and Lr(I) each embed in Lp(I) if

and only if p ≤ r ≤ 2.

(ii) Suppose that 2 < p < ∞ and 1 ≤ r < ∞. Then `r and Lr(I) each embed in Lp(I) if

and only if r = 2 or r = p.

Moreover, in both cases, `r and Lr(I) embed isometrically in Lp(I) whenever they embed

in Lp(I).

Corollary 1.23. Suppose that 2 ≤ p ≤ ∞ and 1 ≤ r <∞. Then `r and Lr(I) are each

isometrically isomorphic to a quotient of Lp(I) if and only if 2 ≤ r ≤ p.

Proof. Set q = p′ and s = r′. Suppose that 2 ≤ r ≤ p. Then 1 ≤ q ≤ s ≤ 2, and so, by

Proposition 1.22(i), `s and Ls(I) embed isometrically in Lq(I). Hence `r and Lr(I) are

isometrically isomorphic to a quotient of Lp(I). The converse is similar.

It follows from Proposition 1.22(i) and Corollary 1.23 that the space `r is a subquotient

of Lp(I) whenever 1 ≤ p ≤ r ≤ 2 or 2 ≤ r ≤ p ≤ ∞.

Although it is not strictly relevant to our work, we note that, for each r, p ∈ (1,∞),

the space `r embeds in Lp(I) as a complemented subspace if and only if r = p or r = 2 [2,

Theorem 6.4.21].

We shall also use the following result from [2, Theorem 11.1.8].

Proposition 1.24. Take p with 1 ≤ p < ∞. Then each separable Banach space that is

finitely representable in `p is isometrically isomorphic to a closed subspace of Lp(I).
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We next give in Theorem 1.26 a more general version of Proposition 1.22. We shall use

the following remark. Take p with 1 ≤ p <∞, let (Ω, µ) be a measure space, and suppose

that E is a closed, separable subspace of Lp(Ω, µ). Then it is easy to see that E embeds

in a space Lp(Σ, ν), where (Σ, ν) is a measure space and ν is σ-finite, whence Lp(Σ, ν)

is separable. By [33, p. 15] and by [37, p. 128], each infinite-dimensional, separable space

of the form Lp(Σ, ν) is isometrically isomorphic either to `p or to Lp(I) or to `p ⊕p Lp(I)
or to `pn ⊕p Lp(I) for some n ∈ N, and hence embeds isometrically in Lp(I).

The first result is close to [2, Proposition 11.17].

Proposition 1.25. Let Ω be a measure space, and take r with 1 ≤ r <∞. Then Lr(Ω)

is finitely representable in `r.

Proof. Take a finite-dimensional subspace X of Lr(Ω) and take ε > 0, say {x1, . . . , xm}
is a basis for X, where m ∈ N. We approximate each xi by a simple function fi in Lr(Ω)

in such a way that the linear operator T : X → Lr(Ω) with Txi = fi (i ∈ Nm) is an

isomorphism onto F := lin {f1, . . . , fm} with ‖T‖ ‖T−1‖ < 1 + ε. Take {A1, . . . , An} to

be a measurable partition of Ω such that each function fi is constant on each set Aj ,

and set G = lin {χA1
, . . . , χAn

}. Then F ⊂ G and G ∼= `rn. We conclude that there is a

finite-dimensional subspace Y of `r such that d(X,Y ) < 1 + ε, as required.

Theorem 1.26. Let Ω be a measure space, and take p with 1 ≤ p <∞.

(i) Suppose that r is such that 1 ≤ p ≤ r ≤ 2 or that p > 2 and r = 2 or r = p. Then

the space Lr(Ω) is finitely representable in `p and there is a measure space Σ such

that Lr(Ω) is isometrically isomorphic to a closed subspace of Lp(Σ).

(ii) Suppose that 2 < p < ∞ and 1 ≤ r < ∞ with r 6= 2 and r 6= p. Then `r is not

isomorphic to a closed subspace of Lp(Ω).

(iii) Suppose that 1 < p ≤ r ≤ 2 or 2 ≤ r ≤ p < ∞. Then Lr(Ω) belongs to the class

SQ(p).

Proof. (i) By Proposition 1.25, Lr(Ω) is finitely representable in `r. By Proposition 1.22,

`r embeds isometrically in Lp(I). Again by Proposition 1.25, Lp(I) is finitely representable

in `p. Thus Lr(Ω) is finitely representable in `p.

By [24, Corollary 8.14(a)], there is a measure space Σ such that Lr(Ω) is isometrically

isomorphic to a closed subspace of Lp(Σ).

(ii) By Proposition 1.22(ii), `r is not isomorphic to a subspace of Lp(I), and so the

result follows from our preliminary remark.

(iii) The case where 1 ≤ p ≤ r ≤ 2 is covered in (i); the case where 2 ≤ r ≤ p < ∞
follows by duality.

The following theorem implies that `r is isomorphic to a member of the class SQ(p)

if and only if r lies between 2 and p; it is surely well-known, but we have not found an

explicit statement in the literature.

Theorem 1.27. Take p and r with 1 ≤ p < ∞ and 1 ≤ r < ∞, and suppose that either

1 < p ≤ 2 and r 6∈ [p, 2], or 2 ≤ p <∞ and r 6∈ [2, p].

(i) For each C > 0, there exists n ∈ N such that `rn is not C-isomorphic to a space in

the class SQ(p).
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(ii) For each measure space Ω such that Lr(Ω) is an infinite-dimensional space, the space

Lr(Ω) is not isomorphic to a space in the class SQ(p).

Proof. By duality, it suffices to prove the theorem in the case where 2 ≤ p < ∞ and

r 6∈ [2, p], and so we suppose that this is the case.

(i) Assume to the contrary that, for some C > 0 and each n ∈ N, there is an n-

dimensional subspace En of a quotient of the space Lp(Σ) with d(En, `
r
n) ≤ C. By [62,

II.E.8] and [40, Corollary 5], respectively, we have

d(`rn, `
2
n) = n|1/2−1/r| and d(En, `

2
n) ≤ n|1/2−1/p| (1.6.1)

for each n ∈ N. (Again, the results quoted are given for real-valued spaces, but they

extend easily to complex-valued spaces.)

First suppose that p < r <∞. Then, by (1.3.12) and (1.6.1), we have

n1/2−1/r ≤ Cn1/2−1/p (n ∈ N),

and so n1/p−1/r ≤ C (n ∈ N), a contradiction.

Next suppose that 1 ≤ r < 2. Then we claim that

d(En, `
r
n) ≥ cn1/r−1/2 (n ∈ N) (1.6.2)

for some c > 0. Indeed, take n ∈ N and closed subspaces X and Y of Lp(Σ) such that

Y ⊂ X ⊂ Lp(Σ) and dim(X/Y ) = n, with quotient map Q : X → X/Y , and take a

contractive isomorphism T : `rn → X/Y , with inverse S : X/Y → `rn. We again write

{δ1, . . . , δn} for the canonical basis of `rn. For each i ∈ Nn, there exists xi ∈ X with

‖xi‖ ≤ 2 and Q(xi) = Tδi. In the following sums, ε1, . . . , εn range over all choices of ±1.

We have

1

2n

∥∥∥∑ εixi

∥∥∥
X
≥ 1

2n

∥∥∥∑ εiQ(xi)
∥∥∥
X/Y

≥ 1

‖S‖
1

2n

∥∥∥∑ εiδi

∥∥∥
`rn

=
n1/r

‖S‖
.

On the other hand, the space Lp(Σ) is of type 2 because p ≥ 2 [62, III.A.23], and so there

is a constant M > 0 such that

1

2n

∥∥∥∑ εixi

∥∥∥
X
≤M

( n∑
i=1

‖xi‖2
)1/2

≤ 2Mn1/2.

Thus ‖S‖ ≥ cn1/r−1/2, where c = 1/2M , and so d(En, `
r
n) ≥ cn1/r−1/2 (n ∈ N), giving

the claim (1.6.2).

It follows that cn1/r−1/2 ≤ C (n ∈ N), again a contradiction.

(ii) Let Ω be a measure space such that Lr(Ω) is an infinite-dimensional space, and

assume towards a contradiction that Lr(Ω) is isomorphic to a subquotient E of Lp(Σ),

where Σ is a measure space, say d(E,Lr(Ω)) = C. For each n ∈ N, the space `rn is

isometrically isomorphic to a closed subspace of Lr(Ω), and so there is an n-dimensional

subspace En of a quotient of the space Lp(Σ) with d(En, `
r
n) ≤ C. However, by (i), this

is not the case for some n ∈ N, giving the required contradiction.

Thus Lr(Ω) is not isomorphic to a subquotient of Lp(Σ) for any measure space Σ.

We now present a result about uncomplemented subspaces of the spaces `p that we

shall use.
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Theorem 1.28. Take p with 1 ≤ p < ∞ and p 6= 2. Then there is a closed subspace F

of `p such that F is isomorphic to `p and F is not complemented in `p.

Proof. In the case where p = 1, this is a theorem of Bourgain [10]. For 1 < p < 2 and

2 < p <∞, this is [5, Theorem 3.1] and [54, Corollary to Theorem 6], respectively.

Corollary 1.29. Take p with 1 < p <∞ and p 6= 2. Then there are a constant C > 0,

a closed, uncomplemented subspace F of `p, and an increasing sequence (Fn) of subspaces

of F such that dimFn = n, d(Fn, `
p
n) ≤ C, and λ(Fn, F ) ≤ C for each n ∈ N, and further

such that
⋃
{Fn : n ∈ N} is dense in F and limn→∞ λ(Fn, `

p) =∞.

Proof. By Theorem 1.28, there is a closed subspace F of `p such that F is not comple-

mented in `p and F ∼ `p, say T : `p → F is the specified isomorphism. Set Fn = T (`pn)

(n ∈ N). We see that dimFn = n (n ∈ N) and that there exists C > 0 such that

d(Fn, `
p
n) ≤ C and λ(Fn, F ) ≤ C for each n ∈ N, and also that

⋃
{Fn : n ∈ N} is dense

in F . It remains to show that limn→∞ λ(Fn, `
p) =∞.

Assume towards a contradiction that there is a strictly increasing sequence (nk) in N
such that each space Fnk

is complemented in `p by a projection, say Qk ∈ B(`p), and

that sup{‖Qk‖ : k ∈ N} <∞. Set q = p′, so that 1 < q <∞. The space B(`p) is the dual

of the space G := `p ⊗̂ `q, and so the sequence (Qk) has an accumulation point, say Q,

with respect to the weak∗ topology σ(B(`p), G) on B(`p).

Take f ∈ `p. We first claim that Qf ∈ F . For otherwise there exists λ ∈ `q such that

〈Qf, λ〉 = 1 and 〈g, λ〉 = 0 (g ∈ F ). However 〈Qf, λ〉 = limα〈gα, λ〉 = 0 for a subnet (gα)

of (Qkf), a contradiction. Thus Qf ∈ F , as claimed.

We next claim that Qf = f (f ∈ F ). Indeed, first suppose that f ∈ Fnk
for some

k ∈ N. Then Qjf = f for each j ∈ N with j ≥ k, and so 〈Qf, λ〉 = 〈f, λ〉 for each λ ∈ `q,
whence Qf = f . Since

⋃
{Fnk

: k ∈ N} is dense in F , the second claim follows.

We have shown that Q ∈ B(`p) is a projection onto F , a contradiction of the fact that

F is not complemented in `p. Thus we conclude that limn→∞ λ(Fn, `
p) =∞.

A similar result to the above can be obtained in the case where p = 1 from results

in [10] by somewhat different methods. As we shall not use the case where p = 1, we do

not provide a proof of this remark.

Example 1.30. Suppose that F is a closed subspace of a Banach space E, with the

embedding JF : F → E and quotient map QF : E → E/F . Take p with 1 < p <∞ and

p 6= 2, and take n ∈ N. Then, as we remarked, it is not necessarily the case that the weak

p-summing norm µ
E/F
p,n on the quotient space En/Fn = (E/F )n is equal to the quotient

of the weak p-summing norm µEp,n on En or that the dual weak p-summing norm νFp,n
on the subspace Fn of En is equal to the restriction to Fn of the dual weak p-summing

norm νEp,n on En. Further the relevant norms are not always uniformly equivalent as n

varies. Here we present examples to substantiate these remarks.

Denote by µEp,n the quotient norm on (E/F )n of the norm µEp,n on En. Then we do

have

µE/Fp,n (x+ Fn) ≤ µEp,n(x+ Fn) (x ∈ En), νEp,n(x) ≤ νFp,n(x) (x ∈ Fn),
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and so, for each n ∈ N, the norms µ
E/F
p,n and µEp,n are equivalent on (E/F )n and the

norms νEp,n and νFp,n are equivalent on Fn. However, we shall show that we do not always

have uniform equivalence (in n) in the two cases.

Set q = p′, so that 1 < q <∞ and q 6= 2, and consider the special case where E = `q.

By Corollary 1.29, there are a constant C > 0, a closed subspace F of E, and an increasing

sequence (Fn) of subspaces of F such that dimFn = n, d(Fn, `
q
n) ≤ C, and λ(Fn, F ) ≤ C

for each n ∈ N, and limn→∞ λ(Fn, E) = ∞. For each n ∈ N, take a projection Qn of F

onto Fn with ‖Qn‖ ≤ C, and set

cn = 1/β(I`pn ⊗π JFn),

where JFn
: Fn → E is the inclusion map. Thus, for each n ∈ N, cn is the minimum

constant such that

νFn
p,n(x) ≤ cnνEp,n(x) (x ∈ Fnn ).

Since d(Fn, `
q
n) ≤ C, we have d(F ′n, `

p
n) ≤ C, and so there is an isomorphism Tn : F ′n → `pn

with ‖Tn‖ = 1 and ‖T−1
n ‖ ≤ C.

Let us combine the commutative diagram

`pn ⊗̂ Fn
I`pn ⊗π JFn //

T−1
n ⊗π IFn

��

`pn ⊗̂ E

F ′n ⊗̂ Fn
IF ′

n
⊗π JFn // F ′n ⊗̂ E

Tn ⊗π IE

OO

with equation (1.3.13) (which applies because T−1
n ⊗π IFn is an isomorphism), with The-

orem 1.13, and with Proposition 1.15. Then we conclude that

1/cn = β(I`pn ⊗π JFn) ≤ Cβ(IF ′
n
⊗π JFn

) = C/λ(Fn, E)→ 0 as n→∞.

Thus there is a sequence (xn) such that xn ∈ `pn ⊗ Fn with νFn
p,n(xn) = 1 for each n ∈ N

and νEp,n(xn)→ 0 as n→∞.

We now regard xn as an element of the subspace Fnn of Fn for n ∈ N and use

Proposition 1.19 to conclude that

νFn
p,n(xn) = νFn

p,n(Q(n)
n (xn)) ≤ CνFp,n(xn),

and hence that

β
(
J

(n)
F : (Fn, νFp,n)→ (En, νEp,n)

)
→ 0 as n→∞, (1.6.3)

an equation that we shall refer to later.

Recall that F is a closed subspace of E = `q. Since `p has the approximation property,

Theorem 1.13 implies that the map

I`p ⊗π JF : `p ⊗̂ F → `p ⊗̂ `q

is an injection. However, it follows from (1.6.3) that it is not an embedding.

Let U : F ′ → E′/F⊥ be the inverse of the isometric isomorphism J ′F induced by

J ′F : E′ → F ′ as in (1.3.6). Take n ∈ N, and write µE
′

q,n for the quotient norm on the
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space (E′/F⊥)n of the norm µE
′

q,n on (E′)n. Then we have a commutative diagram

(En, νEp,n)′
(J

(n)
F )′

// (Fn, νFp,n)′

((E′)n, µE
′

q,n)
(J ′F )(n)

//

Q
(n)

F⊥

��

((F ′)n, µF
′

q,n)

U (n)

uu
U (n)

��

((E′/F⊥)n, µE
′

q,n) ((E′/F⊥)n, µ
E′/F⊥

q,n )
I

(n)

E′/F⊥
oo

Set

dn = ‖I(n)

E′/F⊥ : ((E′/F⊥)n, µE
′/F⊥

q,n )→ ((E′/F⊥)n, µE
′

q,n)‖,

so that dn is the minimum constant such that

µE
′

q,n(λ+ (F⊥)n) ≤ dnµE
′/F⊥

q,n (λ+ (F⊥)n) (λ ∈ (E′)n).

Since U is an isometric isomorphism, Proposition 1.19 (applied to U and its inverse)

implies that U (n) is an isometric isomorphism of ((F ′)n, µF
′

q,n) onto ((E′/F⊥)n, µ
E′/F⊥

q,n ).

Hence, using the above diagram, we see that

dn = ‖U (n) : ((F ′)n, µF
′

q,n)→ ((E′/F⊥)n, µE
′

q,n)‖

= r((J ′F )(n)) = r((J
(n)
F )′) = 1/β(J

(n)
F )→∞ as n→∞, (1.6.4)

using (1.3.7), (1.3.14), and (1.6.3). This shows that the norms µ
E′/F⊥

q,n and µE
′

q,n on the

space (E′/F⊥)n are not uniformly equivalent as n varies.

1.7. Schechtman’s space. In this section, we give a result about quotients of the spaces

Lp(I), where 1 ≤ p < ∞; in the case where 1 < p < 2, the result seems to be new, and

may have independent interest.

We first describe some Banach spaces Zp and Sp for p > 1 that arose in the paper [57]

of Schechtman, where a somewhat different notation was used.

Definition 1.31. Take p with 1 < p <∞. Then Zp is the Banach space `p(`2).

Let M∞ denote the linear space of all scalar-valued N×N-matrices. We may consider

the Banach space Zp = `p(`2) for 1 < p < ∞ to be a subspace of M∞ in the following

way. Given a ∈ Zp, we have a = (aj : j ∈ N), where aj ∈ `2 (j ∈ N) with

‖a‖Zp
=
( ∞∑
j=1

‖aj‖p`2
)1/p

<∞;

we set aj = (αi,j : i ∈ N) for j ∈ N, and identify a with (αi,j) ∈ M∞, so that aj is the
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jth column of the matrix (αi,j). For later reference, we note that

‖(αi,j)‖Zp
=
( ∞∑
j=1

( ∞∑
i=1

|αi,j |2
)p/2)1/p

. (1.7.1)

The dual space of Zp is Zq, where q = p′; the duality bracket is given by

〈(αi,j), (βi,j)〉 =

∞∑
i,j=1

αi,jβi,j ((αi,j) ∈ Zp, (βi,j) ∈ Zq).

For a = (αi,j) ∈ M∞, let at = (αj,i) ∈ M∞ denote its transpose, and consider the

subspace

Sp = {b+ ct : b, c ∈ Zp}

of M∞ and the linear surjection

T : (b, c) 7→ b+ ct, Zp ⊕1 Zp → Sp.

The kernel of T is clearly a closed subspace of the Banach space Zp ⊕1 Zp, and we give

Sp the quotient norm, so that

‖a‖Sp = inf{‖b‖Zp + ‖c‖Zp : b, c ∈ Zp, a = b+ ct} (a ∈ Sp).

Thus (Sp, ‖ · ‖Sp) is a Banach space; further, ‖a‖Sp = ‖at‖Sp (a ∈ Sp).
In the next lemma, we use ‘matrix units’ eij ∈ M∞ for i, j ∈ N, where eij(r, s) = 1

when (r, s) = (i, j) and eij(r, s) = 0 when (r, s) 6= (i, j), and consider matrices (αi,j) with

only finitely-many non-zero entries, writing the matrix as
∑
i,j αi,jeij . For example, for

each sequence (αj) ∈ c00 and i ∈ N, the elements

∞∑
j=1

αjeij and

∞∑
j=1

αjeji

correspond to the ith row and ith column, respectively, of M∞.

Lemma 1.32. Take p with 1 < p < 2, and suppose that (αj) ∈ c00. Then:

(i) for each i ∈ N, we have∥∥∥ ∞∑
j=1

αjeij

∥∥∥
Sp

=
∥∥∥ ∞∑
j=1

αjeji

∥∥∥
Sp

=
( ∞∑
j=1

|αj |2
)1/2

;

(ii) for any strictly increasing sequences (ik) and (jk) in N, we have∥∥∥ ∞∑
k=1

αkeik,jk

∥∥∥
Sp

=
( ∞∑
k=1

|αk|p
)1/p

.

Proof. (i) Take i ∈ N.

First consider the row a =
∑∞
j=1 αjeij , an element of Zp ⊂ Sp ⊂M∞. Then

‖a‖Sp = ‖at‖Sp ≤ ‖at‖Zp =
( ∞∑
j=1

|αj |2
)1/2

,

where the final equality follows from (1.7.1).
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Conversely, given ε > 0, take b, c ∈ Zp such that a = b+ ct and

‖a‖Sp
≥ ‖b‖Zp

+ ‖c‖Zp
− ε,

say b = (βr,s) and c = (γr,s) as elements of M∞. Then αj = βi,j + γj,i (j ∈ N), so that,

by the subadditivity of the `2-norm, we obtain( ∞∑
j=1

|αj |2
)1/2

≤
( ∞∑
j=1

|βi,j |2
)1/2

+
( ∞∑
j=1

|γj,i|2
)1/2

≤
( ∞∑
j=1

|βi,j |p
)1/p

+
( ∞∑
j=1

|γj,i|2
)1/2

=
∥∥∥ ∞∑
j=1

βi,jeij

∥∥∥
Zp

+
∥∥∥ ∞∑
j=1

γj,ieji

∥∥∥
Zp

≤ ‖b‖Zp + ‖c‖Zp ≤ ‖a‖Sp + ε.

Since ε > 0 was arbitrary, we conclude that
(∑∞

j=1 |αj |2
)1/2 ≤ ‖a‖Sp .

The claimed equality follows.

(ii) Set a =
∑∞
k=1 αkeik,jk . Then

‖a‖Sp ≤ ‖a‖Zp =
( ∞∑
k=1

|αk|p
)1/p

.

Conversely, given ε > 0, again take b = (βr,s) and c = (γr,s) in Zp such that a = b + ct

and

‖a‖Sp ≥ ‖b‖Zp + ‖c‖Zp − ε.

Then αk = βik,jk + γjk,ik (k ∈ N), so that, by the subadditivity of the `p-norm,( ∞∑
k=1

|αk|p
)1/p

≤
( ∞∑
k=1

|βik,jk |p
)1/p

+
( ∞∑
k=1

|γjk,ik |p
)1/p

≤ ‖b‖Zp
+ ‖c‖Zp

≤ ‖a‖Sp
+ ε.

As before, this implies that
(∑∞

k=1 |αj |p
)1/p ≤ ‖a‖Sp

.

The claimed equality follows.

Theorem 1.33. Take p with 1 < p < 2. Then the space Sp is isomorphic to a member of

the class SQ(p), but it is not isomorphic to a closed subspace of Lp(Ω) for any measure

space Ω.

Proof. By Proposition 1.22(i), `2 embeds in Lp(I), and so Zp embeds in Lp(I), whence

Zp⊕1 Zp embeds in Lp(I)⊕1 L
p(I) ∼ Lp(I). Since Sp is a quotient of Zp⊕1 Zp, the space

Sp is isomorphic to a member of the class SQ(p).

Assume towards a contradiction that there is an embedding J : Sp → Lp(Ω) for some

measure space Ω, so that ‖Ja‖Lp(Ω) ≥ β(J)‖a‖Sp
(a ∈ Sp), where β(J) > 0, and set

fi,j = Jeij ∈ Lp(Ω) (i, j ∈ N).

It follows from Lemma 1.32(i) that the ‘rows’ and ‘columns’ of the array (fi,j) each form

a basis of the space `2, and so it now follows from the main theorem, Theorem 1.1, in [29]

that there exist strictly increasing sequences (ik) and (jk) in N such that

lim
n→∞

1

n1/p

∥∥∥ n∑
k=1

fik,jk

∥∥∥
Lp(Ω)

= 0. (1.7.2)
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(In fact, the cited theorem is considerably more general.) Take n ∈ N. By Lemma 1.32(ii),

applied with αk = 1 (k ≤ n) and αk = 0 (k > n), we see that

n1/p =
∥∥∥ n∑
k=1

eik,jk

∥∥∥
Sp

≤ 1

β(J)

∥∥∥ n∑
k=1

fik,jk

∥∥∥
Lp(Ω)

,

a contradiction of (1.7.2). Thus Sp is not isomorphic to a closed subspace of Lp(Ω).

The following theorem will be used in Example 2.31.

Theorem 1.34. For each p with 1 ≤ p < ∞ and p 6= 2, there is a separable Banach

space in the class SQ(p) that is not isomorphic to a closed linear subspace of Lp(Ω) for

any measure space Ω.

Proof. First, suppose that p = 1. For each measure space Ω, the Banach space L1(Ω) has

cotype 2 [2, Theorem 6.2.14(i)], and so each closed subspace of L1(Ω) has cotype 2. The

spaces E = `q for q > 2 have cotype q [2, Theorem 6.2.14(ii)], and so these spaces are not

isomorphic to a closed linear subspace of L1(Ω). Certainly E ∈ SQ(1). (Indeed, there is

a quotient operator from `1 onto E [2, Theorem 2.3.1].)

Second, suppose that p > 2, and set q = p′. Take r with 2 < r < p, and set s = r′.

By Proposition 1.22(i), `s embeds isometrically in Lq(I), and hence `r is isometrically

isomorphic to a quotient of Lp(I). However, by Theorem 1.26(ii), `r is not isomorphic to

a subspace of Lp(Ω) for any measure space Ω.

Finally, suppose that 1 < p < 2. Then the result follows from Theorem 1.33.

1.8. The spaces Lp(Ω;E) and p-spaces. In this section, we shall define the class of

‘p-spaces’; as a preliminary, we shall recall the definition of the spaces Lp(Ω;E).

Let (Ω, µ) be a measure space, take p with 1 ≤ p ≤ ∞, and suppose that E is a

Banach space. Then the space Lp(Ω;E) consists of the (equivalence classes of) strongly

µ-measurable functions F : Ω → E such that the function s 7→ ‖F (s)‖ on Ω belongs to

Lp(Ω, µ) (see [25]). Thus (Lp(Ω;E), ‖ · ‖) is a Banach space with respect to the norm ‖ · ‖
specified by

‖F‖ =

(∫
Ω

‖F (s)‖p dµ(s)

)1/p

(F ∈ Lp(Ω;E)),

with ‖F‖ = ess sup{‖F (s)‖ : s ∈ Ω} when p =∞.

The tensor product Lp(Ω) ⊗ E can be identified with a dense subspace of Lp(Ω;E);

indeed, the elementary tensor f ⊗ x ∈ Lp(Ω)⊗ E corresponds to the function

f ⊗ x : s 7→ f(s)x, Ω→ E;

see [22, Chapter 7], for example. In particular, as before we shall identify `pm ⊗ E with

`pm(E) for m ∈ N, so that the action of

S ⊗ IE : `pm ⊗ E → `pn ⊗ E

(where m,n ∈ N and S ∈Mn,m) corresponds to the action of S as a map from `pm(E) to

`pn(E); this is consistent with the identification of (x1, . . . , xn) ∈ En with
∑n
j=1 δj ⊗ xj

in Fn ⊗ E in §1.4 and with (1.4.3).
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Now suppose that Ω and Σ are measure spaces and that E is a Banach space, and

again take p with 1 ≤ p ≤ ∞. For each S ∈ B(Lp(Ω), Lp(Σ)), there is a linear map

S ⊗ IE : Lp(Ω)⊗ E → Lp(Σ)⊗ E,

and we consider whether this map is bounded with respect to the relative norms from

Lp(Ω;E) and Lp(Σ;E), respectively. (We note in passing the following from [51, §1.2]:

An operator S ∈ B(Lp(Ω), Lp(Σ)) is regular, equivalently, order-bounded (see §4.2) if and

only if the above operator S ⊗ IE is bounded for every Banach space E.)

The following definition is due to Herz [31, p. 70].

Definition 1.35. Let E be a Banach space, and take p with 1 ≤ p < ∞. Then E is a

p-space whenever

‖S ⊗ IE‖ ≤ ‖S‖ (S ∈ B(Lp(Ω), Lp(Σ)))

for all measure spaces Ω and Σ.

Further, Herz shows the following in [31, Proposition 0].

Theorem 1.36. Let E be a Banach space, and take p with 1 ≤ p <∞. Then the following

are equivalent:

(a) E is a p-space;

(b) ‖S : `pm(E)→ `pn(E)‖ ≤ ‖S : `pm → `pn‖ for each S ∈ B(`pm, `
p
n) and m,n ∈ N;

(c) ‖S : `pm(E)→ `pm(E)‖ ≤ ‖S : `pm → `pm‖ for each S ∈ B(`pm) and m ∈ N;

(d) ‖S : `p(E)→ `p(E)‖ ≤ ‖S : `p → `p‖ for each S ∈ B(`p).

Herz also notes the following; they are easily seen. Take p with 1 ≤ p <∞. Then:

(i) each space Lp(Ω) for a measure space Ω is a p-space;

(ii) each closed subspace of a p-space is a p-space;

(iii) each quotient of a p-space by a closed subspace is a p-space;

(iv) the dual of a p-space is a p′-space (when 1 < p <∞).

It follows that each space in the class SQ(p) is a p-space. However, Herz left open the

converse to this latter statement; we shall consider this in the next section.

1.9. Kwapień’s theorem. In this section, we shall characterize the class of p-spaces.

In fact, the converse to the above statement of Herz follows from a theorem of

Kwapień [36, Theorem 2′]. A generalization of Kwapień’s theorem is stated by Pisier

in [51, Theorem 4.6]: to obtain Kwapień’s result, one must take C = 1 and the class B to

be just the singleton {F} in the cited reference. The theorem of Kwapień is important for

this memoir and elsewhere, and the original proof is perhaps somewhat inaccessible, and

so we wish to present a detailed account; our proof is based on one given by Professor

Christian Le Merdy in an unpublished note, and we are grateful to him for agreeing that

we could present this proof here.

First, we introduce a further definition; it uses the notation of (1.3.3).
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Definition 1.37. Let (E, ‖ · ‖) be a normed space, and take p with 1 ≤ p ≤ ∞. Suppose

that m,n ∈ N, x ∈ Em, and y ∈ En. Then y 4p x if

‖〈y, λ〉‖`pn ≤ ‖〈x, λ〉‖`pm (λ ∈ E′). (1.9.1)

The condition in (1.9.1) is that( n∑
j=1

|〈yj , λ〉|p
)1/p

≤
( m∑
i=1

|〈xi, λ〉|p
)1/p

(λ ∈ E′),

where x = (x1, . . . , xm) and y = (y1, . . . , yn).

Let E be a normed space, take m ∈ N and x = (x1, . . . , xm) ∈ `pm(E), and let z

correspond to x in `pm ⊗ E, say z =
∑m
j=1 δj ⊗ xj . Suppose also that

z =

k∑
i=1

ri ⊗ ai,

where k ∈ N, r1, . . . , rk ∈ `pm and a1, . . . , ak ∈ E. Take λ ∈ E′. Then

〈x, λ〉 = (Im ⊗ λ)(z) =

k∑
i=1

〈ai, λ〉ri ∈ `pm. (1.9.2)

Theorem 1.38. Let (E, ‖ · ‖) be a normed space, and take p with 1 ≤ p ≤ ∞. Suppose

that m,n ∈ N, x ∈ Em, and y ∈ En with y 4p x, and set

Z = {〈x, λ〉 : λ ∈ E′}.

Then there is a matrix A ∈Mn,m such that Ax = y, w = (A⊗ IE)(z), where z ∈ Z ⊗E
and w ∈ `pn ⊗ E correspond to x and y, respectively, and the map A|Z : Z → `pn is a

contraction as an element of B(Z, `pn), where we regard Z as a subspace of `pm.

Proof. Set x = (x1, . . . , xm) ∈ Em and y = (y1, . . . , yn) ∈ En, and define

z =

m∑
j=1

δj ⊗ xj =

k∑
i=1

ri ⊗ ai and w =

n∑
j=1

δj ⊗ yj =
∑̀
i=1

si ⊗ bi

as elements of `pm ⊗ E and `pn ⊗ E, respectively, where we may suppose that z, w 6= 0,

and we specify that {r1, . . . , rk} and {s1, . . . , s`} are linearly independent subsets of `pm
and `pn, respectively, and {a1, . . . , ak} and {b1, . . . , b`} are linearly independent subsets

of E. We see from (1.9.2) that Z = lin {r1, . . . , rk}, a linear subspace of `pm, and so

z ∈ Z ⊗ E.

Take λ ∈ E′ with 〈ai, λ〉 = 0 (i ∈ Nk). By (1.9.2), we have 〈x, λ〉 = 0. Thus 〈y, λ〉 = 0,

and hence
∑`
i=1〈bi, λ〉si = 0. Since {s1, . . . , s`} is a linearly independent set in `pn, it

follows that 〈bi, λ〉 = 0 (i ∈ N`); this implies that bi ∈ lin {a1, . . . , ak} (i ∈ N`), and hence

w =

k∑
i=1

ti ⊗ ai

for some t1, . . . , tk ∈ `pn. There is a linear map A : Z → `pn such that Ari = ti (i ∈ Nk),

and then w = (A⊗ IE)(z). We extend A (arbitrarily) to a linear map from `pm to `pn, and

regard A as a matrix in Mn,m; we have Ax = y when we regard A as a map from Em

to En.
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We claim that the map A : Z → `pn is a contraction. Indeed, take ζ1, . . . , ζk in F, and

set r =
∑k
i=1 ζiri ∈ Z. Since {a1, . . . , ak} is linearly independent, there exists λ ∈ E′

with 〈ai, λ〉 = ζi (i ∈ Nk), and then, by (1.9.2),

‖r‖`pm = ‖〈x, λ〉‖`pm and ‖Ar‖`pn =
∥∥∥ k∑
i=1

ζiti

∥∥∥
`pn

= ‖〈y, λ〉‖`pn .

Since y 4p x, it follows that ‖Ar‖`pn ≤ ‖r‖`pm , and so A is a contraction in B(Z, `pn).

We record a relevant result that we shall use later: it is Lemma 7.7 of [24], with C = 1

and X = Z = E and Y = F for Banach spaces E and F .

Theorem 1.39. Let E and F be normed spaces, and take p with 1 ≤ p < ∞. Suppose

that an operator T ∈ B(E,F ) has the property that

‖T (n)y‖`pn(F ) ≤ ‖x‖`pm(E)

whenever m,n ∈ N, x ∈ Em, y ∈ En, and y 4p x. Then there are a measure space Ω

and a contraction J : E → Lp(Ω) such that ‖Tx‖ ≤ ‖Jx‖Lp(Ω) (x ∈ E).

This theorem says that T ‘factors through a subspace of Lp(Ω), with both factors

being contractions’. We obtain the following corollary by taking F = E and T = IE in

the above theorem.

Corollary 1.40. Let E be a normed space, and take p with 1 ≤ p <∞. Suppose that

‖y‖`pn(E) ≤ ‖x‖`pm(E)

whenever m,n ∈ N, x ∈ Em, y ∈ En, and y 4p x. Then E embeds isometrically into a

space Lp(Ω) for some measure space Ω.

Part of the following lemma is exactly [49, Lemma 8.5], with X1 of that reference

taken to be the scalar field.

Lemma 1.41. Let E be a Banach space, let Γ be an index set, and take Q ∈ B(`1(Γ), E)

and p with 1 ≤ p <∞. Suppose that, for each r, s ∈ N and each C ∈Mr,s, we have

‖C ⊗Q : `ps ⊗ `1(Γ)→ `pr ⊗ E‖ ≤ ‖C : `ps → `pr‖. (1.9.3)

Then
n∑
j=1

‖Qgj‖p ≤
m∑
i=1

‖fi‖p1 (1.9.4)

whenever m,n ∈ N and f1, . . . , fm, g1, . . . , gn ∈ `1(Γ) with (g1, . . . , gn) 4p (f1, . . . , fm).

Proof. Set (X, ‖ · ‖) = (`1(Γ), ‖ · ‖`1(Γ)). We take m,n ∈ N, f = (f1, . . . , fm) ∈ Xm and

g = (g1, . . . , gn) ∈ Xn with g 4p f , and seek to prove inequality (1.9.4).

By reducing Γ if necessary, we may suppose that max{|f1(γ)|, . . . , |fm(γ)|} > 0 for

each γ ∈ Γ. We may also suppose that fi 6= 0 (i ∈ Nm) and
∑m
i=1 ‖fi‖p = 1.

As in Theorem 1.38, set Z = {〈f , λ〉 : λ ∈ X ′}, regarded as a linear subspace of `pm.

Since g 4p f , it follows from Theorem 1.38 that there is a matrix A ∈ Mn,m such

that Af = g and A|Z : Z → `pn is a contraction as an element of B(Z, `pn). We write

A = (aj,i : i ∈ Nm, j ∈ Nn).
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Define

α(γ) =
( m∑
i=1

‖fi‖p−1|fi(γ)|
)1/p

(γ ∈ Γ),

so that α(γ) > 0 (γ ∈ Γ) and∑
γ∈Γ

α(γ)p =

m∑
i=1

‖fi‖p−1
∑
γ∈Γ

|fi(γ)| = 1.

Thus α ∈ `p(Γ) with ‖α‖`p(Γ) = 1.

Now define bi,γ = fi(γ)/α(γ) for i ∈ Nm and γ ∈ Γ, so that

bi,γα(γ) = fi(γ) (i ∈ Nm, γ ∈ Γ).

Take h ∈ c00(Γ). Since the function t 7→ tp is convex on R+, we have(∑
γ∈Γ

|fi(γ)|
‖fi‖

|h(γ)|
α(γ)

)p
≤
∑
γ∈Γ

|fi(γ)|
‖fi‖

|h(γ)|p

α(γ)p
(i ∈ Nm),

and so ∣∣∣∑
γ∈Γ

bi,γh(γ)
∣∣∣p ≤ (∑

γ∈Γ

|fi(γ)| |h(γ)|
α(γ)

)p
≤ ‖fi‖p

∑
γ∈Γ

|fi(γ)|
‖fi‖

|h(γ)|p

α(γ)p

= ‖fi‖p−1
∑
γ∈Γ

|fi(γ)| |h(γ)|p

α(γ)p
(i ∈ Nm).

Hence
m∑
i=1

∣∣∣∑
γ∈Γ

bi,γh(γ)
∣∣∣p ≤ m∑

i=1

‖fi‖p−1
∑
γ∈Γ

|fi(γ)| |h(γ)|p

α(γ)p
=
∑
γ∈Γ

|h(γ)|p = ‖h‖p`p(Γ).

This shows that the linear map

B : h 7→
(∑
γ∈Γ

bi,γh(γ)
)m
i=1

, (c00(Γ), ‖ · ‖`p(Γ))→ (`pm, ‖ · ‖`pm),

is a contraction. Since c00(Γ) is dense in `p(Γ), there is a contraction, also denoted by B,

in B(`p(Γ), `pm) extending the original B. Clearly

Bδγ = (bi,γ)mi=1 =
1

α(γ)
(f1(γ), . . . , fm(γ)) =

1

α(γ)
〈f , εγ〉 (γ ∈ Γ),

where εγ : X → F is the evaluation functional at γ. Thus the range of B is contained in

the subspace Z.

Define

C = A ◦B : `p(Γ)→ `pn,

so that the map C is also a contraction. We set C = (cj,γ), where

cj,γ =

m∑
i=1

aj,ibi,γ (j ∈ Nn, γ ∈ Γ).

Thus

gj =

m∑
i=1

aj,ifi =

m∑
i=1

∑
γ∈Γ

aj,ibi,γα(γ)δγ =
∑
γ∈Γ

cj,γα(γ)δγ (j ∈ Nn). (1.9.5)
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Fix ε > 0, and choose a finite subset Γ0 of Γ such that
n∑
j=1

‖Q(gj |Γ0)‖p ≥
n∑
j=1

‖Qgj‖p − ε, (1.9.6)

say |Γ0| = k; we may suppose that k ≥ n. We also write C for the restriction of the

original operator C to `p(Γ0), and regard the new map C as a matrix in Mn,k. Set

x = (α(γ)δγ : γ ∈ Γ0) ∈ `p(Γ0, X) and h = (g1|Γ0, . . . , gn|Γ0) ∈ `pn(X). By (1.9.5), we

have
Cx = h. (1.9.7)

As in (1.4.3), we can identify the map C ⊗Q : `p(Γ0)⊗X → `pn ⊗ E with

Q(n) ◦ C : `p(Γ0, X)→ `pn(E).

Since C is a contraction, the hypothesis (1.9.3) (with s = k and r = n) implies that the

above map is a contraction, and so, by (1.9.7), we have
n∑
j=1

‖Q(gj |Γ0)‖p = ‖(Q(n) ◦ C)(x)‖p
`pn(E)

≤ ‖x‖p`p(Γ0,X) =
∑
γ∈Γ0

|α(γ)|p ≤ 1. (1.9.8)

It follows from (1.9.6) and (1.9.8) that
n∑
j=1

‖Qgj‖p ≤
n∑
j=1

‖Q(gj |Γ0)‖p + ε ≤ 1 + ε.

This holds true for each ε > 0, and so we obtain the required inequality (1.9.4), where

we recall that
∑m
i=1 ‖fi‖p = 1.

We can now conclude the proof of Kwapień’s theorem.

Theorem 1.42. Take p with 1 ≤ p < ∞. Then the class SQ(p) coincides with the class

of p-spaces.

Proof. We have noted, following Herz, that each member of the class SQ(p) is a p-space.

Now suppose that E is a Banach space that is a p-space. We shall apply Proposi-

tion 1.6, Theorem 1.39, and Lemma 1.41.

Take r, s ∈ N and C ∈Mr,s. Since E is a p-space, we know that

‖C ⊗ IE : `ps ⊗ E → `pr ⊗ E‖ ≤ ‖C : `ps → `pr‖.

There is an index set Γ and a quotient operator Q : `1(Γ)→ E; by (1.5.14),

‖Is ⊗Q : `ps ⊗ `1(Γ)→ `ps ⊗ E‖ = ‖Q‖ = 1.

Since C ⊗ Q = (C ⊗ IE) ◦ (Is ⊗ Q), it follows that inequality (1.9.3) of Lemma 1.41 is

satisfied, and hence that lemma shows that
n∑
j=1

‖Qgj‖p ≤
m∑
i=1

‖fi‖p

whenever m,n ∈ N and g1, . . . , gn, f1, . . . , fm ∈ `1(Γ) with (g1, . . . , gn) 4p (f1, . . . , fm).

By Theorem 1.39 (taken with E = `1(Γ), F = E, and T = Q), there is a contraction

J : `1(Γ)→ Lp(Ω) for some measure space Ω such that

‖Qf‖ ≤ ‖Jf‖Lp(Ω) (f ∈ `1(Γ)).
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By Proposition 1.6 (taken with E = `1(Γ), F = E, and G equal to the closure of the

range of J in Lp(Ω)), the space E is isometrically isomorphic to a quotient of G. Thus E

belongs to the class SQ(p).

The above is an ‘isometric’ version of Kwapień’s theorem. There is also an isomorphic

version; it is proved by a small variation of the above proof.

Theorem 1.43. Let E be a Banach space, and take C ≥ 1 and p with 1 ≤ p <∞. Then

the following are equivalent:

(a) E is C-isomorphic to a p-space;

(b) ‖S ⊗ IE‖ ≤ C‖S‖ (S ∈ B(Lp(Ω), Lp(Σ))) for all measure spaces Ω and Σ;

(c) ‖S : `pm(E)→ `pn(E)‖ ≤ C‖S : `pm → `pn‖ for each S ∈ B(`pm, `
p
n) and m,n ∈ N;

(d) ‖S : `pm(E)→ `pm(E)‖ ≤ C‖S : `pm → `pm‖ for each S ∈ B(`pm) and m ∈ N.

Corollary 1.44. Take p with 1 < p < ∞ and r with 1 ≤ r < ∞, and suppose that Ω

is a measure space such that Lr(Ω) is an infinite-dimensional space. Then the following

are equivalent:

(a) Lr(Ω) is a p-space;

(b) Lr(Ω) is isomorphic to a p-space;

(c) either 1 < p ≤ r ≤ 2 or 2 ≤ r ≤ p <∞.

Suppose that 1 < p ≤ 2 and r 6∈ [p, 2] or 2 ≤ p <∞ and r 6∈ [2, p]. Then, for each C > 0,

there exists n ∈ N such that the space `rn is not C-isomorphic to a p-space.

Proof. The main part of this result follows immediately from Theorems 1.26(iii), 1.27(ii),

and 1.42. The final clause follows from Theorems 1.27(i) and 1.42.

1.10. Interpolation spaces. We summarize the basics of complex interpolation theory.

For details, see [6, §§2.3, 2.4], [28, Chapter 9], and [51]; the seminal paper is that of

Calderón [11].

Let (E0, ‖ · ‖0) and (E1, ‖ · ‖1) be two (real or complex) Banach spaces that are both

linear subspaces of a Banach space (H, ‖ · ‖), the ambient space, and suppose that the

inclusion maps from (Ej , ‖ · ‖j) into (H, ‖ · ‖) are both continuous. Then the pair

{(E0, ‖ · ‖0), (E1, ‖ · ‖1)}

is a compatible couple (of Banach spaces). It is straightforward to show that, in this case,

the spaces E0 ∩ E1 and E0 + E1 are Banach spaces under the respective norms defined

by

‖x‖E0∩E1
= max{‖x‖0, ‖x‖1} (x ∈ E0 ∩ E1),

‖x‖E0+E1
= inf{‖x0‖0 + ‖x1‖1 : x = x0 + x1, x0 ∈ E0, x1 ∈ E1} (x ∈ E0 + E1).

A Banach space (G, ‖ · ‖) that contains E0 ∩E1 and is contained in E0 +E1 and is such

that the two inclusions

(E0 ∩ E1, ‖ · ‖E0∩E1)→ (G, ‖ · ‖)→ (E0 + E1, ‖ · ‖E0+E1)

are continuous is then an intermediate space.
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For details of the following remarks, see [6, Chapter 4], for example. For the remainder

of this section, all our Banach spaces are complex Banach spaces.

Suppose that {(E0, ‖ · ‖0), (E1, ‖ · ‖1)} is a compatible couple of Banach spaces. Let

L0 and L1 be the lines {iy : y ∈ R} and {1 + iy : y ∈ R}, respectively, in C, and set

S = (0, 1)× R ⊂ C, an open strip in C. Take F to be the linear space of all functions F

on S taking values in (E0 +E1, ‖ · ‖E0+E1
) such that F is bounded and continuous on S,

analytic on S, and F |Lj is a bounded and continuous map into (Ej , ‖ · ‖j) for j = 0, 1.

We define a norm on F by setting

‖F‖F = max
j=0,1

sup{‖F (z)‖j : z ∈ Lj} (F ∈ F).

By the Phragmén–Lindelöf theorem,

‖F (z)‖E0+E1
≤ ‖F‖F (z ∈ S, F ∈ F).

Further (F , ‖ · ‖F ) is a Banach space.

Next take θ ∈ (0, 1), and identify θ with the point (θ, 0) of S. Then the map F 7→ F (θ)

is a contractive linear map from F into (E0 + E1, ‖ · ‖E0+E1), and the image of this map

is denoted by

(E0, E1)θ = E[θ];

E[θ] is a Banach space with respect to the quotient norm defined by

‖x‖[θ] = inf{‖F‖F : F ∈ F , F (θ) = x} (x ∈ E[θ]),

so that ‖ · ‖[θ] is the interpolation norm. Further (E[θ], ‖ · ‖[θ]) is an intermediate space.

We now note that, in the definition of the family F , we may suppose that F (iy) and

F (1 + iy) tend to 0 in E0 and E1, respectively, as |y| → ∞. Indeed, we can multiply each

original function in the family F by the function

z 7→ exp(δ(z2 − θ2)), S → C,

for suitable δ > 0 to obtain this without changing the space (E[θ], ‖ · ‖[θ]); for this,

see [13, p. 1007]. This extra property of F was assumed by Calderón when he introduced

this theory in [11]. We shall suppose throughout that functions in F have this extra

property.

We note that if we move to norms on E0 and E1 that are equivalent to ‖ · ‖0 and

‖ · ‖1 on E0 and E1, respectively, we do not change the intermediate space E[θ] (and the

interpolation norm is equivalent to the original interpolation norm).

We also note that, in the above situation, the space E0 ∩E1 is dense in (E[θ], ‖ · ‖[θ]);
this is [6, Theorem 4.2.2(a)].

A Banach-space-valued form of the famous Riesz–Thorin interpolation theorem is the

following; full details are given in [6, Theorem 5.1.2].

Theorem 1.45. Let Ω be a measure space, and let {E0, E1} be a compatible couple of

complex Banach spaces. Take θ ∈ (0, 1) and p0, p1 with 1 ≤ p0, p1 <∞, and define p by

1

p
=

1− θ
p0

+
θ

p1
.
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Set E = (E0, E1)θ. Then {Lp0(Ω;E0), Lp1(Ω;E1)} is a compatible couple of Banach

spaces, and

(Lp0(Ω;E0), Lp1(Ω;E1))θ = Lp(Ω;E)

with ‖f‖[θ] = ‖f‖Lp(Ω;E) (f ∈ Lp(Ω;E)).

In particular, with the above notation, {`p0(E0), `p1(E1)} is also a compatible couple

of Banach spaces, and

(`p0(E0), `p1(E1))θ = `p(E), (1.10.1)

where E = (E0, E1)θ.

Take n ∈ N. By [6, Theorem 5.1.2], it is also true that {`p0n (E0), `∞n (E1)} is a com-

patible couple of Banach spaces and

(`p0n (E0), `∞n (E1))θ = `pn(E), (1.10.2)

where 1/p = (1− θ)/p0 and E = (E0, E1)θ.

The fundamental theorem in this context is the following [6, Theorem 4.1.4].

Theorem 1.46. Let {(E0, ‖·‖0), (E1, ‖·‖1)} and {(F0, ‖·‖0), (F1, ‖·‖1)} be two compatible

couples of complex Banach spaces, and suppose that T : E0 + E1 → F0 + F1 is a linear

map such that T (Ej) ⊂ Fj and T |Ej : Ej → Fj is bounded, with norm Mj, for j = 0, 1.

Take θ ∈ (0, 1). Then T (E[θ]) ⊂ F[θ] and ‖T |E[θ]‖ ≤M1−θ
0 Mθ

1 .

Proposition 1.47. Let {E0, E1} be a compatible couple of complex Banach spaces, and

take θ ∈ (0, 1). Suppose that 1 ≤ p < ∞ and that E0 and E1 are both p-spaces. Then

(E0, E1)θ is also a p-space.

Proof. Set E = (E0, E1)θ. By (1.10.1), (`pn(E0), `pn(E1))θ = `pn(E) (n ∈ N).

Take m,n ∈ N and T ∈ B(`pm, `
p
n), and consider T as a map defined on the spaces Em0

and on Em1 , say

Mj = ‖T : `pm(Ej)→ `pn(Ej)‖ (j = 0, 1).

Since E0 and E1 are both p-spaces, in fact Mj ≤ ‖T‖ (j = 0, 1). By Theorem 1.46,

T (`pm(E)) ⊂ `pn(E) and

‖T : `pm(E)→ `pn(E)‖ ≤M1−θ
0 Mθ

1 ≤ ‖T‖1−θ‖T‖θ = ‖T‖,
and so E is a p-space by Theorem 1.36, (b)⇒(a).

We shall see in Example 2.16, to be given below, that an apparent generalization of

the above result to the case where E0 and E1 are p0- and p1-spaces, respectively, and

1/p = (1− θ)/p0 + θ/p1 is not necessarily true.



2. Power-norms and p-multi-norms

2.1. Power-norms. We now return to the theory of power-norms. Throughout we con-

tinue to consider linear spaces over a field F, where F is either R or C.

Let (‖ · ‖n) be a power-norm based on a normed space E, as in Definition 1.1. Then

it is easy to see [20, Lemma 2.11] that

max
i=1,...,n

‖xi‖ ≤ ‖x‖n ≤
n∑
i=1

‖xi‖ (x = (x1, . . . , xn) ∈ En, n ∈ N). (2.1.1)

Thus the formulae ‖x‖n = maxi=1,...,n ‖xi‖ and ‖x‖n =
∑n
i=1 ‖xi‖ define the minimum

and maximum power-norms based on E, respectively; the corresponding spaces En are

just `∞n (E) and `1n(E), respectively.

Let (En, ‖ · ‖n) be a power-normed space, and suppose that F is a subspace of E.

Then an easy check shows that (Fn, ‖ · ‖n) is also a power-normed space. If F is a closed

subspace of E, equation (1.3.10) defines a power-norm based on E/F ; the latter is called

the quotient power-norm.

Let (En, ‖ · ‖n) be a power-normed space. Then, by [20, Proposition 2.30], the dual

sequence ((E′)n, ‖ · ‖′n) is a power-Banach space. We say that ((E′)n, ‖ · ‖′n) is the dual

power-Banach space to (En, ‖ · ‖n). If (En, ‖ · ‖n) is a multi-normed space or a dual

multi-normed space, then ((E′)n, ‖ · ‖′n) is a dual multi-Banach space or a multi-Banach

space, respectively [20, §2.3.2].

The following characterization of power-norms is straightforward.

Proposition 2.1. Let E be a linear space, and suppose that ‖ · ‖n is a norm on En for

each n ∈ N. Then (‖ · ‖n) is a power-norm based on E if and only if

‖Tx‖m ≤ max{|Ti,j | : i ∈ Nm, j ∈ Nn}‖x‖n (x ∈ En) (2.1.2)

for each special matrix T ∈Mm,n and each m,n ∈ N.

In fact, to verify that (‖·‖n) is a power-norm based on a linear space E, it is sufficient

to check (2.1.2) for a restricted class of special matrices T . Indeed, to verify (A1), it is

sufficient to consider square matrices (Ti,j) such that Ti,j = δi,j save for two specified

values i0 and j0 of i and j, respectively, and such that Ti,j = 1−δi,j when {i, j} = {i0, j0};
to verify (A2), it is sufficient to consider diagonal matrices; to verify (A3), it is sufficient

to consider matrices of the form

[41]
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
1 0 . . . 0

0 1 . . . 0
...

...
. . .

...

0 0 . . . 1

0 0 . . . 0

 ∈Mn+1,n and


1 0 . . . 0 0

0 1 . . . 0 0
...

...
. . .

... 0

0 0 . . . 1 0

 ∈Mn,n+1.

Definition 2.2. Let E be a linear space, and let (‖ · ‖1n : n ∈ N) and (‖ · ‖2n : n ∈ N) be

two power-norms based on E. Then

(‖ · ‖1n) ≤ (‖ · ‖2n) if ‖x‖1n ≤ ‖x‖2n (x ∈ En, n ∈ N),

and (‖ · ‖2n : n ∈ N) dominates (‖ · ‖1n : n ∈ N), written (‖ · ‖1n) 4 (‖ · ‖2n), if there is a

constant C > 0 such that

‖x‖1n ≤ C‖x‖2n (x ∈ En, n ∈ N); (2.1.3)

the two power-norms are equivalent , written

(‖ · ‖1n : n ∈ N) ∼= (‖ · ‖2n : n ∈ N) or (‖ · ‖1n) ∼= (‖ · ‖2n),

if each dominates the other.

For discussions of when two multi-norms are equivalent, see [8] and [19].

2.2. p-multi-norms. We now define the main topic of this memoir, a special class of

power-normed spaces.

Definition 2.3. Let E be a linear space, and take p with 1 ≤ p ≤ ∞. A p-multi-norm

based on E is a sequence (‖ · ‖n : n ∈ N) such that ‖ · ‖n is a norm on En for each n ∈ N
and

‖Tx‖m ≤ ‖T : `pn → `pm‖‖x‖n (T ∈Mm,n, x ∈ En, m, n ∈ N); (2.2.1)

then (En, ‖ · ‖n) is a p-multi-normed space.

In the case where E is a Banach space, we may refer to a p-multi-Banach space.

This definition was first given by Ramsden [52], where the term ‘type-p multi-norm’

was used. As observed in [52, p. 58], it follows from Proposition 2.1 that each p-multi-norm

is a power-norm.

The motivation for giving this definition is the following. The characterizations given

in Theorems 2.35 and 2.36, respectively, of [20] prove that ∞-multi-norms and 1-multi-

norms in the above sense are exactly the multi-norms and dual multi-norms that were

defined in Definition 1.1, and so our new definition generalizes the old one given for the

cases p = 1 and p =∞.

For n ∈ N, let Cn be a class of matrices in Mn such that

‖U : `pn → `pn‖ ≤ 1 (U ∈ Cn)

and such that the absolutely convex hull of Cn is the closed unit ball of the space Mn

when this space is identified with B(`pn). Then, to verify (2.2.1), it suffices to check that

axiom (A3) holds and ‖Ux‖n ≤ ‖x‖n (x ∈ En) for each U ∈ Cn. In particular, in the

case where p = 2 and E is a complex linear space, the class Un of unitary matrices in

Mn(C) satisfies the required condition with Cn = Un.
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Let (‖ · ‖n : n ∈ N) be a p-multi-norm based on a linear space E. As noted in [52,

Lemmas 4.3.2 and 4.3.4], the following variations of axioms (A4) and (B4) hold:

‖(x1, . . . , xn−1, αxn, βxn)‖n+1 = ‖(x1, . . . , xn−1, γpxn)‖n, (2.2.2)

‖(x1, . . . , xn−1, αx+ βy)‖n ≤ ‖(x1, . . . , xn−1, γqx, γqy)‖n+1, (2.2.3)

for all α, β ∈ F, x1, . . . , xn, x, y ∈ E, and n ∈ N, where q = p′ and γr = (|α|r + |β|r)1/r

for r = p, q. In the two cases where p = 1 and p = ∞, just (2.2.2) characterizes a

p-multi-norm. However, for 1 < p <∞, these two equations do not characterize p-multi-

norms based on E, as we shall see in Example 2.7(ii) below. These equations are used by

Blasco [7] to characterize a larger class of power-normed spaces than the p-multi-normed

spaces.

It follows from (2.2.2) that

‖(α1x, . . . , αnx)‖n =
( n∑
i=1

|αi|p
)1/p

‖x‖ (α1, . . . , αn ∈ F, x ∈ E, n ∈ N), (2.2.4)

and so
‖(x, . . . , x)‖n = n1/p‖x‖ (x ∈ E, n ∈ N). (2.2.5)

In particular, for each non-zero normed space E, a given power-norm based on E is a

p-multi-norm for at most one value of p.

The following result follows easily from (2.2.3) by induction on n ∈ N; in particular

the given inequality holds for all p-multi-norms based on E.

Proposition 2.4. Let E be a normed space, take p with 1 ≤ p ≤ ∞, and suppose that

(‖ · ‖n) is a power-norm based on E such that inequality (2.2.3) is satisfied. Then∥∥∥ n∑
i=1

αixi

∥∥∥ ≤ ‖(αi)‖`qn‖x‖n (x = (x1, . . . , xn) ∈ En)

for all α1, . . . , αn ∈ F and n ∈ N, where q = p′.

We note the following standard constructions involving p-multi-norms; clause (iv)

is [52, Corollary 4.4.12].

Proposition 2.5. Let E be a normed space, take p with 1 ≤ p ≤ ∞, and suppose that

(‖ · ‖n) is a p-multi-norm based on E.

(i) For each subspace F of E, the power-normed space (Fn, ‖ · ‖n) is a p-multi-normed

space.

(ii) For m ∈ N, set F = Em. Then the power-normed space (Fn, ‖ · ‖mn) is a p-multi-

normed space.

(iii) For each closed subspace F of E, the quotient power-normed space ((E/F )n, ‖ · ‖n)

is a p-multi-normed space.

(iv) The sequence (‖ · ‖′n) of dual norms is a p′-multi-norm based on E′.

Proof. (i) & (ii) These are easily checked.

(iii) Take m,n ∈ N, x ∈ En, and T ∈Mm,n with ‖T : `pn → `pm‖ ≤ 1, and take ε > 0.

There exists y ∈ Fn with ‖x+ y‖n ≤ ‖x+ Fn‖n + ε. Since Ty ∈ Fm, we have

‖T (x+ Fn)‖m ≤ ‖T (x+ y)‖m ≤ ‖x+ y‖n ≤ ‖x+ Fn‖n + ε.

This holds for each ε > 0, and so ‖T (x+ Fn)‖m ≤ ‖x+ Fn‖n, as required.
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(iv) Set q = p′. Take m,n ∈ N, T ∈ Mm,n, and λ ∈ (E′)n. Then, for each x ∈ Em
with ‖x‖m ≤ 1, we have

|〈x, Tλ〉| = |〈T tx,λ〉| ≤ ‖T tx‖n‖λ‖′n ≤ ‖T t : `pm → `pn‖ ‖λ‖′n = ‖T : `qn → `qm‖ ‖λ‖′n,

and so ‖Tλ‖m ≤ ‖T : `qn → `qm‖ ‖λ‖′n. Thus (‖ · ‖′n) is q-multi-norm based on E′.

Definition 2.6. Let (En, ‖ · ‖n) be a p-multi-normed space, where 1 ≤ p ≤ ∞. Then

the sequence (‖ · ‖′n) of norms is the dual p′-multi-normbased on E′.

Examples 2.7. Take p with 1 ≤ p ≤ ∞.

(i) For n ∈ N and z = (z1, . . . , zn) ∈ Fn, set

‖z‖n =
( n∑
i=1

|zi|p
)1/p

= ‖z‖`pn .

Then (‖ · ‖n) is a p-multi-norm based on F, and it is immediately checked that it is the

unique p-multi-norm based on F such that ‖z‖1 = |z| (z ∈ F).

(ii) Let E be a normed space. Then we have defined the p-sum norm in Definition 1.7

by the formula

‖x‖`pn(E) =
( n∑
i=1

‖xi‖p
)1/p

(x = (x1, . . . , xn) ∈ En, n ∈ N). (2.2.6)

Set ‖ · ‖n = ‖ · ‖`pn(E), so that (En, ‖ · ‖n) = `pn(E). Then clearly (‖ · ‖n) is a power-norm

based on E and the sequence (‖·‖n) satisfies (2.2.2) and (2.2.3); this power-norm is called

the p-sum power-norm. For p = ∞, we obtain the minimum multi-norm; for p = 1, we

obtain the maximum dual multi-norm, as in [20].

Now consider the special case in which E = `p. Take m,n ∈ N, T ∈ Mm,n such that

‖T : `pn → `pm‖ ≤ 1, and x = (x1, . . . , xn) ∈ (`p)n. For k ∈ N, set

αk = (x1k, . . . , xnk) ∈ Fn,

where xi = (xij : j ∈ N) for i ∈ Nn. Then

‖Tx‖pm =

∞∑
k=1

m∑
i=1

|(Tx)ik|p =

∞∑
k=1

‖Tαk‖p`pm ≤
∞∑
k=1

‖αk‖p`pn =

∞∑
k=1

n∑
j=1

|xjk|p = ‖x‖pn,

and so (‖ · ‖n) is a p-multi-norm based on `p. More generally, consider the case where

E = Lp(Ω, µ), where (Ω, µ) is a measure space. Then we shall see in Example 2.27(ii)

that (‖ · ‖n) is a strong p-multi-norm, and hence (‖ · ‖n) is a p-multi-norm.

Next suppose that 1 ≤ p ≤ 2 and r ∈ [p, 2]. By Proposition 1.22, the spaces `r

and Lr(I) are isometrically isomorphic to closed subspaces of Lp(I), and so, by Proposi-

tion 2.5(i), the p-sum power-norm is a p-multi-norm based on the spaces `r and Lr(I).
Second, suppose that 2 ≤ p < ∞ and that r ∈ [2, p]. Then, by Corollary 1.23, `r and

Lr(I) are isometrically isomorphic to quotients of Lp(I), and so, by Proposition 2.5(iii),

the p-sum power-norm is a p-multi-norm on these spaces.

However, we shall see in Theorem 2.8 that the p-sum norm based on a Banach space

is not always a p-multi-norm.

(iii) Let E be a normed space. For n ∈ N, the norm µp,n on En is the weak p-summing

norm discussed in §1.5.
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It is shown in [20, Theorem 3.16] that (µp,n) is a p-multi-norm based on E; we shall

prove a stronger result in Example 2.27(iii). It follows that the set of p-multi-norms based

on an arbitrary normed space E is not empty. In fact, we shall see in Theorem 2.11 that

(µp,n) has the property that

µp,n(x) ≤ ‖x‖n (x ∈ En, n ∈ N)

for each p-multi-norm (‖ · ‖n) based on E.

(iv) Let E be a normed space, and set q = p′. For n ∈ N, the dual weak p-summing

norm νp,n on En was also discussed in §1.5; indeed, νp,n is the restriction to En of the

dual norm of µE
′

q,n on (E′′)n.

Since (µq,n) is a q-multi-norm based on E′, it follows that (νp,n) is a p-multi-norm

based on E. In fact, we shall see in Theorem 2.11 that (νp,n) has the property that

‖x‖n ≤ νp,n(x) (x ∈ En, n ∈ N)

for each p-multi-norm (‖ · ‖n) based on E.

The results concerning p-sum power-norms mentioned in Example 2.7(ii) are special to

the cases mentioned. Indeed, take p with 1 ≤ p <∞. Then it follows from Theorem 1.36,

(a)⇔(b), that the p-sum power-norm based on a Banach space E is a p-multi-norm if

and only if E is a p-space, and so the following theorem is an immediate consequence of

Kwapień’s theorem, Theorem 1.42.

Theorem 2.8. Let E be a Banach space, and take p with 1 ≤ p <∞. Then the following

conditions on E are equivalent:

(a) the p-sum power-norm based on E is a p-multi-norm;

(b) E is a p-space;

(c) E belongs to the class SQ(p).

Further, take p with 1 ≤ p < ∞ and r with 1 ≤ r ≤ ∞, and let Ω be a measure

space such that Lr(Ω) is an infinite-dimensional space. Then, by Theorem 2.8 and Corol-

lary 1.44, the p-sum power-norm based on Lr(Ω) is a p-multi-norm if and only if either

1 ≤ p ≤ r ≤ 2 or 2 ≤ r ≤ p < ∞. In particular, equations (2.2.2) and (2.2.3) do not

characterize p-multi-norms when 1 < p <∞.

Example 2.9. We now generalize a construction of [45, p. 17] (using a different term-

inology).

Fix independent standard normal random variables, f1, f2, . . . . More specifically, we

suppose, in the real case, that each fi has the probability density function

1√
2π

exp(−t2/2) (t ∈ R),

so that the joint density function of f1, . . . , fn on Rn (for n ∈ N) is

1

(2π)n/2
exp(−(t21 + · · ·+ t2n)/2) (t1, . . . , tn ∈ R).

In the complex case, f1, f2, . . . are independent complex standard normal random vari-

ables of the form (gi + ihi)/
√

2, where g1, h1, g2, h2, . . . are real independent standard

normal random variables. For background information, see [41, pp. 148–149].
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Now suppose that E is a complex Banach space, take n ∈ N, and suppose that

U = (Ui,j) ∈ Mn(C) is a unitary matrix. Take f1, . . . , fn to be independent complex

standard normal random variables, as above. Then the two n-tuples f = (f1, . . . , fn) and

((Uf)1, . . . , (Uf)n) are equidistributed (see [48, Chapter 2]), and so

E
∥∥∥ n∑
i=1

fixi

∥∥∥ = E
∥∥∥ n∑
i=1

( n∑
j=1

Ui,jfj

)
xi

∥∥∥ (x1, . . . , xn ∈ E). (2.2.7)

For n ∈ N and x = (x1, . . . , xn) ∈ En, define

‖x‖n = E
∥∥∥ n∑
i=1

fixi

∥∥∥, (2.2.8)

so that ‖ · ‖n is a norm on En.

We claim that (‖ · ‖n) is a 2-multi-norm based on E. Indeed, it is immediate that

(‖ · ‖n) satisfies axiom (A3). Now take n ∈ N and a unitary matrix V ∈ Mn(C), and set

U = V t, so that U is also a unitary matrix in Mn(C). It follows from (2.2.7) and (2.2.8)

that

‖V x‖n = E
∥∥∥ n∑
i=1

fi(V x)i

∥∥∥ = E
∥∥∥ n∑
i=1

fi

( n∑
j=1

Vi,jxj

)∥∥∥
= E

∥∥∥ n∑
j=1

( n∑
i=1

Uj,ifi

)
xj

∥∥∥ = E
∥∥∥ n∑
i=1

fixi

∥∥∥ = ‖x‖n,

and so (‖ · ‖n) satisfies (2.2.1) for each unitary matrix V , and hence for all matrices in

Mn(C). It follows that (‖ · ‖n) is a 2-multi-norm.

In fact, we could also define

‖x‖p,n =
(
E
∥∥∥ n∑
i=1

fixi

∥∥∥p)1/p

for each p with 1 ≤ p <∞. This will be a 2-multi-norm based on E by the same reasoning

as in the case where p = 1. Moreover, all these 2-multi-norms are equivalent: for each

such p, there is a constant Cp such that

‖x‖n ≤ ‖x‖p,n ≤ Cp‖x‖n (x ∈ En, n ∈ N);

the second inequality in the above formula is the Gaussian version of the Khintchine–

Kahane inequality [39, §4.2].

Example 2.10. As indicated, a number of multi-norms have been introduced in earlier

works. Here we recall one of these, from [20, §1.4].

Let E be a normed space, and take p, q with 1 ≤ p ≤ q < ∞. Then the (p, q)-multi-

norm (‖ · ‖(p,q)n ) based on E is defined by

‖x‖(p,q)n = sup
{( n∑

i=1

|〈xi, λi〉|q
)1/q

: µp,n(λ1, . . . , λn) ≤ 1
}

for x = (x1, . . . , xn) ∈ En and n ∈ N. By [20, Theorem 4.1], (‖ · ‖(p,q)n ) is indeed a

multi-norm based on E.
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For example, it is shown in [20, Theorem 4.6] that ‖ · ‖(1,1)
n = ‖ · ‖max

n (n ∈ N), where

(‖ · ‖max
n ) is the maximum multi-norm, defined on page 6.

The theory of when two such multi-norms are equivalent is given in [8].

As in §1.5, the norms ‖ · ‖ε,n and ‖ · ‖π,n are the injective and projective norms,

respectively, on `pn ⊗ E. The following theorem is similar to results in [52, §4.5].

Theorem 2.11. Let E be a normed space, and take p with 1 ≤ p < ∞. Suppose that

(‖ · ‖n) is a p-multi-norm based on E. Then

µp,n(x) = ‖x‖ε,n ≤ ‖x‖n ≤ ‖x‖π,n = νp,n(x) (x ∈ En, n ∈ N).

Proof. Set q = p′, and take n ∈ N and x = (x1, . . . , xn) ∈ En. By Proposition 2.4,

sup
{∥∥∥ n∑

i=1

αixi

∥∥∥ :
( n∑
i=1

|αi|q
)1/q

≤ 1
}
≤ ‖x‖n,

and hence, by (1.5.3) and (1.5.6),

‖x‖ε,n = µp,n(x) = sup
{∥∥∥ n∑

i=1

αixi

∥∥∥ :
( n∑
i=1

|αi|q
)1/q

≤ 1
}
≤ ‖x‖n.

The dual q-multi-norm based on E′ is (‖ · ‖′n). We have ‖λ‖ε,n = µq,n(λ) ≤ ‖λ‖′n for

each λ ∈ (E′)n, and hence

‖x‖n = sup{|〈x,λ〉| : ‖λ‖′n ≤ 1} ≤ sup{|〈x,λ〉| : µq,n(λ) ≤ 1} = νp,n(x) = ‖x‖π,n.

This completes the proof.

In particular, for each Banach space E and each p with 1 ≤ p ≤ ∞, there are minimum

and maximum p-multi-norms based on E, namely (µp,n) and (νp,n), respectively, as noted

in [52]; for n ∈ N, we have µ∞,n = ‖ · ‖min
n and ν∞,n = ‖ · ‖max

n in the notation of §1.1.

The following remarks are also contained in [52, §4.5]; clauses (i) and (ii) are immediate

from Theorem 2.11.

Proposition 2.12. Let E be a normed space, and take p with 1 ≤ p ≤ ∞.

(i) The dual of the maximum p-multi-norm based on E is the minimum p′-multi-norm

based on E′.

(ii) The dual of the minimum p-multi-norm based on E is the maximum p′-multi-norm

based on E′.

(iii) The bidual of a p-multi-norm based on E is a p-multi-norm based on E′′, and the

canonical embedding of (En, ‖·‖n) into ((E′′)n, ‖·‖′′n) is an isometry for each n ∈ N.

2.3. Interpolation spaces and p-multi-norms. Let (E0, ‖ · ‖0) and (E1, ‖ · ‖1) be

two (real or complex) Banach spaces such that {E0, E1} is a compatible couple. Further,

suppose that (‖ · ‖0n) and (‖ · ‖1n) are power-norms based on the respective spaces. Then,

for each m ∈ N, we consider the pair

{(Em0 , ‖ · ‖0m), (Em1 , ‖ · ‖1m)}.

Since Em0 ∩ Em1 = (E0 ∩ E1)m and Em0 + Em1 = (E0 + E1)m, it follows that this pair is

also a compatible couple of Banach spaces.
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Now suppose that E0 and E1 are complex Banach spaces. Take θ ∈ (0, 1), and set

E = (E0, E1)θ, as in §1.10. Then the norms ‖ · ‖0m and ‖ · ‖1m are equivalent to the

norms on `2m(E0) and `2m(E1), respectively, and so it follows from Theorem 1.45 that the

intermediate space ((Em0 , ‖ · ‖0m), (Em1 , ‖ · ‖1m))θ is isomorphic to `2m(E); the interpolation

norm defined on Em by using ‖ · ‖0m and ‖ · ‖1m is denoted by ‖ · ‖m.

Theorem 2.13. Let {(E0, ‖ · ‖0), (E1, ‖ · ‖1)} be a compatible couple of complex Banach

spaces, and suppose that (‖ · ‖0n) and (‖ · ‖1n) are power-norms based on E0 and E1, resp-

ectively. Take θ ∈ (0, 1), and set E = (E0, E1)θ. Then (En, ‖ · ‖n) is a power-normed

space.

Proof. The axioms (A1)–(A3) are easily checked using Theorem 1.46.

Definition 2.14. The pair (En, ‖ · ‖n) is the interpolation power-normed space of index

θ defined by the compatible couple of complex Banach spaces {(E0, ‖·‖0), (E1, ‖·‖1)} and

the power-norms (‖ · ‖0n) and (‖ · ‖1n) based on E0 and E1, respectively; the power-norm

based on E is the interpolation power-norm.

For example, suppose that (‖ · ‖0n) and (‖ · ‖1n) are a p0-sum and a p1-sum power-

norm (as in Example 2.7(ii)) based on Banach spaces E0 and E1, respectively, where

1 ≤ p0, p1 <∞. Take θ ∈ (0, 1), and define p by

1

p
=

1− θ
p0

+
θ

p1
.

Then, by (1.10.1), the interpolation norm on Em is the p-sum power-norm based on E.

Now suppose that 1 ≤ p0, p1 < ∞ and that (‖ · ‖0n) is a p0-multi-norm based on a

complex Banach space E0 and (‖ · ‖1n) is a p1-multi-norm based on a complex Banach

space E1. Take θ ∈ (0, 1), and define p as above. We ask whether the interpolation power-

norm (‖ · ‖n) based on E is a p-multi-norm. The first theorem shows that this is the case

when p0 = p1; Example 2.16 will show that this may not be the case for certain values of

p0 and p1 with p0 6= p1, even when E0 = E1, and Example 2.32 will show that this may

not be the case for more general values of p0 and p1.

Theorem 2.15. Take p with 1 ≤ p < ∞, and suppose that {E0, E1} is a compatible

couple of complex Banach spaces and that there are p-multi-norms (‖ · ‖0n) and (‖ · ‖1n)

based on E0 and E1, respectively. Take θ ∈ (0, 1). Then the interpolation power-norm

defined from these p-multi-norms that is based on (E0, E1)θ is also a p-multi-norm.

Proof. Set E = (E0, E1)θ. Let F be the space of functions on the strip S taking values

in E0 +E1, as defined in §1.10, and, for k ∈ N, take Fk to be the corresponding space of

functions on the strip S taking values in Ek0 + Ek1 , so that the image of the map

F 7→ F (θ), Fk → Ek0 + Ek1 ,

is Ek; the space Ek has the interpolation norm, say ‖ · ‖k, determined by ‖ · ‖0k and ‖ · ‖1k.

We need to check inequality (2.2.1) in Definition 2.3 for the interpolation power-norm

(‖ · ‖n) based on E. For this, take m,n ∈ N, T ∈ B(`pm, `
p
n) with ‖T : `pm → `pn‖ ≤ 1, and

x = (x1, . . . , xm) ∈ Em.
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Take ε > 0. Then there exists F ∈ Fm with F (θ) = x and ‖F‖Fm < ‖x‖m + ε. Set

G = T ◦ F : S → En.

Then it is easily seen that, as a map from S into (En0 +En1 , ‖ · ‖En
0 +En

1
), the new function

G satisfies the conditions for it to belong to the space Fn. For j = 0, 1 and z ∈ Lj , we

have ‖G(z)‖En
j
≤ ‖F (z)‖Em

j
because both E0 and E1 are p-multi-normed spaces, and so

‖G‖Fn
≤ ‖F‖Fm

. Since G(θ) = Tx, it follows that ‖Tx‖n < ‖x‖m + ε. This holds true

for each ε > 0, and so ‖Tx‖n ≤ ‖x‖m. Thus (2.2.1) holds, as required.

Example 2.16. Let E be a complex normed space, and consider the maximum dual

multi-norm and minimum multi-norm based on E. Take θ ∈ (0, 1). Then, as in (1.10.2),

for each m ∈ N, the interpolation space between `1m(E) and `∞m (E) is `pm(E), where

p = 1/(1− θ), and so the interpolation power-norm based on E is a p-multi-norm if and

only if the p-sum power-norm based on E of Example 2.7(ii) is a p-multi-norm. However,

this is not the case for suitable Banach spaces E. Indeed, suppose that E = `r. Then, as

stated after Theorem 2.8, the p-sum power-norm based on E is not a p-multi-norm when

r is outside a certain range of values.

2.4. Characterization of p-multi-norms. We shall now characterize p-multi-norms

in terms of tensor products.

In [18], it was explained how multi-norms correspond to certain tensor norms. We

recall this briefly; details are given in [18, §3].

Definition 2.17. Let E be a normed space. Then a norm ‖ · ‖ on c0⊗E is a c0-norm if

‖δ1 ⊗ x‖ = ‖x‖ for each x ∈ E and the linear operator T ⊗IE is bounded on (c0⊗E, ‖·‖)
with norm at most ‖T‖ for each compact operator T on c0.

Suppose that ‖ · ‖ is a c0-norm on c0 ⊗ E, and set

‖(x1, . . . , xn)‖n =
∥∥∥ n∑
i=1

δi ⊗ xi
∥∥∥ (x1, . . . , xn ∈ E, n ∈ N). (2.4.1)

Then (‖ · ‖n : n ∈ N) is a multi-norm based on E.

A more general and detailed version of the following theorem is given as [18, Theo-

rem 3.4].

Theorem 2.18. Let E be a normed space. Then the above construction defines a bijection

from the family of c0-norms on c0 ⊗ E onto the family of multi-norms based on E. The

injective tensor norm and the projective tensor norm on c0 ⊗ E correspond to the min-

imum and maximum multi-norms, respectively.

A norm ‖ · ‖ on c0 ⊗ E satisfies property (P) (due to Pisier) [45, §2, p. 12] if

‖T ⊗ IE‖ ≤ ‖T‖ (T ∈ B(c0)). (2.4.2)

It is shown in [18, Corollary 3.6] that these norms are exactly the c0-norms of Definition

2.17, and so the definition of a multi-normed space corresponds to the theory in the

memoir of Marcolino Nhani [45] concerning norms on c0 ⊗ E satisfying property (P). In

particular, the word ‘compact’ is not required in Definition 2.17, as noted in [18]. As we

shall explain in §5.1, c0-norms also arise in the thesis [44] of McClaran.



50 H. G. Dales et al.

In the paper [18], there is also a notion of an `1-norm on `1 ⊗ E, and it is noted

in [18, §4.1] that `1-norms correspond to dual multi-norms in an analogous way to that

defined above. These results will be generalized below.

We have the following analogue of Definition 2.17 and Theorem 2.18.

Definition 2.19. Let E be a normed space, and take p with 1 ≤ p < ∞. Then a norm

‖ · ‖ on `p ⊗ E is an `p-norm if ‖δ1 ⊗ x‖ = ‖x‖ for each x ∈ E and the linear operator

T ⊗ IE is bounded on (`p ⊗ E, ‖ · ‖) with norm at most ‖T‖ for each operator T on `p.

It is clear from Theorem 1.13 that the projective tensor norm ‖ · ‖π and the injective

tensor norm ‖ · ‖ε on `p ⊗ E are each `p-norms.

Take p with 1 ≤ p <∞, and let ‖ · ‖ be an `p-norm on `p ⊗E. Fix α ∈ `p and x ∈ E,

and define Sβ = β1α (β ∈ `p). Then S is a finite-rank operator on `p with ‖S‖ = ‖α‖`p
and (S ⊗ IE)(δ1 ⊗ x) = α⊗ x. Thus

‖α⊗ x‖ = ‖(S ⊗ IE)(δ1 ⊗ x)‖ ≤ ‖S‖ ‖δ1 ⊗ x‖ = ‖α‖`p‖x‖,

and so ‖ · ‖ is a sub-cross-norm on `p ⊗ E. Essentially as in (2.4.1), we define

‖(x1, . . . , xn)‖n =
∥∥∥ n∑
i=1

δi ⊗ xi
∥∥∥ (x1, . . . , xn ∈ E, n ∈ N). (2.4.3)

Then ‖ · ‖1 coincides with the given norm on E, and it is clear that each ‖ · ‖n is a norm

on En and that (2.2.1) is satisfied. Hence (‖ · ‖n : n ∈ N) is a p-multi-norm based on E.

By Theorem 2.11,

‖z‖ε ≤ ‖z‖ ≤ ‖z‖π (z ∈ `p ⊗ E),

and so it follows from Proposition 1.12 that ‖ · ‖ is a reasonable cross-norm on `p ⊗ E.

The following statement recasts the definition of a p-multi-norm in the above notation.

Proposition 2.20. Let E be a normed space, and take p with 1 ≤ p < ∞. Then a

sequence (En; ‖ · ‖n : n ∈ N) corresponds to a p-multi-norm based on E if and only if

‖T ⊗ IE : `pm ⊗ E → `pn ⊗ E‖ ≤ ‖T : `pm → `pn‖

for each m,n ∈ N and T ∈ B(`pm, `
p
n).

Theorem 2.21. Let E be a normed space, and take p with 1 ≤ p < ∞. Then the con-

struction given in (2.4.3) defines a bijection from the family of `p-norms on `p ⊗E onto

the family of p-multi-norms based on E.

Proof. Suppose that ‖·‖ is an `p-norm on `p⊗E. Then we have noted that (‖·‖n : n ∈ N)

is a p-multi-norm based on E.

Conversely, suppose that (‖ · ‖n : n ∈ N) is a p-multi-norm based on E.

First note that each element z of c00 ⊗ E can be expressed ‘essentially uniquely’ in

the form z =
∑n
j=1 δj ⊗ xj for some n ∈ N and x1, . . . , xn ∈ E, in the sense that the

representation is unique up to the addition of some zero vectors xj . In this case, we define

‖z‖ = ‖(x1, . . . , xn)‖n.

That ‖z‖ is uniquely defined follows because (‖ · ‖n) satisfies axiom (A3). It is clear that

‖ · ‖ is a norm on c00 ⊗ E.
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We claim that ‖ · ‖ is a cross-norm on c00⊗E with respect to the norm ‖ · ‖`p on c00.

Indeed, take α = (α1, . . . , αn) in c00 and x ∈ E. Then

‖α⊗ x‖ =
∥∥∥ n∑
j=1

δj ⊗ αjx
∥∥∥ = ‖(α1x, . . . , αnx)‖n = ‖α‖`p‖x‖

by (2.2.4), and this gives the claim.

Next, take m,n ∈ N, and consider z =
∑n
j=1 δj⊗xj ∈ c00⊗E and T = (Ti,j) ∈Mm,n.

Then

(T ⊗ IE)(z) =

n∑
j=1

m∑
i=1

Ti,jδi ⊗ xj =

m∑
i=1

δi ⊗
( n∑
j=1

Ti,jxj

)
=

m∑
i=1

δi ⊗ (Tx)i, (2.4.4)

where x = (x1, . . . , xn), and so

‖(T ⊗ IE)(z)‖ = ‖Tx‖m ≤ ‖T : `pn → `pm‖ ‖x‖n = ‖T‖ ‖z‖.

Thus

‖T ⊗ IE‖ ≤ ‖T‖. (2.4.5)

We shall now extend the above norm ‖ · ‖ from c00 ⊗ E to `p ⊗ E.

Take z ∈ `p ⊗ E, so that

z =

k∑
j=1

uj ⊗ xj for some k ∈ N, u1, . . . , uk ∈ `p, and x1, . . . , xk ∈ E; (2.4.6)

we may suppose that z 6= 0 and that the sets {u1, . . . , uk} and {x1, . . . , xk} are linearly

independent in `p and E, respectively. Define

zn = (Pn ⊗ IE)(z) ∈ c00 ⊗ E, tn = ‖zn‖ (n ∈ N).

Then we have

tn = ‖(Pn ⊗ IE)(z)‖ = ‖(Pn ⊗ IE)(Pn+1 ⊗ IE)(z)‖ ≤ ‖Pn‖tn+1 (n ∈ N)

by (2.4.5). Since ‖Pn‖ = 1, the sequence (tn) is increasing in R. Further,

tn =
∥∥∥ k∑
j=1

Pnuj ⊗ xj
∥∥∥ ≤ k∑

j=1

‖Pnuj ⊗ xj‖ =

k∑
j=1

‖Pnuj‖ ‖xj‖ ≤
k∑
j=1

‖uj‖ ‖xj‖ (n ∈ N),

where we are using the fact that ‖ · ‖ is a cross-norm on c00 ⊗E, and so (tn) is bounded

above. Hence (tn) converges, and so we may define

‖z‖ = lim
n→∞

tn = sup{‖(Pn ⊗ IE)(z)‖ : n ∈ N}.

In the case where z ∈ c00⊗E, the new definition is consistent with the existing definition.

Clearly the map ‖·‖ : z 7→ ‖z‖ is a seminorm on `p⊗E. Now take z ∈ `p⊗E with z 6= 0,

and express z in the form (2.4.6). Since {u1, . . . , uk} is linearly independent in `p, it follows

from Proposition 1.10 that there exists n ∈ N such that {Pnu1, . . . , Pnuk} is linearly

independent in c00. Thus zn =
∑k
j=1 Pnuj ⊗ xj 6= 0. This implies that ‖z‖ ≥ ‖zn‖ > 0,

and so ‖ · ‖ is a norm on `p ⊗ E. This norm extends the specified norm on c00 ⊗ E, and

also z = limn→∞ zn with respect to ‖ · ‖ for each z ∈ `p ⊗ E, so that c00 ⊗ E is dense in

(`p ⊗ E, ‖ · ‖).
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Take T to be an operator on `p, say with ‖T‖ = 1, and take z ∈ `p ⊗ E to be of the

form in (2.4.6). Then, for each m,n ∈ N, we see that

‖(PnT ⊗ IE)(z)‖ ≤ ‖(PnT ⊗ IE)(z − zm)‖+ ‖(PnT ⊗ IE)(zm)‖

≤
k∑
j=1

‖PnT‖‖(I`p − Pm)(uj)‖‖xj‖+ ‖(PnTPm ⊗ IE)(zm)‖.

We have limm→∞ ‖(I`p − Pm)(u)‖ = 0 for each u ∈ `p. Also, by (2.4.5), we have

‖(PnTPm ⊗ IE)(zm)‖ ≤ ‖PnTPm‖‖zm‖ ≤ ‖zm‖ ≤ ‖z‖ (m,n ∈ N),

and so ‖(PnT ⊗ IE)(z)‖ ≤ ‖z‖ (n ∈ N). Hence ‖(T ⊗ IE)(z)‖ ≤ ‖z‖, and so ‖ · ‖ is an

`p-norm on `p ⊗ E.

The correspondence that we have described is clearly a bijection.

The above proof also establishes Theorem 2.18 by replacing ‘`p ’ by ‘c0’ throughout.

As such the proof seems to be simpler than the one of this specific fact given in [18].

2.5. Strong p-multi-norms. There are strengthenings of the concept of a p-multi-

norm that we shall describe in the next two sections. The rôle of these strengthenings

will become apparent later, in the representation theorems of Chapter 5. We recall that

the notation y 4p x was introduced in Definition 1.37.

Definition 2.22. Let E be a linear space, and take p with 1 ≤ p ≤ ∞. A strong p-multi-

norm based on E is a sequence (‖ · ‖n) such that ‖ · ‖n is a norm on En for each n ∈ N
and such that ‖y‖n ≤ ‖x‖m whenever m,n ∈ N, x ∈ Em, y ∈ En, and y 4p x. In this

case, (En, ‖ · ‖n) is a strong p-multi-normed space.

It is clear that each strong p-multi-norm is a power-norm. The following result shows

that it is indeed a p-multi-norm.

Proposition 2.23. Let E be a linear space, and take p with 1 ≤ p ≤ ∞. Suppose that

(En, ‖ · ‖n) is a strong p-multi-normed space. Then (‖ · ‖n) is a p-multi-norm based on E.

Proof. Take m,n ∈ N, x ∈ En, and T ∈Mm,n with ‖T : `pn → `pm‖ ≤ 1. Then

‖〈Tx, λ〉‖`pm = ‖T (〈x, λ〉)‖`pm ≤ ‖〈x, λ〉‖`pn (λ ∈ E′),

and so Tx 4p x. Hence ‖Tx‖m ≤ ‖x‖n by the defining condition of a strong p-multi-

norm. This shows that (‖ · ‖n) is a p-multi-norm.

The following result is immediately checked.

Proposition 2.24. Let E be a linear space, take p with 1 ≤ p ≤ ∞, and let (‖ · ‖n) be a

strong p-multi-norm based on E.

(i) Suppose that F is a subspace of E. Then (Fn, ‖ · ‖n) is a strong p-multi-normed

space.

(ii) Suppose that m ∈ N, and set F = Em. Then (Fn, ‖·‖mn) is a strong p-multi-normed

space.

We shall now see that the converse of Proposition 2.23 is true in the special cases where

p = 2 or p = ∞; we recall that the latter case corresponds to multi-norms themselves.
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In Example 2.31, we shall show that the converse holds for all Banach spaces only when

p = 2 or p =∞.

Theorem 2.25. Let p = 2 or p = ∞, and suppose that (En, ‖ · ‖n) is a p-multi-normed

space. Then (‖ · ‖n) is a strong p-multi-norm.

Proof. Take m,n ∈ N, x ∈ Em, and y ∈ En such that y 4p x, and set

Z = {〈x, λ〉 : λ ∈ E′}.

By Theorem 1.38, there is a matrix A ∈ Mn,m such that Ax = y and A|Z : Z → `pn is

a contraction as an element of B(Z, `pn), where the norm on Z is the restriction of the

norm on `pm.

In the case where p = 2, there is an orthogonal projection P of `pm onto Z with

‖P‖ = 1, and we set T = (A|Z) ◦ P : `pm → `pn. For p = ∞, the space `pn is a 1-injective

space, and so there is an extension T : `pm → `pn of A|Z with ‖T‖ = ‖A|Z‖. In both cases

T is a contraction.

For each λ ∈ E′, we have

〈Tx, λ〉 = (〈Ax, λ〉) = 〈y, λ〉,

and so y = Tx. Since (‖ · ‖n) is a p-multi-norm, inequality (2.2.1) holds, and so we have

‖y‖n ≤ ‖x‖m, as required.

In particular, each multi-norm is a strong multi-norm.

Recall that the quotient of a p-multi-norm is a p-multi-norm. However, it is not

generally true that the quotient of a strong p-multi-norm is necessarily a strong p-multi-

norm. (By Theorem 2.25, this is true for p = 2 and p =∞.) An example to demonstrate

this when 2 < p < ∞ will be given within Example 2.30, and a counter-example for

each p with 1 ≤ p < ∞ and p 6= 2 will be given in Example 2.31. The example within

Example 2.30 will also show that, for 1 ≤ p < 2, the dual of a strong p-multi-norm, which

is a p′-multi-norm, is not necessarily a strong p′-multi-norm; Corollary 2.38 will show the

stronger result that this holds for each p with 1 < p <∞ and p 6= 2.

Theorem 2.26. Let E and F be infinite-dimensional Banach spaces such that E is

finitely representable in F , and take p with 1 ≤ p ≤ ∞. Suppose that the p-sum power-

norm based on F is a strong p-multi-norm. Then the p-sum power-norm based on E is

also a strong p-multi-norm.

Proof. Take m,n ∈ N, x = (x1, . . . , xm) ∈ Em, and y = (y1, . . . , yn) ∈ En such that

y 4p x, so that
n∑
j=1

|〈yj , λ〉|p ≤
m∑
i=1

|〈xi, λ〉|p (λ ∈ E′).

Set X = lin {x1, . . . , xm, y1, . . . , yn}, a finite-dimensional subspace of E, and take ε > 0.

Then there is a finite-dimensional subspace Y of F and an isomorphism T : X → Y such

that ‖T‖‖T−1‖ < 1 + ε.

Take µ ∈ F ′. Then T ′(µ|Y ) belongs to X ′, and so has a norm-preserving extension,

say λ, to E′. Thus 〈Tz, µ〉 = 〈z, T ′(µ|Y )〉 = 〈z, λ〉 (z ∈ X), and so
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n∑
j=1

|〈Tyj , µ〉|p ≤
m∑
i=1

|〈Txi, µ〉|p and

n∑
j=1

‖Tyj‖p ≤
m∑
i=1

‖Txi‖p

because the p-sum power-norm based on F is a strong p-multi-norm. Hence
n∑
j=1

‖yj‖p ≤ ‖T−1‖p
n∑
j=1

‖Tyj‖p ≤ ‖T−1‖p
m∑
i=1

‖Txi‖p

≤ ‖T‖p‖T−1‖p
m∑
i=1

‖xi‖p ≤ (1 + ε)p
m∑
i=1

‖xi‖p.

This holds true for each ε > 0, and so
∑n
j=1 ‖yj‖p ≤

∑m
i=1 ‖xi‖p.

We have shown that the p-sum power-norm based on E is a strong p-multi-norm.

We consider again some examples of p-multi-norms that were given above in Ex-

ample 2.7.

Examples 2.27. Take p with 1 ≤ p ≤ ∞.

(i) The unique p-multi-norm based on F is obviously a strong p-multi-norm.

(ii) Let E be a normed space, and again consider the p-sum power-norm based on E

given by

‖x‖n := ‖x‖`pn(E) =
( n∑
i=1

‖xi‖p
)1/p

(x1, . . . , xn ∈ E, n ∈ N).

Certainly this power-norm is a strong p-multi-norm when p = ∞, so we now suppose

that 1 ≤ p <∞.

We know that this power-norm is a p-multi-norm in the special case that E = `p.

In fact, it is a strong p-multi-norm in this case. To see this, fix m,n ∈ N, and take

x = (x1, . . . , xm) ∈ Em and y = (y1, . . . , yn) ∈ En, say xi = (xik) for i ∈ Nm and

yj = (yjk) for j ∈ Nn. Suppose that ‖〈y, λ〉‖`pn ≤ ‖〈x, λ〉‖`pm just for each λ ∈ E′ = `p
′

of

the form δk for k ∈ N. Then
n∑
j=1

|yjk|p ≤
m∑
i=1

|xik|p

for each k ∈ N, and so
n∑
j=1

∞∑
k=1

|yjk|p =

∞∑
k=1

n∑
j=1

|yjk|p ≤
∞∑
k=1

m∑
i=1

|xik|p =

m∑
i=1

∞∑
k=1

|xik|p.

Thus
n∑
j=1

‖yj‖p ≤
m∑
i=1

‖xi‖p,

and hence ‖y‖n ≤ ‖x‖m, as required.

By Theorem 2.26, the p-sum power-norm is a strong p-multi-norm when based on any

Banach space E that is finitely representable in `p.

Let Ω be a measure space. Suppose that either 1 ≤ p ≤ r ≤ 2 or p > 2 and r = 2 or

r = p. Then, by Theorem 1.26(i), the space Lr(Ω) is finitely representable in `p, and so
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the p-sum power-norm based on Lr(Ω) is a strong p-multi-norm. In particular, the p-sum

power-norm based on Lp(Ω) is a strong p-multi-norm.

We shall see shortly that the p-sum power-norm based on a Banach space E may be

a p-multi-norm that is not a strong p-multi-norm.

(iii) Let E be a normed space, and consider the weak p-summing norm (µp,n) based

on E. Take m,n ∈ N, x ∈ Em, and y ∈ En with y 4p x. Since

µp,m(x) = sup{‖〈x, λ〉‖`pm : λ ∈ BE′},
it is immediate that µp,n(y) ≤ µp,m(x), and so (µp,n) is a strong p-multi-norm.

However, it is not necessarily the case that each quotient of the weak p-summing norm

is a strong p-multi-norm; we shall see this in Example 2.39.

(iv) Let E be a normed space, and consider the dual weak p-summing norm (νp,n)

based on E.

There are Banach spaces E such that (νp,n), when based on E, is and is not a strong

p-multi-norm. Indeed, by (i), (νp,n), when based on F, is a strong p-multi-norm. However

Theorem 2.37 will show that this is not necessarily the case when 1 ≤ p <∞ and p 6= 2,

even for certain finite-dimensional spaces E.

(v) The 2-multi-norm defined in Example 2.9 is a strong 2-multi-norm.

Let E be a Banach space. We showed in Theorem 2.8 that the p-sum power-norm

based on E is a p-multi-norm if and only if E belongs to the class SQ(p) if and only if E

is a p-space. In contrast, we obtain the following theorem; it is an immediate consequence

of Corollary 1.40 and the above remarks.

Theorem 2.28. Let E be a Banach space, and take p with 1 ≤ p ≤ ∞. Then the following

conditions on E are equivalent:

(a) the p-sum power-norm based on E is a strong p-multi-norm;

(b) E is isometrically isomorphic to a closed subspace of Lp(Ω, µ) for some measure space

(Ω, µ).

Corollary 2.29. Take p and r with 2 < p <∞ and 1 ≤ r <∞. Then:

(i) the p-sum power-norm based on `r is a p-multi-norm if and only if 2 ≤ r ≤ p;

(ii) the p-sum power-norm based on `r is a strong p-multi-norm if and only if r = 2 or

r = p;

(iii) the p-sum power-norm based on `rn is a strong p-multi-norm for each n ∈ N if and

only if r = 2 or r = p.

Proof. (i) This is noted on page 45.

(ii) It follows from Theorem 2.28 that the p-sum power-norm based on `r is a strong

p-multi-norm if and only if `r is isometrically isomorphic to a closed subspace of Lp(Ω, µ)

for some measure space (Ω, µ); by Proposition 1.22 and Theorem 1.26(ii), this holds if

and only if r = 2 or r = p.

(iii) Suppose that r = 2 or r = p. By (ii), the p-sum power-norm based on `r is a

strong p-multi-norm, and so the same is true for the p-sum power-norm based on `rn for

each n ∈ N.
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Suppose that the p-sum power-norm based on `rn is a strong p-multi-norm for each

n ∈ N. By Theorem 2.28 and the remarks above Theorem 1.26, `rn embeds isometrically

in Lp(I) for each n ∈ N. It follows that `r is finitely representable in Lp(I), and so, by

Proposition 1.24, `r is isometrically isomorphic to a closed subspace of Lp(I). Again, this

implies that r = 2 or r = p.

Example 2.30. Take p and r with 2 < r < p <∞. Then the p-sum power-norm based on

Lp(I) is certainly a strong p-multi-norm. By Corollary 1.23, `r is isometrically isomorphic

to a quotient of Lp(I). The quotient multi-norm based on `r is also the p-sum power-

norm, but, by Corollary 2.29(ii), this is not a strong p-multi-norm. Thus the quotient of

a strong p-multi-norm is not necessarily a strong p-multi-norm.

Now suppose that 1 < p < s < 2. Then the p-sum power-norm based on `s is a strong

p-multi-norm, but the dual p′-multi-norm based on `r, where r = s′, is a p′-multi-norm

that is not a strong p′-multi-norm. Thus the dual of a strong p-multi-norm is not neces-

sarily a strong p′-multi-norm.

Example 2.31. This example will extend the previous one by showing that, for each p

with 1 ≤ p < ∞ and p 6= 2, there is a Banach space E, a strong p-multi-norm based

on E, and a closed subspace F of E such that the quotient power-norm based on E/F

is not a strong p-multi-norm. In particular, this shows that, for each such p, there is a

p-multi-norm that is not strong.

Indeed, for each p with 1 ≤ p <∞ and p 6= 2, it follows from Theorem 1.34 that there

is a closed subspace E of a space Lp(Ω) that has a quotient F which is not isomorphic

to a closed linear subspace of any space Lp(Σ). By Theorem 2.28, the p-sum power-norm

based on E is a strong p-multi-norm. The quotient of this power-norm is the p-sum

power-norm based on F ; by Theorem 2.28 again, this latter p-multi-norm is not strong.

In summary, the class of p-multi-normed spaces is closed under taking quotients, but

this is not true for the class of strong p-multi-normed spaces when 1 ≤ p <∞ and p 6= 2.

We now consider when interpolation preserves strong p-multi-norms. The first example

given below shows that the interpolation space between two strong p0- and p1-multi-

normed spaces (with p0 6= p1) need not be a p-multi-normed space and, even in the

special case that p0 = p1 = p, so that the interpolation space is a p-multi-normed space,

it is not necessarily a strong p-multi-normed space.

Example 2.32. Let E0 and E1 be two complex Banach spaces, take p0 and p1 with

1 ≤ p0, p1 <∞, and take θ ∈ (0, 1). As usual, define p by the formula

1

p
=

1− θ
p0

+
θ

p1
.

As in (1.10.1), (`p0(E0), `p1(E1))θ = `p(E), where E = (E0, E1)θ, and so, as before,

the interpolated norm on `p(E) from the p0- and p1-sum power-norms on E0 and E1,

respectively, is the p-sum power-norm based on E.

Suppose that

1 ≤ p0 < 2 < p1 <∞,

and take E0 = `p0(C) and E1 = `2(C). Now take j to be 0 or 1. In both cases, it follows
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from Proposition 1.22 that the space Ej embeds isometrically into Lpj (I,C), and so, by

Theorem 2.28, the pj-sum power-norm based on Ej is a strong pj-multi-norm. However,

(E0, E1)θ = `q(C), where
1

q
=

1− θ
p0

+
θ

2
,

and clearly q < min{p, 2}. By remarks on page 45, the p-sum power-norm based on `q(C)

is not a p-multi-norm.

Now suppose that 2 < p < ∞ and take E0 = `2(C) and E1 = `p(C). By Proposi-

tion 1.22, both the spaces E0 and E1 embed isometrically into Lp(I,C), and so the p-sum

power-norm on both E0 and E1 is a strong p-multi-norm. We have (E0, E1)θ = `r(C),

where
1

r
=

1− θ
2

+
θ

p
,

so that 2 < r < p. By Corollary 2.29(i), `r(C) is in the class SQ(p), and so the interpolated

p-sum power-norm on (E0, E1)θ is a p-multi-norm; this also follows from Theorem 2.15.

However, by Corollary 2.29(ii), this p-multi-norm is not a strong p-multi-norm.

We now exhibit a finite-dimensional Banach space and a 1-multi-norm (i.e., a dual

multi-norm) based on this space such that the 1-multi-norm is not a strong 1-multi-norm.

The example also shows that the dual of a multi-norm, which is a 1-multi-norm, is not

necessarily a strong 1-multi-norm. A more general example will be given in Corollary 2.38,

but the present calculation is elementary and avoids an appeal to deep theorems contained

within Theorem 1.28.

Example 2.33. Fix n ∈ N, and consider the finite-dimensional Banach space E = `∞n ,

with dual space E′ = `1n. We define y = cn(δ1, . . . , δn) ∈ En, where cn > 0 is to be

determined. Set m = 2n, and let x1, . . . , xm be the vectors in E of the form (ε1, . . . , εn),

where each εi is equal to ±1 and each choice of (ε1, . . . , εn) is taken exactly once, so that

‖xj‖E = 1 (j ∈ Nm); set x = (x1, . . . , xm) ∈ Em.

Now take λ = (λ1, . . . , λn) ∈ E′, say with ‖λ‖`1n =
∑n
j=1 |λj | = 1. Then we have

‖〈y, λ〉‖`1n = cn

n∑
j=1

|λj | = cn.

Also

‖〈x, λ〉‖`1m =
∑{∣∣∣ n∑

j=1

εjλj

∣∣∣ : εj = ±1, j ∈ Nn
}
≥ A1m ·

( n∑
j=1

|λj |2
)1/2

by Khintchine’s inequality; here A1 is an absolute constant. In fact, by [58], A1 = 1/
√

2.

By Hölder’s inequality, we have

1 =

n∑
j=1

|λj | ≤ n1/2 ·
( n∑
j=1

|λj |2
)1/2

,

and so ‖〈x, λ〉‖`1m ≥ 2n/(2n)1/2. Thus y 41 x when we make the choice cn = 2n/(2n)1/2

for n ∈ N.
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We consider the 1-multi-norm based on E that is defined by

‖(z1, . . . , zk)‖k =

k∑
j=1

‖zj‖E (z1, . . . , zk ∈ E, k ∈ N);

this is the maximum dual multi-norm based on E. We have

‖y‖n = cn

n∑
j=1

‖δj‖E = ncn =
n1/22n√

2
.

Moreover, ‖x‖m = m = 2n, and so the inequality ‖y‖n ≤ ‖x‖m fails whenever n1/2 >
√

2,

i.e., whenever n ≥ 3.

We conclude that there is a 1-multi-norm based on a finite-dimensional space `∞n that

is not a strong 1-multi-norm.

Now take F = E′ = `1n. Then the corresponding dual of the prescribed maximum

1-multi-norm based on E is the minimum ∞-multi-norm based on F . By Theorem 2.25,

each ∞-multi-norm is a strong ∞-multi-norm. But of course the dual of this strong

∞-multi-norm based on F is the 1-multi-norm based on E that was defined above, and

this is not a strong 1 -multi-norm.

We wish now to determine when the maximum p-multi-norm (νp,n) when based on

various spaces is a strong p-multi-norm. We first give an equivalent condition for a p-

multi-norm to be strong; in the following theorem, the norm on `pn⊗E, for n ∈ N, is that

specified by (2.4.3).

Theorem 2.34. Let E be a linear space, and take p with 1 ≤ p ≤ ∞. Suppose that (‖·‖n)

is a sequence such that ‖ · ‖n is a norm on En for each n ∈ N. Then (‖ · ‖n) is a strong

p-multi-norm if and only if, for each m,n ∈ N, for any subspaces Z and W of `pm and `pn,

respectively, and any contraction T in B(Z,W ), the map

T ⊗ IE : Z ⊗ E →W ⊗ E

is also a contraction with respect to the associated norms on `pm⊗E and `pn⊗E, respect-

ively.

Proof. Suppose that (‖ · ‖n) is a strong p-multi-norm, and take m,n ∈ N, subspaces Z

and W of `pm and `pn, respectively, and a contraction T in B(Z,W ).

Let z ∈ Z ⊗ E, say

z =

m∑
j=1

δj ⊗ xj =

k∑
i=1

ri ⊗ ai,

where x1, . . . , xm ∈ E, k ∈ N, and {r1, . . . , rk} and {a1, . . . , ak} are subsets of Z and E,

respectively. Take λ ∈ E′. Then, by (1.9.2), we have( m∑
j=1

|〈xj , λ〉|p
)1/p

=
∥∥∥ k∑
i=1

〈ai, λ〉ri
∥∥∥
`pm
.

Now set w = (T ⊗ IE)(z) ∈ W ⊗ E ⊂ `pn ⊗ E, so that w =
∑n
j=1 δj ⊗ yj , say, where
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y1, . . . , yn ∈ E. Then, by another application of (1.9.2), we have

n∑
j=1

|〈yj , λ〉|p =
∥∥∥ k∑
i=1

〈ai, λ〉Tri
∥∥∥p
`pn

=
∥∥∥T( k∑

i=1

〈ai, λ〉ri
)∥∥∥p

`pn

≤
∥∥∥ k∑
i=1

〈ai, λ〉ri
∥∥∥p
`pm

=

m∑
j=1

|〈xj , λ〉|p.

Set x = (x1, . . . , xm) and y = (y1, . . . , yn). Then we have shown that y 4p x, and so,

by hypothesis, ‖y‖n ≤ ‖x‖m, i.e., ‖w‖ ≤ ‖z‖. Thus T ⊗ IE is a contraction.

Conversely, suppose that the stated condition holds. Take m,n ∈ N, and then take

x = (x1, . . . , xm) ∈ Em and y = (y1, . . . , yn) ∈ En such that y 4p x. Set z =
∑m
j=1 δj⊗xj

and w =
∑n
j=1 δj ⊗ yj .

By Theorem 1.38, there are a subspace Z of `pm and a contraction T in B(Z, `pn) with

(T ⊗ IE)(z) = w. By hypothesis, T ⊗ IE : Z ⊗ E → `pn ⊗ E is also a contraction, and so

‖y‖n = ‖w‖ = ‖(T ⊗ IE)z‖ ≤ ‖z‖ = ‖x‖m.

This shows that (‖ · ‖n) is a strong p-multi-norm.

Example 2.35. Take p with 1 < p < ∞. We shall now exhibit some further Banach

spaces E such that the maximum p-multi-norm (νp,n) of Example 2.7(iv), when based

on E, is a strong p-multi-norm. We recall from (1.5.10) that νp,n corresponds to the

projective tensor norm on `pn ⊗ E for n ∈ N.

Indeed, take E to be L1(Ω, µ) for a measure space (Ω, µ). In particular, consider the

case where E = `1(I) for an index set I. By Proposition 1.14(iii), X ⊗̂E is isometrically a

closed subspace of Y ⊗̂E whenever X is a closed subspace of a Banach space Y . Now take

m,n ∈ N and subspaces Z and W of `pm and `pn, respectively, and let T be a contraction

in B(Z,W ). Then, by Theorem 1.13,

T ⊗ IE : Z ⊗̂ E →W ⊗̂ E

is also a contraction with respect to the projective norms on `pm⊗E and `pn⊗E, respect-

ively. By Theorem 2.34, (νp,n) is a strong p-multi-norm based on E.

The spaces E = L1(Ω, µ) for a measure space (Ω, µ) are the only Banach spaces that

we know to have the property that the maximum p-multi-norm (νp,n), when based on E,

is strong.

Next we shall describe a criterion that will enable us to see that certain maximum p-

multi-norms (νp,n) are not strong; the projection constant λ(F,E) was defined on page 13.

Theorem 2.36. Take p with 1 ≤ p ≤ ∞, and suppose that Z and W are two subspaces

of `p, of the same finite dimension, such that

d(Z,W )λ(W, `p) < λ(Z, `p). (2.5.1)

Then the maximum p-multi-norm (νp,n) based on the dual space Z ′ is not strong.

Proof. By a small perturbation, we may suppose that both Z and W are subspaces of

`pm for some m ∈ N, and then λ(W, `pm) = λ(W, `p) and λ(Z, `pm) = λ(Z, `p).
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Set k = dimZ = dimW and c = 1/β(JZ ⊗π IZ′), where JZ : Z → `pm is the natural

embedding, so that, by Proposition 1.15, we have c = λ(Z, `pm). Set

W = W ⊗̂ Z ′, Z = Z ⊗̂ Z ′, L = `pm ⊗̂ Z ′.

By the definition of c, there exists z ∈ Z with ‖z‖L = 1 and ‖z‖Z = c, taking the

corresponding projective norms on L and Z.

There is a linear bijection T : Z → W such that ‖T‖ = 1 and ‖T−1‖ = d(Z,W ); set

w = (T ⊗ IZ′)(z) ∈W ⊂ L. Using Theorem 1.13, we have

c = ‖z‖Z = ‖(T−1 ⊗ IZ′)(w)‖Z ≤ ‖T−1‖ ‖IZ′‖ ‖w‖W = d(Z,W )‖w‖W.

Also λ(W,L) ≤ λ(W, `pm), and so ‖w‖W ≤ λ(W, `pm)‖w‖L. Hence

λ(Z, `pm) = c ≤ d(Z,W )λ(W, `pm)‖w‖L. (2.5.2)

Assume that the maximum p-multi-norm (νp,n) based on Z ′ is strong. Since νp,n
corresponds to the projective tensor norm on `pn ⊗̂Z ′ for n ∈ N, it follows from Theorem

2.34 that the map T ⊗ IZ′ : Z→W is also a contraction with respect to the norm ‖ · ‖L
on Z and W. Thus we see that ‖w‖L ≤ ‖z‖L = 1, and so it follows from (2.5.2) that

λ(Z, `pm) ≤ d(Z,W )λ(W, `pm). Hence inequality (2.5.1) does not hold, a contradiction.

This completes the proof.

Theorem 2.37. Take p with 1 ≤ p < ∞ and p 6= 2. Then there is a finite-dimensional

Banach space E such that the maximum p-multi-norm based on E is not strong.

Proof. In the case where p = 1, an appropriate example (with dimension 3) is given in

Example 2.33, and so we now suppose that p > 1. We shall apply Theorem 2.36.

By Corollary 1.29, there are a constant C > 0 and an increasing sequence (Fn) of

subspaces of `p such that d(Fn, `
p
n) ≤ C (n ∈ N) and limn→∞ λ(Fn, `

p) =∞. Take n ∈ N
with λ(Fn, `

p) > C, and set Z = Fn and W = `pn. Then d(Z,W ) ≤ C, λ(W, `p) = 1, and

λ(Z, `p) > C, and so inequality (2.5.1) holds. By Theorem 2.36, the maximum p-multi-

norm on the dual space Z ′ = F ′n is not strong.

Corollary 2.38. Take q with 1 < q <∞ and q 6= 2. Then there is a finite-dimensional

Banach space F such that the minimum q-multi-norm (µq,n) based on F is strong, but

such that the dual q′-multi-norm (νq′,n) based on F ′ is not strong.

Proof. By Example 2.27(iii), the minimum q-multi-norm based on the above space Z

is strong, but, as stated, the dual q′-multi-norm based on Z ′, which is the maximum

q′-multi-norm (νq′,n), is not strong.

Example 2.39. We finally exhibit a quotient of a weak p-summing norm that is not a

strong p-multi-norm. To see this, we shall again use the example given in Corollary 1.29

and the characterization of strong p-multi-norms given in Theorem 2.34.

In this example, we suppose that 1 < p <∞ and p 6= 2; a variation of Corollary 1.29

that holds in the case where p = 1 would give an analogous example for the case where

p = 1. However we shall give an easier example of the same phenomenon in this case in

Example 5.12.

Thus take p with 1 < p < ∞ and p 6= 2, set q = p′, and let C ≥ 1 be the constant

specified in Corollary 1.29. Then there are n,N ∈ N, a closed subspace Z of `pN with
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dimZ = n and λ(Z, `pN ) > C, and an isomorphism T : Z → `pn with ‖T‖ = 1 and

‖T−1‖ ≤ C.

Set E = `qN , so that E′ = `pN , and F = Z⊥ ⊂ E. Let QF : E → E/F be the quotient

map. Then Q′F : (E/F )′ → E′ is an isometry onto the subspace F⊥ = Z, and so the map

U : (E/F )′ → Z given by

Uλ = Q′F (λ) (λ ∈ (E/F )′)

is an isometric isomorphism.

We consider the weak p-summing norm (µp,m) based on E. As in Example 2.27(iii),

this p-multi-norm is strong. The purpose of this example is to show that the induced

quotient p-multi-norm based on E/F is not strong.

Take m ∈ N. We recall that

(Em, µp,m) ∼= `pm ⊗̂ E ∼= B(E′, `pm).

We shall again write µp,m for the quotient norm on (E/F )m = `pm ⊗ (E/F ) induced by

the norm µp,m on Em = `pm ⊗E. As usual, (δi)
m
i=1 denotes the standard basis for `pm; we

shall denote by (δ′i)
m
i=1 the corresponding sequence of biorthogonal functionals, which is

equal to the standard basis for `qm under our identification of `qm with the dual of `pm.

Define

y =

n∑
i=1

δi ⊗ U ′T ′δ′i ∈ `pn ⊗ (E/F ) (2.5.3)

and

x = (T−1 ⊗ IE/F )y =

n∑
i=1

T−1δi ⊗ U ′T ′δ′i ∈ Z ⊗ (E/F ) ⊂ `pN ⊗ (E/F ).

For each λ ∈ (E/F )′, equation (1.9.2) implies that

〈y, λ〉 =

n∑
i=1

〈λ,U ′T ′δ′i〉δi =

n∑
i=1

〈TUλ, δ′i〉 δi = TUλ.

A similar calculation shows that 〈x, λ〉 = Uλ, and hence we have

‖〈y, λ〉‖`pn = ‖TUλ‖`pn ≤ ‖Uλ‖`pN = ‖〈x, λ〉‖`pN
because ‖T‖ = 1. This shows that y 4p x.

Let µ ∈ `qN and λ ∈ (E/F )′. By applying the functional µ ⊗ λ, which is given by

(1.4.1), to the element x ∈ `pN ⊗ (E/F ), we obtain

〈x, µ⊗ λ〉 =

n∑
i=1

〈T−1δi, µ〉〈U ′T ′δ′i, λ〉 =
〈 n∑
i=1

〈TUλ, δ′i〉δi, (T−1)′µ
〉

= 〈TUλ, (T−1)′µ〉 = 〈Uλ, µ〉 = 〈Q′Fλ, µ〉 =
〈 N∑
i=1

〈Q′Fλ, δ′i〉δi, µ
〉

=

N∑
i=1

〈δi, µ〉〈QF δ′i, λ〉 =
〈

(IN ⊗QF )
( N∑
i=1

δi ⊗ δ′i
)
, µ⊗ λ

〉
.
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Since the functionals of the form µ⊗ λ span the space (`pN ⊗ (E/F ))′, it follows that

x = (IN ⊗QF )
( N∑
i=1

δi ⊗ δ′i
)
,

and hence µp,N (x) ≤
∥∥∑N

i=1 δi ⊗ δ′i
∥∥
ε,N

= 1.

We shall now assume towards a contradiction that the p-multi-norm (µp,m) based

on E/F is strong. Note that µp,n(y) ≤ µp,N (x) ≤ 1. The quotient norm of y is attained

because `pn ⊗ E is a finite-dimensional space, and so we can find an element

v =

n∑
i=1

δi ⊗ vi ∈ `pn ⊗ E

such that ‖v‖ε,n ≤ 1 and (In ⊗QF )(v) = y. Comparing the definition (2.5.3) of y with

the expression

(In ⊗QF )(v) =

n∑
i=1

δi ⊗QF vi,

we deduce that

U ′T ′δ′i = QF vi (i ∈ Nn). (2.5.4)

Define V : `pN → `pn by setting

V z =

n∑
i=1

〈z, vi〉δi (z ∈ `pN ),

so that V is the operator corresponding to the element v, and hence ‖V ‖ = ‖v‖ε,n ≤ 1. We

observe that V |Z = T . Indeed, for z ∈ Z, set λ = U−1z ∈ (E/F )′, so that z = Uλ = Q′Fλ;

using (2.5.4), we obtain

V z =

n∑
i=1

〈λ,QF vi〉δi =

n∑
i=1

〈λ,U ′T ′δ′i〉δi = TUλ = Tz,

as required. This implies that the operator P := T−1V ∈ B(`pN ) is a projection with

image Z, and consequently λ(Z, `pN ) ≤ ‖P‖ ≤ C, which contradicts our choice of Z.

Thus we have shown that the p-multi-norm (µp,m) based on E/F is not strong, as

required.

2.6. Convex and concave power-norms. The second strengthening of the concept

of a p-multi-norm that we shall consider involves convexity.

Definition 2.40. Let (En, ‖ · ‖n) be a power-normed space, and take p with 1 ≤ p ≤ ∞.

Then (En, ‖ · ‖n) is p-convex if

‖(x,y)‖m+n ≤ (‖x‖pm + ‖y‖pn)
1/p

(2.6.1)

and p-concave if

‖(x,y)‖m+n ≥ (‖x‖pm + ‖y‖pn)
1/p

, (2.6.2)

in both cases for each m,n ∈ N, each x ∈ Em, and each y ∈ En.
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Each power-norm is obviously 1-convex and ∞-concave. Suppose that a power-norm

is p-convex, respectively, p-concave. Then it is also r-convex, respectively, r-concave, for

each r ∈ [1, p], respectively r ∈ [p,∞].

For example, take p, q with 1 ≤ p ≤ q <∞, and let (‖ ·‖(p,q)n ) be the (p, q)-multi-norm

defined in Example 2.10. Then (‖ · ‖(p,q)n ) is r-convex for r ≥ 1 if and only if r ∈ [1, q].

We shall see in Theorem 4.26 that, for each p with 1 < p < ∞, there are p-multi-norms

that are not p-convex.

A 2 -convex 2 -multi-norm based on a Banach space E is exactly what is termed a

sequential norm in [38, Definition 2.1], and the corresponding space (En, ‖ · ‖n) is an

operator sequence space. A related notion of a p-operator space (for 1 ≤ p ≤ ∞) was

introduced by Daws [21]. One could say that our theory of p -multi-normed spaces is

‘half-way’ between that of classical Banach space theory and operator space theory; our

hope is that it sheds some light on both of these topics and their connections.

The main texts on operator space theory are those of Blecher and Le Merdy [9], of

Effros and Ruan [27], of Helemskii [30], and of Pisier [50].

Let (En, ‖ · ‖n) be a p-convex or p-concave power-normed space, and suppose that F

is a subspace of E. Then the corresponding power-norms based on F and, in the case

where F is closed, on the quotient E/F are both p-convex or p-concave, respectively.

For m,n ∈ N, consider the linear bijection Jm,n that takes the element x + y in

Em ⊕En to the concatenation (x,y) in Em+n. Then (En, ‖ · ‖n) is p-convex if and only

if

Jm,n : (Em, ‖ · ‖m)⊕p (En, ‖ · ‖n)→ (Em+n, ‖ · ‖m+n) (2.6.3)

is a contraction for each m,n ∈ N. Similarly, (En, ‖ · ‖n) is p-concave if and only if the

inverse J−1
m,n of Jm,n is a contraction for each m,n ∈ N.

Proposition 2.41. Let (En, ‖·‖n) be a power-normed space, and take p with 1 ≤ p ≤ ∞.

Then (En, ‖ · ‖n) is p-concave if and only if ((E′)n, ‖ · ‖′n) is p′-convex, and (En, ‖ · ‖n)

is p-convex if and only if ((E′)n, ‖ · ‖′n) is p′-concave.

Proof. For notational convenience, set q = p′ and F = E′.

Suppose that (En, ‖ · ‖n) is p-convex, so that the above map Jm,n is a contraction for

each m,n ∈ N. The dual J ′m,n of Jm,n is the linear bijection taking (λ,µ) in the space

Fm+n to λ + µ in Fm ⊕q Fn = (Em ⊕p En)′, and this map is also a contraction. But

the map J ′m,n is exactly the map corresponding to J−1
m,n on (Fm+n, ‖ · ‖′m+n), and so

(Fn, ‖ · ‖′n) is q-concave.

Similarly, we see that (Fn, ‖ · ‖′n) is q-convex whenever (En, ‖ · ‖n) is p-concave.

Now suppose that (Fn, ‖·‖′n) is q-convex, respectively, q-concave. Then we have shown

that the bidual ((E′′)n, ‖ · ‖′′n) is p-concave, respectively, p-convex, and hence (En, ‖ · ‖n)

is p-concave, respectively, p-convex.

Examples 2.42. Take p with 1 ≤ p ≤ ∞.

(i) The unique p-multi-norm based on F is obviously p-convex and p-concave, as is

the p-sum power-norm based on a normed space.

(ii) It is easy to see that the p-sum power-norm is the maximum p-convex power-norm,

in the sense that, for each normed space E and each p-convex power-norm (‖ · ‖n) based
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on E, we have

‖x‖n ≤ ‖x‖`pn(E) (x ∈ En, n ∈ N). (2.6.4)

(iii) The weak p-summing norm (µp,n) based on a normed space E is a p-multi-norm,

and it is p-convex. For take m,n ∈ N, x = (x1, . . . , xm) ∈ Em, and y = (y1, . . . , yn) ∈ En.

For each λ ∈ BE′ , we have( m∑
i=1

|〈xi, λ〉|p +

n∑
i=1

|〈yi, λ〉|p
)1/p

≤ (µp,m(x)p + µp,n(y)p)1/p,

and so µp,m((x,y)) ≤ (µp,m(x)p + µp,n(y)p)1/p. Thus (µp,n) is p-convex.

In particular, (µ2,n) based on a Banach space E is a sequential norm, and in fact

(En, µ2,n) is the minimum operator sequence space based on E, in the language of [38,

p. 250].

(iv) Let E be a normed space, and consider the maximum p-multi-norm (νp,n) based

on E. The dual of this p-multi-norm is the p′-multi-norm (µp′,n) based on E′, and so, by

(ii) and Proposition 2.41, (νp,n) is p-concave.

Proposition 2.43. Take p with 1 ≤ p < ∞. Let {E0, E1} be a compatible couple of

complex Banach spaces, and suppose that (En0 , ‖ ·‖0n) and (En1 , ‖ ·‖1n) are p-convex power-

normed spaces based on E0 and E1, respectively. Take θ ∈ (0, 1), and set E = (E0, E1)θ.

Then the power-normed space (En, ‖ · ‖n) is p-convex.

Proof. Take m,n ∈ N. Then, essentially as in (1.10.1), {Em0 ⊕p En0 , Em1 ⊕p En1 } is a

compatible couple of complex Banach spaces and

(Em0 ⊕p En0 , Em1 ⊕p En1 )θ = Em ⊕p En.

The maps J
(0)
m,n and J

(1)
m,n associated with E0 and E1, respectively, are both contractions,

and so, by Theorem 1.46, the map Jm,n associated with E is also a contraction. Thus

(En, ‖ · ‖n) is p-convex.



3. Multi-bounded operators

We obtain preliminary results on multi-bounded operators.

3.1. Definitions and basic results. We recall that the nth amplification T (n) of a

linear mapping T between linear spaces E and F was defined for n ∈ N in Definition 1.2;

indeed, T (n) is specified by the formula

T (n) : (x1, . . . , xn) 7→ (Tx1, . . . , Txn), En → Fn.

Suppose that (En, ‖ · ‖n) and (Fn, ‖ · ‖n) are two power-normed spaces, and that

T ∈ B(E,F ). It follows from (2.1.1) that the nth amplification of T is bounded as a

linear map from (En, ‖ · ‖n) to (Fn, ‖ · ‖n) (with ‖T‖ ≤ ‖T (n)‖ ≤ n‖T‖) for each n ∈ N.

However, in general, the norms ‖T (n)‖ will not be uniformly bounded in n ∈ N. The

following generalizes definitions given in [20, §6.1.3]. Recall that β(S) is the embedding

constant of an operator S, as on page 12.

Definition 3.1. Let (En, ‖ · ‖n) and (Fn, ‖ · ‖n) be power-normed spaces, and suppose

that T ∈ B(E,F ). Then T is multi-bounded , with norm ‖T‖mb, if

‖T‖mb := sup{‖T (n)‖ : n ∈ N} <∞.

The map T is a multi-contraction, respectively, a multi-isometry , if the map

T (n) : (En, ‖ · ‖n)→ (Fn, ‖ · ‖n)

is a contraction, respectively, an isometry, for each n ∈ N. Further, T is a multi-isomor-

phism if it is a bijection and if both T : E → F and T−1 : F → E are multi-bounded,

and T is a multi-embedding if it is an embedding and if inf{β(T (n)) : n ∈ N} > 0.

The spaces (En, ‖ · ‖n) and (Fn, ‖ · ‖n) are multi-isomorphic, respectively, multi-iso-

metric, if there is a multi-isomorphism, respectively, a bijective multi-isometry from E

onto F .

The collection of multi-bounded maps from E to F is denoted by M(E,F ).

In particular, in the case where (En, ‖ · ‖n) and (Fn, ‖ · ‖n) are p-multi-normed spaces

for some p with 1 ≤ p ≤ ∞, we shall sometimes say that T is p-multi-bounded if it

is multi-bounded with respect to the two p-multi-norms, and we shall write Mp(E,F )

for the collection of p-multi-bounded maps from E to F . In this case, the norm of a

p-multi-bounded operator T ∈Mp(E,F ) is sometimes denoted by ‖T‖p-mb.

In the case where (En, ‖ · ‖n) and (Fn, ‖ · ‖n) are operator sequence spaces, our

definitions coincide with those of sequentially bounded maps, sequential contractions, and

sequential isometries given in [38, Definition 2.2].

[65]
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For a study ofM∞(E,F ) andM∞(E) =M∞(E,E) (in the setting of multi-bounded

spaces), see [20, Chapter 6].

Let E and F be Banach spaces such that (En, ‖·‖n) and (Fn, ‖·‖n) are power-normed

spaces. Then (M(E,F ), ‖ · ‖mb) is easily seen to be a Banach space (cf. [20, Theorem

6.15]).

Example 3.2. Take p, q such that 1 ≤ p, q ≤ ∞, suppose that (En, ‖ · ‖n) is a p-multi-

normed space and that (Fn, ‖ · ‖n) is a q-multi-normed space, and consider the space

(M(E,F ), ‖ · ‖mb). We suppose that E,F 6= {0}.
First suppose that p ≤ q. Take y ∈ F and λ ∈ E′, and consider T := y⊗λ ∈ F(E,F ).

Then, for n ∈ N and x = (x1, . . . , xn) ∈ En, we have

‖T (n)x‖n = ‖(〈x1, λ〉y, . . . , 〈xn, λ〉y)‖n

=
( n∑
j=1

|〈xj , λ〉|q
)1/q

‖y‖ by (2.2.4)

≤
( n∑
j=1

|〈xj , λ〉|p
)1/p

‖y‖

≤ µp,n(x)‖λ‖ ‖y‖ ≤ ‖x‖n‖λ‖ ‖y‖ by Theorem 2.11,

and so T ∈ M(E,F ) with ‖T‖mb = ‖λ‖ ‖y‖. It follows that F(E,F ) ⊂ M(E,F ). In

particular, M(E,F ) 6= {0}.
Second suppose that p > q. Take T ∈ B(E,F ) with T 6= 0, and then take x ∈ E with

‖x‖ = 1 and Tx 6= 0. For n ∈ N, set x = (x, . . . , x) ∈ En. By (2.2.5), ‖x‖n = n1/p and

‖T (n)x‖n = ‖Tx‖n1/q, and so ‖T (n)‖ ≥ ‖Tx‖n1/q−1/p → ∞ as n → ∞. It follows that

T 6∈ M(E,F ), and so M(E,F ) = {0}.

Example 3.3. Let E and F be Banach spaces, and take p, q with 1 ≤ p ≤ q <∞. Con-

sider the weak p-summing norm (µp,n) based on E, so that (µp,n) is a strong p-multi-norm,

and the q-sum power-norm (‖ · ‖`qn(F )) based on F , so that (‖ · ‖`qn(F )) is a power-norm

that is sometimes a (strong) q-multi-norm. Then the space of multi-bounded operators

from (En, µp,n) to (Fn, ‖ · ‖`qn(F )) with the multi-bounded norm ‖ · ‖mb is exactly the

space (Πq,p(E,F ), πq,p) of (q, p)-summing operators from E to F , and so

‖T‖mb = πq,p(T ) (T ∈ Πq,p(E,F )).

Consider the special case when F = E and q = p ; we shall write Πp(E) for Πp,p(E,E),

πp for πp,p, and πp(E) for πp(IE), as is standard. Thus∥∥IE : (En, µp,n)→ (En, ‖ · ‖`pn(E))
∥∥

mb
= πp(E). (3.1.1)

See [20, §3.4.2], for example, for background on (q, p)-summing operators.

Let (En, ‖ · ‖n) be a power-normed space, and let F be a linear subspace of E. Then

the inclusion JF : F → E is a multi-isometry. Suppose that F is closed in E. As we

remarked after (1.3.5), for each n ∈ N, we identify the nth amplification of the quotient

mapping QF : E → E/F with the quotient mapping of En onto En/Fn, and so QF is a

multi-contraction.
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Let (En, ‖ · ‖n) and (Fn, ‖ · ‖n) be two power-normed spaces, and take T ∈ B(E,F )

and n ∈ N. Recall from (1.3.20) that we have identified the dual of the nth amplification

of T with the nth amplification of the dual T ′ of T , so that (T (n))′ = (T ′)(n). Moreover,

we have identified the nth amplification of the canonical embedding of E into its bidual

E′′ with the canonical embedding of En into its bidual (En)′′. Since the latter operator

is an isometry, we see that the canonical embedding of a power-normed space into its

bidual is a multi-isometry.

Proposition 3.4. Let (En, ‖ · ‖n) and (Fn, ‖ · ‖n) be power-normed spaces, and take

T ∈ B(E,F ). Then T is multi-bounded if and only if T ′ : F ′ → E′ is multi-bounded

with respect to the dual power-norms based on F ′ and E′, respectively, and, in this case,

‖T ′‖mb = ‖T‖mb. In the case where (En, ‖·‖n) and (Fn, ‖·‖n) are p-multi-normed spaces

for some p with 1 ≤ p ≤ ∞ and T ∈Mp(E,F ), we have T ′ ∈Mp′(F
′, E′).

Proof. Take n ∈ N. Then ‖(T ′)(n)‖ = ‖(T (n))′‖ = ‖T (n)‖. Thus T ′ is multi-bounded if

and only if T is multi-bounded; in this case, ‖T ′‖mb = ‖T‖mb.

The following remarks are contained in [20, Chapter 6] in the setting of multi-norms,

but they apply in the setting of power-norms and, in particular, for p-multi-norms.

Definition 3.5. Let (En, ‖ · ‖n) be a power-normed space, and take (xi) ∈ EN. Then

(xi) is a multi-null sequence in E if, for each ε > 0, there exists n0 ∈ N such that

sup
k∈N
‖(xn+1, . . . , xn+k)‖k < ε (n ≥ n0).

Let (En, ‖·‖n) and (Fn, ‖·‖n) be two power-normed spaces, and take T ∈ B(E,F ). Then

T is multi-continuous if (Txi) is a multi-null sequence in F whenever (xi) is a multi-null

sequence in E.

The following result has the same proof as [20, Theorem 6.14].

Theorem 3.6. Let (En, ‖ · ‖n) and (Fn, ‖ · ‖n) be two power-normed spaces, and take

T ∈ B(E,F ). Then T is multi-continuous if and only if T is multi-bounded.

We shall next prove the power-normed analogue of the theorem on quotient operators

stated as Proposition 1.4(i). This result will be used later.

Proposition 3.7. Let (En, ‖ · ‖n) and (Fn, ‖ · ‖n) be power-normed spaces, and suppose

that T ∈ B(E,F ). Then the operator T : E/kerT → F induced by T is a multi-isometry

if and only if T (n) is a quotient operator for each n ∈ N.

Proof. We have identified the two spaces (E/kerT )n and En/(kerT )n isometrically for

each n ∈ N. Hence the diagram (1.3.7) implies that T is a multi-isometry if and only if

T (n) is an isometry for each n ∈ N, and, by Proposition 1.4(i), the latter happens if and

only if T (n) is a quotient operator for each n ∈ N.

Corollary 3.8. Let F be a closed subspace of a power-normed space E. Then the iso-

morphism J ′F : E′/F⊥ → F ′ induced by the dual of the inclusion JF : F → E is a

multi-isometry.

Proof. Take n ∈ N. By Proposition 3.7, we must show that (J ′F )(n) is a quotient operator.

Since (J ′F )(n) = (J
(n)
F )′ and J

(n)
F is an isometry, this follows from Proposition 1.4(ii).
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Proposition 3.9. Let E be an infinite-dimensional Banach space. Then:

(i) for 1 ≤ p < ∞, the power-normed spaces (En, µp,n) and (En, ‖ · ‖`pn(E)) are not

multi-isomorphic;

(ii) for 1 < p ≤ ∞, the power-normed spaces (En, ‖ · ‖`pn(E)) and (En, νp,n) are not

multi-isomorphic.

Proof. (i) Assume towards a contradiction that there is a multi-isomorphism T ∈ B(E),

where T (n) maps (En, µp,n) onto (En, ‖ · ‖`pn(E)) for each n ∈ N. Then we have

sup
{∥∥T (n) : (En, µp,n)→ (En, ‖ · ‖`pn(E))

∥∥ : n ∈ N
}
<∞.

By Example 3.3 (in the case where p = q), this means that T is a p-summing operator,

which contradicts the fact that T is an isomorphism on an infinite-dimensional Banach

space. Indeed, the composition of any two p-summing operators is compact (see [24,

p. 50]), and hence the isomorphism T 2 would be compact if T were p-summing.

(ii) This follows easily by duality.

Note that, for each n ∈ N, we have the equalities µ∞,n = ‖ · ‖`∞n (E) by (1.5.1) and

‖ · ‖`1n(E) = ν1,n by (1.5.9).

Corollary 3.10. Let E be an infinite-dimensional Banach space. Then for 1 ≤ p ≤ ∞
the p-multi-normed spaces (En, µp,n) and (En, νp,n) are not multi-isomorphic.

Proof. For 1 ≤ p < ∞, this follows immediately by combining Proposition 3.9(i) with

the inequality (1.5.12), while the case where p = ∞ follows from (1.5.1) and Proposi-

tion 3.9(ii).

There is a quantitative version of Proposition 3.9 and Corollary 3.10 in the case where

E is a finite-dimensional space. Indeed, suppose that dimE = k. Then
√
k ≤ ‖IE : (En, µp,n)→ (En, νp,n)‖mb ≤ k.

The upper bound follows from (1.4.4). The lower bound follows from (3.1.1) in the case

where 1 ≤ p ≤ 2 because πp(E) ≥ π2(E) =
√
k ; in the case where 2 ≤ p ≤ ∞, it follows

by duality. It can be shown that both these bounds are optimal to within a multiplicative

constant.

Example 3.11. We shall show that, for each p with 1 ≤ p ≤ ∞, the inverse of a bijective

multi-contraction need not be multi-bounded, and hence there is no analogue of the

Banach isomorphism theorem for multi-bounded operators.

(We remark that, in the setting of multi-norms themselves, several examples of the

failure of the Banach isomorphism theorem were given in [20]. For example, Example 6.25

of [20] shows that there are multi-norms based on infinite-dimensional Banach spaces E

and F such that M(E,F ) = B(E,F ), but M(F,E) = N (F,E), the nuclear operators

from F to E, and Example 6.30 of [20] shows that the analogue of the Banach isomorphism

theorem may fail even when there is one multi-norm based on a Banach space E and we

consider operators in B(E). See [20, Example 6.39] for a further example.)

In the present situation, take p with 1 ≤ p ≤ ∞ and take any infinite-dimensional

Banach space E, and consider the identity operator IE on E. Equation (1.5.13) shows
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that

‖I(n)
E : (En, νp,n)→ (En, µp,n)‖ ≤ 1 (n ∈ N),

but Corollary 3.10 implies that its inverse is not multi-bounded, so that

‖I(n)
E : (En, µp,n)→ (En, νp,n)‖ → ∞ as n→∞.

With a little more work, we can present a similar example for strong p-multi-normed

spaces. In the case where either p = 2 or p =∞, this follows immediately from the above

example by Theorem 2.25. Otherwise, take E = `p. By Example 2.27(ii), (iii), the p-sum

norm (‖ · ‖`pn(E)) and the weak p-summing norm (µp,n) are strong p-multi-norms based

on E. Equation (1.5.2) shows that

‖I(n)
E : (En, ‖ · ‖`pn(E))→ (En, µp,n)‖ ≤ 1 (n ∈ N),

but, by Proposition 3.9(i), its inverse is not multi-bounded, so that

‖I(n)
E : (En, µp,n)→ (En, ‖ · ‖`pn(E))‖ → ∞ as n→∞.

This provides the required example.

Example 3.12. Let F be a closed subspace of a Banach space E, and take p with

1 ≤ p ≤ ∞. Equation (1.5.8) shows that the inclusion JF : F → E is a multi-isometry with

respect to the minimum p-multi-norms (µFp,n) and (µEp,n) based on F and E, respectively.

In contrast, suppose that F and E are endowed with their maximum p-multi-norms

(νFp,n) and (νEp,n), respectively. Proposition 1.19 implies that JF is a multi-contraction,

but it is not always a multi-embedding. Indeed, suppose that 1 < p <∞ and p 6= 2 and

that E and F have been chosen as in Example 1.30. Then (1.6.3) shows that JF is not a

multi-embedding of (Fn, νFp,n) into (En, νEp,n).

Example 3.13. Again, let F be a closed subspace of a Banach space E, and take p with

1 ≤ p ≤ ∞. We observe that, by Propositions 1.20 and 3.7, ν
E/F
p,n is equal to the quotient

norm on (E/F )n of the norm νEp,n on En for each n ∈ N.

However, the analogous result may fail for the minimum p-multi-norm. To see this,

take q with 1 < q <∞ and q 6= 2, and choose E and F as in Example 1.30. Then it follows

from (1.6.4) that the q-multi-normed space ((E′/F⊥)n, µ
E′/F⊥

q,n ) is not multi-isomorphic

to the q-multi-normed space ((E′/F⊥)n, µE
′

q,n), where µE
′

q,n denotes the quotient norm on

(E′/F⊥)n of the norm µE
′

q,n on (E′)n for n ∈ N.

We have noted in Theorem 2.18 that multi-norms correspond to c0-norms on c0 ⊗E.

Suppose that (En, ‖ · ‖n) and (Fn, ‖ · ‖n) are multi-normed spaces. Then T ∈ B(E,F ) is

multi-bounded if and only if Ic0⊗T is bounded as a map from c0⊗E to c0⊗F , and further

‖T‖mb = ‖Ic0 ⊗ T‖. Thus, in this case, our multi-bounded operators are the same as the

‘opérateurs réguliers’ of [45, Définition 3.2] (where they are defined in the special case

that E and F are Banach lattices). More generally, take p with 1 ≤ p <∞ and suppose

that (En, ‖ · ‖n) and (Fn, ‖ · ‖n) are p-multi-normed spaces. Then p-multi-norms based

on E correspond to `p-norms on `p ⊗ E, where the correspondence is given in (2.4.3).

Thus the following theorem follows from Theorem 2.21.
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Theorem 3.14. Take p with 1 ≤ p < ∞, and suppose that (En, ‖ · ‖n) and (Fn, ‖ · ‖n)

are p-multi-normed spaces. Take T ∈ B(E,F ). Then T is p-multi-bounded if and only if

I`p ⊗ T is bounded as a map from `p ⊗ E to `p ⊗ F ; in this case, ‖T‖mb = ‖I`p ⊗ T‖.

Let {E0, E1} and {F0, F1} be two compatible couples of complex Banach spaces,

and suppose that T : E0 + E1 → F0 + F1 is a linear map such that T (Ej) ⊂ Fj and

T |Ej : Ej → Fj is bounded for j = 0, 1. Take θ ∈ (0, 1), and set

E = (E0, E1)θ and F = (F0, F1)θ.

Then, as in Theorem 1.46, T (E) ⊂ F and T |E ∈ B(E,F ). Now take n ∈ N. Then

T (n) is a linear map from (E0 + E1)n to (F0 + F1)n such that T (n)(Enj ) ⊂ Fnj and

T (n)|Enj ∈ B(Enj , F
n
j ) for j = 0, 1. Take p with 1 ≤ p < ∞, and suppose that there are

p-multi-norms based on all of the spaces E0, E1, F0, and F1. By Theorem 2.15, the two

interpolation spaces E and F are such that both the interpolation power-norms based

on these two spaces are also p-multi-norms. As in Theorem 2.15, (En0 , E
n
1 )θ = En and

(Fn0 , F
n
1 )θ = Fn for each n ∈ N.

We use the above notation in the following theorem.

Theorem 3.15. Let {E0, E1} and {F0, F1} be two compatible couples of complex Banach

spaces, and take p with 1 ≤ p < ∞ and θ ∈ (0, 1). Suppose that there is a p-multi-norm

based on each of these spaces and that T : E0 + E1 → F0 + F1 is a linear map such that

T |Ej ∈Mp(Ej , Fj) for j = 0, 1. Then T (E) ⊂ F and T |E ∈Mp(E,F ).

Proof. The p-multi-norms based on each space are all denoted by (‖ · ‖n).

There exist constants M0 and M1 such that∥∥T (n) : (Enj , ‖ · ‖n)→ (Fnj , ‖ · ‖n)
∥∥ ≤Mj (n ∈ N)

for j = 0, 1. By Theorem 1.46, T (n)(En) ⊂ Fn and

‖T (n) : En → Fn‖ ≤M1−θ
0 Mθ

1 (n ∈ N),

and so T (E) ⊂ F and T |E ∈Mp(E,F ), giving the result.

3.2. Multi-norms on spaces of multi-bounded operators. We now consider how

to recognize the space M(E,F ) as a power-normed space.

Let (En, ‖ · ‖n) and (Fn, ‖ · ‖n) be power-normed spaces. Then we saw in Proposition

1.11(i) that the map

(T1, . . . , Tm) 7→ ∆(T1,...,Tm), B(E,F )m → B(E,Fm),

is a linear isomorphism for each m ∈ N.

Now suppose that m ∈ N and that T1, . . . , Tm ∈M(E,F ); set T = ∆(T1,...,Tm). Then

T (n)(x1, . . . , xn) = (Tixj : i ∈ Nm, j ∈ Nn) (x1, . . . , xn ∈ E),

and so

‖T (n)(x1, . . . , xn)‖mn ≤
m∑
i=1

‖T (n)
i (x1, . . . , xn)‖n (x1, . . . , xn ∈ E).
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This shows that T ∈ M(E,Fm) with ‖T‖mb ≤
∑m
i=1 ‖Ti‖mb, and so we have a linear

map

Ψm : (T1, . . . , Tm) 7→ ∆(T1,...,Tm), M(E,F )m →M(E,Fm)

for each m ∈ N. Now take T ∈ M(E,Fm), and set Ti = πi ◦ T ∈ B(E,F ) for i ∈ Nm, as

in Proposition 1.11(i). Then ‖T (k)
i ‖ ≤ ‖T (k)‖ (k ∈ N), and so Ti ∈ M(E,F ) (i ∈ Nm).

Thus Ψm is a surjection, and hence a linear bijection.

We denote by ‖ · ‖†m the norm on M(E,F )m induced by this identification, so that

‖(T1, . . . , Tm)‖†m = ‖∆(T1,...,Tm)‖mb (T1, . . . , Tm ∈M(E,F ), m ∈ N).

Thus

‖(T1, . . . , Tm)‖†m
= sup{‖(Tixj : i ∈ Nm, j ∈ Nn)‖mn : ‖(x1, . . . , xn)‖n ≤ 1, n ∈ N} (3.2.1)

for T1, . . . , Tm ∈M(E,F ), essentially as in [20, Proposition 6.19]. We see easily that

(M(E,F )m, ‖ · ‖†m)

is a power-normed space.

Clause (i) of the following result was given in [52, Proposition 4.4.7].

Theorem 3.16. Let (En, ‖·‖n) and (Fn, ‖·‖n) be power-normed spaces, take p such that

1 ≤ p ≤ ∞, and set M = (M(E,F )m, ‖ · ‖†m).

(i) Suppose that (Fn, ‖ · ‖n) is a p-multi-normed space. Then M is a p-multi-normed

space.

(ii) Suppose that (Fn, ‖ · ‖n) is a strong p-multi-normed space. Then M is a strong

p-multi-normed space.

(iii) Suppose that (Fn, ‖ · ‖n) is a p-convex power-normed space. Then M is a p-convex

power-normed space.

Proof. (i) Take m,n ∈ N, S ∈ Mm,n, and T1, . . . , Tn ∈ M(E,F ); set T = (T1, . . . , Tn).

We have

(Ψm(S(T )))(k)(x) = S(k)
(
(Ψn(T ))(k)(x)

)
(x ∈ Ek, k ∈ N),

and so

‖(Ψm(S(T )))(k)‖ ≤ ‖S : `pn → `pm‖ ‖(Ψn(T ))(k)‖ (k ∈ N)

because, by Proposition 2.5(ii), ((F kj , ‖ · ‖kj) : j ∈ N) is a p-multi-normed space. It

follows that

‖S(T )‖†m = ‖(Ψm(S(T )))‖mb ≤ ‖S : `pn → `pm‖ ‖Ψn(T )‖mb = ‖S : `pn → `pm‖ ‖T ‖†n,

and this shows that (M(E,F )m, ‖ · ‖†m) is a p-multi-normed space.

(ii) Take m,n ∈ N, (S1, . . . , Sm) ∈ M(E,F )m, and (T1, . . . , Tn) ∈ M(E,F )n such

that

(T1, . . . , Tn) 4p (S1, . . . , Sm).
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For each x ∈ E and λ ∈ F ′, the map T 7→ 〈Tx, λ〉, M(E,F )→ F, is a continuous linear

functional, and so ( n∑
j=1

|〈Tjx, λ〉|p
)1/p

≤
( m∑
i=1

|〈Six, λ〉|p
)1/p

.

Now take k ∈ N and x1, . . . , xk ∈ E. Then( n∑
j=1

k∑
r=1

|〈Tjxr, λ〉|p
)1/p

≤
( m∑
i=1

k∑
r=1

|〈Sixr, λ〉|p
)1/p

(λ ∈ F ′).

Since the power-norm based on F is a strong p-multi-norm, it follows that

‖(Tjxr : j ∈ Nn, r ∈ Nk)‖nk ≤ ‖(Sixr : i ∈ Nm, r ∈ Nk)‖mk.
By (3.2.1),

‖(T1, . . . , Tn)‖†n ≤ ‖(S1, . . . , Sm)‖†m.
This shows that (‖ · ‖†m) is a strong p-multi-norm based on M.

(iii) Take m,n ∈ N, S1, . . . , Sm ∈ M(E,F ), and T1, . . . , Tn ∈ M(E,F ), and set

S = (S1, . . . , Sm) and T = (T1, . . . , Tn). For each k ∈ N and x = (x1, . . . , xk) ∈ Ek, we

have

‖((Sixr : i ∈ Nm, r ∈ Nk), (Tjxr : j ∈ Nn, r ∈ Nk))‖(m+n)k

≤ (‖(Sixr : i ∈ Nm, r ∈ Nk)‖pmk + ‖(Tjxr : j ∈ Nn, r ∈ Nk)‖pnk)1/p

because the power-norm based on F is p-convex, and so, by (3.2.1),

‖(S,T )‖†m+n ≤ ((‖S‖†m)p + (‖T ‖†n)p)1/p.

This shows that (M(E,F )m, ‖ · ‖†m) is p-convex.

We remark that one can also identify M(E,F )m with M(Em, F ), following Prop-

osition 1.11(ii), so obtaining another power-norm, say (‖ · ‖×n ), based on M(E,F ) when

(En, ‖ · ‖n) and (Fn, ‖ · ‖n) are power-normed spaces. In the case where 1 ≤ p ≤ ∞ and

(En, ‖ · ‖n) is a p-multi-normed space, (M(E,F )m, ‖ · ‖×n ) is a q-multi-normed space,

where q = p′. Similar results to those in Theorem 3.16 hold; see [52].



4. Banach lattices

4.1. Background on Banach lattices. We now consider how the theory of p-multi-

norms described above applies in the special case where they are based on a Banach

lattice. In particular we shall introduce the canonical lattice p-multi-norm associated

with a Banach lattice.

Background on Banach lattice theory which is relevant to the theory of multi-norms

is given in [20, §1.3]. For example, the spaces C(K), `r and Lr(Ω) (for each r with

1 ≤ r ≤ ∞) are Banach lattices in the usual way.

In most texts (for example, see [43]), a ‘Banach lattice’ is based on a real Banach

space; we shall call this a real Banach lattice, and the complexification of a real Banach

lattice is what we shall term a complex Banach lattice, as in [20]. We shall use the term

Banach lattice for a real or complex Banach lattice.

The lattice operations in a real Banach lattice E are denoted by ∨ and ∧, and we

shall use standard notation; for example,

x+ = x ∨ 0, x− = (−x) ∨ 0, |x| = x ∨ (−x) = x+ + x−,

for x ∈ E.

We recall the standard construction of the complexification of a real Banach lattice.

Indeed, suppose that E is a (complex) linear space such that E = ER ⊕ iER for a real

Banach lattice (ER, ‖ · ‖). The positive cone of ER is denoted by E+; it is the positive

cone of E. Take z ∈ E, say z = x+ iy, where x, y ∈ ER, so that x = <z and y = =z, and

first define the modulus |z| ∈ E+ of z by

|z| = (|x|2 + |y|2)1/2

(the right-hand side is well-defined in E+ by the ‘Youdine–Krivine functional calculus’,

given below), and then define

‖z‖ = ‖ |z| ‖ (z ∈ E).

Alternatively, we can set

|z| = |x+ iy| = sup{x cos θ + y sin θ : 0 ≤ θ ≤ 2π}; (4.1.1)

the supremum always exists in E+ and the two definitions of |z| are consistent. Then

(E, ‖·‖) is a complex Banach lattice; the space ER is the underlying real lattice. For details

of these remarks, see [1, §3.2], [3], [20], [43, §1.d], [46, §2.2], and [56, Chapter II, §11].

Let E be a Banach lattice. For x ∈ E+, we set

∆x = {z ∈ E : |z| ≤ x}.

[73]
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A functional λ ∈ E′ is positive if

〈x, λ〉 ≥ 0 (x ∈ E+),

and these positive linear functionals form the positive cone (E′)+ in E′, so that E′ is the

dual Banach lattice. In fact, take λ, µ ∈ E′R. Then 〈x, λ ∨ µ〉 and 〈x, λ ∧ µ〉 are defined

for x ∈ E+ by the following Riesz–Kantorovich formulae:{
〈x, λ ∨ µ〉 = sup{〈y, λ〉+ 〈z, µ〉 : y, z ∈ E+, y + z = x},
〈x, λ ∧ µ〉 = inf{〈y, λ〉+ 〈z, µ〉 : y, z ∈ E+, y + z = x},

(4.1.2)

and then λ ∨ µ and λ ∧ µ are extended in the obvious way to be defined on ER.

Now take F = E ⊕ iE to be the complexification of a real Banach lattice E. Let λ

be a continuous, real-linear functional on E. Then λ extends uniquely to a continuous,

complex-linear functional on F : indeed, we define

λ(x+ iy) = λ(x) + iλ(y) (x, y ∈ E),

and so we may regard E′ as a real-linear subspace of F ′. For each λ in F ′, there exist

λ1 and λ2 in E′ such that λ(x) = λ1(x) + iλ2(x) (x ∈ E), and so F ′ is isomorphic as

a complex Banach space to the complexification E′ ⊕ iE′. In fact, this identification is

isometric; the details of this are given in [1, Corollary 3.26] and [45, Proposition 2.2.6],

for example. Thus we obtain the dual Banach lattice of a (complex) Banach lattice.

Similarly, given a bounded operator T : E → F between two real Banach lattices, one

can define the complexification TC of T by

TC : x+ iy 7→ Tx+ iTy, E ⊕ iE → F ⊕ iF.

It is easy to see that TC is again a bounded operator with ‖T‖ ≤ ‖TC‖ ≤ 2‖T‖; see

[1, p. 106], for example.

A linear subspace F of a real Banach lattice E is a sublattice if x ∨ y, x ∧ y ∈ F

whenever x, y ∈ F ; a linear subspace F of a complex Banach lattice E is a sublattice if

F is the complexification of a sublattice of ER. The lattice operations in a real Banach

lattice are continuous, and so, for example, the closure of a sublattice in a Banach lattice

is a sublattice. A linear subspace F of a Banach lattice E is an order-ideal in E if x ∈ F
whenever x ∈ E and |x| ≤ |y| for some y ∈ F ; clearly each order-ideal in E is a sublattice

of E.

Let F be a norm-closed order-ideal in a Banach lattice E, and let QF : E → E/F be

the quotient map. Then the quotient space E/F , taken with the positive cone QF (E+),

is a Banach lattice.

Let E be a Banach lattice. We set

B+
E = BE ∩ E+.

We shall use the following easy fact. Suppose that x, y ∈ E+ and 〈y, λ〉 ≤ 〈x, λ〉 for each

positive linear functional λ on E. Then y ≤ x in E+. Also, for each λ ∈ (E′)+, we have

‖λ‖ = sup{〈x, λ〉 : x ∈ B+
E}. (4.1.3)

We shall often use the following Riesz decomposition property of Banach lattices;

see [43, p. 2] or [46, Theorem 1.1.1], for example.
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Proposition 4.1. Let E be a Banach lattice. Suppose that x1, x2, y ∈ E+ are such that

y ≤ x1 + x2. Then there are y1, y2 ∈ E+ with y1 ≤ x1, y2 ≤ x2, and y = y1 + y2.

Definition 4.2. A Banach lattice (E, ‖ · ‖) is monotonically bounded if every increasing

net in B+
E is bounded above; it is Dedekind complete if every non-empty subset of E+

which is bounded above has a supremum; it has the Fatou property if, for every increasing

net (xα : α ∈ A) in E+ that has a supremum x ∈ E+, necessarily

‖x‖ = sup{‖xα‖ : α ∈ A}. (4.1.4)

For example, suppose that K is a compact space. Then the Banach lattice C(K) is

Dedekind complete if and only if K is extremely disconnected [17, Theorem 2.3.3].

A Dedekind complete Banach lattice has the Fatou property if and only if it has the

Nakano property, in the sense of [20, Definition 1.22(v)]. A dual Banach lattice is always

Dedekind complete and has the Fatou property [46, Proposition 2.4.19].

Definition 4.3. A Banach lattice (E, ‖ · ‖) is an AL-space if

‖x+ y‖ = ‖x‖+ ‖y‖ whenever x, y ∈ E+ with x ∧ y = 0,

and an AM -space if

‖x ∨ y‖ = max{‖x‖, ‖y‖} whenever x, y ∈ E+ with x ∧ y = 0.

We shall use the following terminology.

Let E and F be real Banach lattices. A linear map T : E → F is a lattice homomor-

phism if

T (x ∨ y) = Tx ∨ Ty (x, y ∈ E).

Let E and F be complex Banach lattices that are the complexifications of the real Banach

lattices ER and FR, respectively. A linear map T : E → F is a lattice homomorphism if

T (x+ iy) = Sx+ iSy (x, y ∈ ER), where S is a lattice homomorphism from ER to FR.

Now suppose that E and F are Banach lattices and that T ∈ B(E,F ). Then T is a

lattice isomorphism if it is a bijective lattice homomorphism; one can easily see that, in

this case, the inverse map T−1 is also a lattice homomorphism. The map T is a lattice

isometry if T is a lattice homomorphism that is an isometry; the two lattices E and F

are lattice isomorphic, respectively, lattice isometric, if there is a lattice isomorphism,

respectively, a lattice isometry, from E onto F . A lattice embedding from E to F is

an embedding that is a lattice isomorphism onto its range. For example, the canonical

embedding κE : E → E′′ is a lattice isometry [3, Theorem I.5.4].

Let E and F be complex Banach lattices, and suppose that T ∈ B(E,F ) is a lattice

isomorphism such that ‖Tx‖ = ‖x‖ (x ∈ E+). One can easily check (using (4.1.1)) that

T : E → F is an isometry.

The following central representation theorem is proved in [1, Theorems 3.5 and 3.6],

[3, Theorems 4.27 and 4.29], [43, §1.b], and [46, Theorems 2.1.3 and 2.7.1], for example;

we shall call it Kakutani’s theorem; detailed attributions for the various statements are

given in [1]. The proofs in the above sources are for real Banach lattices; the complex

version is given in [1, Theorem 3.20].
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Definition 4.4. Let E be a Banach lattice. Then e ∈ E+ is an AM -unit for E if, for

each x ∈ E, we have ‖x‖ ≤ 1 if and only if |x| ≤ e.

Theorem 4.5.

(i) A Banach lattice is an AL-space if and only if it is lattice isometric to a Banach

lattice of the form L1(Ω) for some measure space Ω.

(ii) A Banach lattice is an AM -space if and only if it is lattice isometric to a closed

sublattice of a space C(K) for some compact space K.

(iii) A Banach lattice with an AM -unit is lattice isometric to a space C(K) for some

compact space K.

We recall one standard construction concerning Banach lattices; see [43, §1.d] for

details.

Let E be a Banach lattice, and take e > 0 in E. We denote by Ie the principal

order-ideal in E generated by e, so that

Ie = {x ∈ E : |x| ≤ ζe for some ζ ≥ 0}.

For x ∈ Ie, set

‖x‖e = inf{ζ ≥ 0 : |x| ≤ ζe}.

Then (Ie, ‖ · ‖e) is a Banach lattice that is an AM -space, and e is an AM -unit for Ie, and

so, by Theorem 4.5(iii), Ie is lattice isometric to C(K) for some compact space K.

Definition 4.6. Let E be a Banach lattice. An element e with e > 0 is a strong unit if

Ie = E.

Thus ‖ · ‖ and ‖ · ‖e are equivalent norms on E when e is a strong unit, and we have

the following result.

Proposition 4.7. Let (E, ‖ · ‖) be a Banach lattice with a strong unit, e. Then ‖ · ‖e is

equivalent to the given norm ‖ ·‖, and (E, ‖ ·‖e) is lattice isometric to C(K) for a certain

compact space K.

Let n ∈ N. A function F : Rn → R is positively homogeneous if

F (αt1, . . . , αtn) = αF (t1, . . . , tn) (α ∈ R+, t1, . . . , tn ∈ R).

Now let E be a real Banach lattice, take x1, . . . , xn ∈ E, and choose an element

e ∈ E+ such that |xi| ≤ e (i ∈ Nn); for example, take e = |x1| ∨ · · · ∨ |xn| in E. Let

F : Rn → R be a continuous, positively homogeneous function. Then, identifying Ie with

C(K,R) for some compact space K, we can set

F (x1, . . . , xn)(t) = F (x1(t), . . . , xn(t)) (t ∈ K),

and so

F (x1, . . . , xn) ∈ Ie ⊂ E;

in fact, the element F (x1, . . . , xn) is independent of the choice of e. The map that takes F

to F (x1, . . . , xn) is the Youdine–Krivine calculus [35, 63]; for details of this construction,
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see [43, §1.d], for example. In particular, for each p with 1 ≤ p ≤ ∞ and each Banach

lattice E, we can define the element( n∑
i=1

|xi|p
)1/p

∈ E+

for x1, . . . , xn ∈ E, where we interpret this element as |x1| ∨ · · · ∨ |xn| in the case where

p =∞. Similarly, for each θ ∈ (0, 1), we can define the element |x|1−θ|y|θ for x, y ∈ E.

The Youdine–Krivine functional calculus as above is indeed usually given for real

Banach lattices. There is an extension to the complex setting; see [34, Section 3], for

example.

Let E and G be real Banach lattices, and suppose that T ∈ B(E,G) is a lattice

homomorphism. Take n ∈ N, x1, . . . , xn ∈ E, and a continuous, positively homogeneous

function F : Rn → R. Then

T (F (x1, . . . , xn)) = F (Tx1, . . . , Txn). (4.1.5)

Let E be a real Banach lattice, let F : Rn → R be a continuous, positively homoge-

neous function, and suppose that F (t1, . . . , tn) ≥ 0 (t1, . . . , tn ∈ R). Then we see that

F (x1, . . . , xn) ≥ 0 for each x1, . . . , xn ∈ E. Thus, in order to verify an inequality (or

an equality) that involves only continuous, positively homogeneous functions of finitely

many variables (and, in particular, any lattice operations) in an arbitrary real Banach

lattice, it suffices to verify the inequality for real numbers.

Take p with 1 ≤ p ≤ ∞. We recall from [43, p. 42] that, for a real Banach lattice E,

n ∈ N, and x1, . . . , xn ∈ E, we have( n∑
i=1

|xi|p
)1/p

= sup
{ n∑
i=1

αixi : (α1, . . . , αn) ∈ B`qn(R)

}
, (4.1.6)

where q = p′. The same proof as that in [43] shows that, for a complex Banach lattice E,

n ∈ N, and x1, . . . , xn ∈ E, we have( n∑
i=1

|xi|p
)1/p

= sup
{∣∣∣ n∑

i=1

αixi

∣∣∣ : (α1, . . . , αn) ∈ B`qn(C)

}
, (4.1.7)

where again q = p′. It follows that( n∑
i=1

|xi|p
)1/p

= sup
{
<
( n∑
i=1

αixi

)
: (α1, . . . , αn) ∈ B`qn(C)

}
. (4.1.8)

Indeed, these equalities hold in C(K,C) for each compact space K, and hence in an

arbitrary Banach lattice.

We have the following generalized versions of Hölder’s inequality.

Proposition 4.8. Let E be a Banach lattice.

(i) Take p0, p1 with 1 ≤ p0 ≤ p1 < ∞ and take θ with 0 < θ < 1, and define p by

1/p = (1− θ)/p0 + θ/p1. Then( n∑
i=1

αi|xi|p
)1/p

≤
( n∑
i=1

αi|xi|p0
)(1−θ)/p0( n∑

i=1

αi|xi|p1
)θ/p1
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for each n ∈ N, x1, . . . , xn ∈ E, and α1, . . . , αn ∈ R+, and( n∑
i=1

(|xi|1−θ|yi|θ)p
)1/p

≤
( n∑
i=1

|xi|p0
)(1−θ)/p0( n∑

i=1

|yi|p1
)θ/p1

(4.1.9)

for each n ∈ N and x1, . . . , xn, y1, . . . , yn ∈ E.

(ii) Take p with 1 ≤ p ≤ ∞. Then

n∑
i=1

|〈xi, λi〉| ≤
〈( n∑

i=1

|xi|p
)1/p

,
( n∑
i=1

|λi|q
)1/q〉

for each n ∈ N, x1, . . . , xn ∈ E, and λ1, . . . , λn ∈ E′, where q = p′.

Proof. The first part of clause (i) and clause (ii) are given in [43, Proposition 1.d.2(ii), (iii)],

for example.

For the second part of clause (i), recall that the following generalization of Hölder’s

inequality holds for each n ∈ N, each q0, q1 ∈ (1,∞), and each s1, . . . , sn, t1, . . . , tn ∈ R+,

where 1/p = 1/q0 + 1/q1:( n∑
i=1

spi t
p
i

)1/p

≤
( n∑
i=1

sq0i

)1/q0( n∑
i=1

tq1i

)1/q1
. (4.1.10)

Now take x1, . . . , xn, y1, . . . , yn ∈ F, and set si = |xi|1−θ and ti = |yi|θ for i ∈ Nn,

and set q0 = p0/(1− θ) and q1 = p1/θ. Then we see that our two definitions of p coincide

and that inequality (4.1.9) holds with this interpretation of the symbols.

Define

F : (x1, . . . , xn, y1, . . . , yn) 7→
( n∑
i=1

(|xi|1−θ|yi|θ)p
)1/p

, R2n → R,

and

G : (x1, . . . , xn, y1, . . . , yn) 7→
( n∑
i=1

|xi|p0
)(1−θ)/p0( n∑

i=1

|yi|p1
)θ/p1

, R2n → R.

Then F and G are continuous and positively homogeneous functions on R2n such that

F (x1, . . . , xn, y1, . . . , yn) ≤ G(x1, . . . , xn, y1, . . . , yn) (x1, . . . , xn, y1, . . . , yn ∈ R).

By the Youdine–Krivine calculus described above, the same inequality holds whenever

x1, . . . , xn, y1, . . . , yn ∈ E, where we note that all terms are in E+, and so inequality

(4.1.9) holds in this case.

In the next result, we shall use the following form of the Riesz–Kantorovich formula

for complex Banach lattices specifically given in [1, Corollary 3.26].

Let E be a complex Banach lattice, and take λ ∈ E′. Then

〈x, |λ|〉 = sup{|〈z, λ〉| : z ∈ ∆x} (x ∈ E+). (4.1.11)

It follows that, for each λ ∈ (E′)+, we have

〈|x|, λ〉 = sup{|〈x, µ〉| : µ ∈ ∆λ} (x ∈ E). (4.1.12)
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Proposition 4.9. Let E be a Banach lattice, and take p with 1 ≤ p <∞. Then〈
x,
( n∑
i=1

|λi|q
)1/q〉

= sup
{∣∣∣ n∑

i=1

〈xi, λi〉
∣∣∣ : x1, . . . , xn ∈ E,

( n∑
i=1

|xi|p
)1/p

≤ x
}

for each x ∈ E+, n ∈ N, and λ1, . . . , λn ∈ E′, where q = p′.

Proof. This result in the case where E is a real Banach lattice is given in [43, p. 48].

Now suppose that E is a complex Banach lattice with underlying real Banach lat-

tice ER, and take x ∈ E+, n ∈ N, and λ1, . . . , λn ∈ E′. By the real case, we have〈
x,
( n∑
i=1

|λi|q
)1/q〉

= sup
{ n∑
i=1

〈xi, |λi|〉 : x1, . . . , xn ∈ ER,
( n∑
i=1

|xi|p
)1/p

≤ x
}
.

Fix ε > 0, and take x1, . . . , xn ∈ E+ with( n∑
i=1

xpi

)1/p

≤ x and
〈
x,
( n∑
i=1

|λi|q
)1/q〉

≤
n∑
i=1

〈xi, |λi|〉+ ε.

By (4.1.11), there exist z1, . . . , zn ∈ E such that

|zi| ≤ xi and 〈xi, |λi|〉 ≤ | 〈zi, λi〉|+ ε

for each i ∈ Nn. By multiplying each zi by a complex number of modulus 1, we may

suppose that 〈zi, λi〉 ∈ R+. It follows that( n∑
i=1

|zi|p
)1/p

≤ x and
〈
x,
( n∑
i=1

|λi|q
)1/q〉

≤
n∑
i=1

〈zi, λi〉+ ε(n+ 1).

This holds true for each ε > 0, and so〈
x,
( n∑
i=1

|λi|q
)1/q〉

≤ sup
{∣∣∣ n∑

i=1

〈zi, λi〉
∣∣∣ : z1, . . . , zn ∈ E,

( n∑
i=1

|zi|p
)1/p

≤ x
}
.

The opposite inequality follows immediately from Proposition 4.8(ii), and so the result

is proved.

The following is Khintchine’s inequality for Banach lattices; it follows easily from the

same inequality for scalars and the Youdine–Krivine calculus.

Proposition 4.10. Let E be a real Banach lattice. Then

1√
2

( n∑
i=1

|xi|2
)1/2

≤ 1

2n

∑∣∣∣ n∑
i=1

εixi

∣∣∣
for each n ∈ N and x1, . . . , xn ∈ E, where the outer sum on the right-hand side is taken

over all choices of εi = ±1 for i ∈ Nn.

The following deep theorem of Krivine is taken from [43, Proposition 1.f.14]; here KG

denotes Grothendieck’s constant.

Theorem 4.11. Let E and F be Banach lattices, and take T ∈ B(E,F ). Then∥∥∥( n∑
i=1

|Txi|2
)1/2∥∥∥ ≤ KG‖T‖

∥∥∥( n∑
i=1

|xi|2
)1/2∥∥∥

for each n ∈ N and x1, . . . , xn ∈ E.
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The following definition is taken from [43, Definition 1.d.3].

Definition 4.12. Let E be a Banach lattice, and take p with 1 ≤ p ≤ ∞. Then E is

p-convex (with constant 1) if

‖(|x|p + |y|p)1/p‖ ≤ (‖x‖p + ‖y‖p)1/p (x, y ∈ E)

and p-concave (with constant 1) if

‖(|x|p + |y|p)1/p‖ ≥ (‖x‖p + ‖y‖p)1/p (x, y ∈ E).

For example, for a space E = Lp(Ω), where 1 ≤ p ≤ ∞ and Ω is a measure space, we

have ∥∥∥( n∑
i=1

|fi|p
)1/p∥∥∥

E
=
( n∑
i=1

‖fi‖pE
)1/p

(f1, . . . , fn ∈ E, n ∈ N), (4.1.13)

and so Lp(Ω) is both p-convex and p-concave. Conversely, it is shown in [43, p. 59] that

each Banach lattice that is both p-convex and p-concave is lattice isometric to a Banach

lattice of the form Lp(Ω). More generally, a calculation shows that, for r with 1 ≤ r ≤ ∞,

the Banach lattice Lr(Ω) is p-convex if and only if r ∈ [p,∞] and is p-concave if and only

if r ∈ [1, p].

Take p with 1 ≤ p ≤ ∞. It is noted in [43, Proposition 1.d.4] that a Banach lattice

is p-convex, respectively, p-concave, if and only if the dual Banach lattice is p′-concave,

respectively, p′-convex.

4.2. Regular and order-bounded operators. We first recall the definitions of two

Banach spaces Br(E,F ) and Bb(E,F ).

Let E be a Banach lattice. A subset B of E is order-bounded if there exists x ∈ E+

such that B ⊂ ∆x. Let E and F be real Banach lattices, and let S and T be linear

operators from E to F . Then

S ≤ T if Sx ≤ Tx (x ∈ E+).

Clearly (L(E,F ),≤) is an ordered linear space.

Definition 4.13. Let E and F be real Banach lattices, and consider a linear operator T

from E to F . Then:

(i) T is positive if T ≥ 0;

(ii) T is regular if T = T1 − T2, where T1 and T2 are positive operators;

(iii) T is order-bounded if T (B) is an order-bounded subset of F for each order-bounded

subset B of E.

The set of positive operators from E to F is closed under addition and multiplication

by α ∈ R+, and so it is a cone. Each regular operator is order-bounded. The book [3] is

devoted to positive operators on real Banach lattices (and more general spaces).

Now suppose that E and F are complex Banach lattices, with underlying real Banach

lattices ER and FR, respectively. Then T ∈ L(E,F ) is positive if T (ER) ⊂ FR and the

map T |ER : ER → FR is positive. For a positive operator, we have |Tx| ≤ T (|x|) (x ∈ E).
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Each operator in L(E,F ) has a unique expression in the form S + iT , where S and T

belong to L(ER, FR) and

(S + iT )(x+ iy) = Sx− Ty + i(Sy + Tx) (x, y ∈ ER);

such an operator is regular or order-bounded if both S and T are regular or order-bounded,

respectively.

Let E and F be Banach lattices. Each order-bounded operator is continuous, and so

we denote the spaces of all positive, all regular, and all order-bounded operators from E

to F by B(E,F )+, Br(E,F ), and Bb(E,F ), respectively. Thus we have

B(E,F )+ ⊂ Br(E,F ) ⊂ Bb(E,F ) ⊂ B(E,F ).

We write Br(E) and Bb(E) for Br(E,E) and Bb(E,E), respectively. Take T ∈ B(E,F )+.

Then

‖T‖ = sup{‖Tx‖ : x ∈ B+
E}. (4.2.1)

Proposition 4.14. Let E and F be Banach lattices, and take p with 1 ≤ p ≤ ∞. For

each T ∈ B(E,F )+, we have( n∑
i=1

|Txi|p
)1/p

≤ T
( n∑
i=1

|xi|p
)1/p

(x1, . . . , xn ∈ E, n ∈ N).

Proof. We may suppose that x1, . . . , xn ∈ E+ and that we are working in ER and FR.

Set q = p′.

By (4.1.6), we have (
∑n
i=1 |xi|p)1/p = supA, where

A =
{ n∑
i=1

αixi : (α1, . . . , αn) ∈ B`qn(R)

}
.

Further, ( n∑
i=1

|Txi|p
)1/p

= supT (A).

Since supT (A) ≤ T (supA), the result follows.

It follows that∥∥∥( n∑
i=1

|Txi|p
)1/p∥∥∥ ≤ ‖T‖∥∥∥( n∑

i=1

|xi|p
)1/p∥∥∥ (x1, . . . , xn ∈ E, n ∈ N) (4.2.2)

for each T ∈ B(E,F )+, a result of Krivine [43, Proposition 1.d.9].

In particular, Proposition 4.14 implies that( n∑
i=1

|〈xi, λ〉|p
)1/p

≤
〈( n∑

i=1

|xi|p
)1/p

, λ
〉

(x1, . . . , xn ∈ E, n ∈ N) (4.2.3)

for each λ ∈ (E′)+.

Let E and F be Banach lattices. We now describe the norms on Br(E,F ) and

Bb(E,F ). For each T ∈ Bb(E,F ), there exists c > 0 such that, for each x ∈ E+, there

exists y ∈ F+ with T (∆x) ⊂ ∆y and ‖y‖ ≤ c‖x‖. The infimum of these constants c is

denoted by ‖T‖b. Details of this result are given in [20, Proposition 1.26], which is based

on [60].
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For T ∈ Br(E,F ), set

‖T‖r = inf{‖S‖ : S ∈ B(E,F )+, |Tz| ≤ S(|z|) (z ∈ E)}.
Proposition 4.15. Let E and F be Banach lattices. Then:

(i) ‖ · ‖b is a norm on the space Bb(E,F ) such that

‖T‖b ≥ ‖T‖ (T ∈ Bb(E,F )),

and (Bb(E,F ), ‖ · ‖b) is a Banach space;

(ii) ‖ · ‖r is a norm on Br(E,F ) such that

‖T‖r ≥ ‖T‖b ≥ ‖T‖ (T ∈ Br(E,F )),

and (Br(E,F ), ‖ · ‖r) is a Banach space.

In the case where F = E, the spaces (Br(E), ‖ · ‖r) and (Bb(E), ‖ · ‖b) are unital

Banach subalgebras of B(E).

The following result is proved in [3, pp. 12–13], for example; formula (4.2.4) below is

a Riesz–Kantorovich formula.

Proposition 4.16. Let E and F be Banach lattices, with F Dedekind complete. Then

Br(E,F ) = Bb(E,F ) is a Dedekind complete Banach lattice. Suppose that T ∈ Br(E,F ).

Then

|T |(x) = sup{|Tz| : |z| ≤ x} (x ∈ E+) (4.2.4)

and, further, ‖T‖r = ‖ |T | ‖ and |Tz| ≤ |T |(|z|) (z ∈ E).

Let E and F be Banach lattices. Often, but not always, the two spaces Br(E,F ) and

Bb(E,F ) are the same; by the above result, this holds when F is Dedekind complete, and,

in particular, when F is a dual Banach lattice. In the case where E and F are AL-spaces,

it follows from [1, Theorem 3.9 and Corollary 3.10] and [3, Theorem 15.3] (where we

note that each AL-space is a ‘KB-space’) that Br(E,F ) = Bb(E,F ) = B(E,F ) and that

‖T‖r = ‖T‖ (T ∈ B(E,F )). On the other hand, suppose that p > 1, that E = Lp(Ω) for

a measure space Ω, and that E is an infinite-dimensional space. Then, by [4], Br(E) is

not even dense in (B(E), ‖ · ‖), and ‖ · ‖r and ‖ · ‖ are not equivalent on Br(E). Examples

with Br(E,F ) ( Bb(E,F ) and with Bb(E,F ) ( B(E,F ) are given in [3, Examples 1.11

and 15.1]. An example given in [60, §2] shows that there may be operators in Bb(E,F )

that are not even in the ‖·‖-closure of Br(E,F ), and Example 4.1 of [60] exhibits Banach

lattices E and F and a compact, order-bounded operator V : E → F which is not in

the ‖ · ‖b-closure of Br(E,F ). Suppose that Br(E,F ) = Bb(E,F ). Then the norms ‖ · ‖r
and ‖ · ‖b are equivalent on Br(E,F ), but examples in [60] show that the norms are not

necessarily equal in this case. For general Banach lattices E and F , the two norms ‖ · ‖r
and ‖ · ‖b are not necessarily equivalent on Br(E,F ).

More information on regular and order-bounded operators can be found in the fine

survey article [61]. In this article, Theorems 2.1 and 2.4, respectively, characterize the

lattices F such that Br(E,F ) = B(E,F ) for every Banach lattice E and lattices E such

that Br(E,F ) = B(E,F ) for every Banach lattice F ; some extra cases are provided

by Example 2.7 and Theorems 2.8 and 2.9 of [61]. Further, conditions for the equality

Bb(E,F ) = Br(E,F ) are given in [61, Section 4].
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Let E and F be Banach lattices, and take T ∈ Br(E,F ). Then T |G ∈ Br(G,F ) for

each closed sublattice G of E.

Definition 4.17. Let E and F be Banach lattices, and take T ∈ B(E,F ). Then T is

pre-regular if T ′ ∈ B(F ′, E′) is regular, and then

‖T‖pr = ‖T ′‖r
for each such operator T . The space of pre-regular operators from E to F is denoted by

Bpr(E,F ).

Thus Bpr(E,F ) is a linear subspace of B(E,F ),

‖T‖pr ≥ ‖T‖ (T ∈ Bpr(E,F )),

and (Bpr(E,F ), ‖ · ‖pr) is a Banach space.

It is clear that T ′ is regular and that ‖T ′‖r ≤ ‖T‖r for each T ∈ Br(E,F ), and

so a regular operator is pre-regular. Further, the dual of an order-bounded operator is

order-bounded [3, Theorem 5.8], and so an order-bounded operator is pre-regular by

Proposition 4.16. Thus we have

B(E,F )+ ⊂ Br(E,F ) ⊂ Bb(E,F ) ⊂ Bpr(E,F ) ⊂ B(E,F ).

The following example shows that Bb(E,F ) can be a proper subset of Bpr(E,F ).

Example 4.18. In [3, Example 15.1], it is shown that the map

T : f 7→ (f(1/n)− f(0) : n ∈ N), C(I)→ c0,

is a bounded linear operator that is not order-bounded, and hence not regular. However

the dual T ′ of T is an operator T ′ : `1 → C(I)′ between two AL-spaces, and so T ′ is

regular, and hence T is pre-regular.

Proposition 4.19. Let E and F be Banach lattices, and suppose that F is Dedekind

complete and has the Fatou property. Take T ∈ Br(E,F ). Then T ′ ∈ Br(F ′, E′) and

‖T ′‖r = ‖T‖r.

Proof. We shall show that ‖T‖r ≤ ‖T ′′‖r. Since ‖T ′′‖r ≤ ‖T ′‖r ≤ ‖T‖r, this implies the

result.

Fix ε > 0. By (4.2.1), there exists x ∈ E+ with ‖x‖ = 1 and

‖ |T | ‖ ≤ ‖ |T |(x)‖+ ε.

Set S = {|Tz| : |z| ≤ x}, a subset of F+, so that, by (4.2.4), supS = |T |(x). The

family F of finite subsets of S, when ordered by inclusion, is a directed set. For each

α ∈ F , set yα = supα, so that (yα : α ∈ F) is an increasing net in F+ such that

sup{yα : α ∈ F} = |T |(x). Since F has the Fatou property,

‖ |T |(x) ‖ = sup{‖yα‖ : α ∈ F}.

Note that x̂ = κE(x) belongs to (E′′)+. Now set S̃ = {|T ′′ζ| : |ζ| ≤ x̂}, a subset of

(F ′′)+, and let F̃ be the family of finite subsets of S̃; suppose that the elements ỹβ are

defined in an analogous way to the elements yα, now with respect to F̃ . Since F ′′ has the

Fatou property,

‖ |T ′′|(x̂)‖ = sup{‖ỹβ‖ : β ∈ F̃}.
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Since {|T ′′ζ| : |ζ| ≤ x̂} ⊃ {|T ′′ẑ| : |z| ≤ x} and the embedding of F into F ′′ is a

lattice homomorphism, so that {ŷα : α ∈ F} is a subset of {ỹβ : β ∈ F̃}, it follows that

‖ |T ′′|(x̂)‖ ≥ ‖ |T |(x)‖. Thus

‖ |T ′′| ‖ ≥ ‖ |T ′′|(x̂)‖ ≥ ‖ |T | ‖ − ε.

This holds true for each ε > 0, and so ‖T‖r ≤ ‖T ′′‖r, as required.

Corollary 4.20. Let E and F be Banach lattices, and suppose that F is a dual Banach

lattice. Take T ∈ Br(E,F ). Then T ′ ∈ Br(F ′, E′) and ‖T ′‖r = ‖T‖r = ‖ |T | ‖.

Theorem 4.21. Let E and F be Banach lattices, and take T ∈ B(E,F ). Then the fol-

lowing are equivalent:

(a) T ′ : F ′ → E′ is regular, so that T is pre-regular;

(b) T ′′ : E′′ → F ′′ is regular;

(c) κF ◦ T : E → F ′′ is regular.

In this case, the three operators have the same regular norm.

Proof. Certainly (a)⇒(b) and ‖T ′′‖r ≤ ‖T ′‖r. Since κF ◦ T = T ′′ ◦ κE : E → F ′′, we see

that (b)⇒(c) and ‖κF ◦ T‖r ≤ ‖T ′′‖r.
Finally, suppose that (c) holds. Then (κF ◦ T )′ : F ′′′ → E′ is regular. Now we have

T ′ = (κF ◦ T )′ ◦ κF ′ : F ′ → E′, and so T ′ is regular, giving (a); further, we have

‖T ′‖r ≤ ‖(κF ◦ T )′‖r. By Corollary 4.20, ‖κF ◦ T‖r = ‖(κF ◦ T )′‖r, and hence ‖T ′‖r ≤
‖κF ◦ T‖r.

The result follows.

4.3. Multi-norms based on Banach lattices. We now define the canonical lattice

p-multi-norm based on a Banach lattice.

Definition 4.22. Let E be a Banach lattice, and take p with 1 ≤ p ≤ ∞. For each

n ∈ N, set

‖x‖L,pn =
∥∥∥( n∑

i=1

|xi|p
)1/p∥∥∥ (x = (x1, . . . , xn) ∈ En). (4.3.1)

The definition corresponding to (4.3.1) in the special case where p =∞ is

‖x‖Ln = ‖ |x1| ∨ · · · ∨ |xn| ‖ (x = (x1, . . . , xn) ∈ En);

the above definition in the special case where p = 1 is

‖x‖DLn = ‖ |x1|+ · · ·+ |xn| ‖ (x = (x1, . . . , xn) ∈ En).

Then (‖ · ‖Ln) and (‖ · ‖DLn ) are the lattice multi-norm and the dual lattice multi-norm,

respectively, based on E, as defined in [20, Definition 4.41].

Let E be a Banach lattice. Then the Banach space (En, ‖ · ‖L,pn ) is the space that is

sometimes denoted by E(`pn), slightly modifying the notation of [43, p. 46], and we shall

do this at some later points. See also [45, p. 8].

The space (En, ‖ · ‖L,pn ) is itself a Banach lattice with respect to the coordinatewise

operations.
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Theorem 4.23. Let E be a Banach lattice, and take p with 1 ≤ p ≤ ∞. Then the sequence

(‖ · ‖L,pn ) based on E is a strong p-multi-norm.

Proof. As in [20, Theorem 4.42], it is immediately checked that (‖ · ‖Ln) is an ∞-multi-

norm. By Theorem 2.25, each∞-multi-norm is a strong∞-multi-norm, and so the result

holds in the case where p =∞.

Now suppose that 1 ≤ p < ∞, and set q = p′. By Proposition 2.23, we know that

a strong p-multi-norm is a p-multi-norm, and so it suffices to verify the condition in

Definition 1.37.

Take m,n ∈ N, x = (x1, . . . , xm) ∈ Em, and y = (y1, . . . , yn) ∈ En with y 4p x.

Thus, for each positive linear functional λ on E, each µ ∈ E′ with |µ| ≤ λ, and each

(α1, . . . , αn) ∈ B`qn , we have∣∣∣〈 n∑
j=1

αjyj , µ
〉∣∣∣ ≤ n∑

j=1

|αj | |〈yj , µ〉| ≤
( n∑
j=1

|αj |q
)1/q( n∑

j=1

|〈yj , µ〉|p
)1/p

≤
( m∑
i=1

|〈xi, µ〉|p
)1/p

≤
( m∑
i=1

〈|xi|, λ〉p
)1/p

by (4.1.12)

≤
〈( m∑

i=1

|xi|p
)1/p

, λ
〉

by (4.2.3),

and so it follows from (4.1.12) that〈∣∣∣ n∑
j=1

αjyj

∣∣∣, λ〉 ≤ 〈( m∑
i=1

|xi|p
)1/p

, λ
〉
.

This holds for each positive linear functional λ, and so∣∣∣ n∑
j=1

αjyj

∣∣∣ ≤ ( m∑
i=1

|xi|p
)1/p

in E

for each (α1, . . . , αn) ∈ B`qn . It now follows from (4.1.6) or (4.1.7) that( n∑
j=1

|yj |p
)1/p

≤
( m∑
i=1

|xi|p
)1/p

,

and hence ‖y‖L,pn ≤ ‖x‖L,pm , giving the result.

Let E be a Banach lattice, and take p with 1 ≤ p <∞. It follows from Theorem 2.11

that

µp,n(x) ≤ ‖x‖L,pn (x ∈ En, n ∈ N),

A short calculation shows that we have equality in the case where E = C(K) for a

compact space K.

Definition 4.24. Let E be a Banach lattice, and take p with 1 ≤ p ≤ ∞. Then the

sequence (‖ · ‖L,pn ) defined in (4.3.1) is the canonical lattice p-multi-norm based on E.

Example 4.25. Take p with 1 ≤ p ≤ ∞ and n ∈ N. We give a specific example of a

space E(`pn) = (En, ‖ · ‖L,pn ).



86 H. G. Dales et al.

Indeed, we take r with 1 ≤ r <∞, and consider the Banach lattice E = `r. The space

E(`pn) consists of n-tuples x = (x1, . . . , xn), where xi = (xi,j : j ∈ N) ∈ `r for i ∈ Nn,

and the norm of such an element is

‖x‖L,pn =
( ∞∑
j=1

( n∑
i=1

|xi,j |p
)r/p)1/r

. (4.3.2)

Now consider the Banach space F = `pn. For 1 ≤ r < ∞, the space `r(F ) consists of

sequences y = (yj : j ∈ N), where yj = (yj,i : i ∈ Nn) ∈ `pn for j ∈ N, and the norm of

such an element is

‖y‖`r(F ) =
( ∞∑
j=1

( n∑
i=1

|yj,i|p
)r/p)1/r

. (4.3.3)

Thus E(`pn) with E = `r is isometrically isomorphic to `r(F ) with F = `pn.

Theorem 4.26. Let E be a Banach lattice, and take p with 1 ≤ p < ∞. Then the

canonical lattice p-multi-norm based on E is p-convex if and only if E is p-convex as a

Banach lattice.

Proof. Suppose first that E is p-convex as a Banach lattice, and suppose that m,n ∈ N,

x = (x1, . . . , xm) ∈ Em, and y = (y1, . . . , yn) ∈ En. Set ‖ · ‖n = ‖ · ‖L,pn (n ∈ N) and

u =
( m∑
i=1

|xi|p
)1/p

and v =
( n∑
j=1

|yj |p
)1/p

in E. It follows that

‖(x,y)‖m+n = ‖(up + vp)1/p‖ ≤ (‖u‖p + ‖v‖p)1/p = (‖x‖pm + ‖y‖pn)
1/p

.

Hence the p-multi-norm (‖ · ‖L,pn ) is p-convex.

Conversely, suppose that the p-multi-norm (‖ · ‖L,pn ) is p-convex, and take x, y ∈ E.

Then

‖ (|x|p + |y|p)1/p ‖ = ‖(x, y)‖L,p2 ≤ (‖x‖p + ‖y‖p)1/p,

and so E is a p-convex Banach lattice.

Corollary 4.27. Take p with 1 ≤ p < ∞, and suppose that E is a p-convex Banach

lattice. Then

‖x‖L,pn ≤ ‖x‖`pn(E) (x ∈ En, n ∈ N).

It is shown in [20, §4.3.1] that the two sequences (‖ · ‖Ln : n ∈ N) and (‖ · ‖DLn : n ∈ N)

are multi-norms and dual multi-norms, respectively, and that the duals of the lattice

multi-norm and the dual lattice multi-norm based on E are the dual lattice multi-norm

and the lattice multi-norm, respectively, based on E′. We now generalize these facts; the

proof is similar to one on pages 47 and 48 of [43] that shows (for the case of real Banach

lattices) that the dual space of E(`pn) is E′(`p
′

n ).

Theorem 4.28. Let E be a Banach lattice, and take p with 1 ≤ p ≤ ∞. Then the dual

of the canonical lattice p-multi-norm based on E is the canonical lattice p′-multi-norm

based on E′.
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Proof. The cases where p = 1 and p = ∞ have already been covered, and so we may

suppose that 1 < p <∞. Set q = p′. For n ∈ N, we write ‖ · ‖′n for the dual of the norm

‖ · ‖L,pn , so that ‖ · ‖′n is defined on the space (E′)n.

Take n ∈ N and λ = (λ1, . . . , λn) ∈ (E′)n. For x = (x1, . . . , xn) ∈ En, we have

|〈x, λ〉| ≤
n∑
i=1

|〈xi, λi〉| ≤
〈( n∑

i=1

|xi|p
)1/p

,
( n∑
i=1

|λi|q
)1/q〉

≤
∥∥∥( n∑

i=1

|λi|q
)1/q∥∥∥‖x‖L,pn

by Proposition 4.8(ii), and so

‖λ‖′n ≤
∥∥∥( n∑

i=1

|λi|q
)1/q∥∥∥ = ‖λ‖L,qn .

For the reverse inequality, take x ∈ E+, n ∈ N, and x = (x1, . . . , xn) ∈ En such that

(
∑n
i=1 |xi|p)1/p ≤ x. Then ‖x‖L,pn ≤ ‖x‖. For each λ = (λ1, . . . , λn) ∈ (E′)n, we have∣∣∣ n∑

i=1

〈xi, λi〉
∣∣∣ ≤ ‖λ‖′n‖x‖,

and so it follows from Proposition 4.9 that〈
x,
( n∑
i=1

|λi|q
)1/q〉

≤ ‖λ‖′n‖x‖.

Hence, by (4.1.3), we have

‖λ‖L,qn =
∥∥∥( n∑

i=1

|λi|q
)1/q∥∥∥ ≤ ‖λ‖′n.

This concludes the proof.

Take p with 1 ≤ p ≤ ∞. We now consider the canonical lattice p-multi-norms associ-

ated with sublattices and quotients of a Banach lattice.

First, let F be a closed sublattice of a Banach lattice E, and consider the canonical

lattice p-multi-norm based on E. Then F is a Banach lattice, and the p-multi-norm

induced on the family {Fn : n ∈ N} is exactly the canonical lattice p-multi-norm based

on F .

Next suppose that F is a closed order-ideal in E, so that E/F is again a Banach

lattice; we again write QF : E → E/F for the quotient map, so that QF is a lattice

homomorphism. Then there are a quotient power-norm, temporarily called (‖ · ‖n,quot),

and a canonical lattice p-multi-norm, temporarily called (‖ · ‖n,can), based on E/F . We

claim that these two p-multi-norms coincide.

Take n ∈ N and x = (x1, . . . , xn) ∈ E. Then

QF

(( n∑
i=1

|xi − yi|p
)1/p)

= QF

(( n∑
i=1

|xi|p
)1/p)

(y1, . . . , yn ∈ F ),

and so ‖x+ Fn‖n,can ≤ ‖x+ Fn‖n,quot.

To prove that, conversely, we have ‖x+Fn‖n,quot ≤ ‖x+Fn‖n,can, it suffices to show

that, for each n ∈ N, each x1, . . . , xn ∈ E, and each y ∈ F , there exist y1, . . . , yn ∈ F
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such that ( n∑
i=1

|xi − yi|p
)1/p

≤
∣∣∣( n∑
i=1

|xi|p
)1/p

− y
∣∣∣, (4.3.4)

and we shall do this. Set

u =
( n∑
i=1

|xi|p
)1/p

.

Without loss of generality, we may suppose that 0 ≤ y ≤ u, for otherwise, replacing y

by (<y)+ ∧ u will reduce the right-hand side of (4.3.4). It suffices to prove that, for each

such y, there exist y1, . . . , yn ∈ E such that (4.3.4) holds and |yi| ≤ y (i ∈ Nn), for the

latter condition guarantees that y1, . . . , yn ∈ F . We can work in the order-ideal Iu, which

we can identify with C(K) for a compact space K, and so it suffices to establish the

inequality (4.3.4) in the special case in which E = C(K).

For i ∈ Nn, define yi such that

yi(t) = (|xi(t)| ∧ y(t))
xi(t)

|xi(t)|
when t ∈ K and xi(t) 6= 0

and yi(t) = 0 when t ∈ K and xi(t) = 0. Then we see that y1, . . . , yn ∈ C(K) and also

that |xi − yi| = |xi| − |yi| (i ∈ Nn). By replacing each xi by |xi|, we may suppose that

xi ≥ 0 (i ∈ Nn) in (4.3.4). Hence y1, . . . , yn ∈ C(K)+ and yi = xi ∧ y for each i ∈ Nn,

and so we see that it suffices to prove that( n∑
i=1

(xi − xi ∧ y)p
)1/p

≤
( n∑
i=1

xpi

)1/p

− y (4.3.5)

whenever x1, . . . , xn ∈ C(K)+ and y ∈ C(K)+ with y ≤ u. Since the order in C(K,R) is

pointwise, it suffices to prove (4.3.5) for x1, . . . , xn, y ∈ R+. Set x = (x1, . . . , xn) ∈ Rn
and y = (y, y, . . . , y) ∈ Rn; without loss of generality, we may suppose that ‖x‖`pn = 1,

in which case 0 ≤ y ≤ 1. Thus we need to show that ‖(x− y)+‖`pn ≤ 1− y.

We may suppose that x1, . . . , xk ≥ y and that xk+1, . . . , xn ≤ y for some k ∈ Nn.

Take α1, . . . , αk ≥ 0 such that

‖(x− y)+‖`pn =

k∑
i=1

(xi − y)αi and

k∑
i=1

αqi = 1,

where q = p′. Then
∑k
i=1 αi ≥ 1, and so

‖(x− y)+‖`pn ≤
k∑
i=1

xiαi − y ≤ ‖x‖`pn‖(α1, . . . , αk)‖`qk − y = 1− y,

as required. Thus we have proved the following theorem.

Theorem 4.29. Let E be a Banach lattice, and suppose that F is a closed order-ideal

in E. Take p with 1 ≤ p ≤ ∞. Then the quotient power-norm induced on E/F by the

canonical lattice p-multi-norm on E is the canonical lattice p-multi-norm on E/F .

4.4. Interpolation between Banach lattices. We consider interpolation between

complex Banach lattices. In particular we wish to note first that in certain circumstances,

a particular interpolation space between two Banach lattices is itself a Banach lattice.
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This topic has been previously considered; the seminal work is [11], and some works have

shown the result for Banach lattices of particular types. The result is also stated without

proof by Raynaud and Tradacete [53, p. 96]. However we have not found exactly the

result that we seek, and so we provide details here; we are grateful to Michael Cwikel for

some valuable comments, based on [14].

The initial definition and results apply to both real and complex Banach lattices.

Definition 4.30. Let (E0, ‖ ·‖0) and (E1, ‖ ·‖1) be Banach lattices such that {E0, E1} is

a compatible couple of Banach spaces with an ambient space H that is a Banach lattice.

Suppose, further, that, for i = 0, 1, each Ei is an order-ideal (not necessarily closed) in H.

Then {E0, E1} is a compatible couple of Banach lattices.

Later, we shall use the following remark. Let E0 and E1 be a compatible couple of

Banach lattices, and take x ∈ E0 + E1 such that 0 ≤ x ≤ y0 + y1, where y0 ∈ E+
0 and

y1 ∈ E+
1 . Then

‖x‖E0+E1
≤ ‖y0‖0 + ‖y1‖1.

Indeed, by the Riesz decomposition property, Proposition 4.1, there exist x0, x1 ∈ H+

such that x0 ≤ y0, x1 ≤ y1, and x = x0 +x1. Since E0 and E1 are ideals in H, we see that

x0 ∈ E+
0 and x1 ∈ E+

1 . Thus ‖x‖E0+E1 ≤ ‖x0‖0 + ‖x1‖1 ≤ ‖y0‖0 + ‖y1‖1, as required.

Theorem 4.31. Let {E0, E1} be a compatible couple of Banach lattices. Then

(E0 ∩ E1, ‖ · ‖E0∩E1
) and (E0 + E1, ‖ · ‖E0+E1

)

are Banach lattices that are sublattices of the ambient space.

Proof. We know that E0 ∩ E1 and E0 + E1 are Banach spaces, and they are sublattices

of the ambient space.

It is clear that E0∩E1 is a Banach lattice; we shall show that E0 +E1 (with the norm

‖ · ‖ = ‖ · ‖E0+E1) is a Banach lattice.

We first claim the following: Take x, y ∈ E0 + E1 with 0 ≤ x ≤ y. Then ‖x‖ ≤ ‖y‖.
Indeed, fix ε > 0. Then there exist y0 ∈ E0 and y1 ∈ E1 such that y = y0 + y1 and

‖y0‖0 + ‖y1‖1 ≤ ‖y‖+ ε.

We may suppose that y0 ∈ (E0)R and y1 ∈ (E1)R. We have x ≤ y ≤ y+
0 + y+

1 and

‖y+
0 ‖0 + ‖y+

1 ‖1 ≤ ‖y‖+ ε.

By the remark preceding the theorem, ‖x‖ ≤ ‖y+
0 ‖0 + ‖y+

1 ‖1 ≤ ‖y‖+ ε. This holds true

for each ε > 0, and so the first claim is proved.

Second, we claim the following: For each z ∈ E0 + E1, we have ‖ |z| ‖ = ‖z‖.
Indeed, take z ∈ E0 + E1 and fix ε > 0. Then there exist z0 ∈ E0 and z1 ∈ E1 such

that z = z0 + z1 and

‖z0‖0 + ‖z1‖1 ≤ ‖z‖+ ε.

Then |z| ≤ |z0|+ |z1|. By the remark, ‖ |z| ‖ ≤ ‖ |z0| ‖0 + ‖ |z1| ‖1 = ‖z0‖0 + ‖z1‖1, and so

‖ |z| ‖ ≤ ‖z‖+ ε. Hence ‖ |z| ‖ ≤ ‖z‖.
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For the reverse inequality, again fix ε > 0. There exist z0 ∈ E0 and z1 ∈ E1 such that

|z| = z0 + z1 and

‖z0‖0 + ‖z1‖1 ≤ ‖ |z| ‖+ ε.

Since |z| ≤ |z0| + |z1|, there exist x0 ∈ E+
0 and x1 ∈ E+

1 such that x0 ≤ |z0|, x1 ≤ |z1|,
and also |z| = x0 + x1. Take e ∈ H+ such that z, x0, and x1 belong to Ie. Then Ie is

lattice isomorphic to C(K) for a compact space K. By working in C(K), we see that

there exist w0 and w1 in Ie such that

w0(t) = x0(t) · arg z(t), w1(t) = x1(t) · arg z(t) (t ∈ K).

Then |w0| = x0 and |w1| = x1, so that w0 ∈ E0 and w1 ∈ E1. Further, we see that

w0 + w1 = |z| · arg z = z in C(K), and hence z = w0 + w1 in Ie. It follows that

‖z‖ ≤ ‖w0‖0 + ‖w1‖1 = ‖x0‖0 + ‖x1‖1 ≤ ‖z0‖0 + ‖z1‖1 ≤ ‖ |z| ‖+ ε.

Thus ‖z‖ ≤ ‖ |z| ‖. The second claim follows.

Finally, suppose that z, w ∈ E0 + E1 with |z| ≤ |w|. Then ‖ |z| ‖ = ‖z‖ and ‖ |w| ‖ =

‖w‖ by the second claim, and ‖ |z| ‖ ≤ ‖ |w| ‖ by the first claim, and so ‖z‖ ≤ ‖w‖. This

shows that (E0 + E1, ‖ · ‖E0+E1
) is indeed a Banach lattice.

We also note the following. Suppose that E0 and E1 are complex Banach lattices that

are the complexifications of F0 and F1, respectively. Then E0 ∩ E1 and E0 + E1 are the

complexifications of F0 ∩ F1 and F0 + F1, respectively.

Let H be a Banach lattice. Take x0, x1 ∈ H+ and θ ∈ (0, 1). Then the element

x1−θ
0 xθ1 is defined in H+; here we identify x1−θ

0 xθ1 with |x0|1−θ|x1|θ, which is defined by

the Youdine–Krivine calculus, as in [43]. By [43, Proposition 1.d.2(i)], we have

‖x1−θ
0 xθ1‖ ≤ ‖x0‖1−θ‖x1‖θ. (4.4.1)

Recall from inequality (4.1.9) (with p0 = p1 = 1) that

n∑
i=1

y1−θ
i zθi ≤

( n∑
i=1

yi

)1−θ( n∑
i=1

zi

)θ
(4.4.2)

for each n ∈ N and y1, . . . , yn, z1, . . . , zn ∈ H+.

Definition 4.32. Let {E0, E1} be a compatible couple of Banach lattices, and take θ

with 0 < θ < 1. Then the Calderón–Lozanovskii space, denoted by E1−θ
0 Eθ1 , is the set of

all x ∈ E0 +E1 such that |x| ≤ x1−θ
0 xθ1 for some x0 ∈ E+

0 and x1 ∈ E+
1 . For x ∈ E1−θ

0 Eθ1 ,

set

‖x‖L = inf{c : |x| ≤ cx1−θ
0 xθ1, xi ∈ B+

Ei
(i = 0, 1)}. (4.4.3)

We see that

‖x‖L = inf{‖y0‖1−θ0 ‖y1‖θ1 : |x| ≤ y1−θ
0 yθ1 , yi ∈ E+

i (i = 0, 1)} (x ∈ E1−θ
0 Eθ1). (4.4.4)

The following result is implicit in [53, §4], but no explicit proof was given in that

source.

Proposition 4.33. Let {E0, E1} be a compatible couple of Banach lattices, and take θ

with 0 < θ < 1. Then the Calderón–Lozanovskii space (E1−θ
0 Eθ1 , ‖·‖L) is a Banach lattice
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and also an intermediate space. Further, the closure of E0 ∩ E1 in E1−θ
0 Eθ1 is a Banach

lattice.

Proof. The ambient space for {E0, E1} is H, say.

Set L = E1−θ
0 Eθ1 . Clearly αx ∈ L and ‖αx‖L = |α| ‖x‖L whenever α ∈ F and x ∈ L.

Now take x1, x2 ∈ L. We claim that x1 + x2 ∈ L and ‖x1 + x2‖L ≤ ‖x1‖L + ‖x2‖L, and

hence ‖ · ‖L is a seminorm.

To see that x1 + x2 ∈ L, it suffices to show that

|x1 + x2| ≤ (y1 + y2)1−θ(z1 + z2)θ (4.4.5)

whenever yj ∈ E+
0 , zj ∈ E+

1 and |xj | ≤ y1−θ
j zθj in H for j = 1, 2. Since we know that

|x1 + x2| ≤ |x1|+ |x2|, inequality (4.4.5) follows from (4.4.2). Hence x1 + x2 ∈ L.

We now claim that

‖x1 + x2‖L ≤ ‖x1‖L + ‖x2‖L.

Let j ∈ {1, 2}. Given cj > ‖xj‖L, choose vj ∈ B+
E0

and wj ∈ B+
E1

with |xj | ≤ cjv
1−θ
j wθj ,

and set yj = cjvj ∈ E+
0 and zj = cjwj ∈ E+

1 . Then |xj | ≤ y1−θ
j zθj , so that

|x1 + x2| ≤ (y1 + y2)1−θ(z1 + z2)θ

by inequality (4.4.5). Using (4.4.4), we see that

‖x1 + x2‖L ≤ ‖y1 + y2‖1−θ0 ‖z1 + z2‖θ1
≤ (c1‖v1‖0 + c2‖v2‖0)1−θ(c1‖w1‖1 + c2‖w2‖1)θ

≤ (c1 + c2)1−θ(c1 + c2)θ = c1 + c2.

Since c1 > ‖x1‖L and c2 > ‖x2‖L were arbitrary, the claim follows.

We have shown that (L, ‖ · ‖L) is a seminormed space.

We see easily that the inclusion map of E0 ∩ E1 in L is contractive. To see that the

inclusion map of L into E0 +E1 is a contraction, take x ∈ L with ‖x‖L < 1. Then there

exist x0 ∈ B+
E0

and x1 ∈ B+
E1

with |x| ≤ x1−θ
0 xθ1. But x1−θ

0 xθ1 ≤ (1 − θ)x0 + θx1 (for

x0, x1 ∈ R+, this is [28, Proposition 4.1.3]), and so

‖x‖E0+E1
= ‖ |x| ‖E0+E1

≤ (1− θ)‖x0‖0 + θ‖x1‖1 ≤ 1.

It follows that ‖x‖E0+E1
≤ ‖x‖L (x ∈ L), and so the inclusion is indeed a contraction.

In particular, this shows that x = 0 when ‖x‖L = 0, and so ‖ · ‖L is a norm on L. Hence

(L, ‖ · ‖L) is an intermediate space.

We now claim that (L, ‖ · ‖L) is a Banach space. For this, it suffices to show that∑∞
j=1 xj converges in L whenever (xj) is a sequence in L with ‖xj‖L < 2−j (j ∈ N); take

(xj) to be such a sequence.

For each j ∈ N, there exist yj,0 ∈ E+
0 and yj,1 ∈ E+

1 with ‖yj,0‖0 = ‖yj,1‖1 < 2−j and

|xj | ≤ y1−θ
j,0 yθj,1 (j ∈ N). The two series

∑∞
j=1 yj,0 and

∑∞
j=1 yj,1 converge, say to y0 ∈ E+

0

and y1 ∈ E+
1 , respectively. Set

uk =

k∑
j=1

xj (k ∈ N).
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The sequence (uk) converges in (E0 + E1, ‖ · ‖E0+E1), say to x, and so (|uk|) converges

to |x| in the same space. For each k ∈ N, we have

|uk| ≤
k∑
j=1

y1−θ
j,0 yθj,1 ≤

( k∑
j=1

yj,0

)1−θ( k∑
j=1

yj,1

)θ
by inequality (4.4.2), and so |uk| ≤ y1−θ

0 yθ1 . Since this holds for each k ∈ N, it follows

that |x| ≤ y1−θ
0 yθ1 , and this implies that x ∈ L with ‖x‖L ≤ ‖y0‖1−θ0 ‖y1‖θ1 by (4.4.4).

Again take k ∈ N. Then

|x− uk| ≤
(
y0 −

k∑
j=1

yj,0

)1−θ(
y1 −

k∑
j=1

yj,1

)θ
,

and so

‖x− uk‖L ≤
∥∥∥y0 −

k∑
j=1

yj,0

∥∥∥1−θ

0

∥∥∥y1 −
k∑
j=1

yj,1

∥∥∥θ ≤ 1

2k
,

again using inequality (4.4.4). It follows that (uk) converges to x in (L, ‖ · ‖L). We have

shown that (L, ‖ · ‖) is a Banach space.

It is clear that (L, ‖ ·‖) is a Banach lattice, and that the closure of E0∩E1 in E1−θ
0 Eθ1

is also a Banach lattice.

We remark that, in the case where E0 and E1 are the complexifications of real Ba-

nach lattices F0 and F1, respectively, the Calderón–Lozanovskii space E1−θ
0 Eθ1 is the

complexification of the space F 1−θ
0 F θ1 .

Now suppose that {E0, E1} is a compatible couple of complex Banach lattices, and

take θ with 0 < θ < 1. Then, as in §1.10, we can define the intermediate Banach space

((E0, E1)θ, ‖·‖[θ]). The following key result of Raynaud and Tradacete is [53, Theorem 9].

Theorem 4.34. Let {E0, E1} be a compatible couple of complex Banach lattices, and

take θ with 0 < θ < 1. Then the intermediate space ((E0, E1)θ, ‖·‖[θ]) is the closure in the

Calderón–Lozanovskii space (E1−θ
0 Eθ1 , ‖·‖L) of the space E0∩E1. Further, ‖x‖[θ] = ‖x‖L

for each x ∈ E0 ∩ E1.

Corollary 4.35. Let {E0, E1} be a compatible couple of complex Banach lattices, and

take θ with 0 < θ < 1. Then the intermediate space ((E0, E1)θ, ‖ · ‖[θ]) is a Banach

lattice.

Theorem 4.36. Let E be a complex Banach lattice. Take θ with 0 < θ < 1, take n ∈ N,

and take p0, p1 with 1 ≤ p0, p1 <∞. Then the interpolation space

((En, ‖ · ‖L,p0n ), (En, ‖ · ‖L,p1n )θ

is isometrically isomorphic to the Banach lattice (En, ‖ · ‖L,pn ), where

1

p
=

1− θ
p0

+
θ

p1
.

Proof. We shall use Theorem 4.34. We may suppose that p0 6= p1, for the result is trivial

when p0 = p1.
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Set Fi = (En, ‖ · ‖L,pin ) for i = 0 and i = 1. The space `∞n (E) plays the rôle of an

ambient Banach lattice for the Banach lattices F0 and F1, where we note that the natural

injections of F0 and F1 in `∞n (E) are continuous lattice homomorphisms and that F0 and

F1 are order-ideals in `∞n (E).

We denote the Calderón–Lozanovskii space F 1−θ
0 F θ1 specified in Definition 4.32 by

(L, ‖ · ‖L).

The only non-trivial fact that we must show is that

‖x‖L =
∥∥∥( n∑

k=1

|xk|p
)1/p∥∥∥

E
(x = (x1, . . . , xn) ∈ En), (4.4.6)

and we shall now do this. Fix x = (x1, . . . , xn) ∈ En; without loss of generality, we may

suppose that x1, . . . , xn ∈ E+.

As a preliminary, we set αi = p/pi and βi = αi − 1 for i = 0, 1, so that βi 6= 0. We

note that (1− θ)α0 + θα1 = 1 and (1− θ)β0 + θβ1 = 0.

Consider the functions

Fj,i : (t1, . . . , tn) 7→ |tj |αi

( n∑
k=1

|tk|p
)−βi/p

, Rn → R,

defined for j ∈ Nn and i = 0, 1, where Fj,i(0, . . . , 0) = 0. It is clear that each function Fj,i
is continuous and positively homogeneous, and so operates on ER by the Youdine–Krivine

calculus. We note that

Fj,0(t)1−θFj,1(t)θ = |tj | (t = (t1, . . . , tn) ∈ Rn, j ∈ Nn). (4.4.7)

Take t = (t1, . . . , tn) ∈ Rn, and set tj,i = Fj,i(t) for j ∈ Nn and i = 0, 1. Then( n∑
j=1

|tj,i|pi
)1/pi

=
( n∑
j=1

|tj |αipi
)1/pi( n∑

k=1

|tk|p
)−βi/p

=
( n∑
k=1

|tk|p
)1/pi−βi/p

.

Also 1/pi − βi/p = 1/p, and hence( n∑
j=1

|tj,i|pi
)1/pi

=
( n∑
k=1

|tk|p
)1/p

(i = 0, 1). (4.4.8)

For j ∈ Nn and i = 0, 1, set xj,i = Fj,i(x1, . . . , xn) ∈ E+. It follows from (4.4.7) that

xj = x1−θ
j,0 xθj,1 (j ∈ Nn).

Set xi = (x1,i, . . . , xn,i) ∈ (E+)n for i = 0, 1. Then x = x1−θ
0 xθ1, and so

‖x‖L ≤ (‖x0‖L,p0n )1−θ(‖x1‖L,p1n )θ =
∥∥∥( n∑

k=1

|xk|p
)1/p∥∥∥

E

by (4.4.8).

For the reverse inequality, again take x = (x1, . . . , xn) ∈ (E+)n, and suppose that

x0,x1 ∈ (E+)n satisfy x ≤ x1−θ
0 xθ1, say x0 = (x1,0, . . . , xn,0) and x1 = (x1,1, . . . , xn,1).

Since the lattice operations in `∞n (E) are defined coordinatewise, we have

xj ≤ x1−θ
j,0 xθj,1 (j ∈ Nn).



94 H. G. Dales et al.

It follows from inequality (4.1.9) that( n∑
j=1

xpj

)1/p

≤
( n∑
j=1

xp0j,0

)(1−θ)/p0( n∑
j=1

xp1j,1

)θ/p1
,

and so, by inequality (4.4.1),∥∥∥( n∑
k=1

xpk

)1/p∥∥∥
E
≤
∥∥∥( n∑

j=1

xp0j,0

)1/p0∥∥∥1−θ∥∥∥( n∑
j=1

xp1j,1

)1/p1∥∥∥θ
= (‖x0‖L,p0n )1−θ(‖x1‖L,p1n )θ.

Taking the infimum over all such choices of x0 and x1, we conclude that∥∥∥( n∑
k=1

|xk|p
)1/p∥∥∥

E
≤ ‖x‖L.

We have established (4.4.6), and hence the theorem follows.

We believe that a similar result holds when we start with a compatible couple {E0, E1}
of complex Banach lattices, rather than one fixed Banach lattice, but we do not have a

proof of such a general result; certain special cases are listed by Calderón in [11].

4.5. Regular and multi-bounded operators. Let E and F be Banach lattices, take p

with 1 ≤ p ≤ ∞, and consider the canonical lattice p-multi-norms based on E and F . As

before, the norm of a p-multi-bounded operator T ∈ Mp(E,F ) is denoted by ‖T‖p-mb.

To be specific, we have T ∈Mp(E,F ) if and only if there exists a constant C > 0 with∥∥∥( n∑
i=1

|Txi|p
)1/p∥∥∥ ≤ C∥∥∥( n∑

i=1

|xi|p
)1/p∥∥∥ (x1, . . . , xn ∈ E, n ∈ N), (4.5.1)

and then ‖T‖p-mb is the infimum of the constants C.

The space of multi-bounded operators between two Banach lattices E and F , each

equipped with the lattice multi-norm (‖·‖Ln), is discussed and often identified in [20, §6.4].

First, we note that each order-bounded operator T from E to F is∞-multi-bounded and

that ‖T‖∞-mb ≤ ‖T‖b [20, Theorem 6.31], so that

Br(E,F ) ⊂ Bb(E,F ) ⊂M∞(E,F ) ⊂ B(E,F ),

and all the inclusions are contractions. There is a comprehensive statement of some

conditions for equality in the above inclusions in [20, Theorem 6.33]; here we state just

one result.

Proposition 4.37. Let E and F be Banach lattices, considered with their Banach lattice

multi-norms. Suppose that F is monotonically bounded and Dedekind complete. Then

Br(E,F ) = Bb(E,F ) =M∞(E,F ).

Corollary 4.38. Let E and F be Banach lattices. Then

Br(E,F ′) = Bb(E,F ′) =M∞(E,F ′).

Proof. For a Banach lattice F , the dual Banach lattice F ′ is monotonically bounded and

Dedekind complete.
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Let E and F be Banach lattices. As mentioned above, the ‘opérateurs réguliers’ of [45,

Définition 3.2] are exactly the operators in our class M∞(E,F ); this class is denoted by

Br(E,F ) in [45,Définition3.2].Note that these ‘opérateurs réguliers’ arenotalways the same

as the usual ‘regular operators’. The ‘opérateurs `1-réguliers’ of [45] are our 1-multi-bounded

operators. It is shown in [45, Lemme 1.1] that, in our notation,M∞(E,F ) =M1(E,F );

this will also be a consequence of our Theorem 4.40, to be given below. Our ‘p-multi-bounded

operators’ correspond to the ‘opérateurs p-réguliers’ of [45, Remarque, p. 21].

Take p with 1 ≤ p ≤ ∞. It follows from (4.2.2) that each positive operator in B(E,F ) is

p-multi-bounded, with ‖T‖p-mb ≤ ‖T‖, and so each regular operator is p-multi-bounded.

In fact, the following stronger statement is true.

Theorem 4.39. Let E and F be Banach lattices, and suppose that T ∈ B(E,F ) is pre-

regular. Take p with 1 ≤ p ≤ ∞. Then T is p-multi-bounded with

‖T‖p-mb ≤ ‖T ′‖r.
Proof. We write κT for κF ◦ T : E → F ′′; by Theorem 4.21(a)⇒(c), κT is regular.

Take n ∈ N and x1, . . . , xn ∈ E. Then∥∥∥( n∑
i=1

|Txi|p
)1/p∥∥∥

F
=
∥∥∥( n∑

i=1

|(κT )xi|p
)1/p∥∥∥

F ′′
≤
∥∥∥( n∑

i=1

(|κT | |xi|)p
)1/p∥∥∥

F ′′
.

By (4.2.2), ∥∥∥( n∑
i=1

(|κT ||xi|)p
)1/p∥∥∥

F ′′
≤ ‖ |κT | ‖

∥∥∥( n∑
i=1

|xi|p
)1/p∥∥∥

E
,

and so ∥∥∥( n∑
i=1

|Txi|p
)1/p∥∥∥

F
≤ ‖ |κT | ‖

∥∥∥( n∑
i=1

|xi|p
)1/p∥∥∥

E
.

In terms of the canonical lattice p-multi-norms, this says that

‖(Tx1, . . . , Txn)‖L,pn ≤ ‖κT‖r‖(x1, . . . , xn)‖L,pn .

By Theorem 4.21, ‖κT‖r = ‖T ′‖r, and so the result follows.

Thus, in the above setting, we have

B(E,F )+ ⊂ Br(E,F ) ⊂ Bb(E,F ) ⊂ Bpr(E,F ) ⊂Mp(E,F ) ⊂ B(E,F )

for each p with 1 ≤ p ≤ ∞.

We shall now show that, in the case where p = 1 or p = ∞, the converse of Theo-

rem 4.39 holds, in the sense that each p-multi-bounded operator is pre-regular, and further

‖T‖p-mb = ‖T ′‖r for such operators T . However, Example 4.44 will show that there are

2-multi-bounded operators on certain Banach lattices that are not pre-regular and that

there are pre-regular operators T such that ‖T‖2-mb 6= ‖T ′‖r.
Theorem 4.40. Let E and F be Banach lattices, and suppose that T ∈ B(E,F ). Then

the following conditions on T are equivalent:

(a) T is ∞-multi-bounded;

(b) T is 1-multi-bounded;

(c) T is pre-regular.

Further, in this case, ‖T‖∞-mb = ‖T‖1-mb = ‖T ′‖r.
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Proof. Suppose that T satisfies (c). Then, by Theorem 4.39, T satisfies (a) and (b), and

‖T‖∞-mb ≤ ‖T ′‖r and ‖T‖1-mb ≤ ‖T ′‖r.
Suppose that T satisfies (a). Then κT is ∞-multi-bounded, again writing κT for

κF ◦ T : E → F ′′, and so, by Corollary 4.38, κT is regular. By the implication (c)⇒(a)

of Theorem 4.21, T is pre-regular, and so T satisfies (c).

Suppose that T satisfies (b). Then, by Proposition 3.4, T ′ : F ′ → E′ is ∞-multi-

bounded, and so, by Corollary 4.38, T ′ is regular. Hence T satisfies (c).

Thus (a), (b), and (c) are equivalent.

To establish the equality of the three norms when (a)–(c) are satisfied, fix x ∈ E+,

and set

A =
{ n∨
i=1

|Txi| : x1, . . . , xn ∈ E+ ∩∆x, n ∈ N
}
.

Then we can regard A as an increasing net in both F+ and (F ′′)+; also

‖a‖ ≤ ‖T‖∞-mb‖x‖ (a ∈ A),

and so A has a supremum, say Λ, in F ′′ with

‖Λ‖ = sup{‖a‖ : a ∈ A} ≤ ‖T‖∞-mb‖x‖.

It follows that

|κT |(x) = sup{|κT (z)| : |z| ≤ x} ≤ Λ,

and so

‖ |κT |(x)‖ ≤ ‖Λ‖ ≤ ‖T‖∞-mb‖x‖,

whence ‖ |κT | ‖ ≤ ‖T‖∞-mb. By Theorem 4.21, ‖T ′‖r = ‖κT‖r, and so ‖T ′‖r ≤ ‖T‖∞-mb.

Finally, we have

‖T‖1-mb = ‖T ′‖∞-mb = ‖T ′′‖r = ‖T ′‖r,

again by Theorem 4.21. Thus ‖T‖∞-mb = ‖T‖1-mb = ‖T ′‖r.

Corollary 4.41. Let E and F be Banach lattices. Then M∞(E,F ) = B(E,F ) if and

only if T ′ ∈ Br(F ′, E′) for each T ∈ B(E,F ).

In [45], Banach lattices E such thatM∞(E) = B(E) are said to be homogènes; by [45,

Corollaire 4.2], they are characterized as being the lattices that are lattice isomorphic to

either AL- or AM -spaces. (Here we are using [43, Theorem 1.b.12] and [46, 2.1.12] to see

that the definitions of AL- and AM -spaces in [45] coincide with the Banach lattices that

are lattice isomorphic to AL- or AM -spaces, in our terminology.)

Theorem 4.42. Let E and F be Banach lattices, and suppose that T ∈ B(E,F ). Then

T is 2-multi-bounded, and ‖T‖2-mb ≤ KG‖T‖.

Proof. This follows from Krivine’s theorem, Theorem 4.11.

We summarize the above results in the following theorem; it follows from Theorems

4.39, 4.40, and 4.42, and from a remark on page 82.
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Theorem 4.43. Let E and F be Banach lattices, and take p with 1 < p <∞. Then

Bb(E,F ) ⊂ Bpr(E,F ) =M1(E,F ) =M∞(E,F ) ⊂Mp(E,F ) ⊂M2(E,F ) = B(E,F ).

In the case where E and F are AL-spaces and 1 ≤ p ≤ ∞, we have

Br(E,F ) = Bb(E,F ) =Mp(E,F ) = B(E,F ).

Example 4.44. We claim that there is reflexive Banach lattice E with Bpr(E) ( B(E).

Indeed, take E = `p, where 1 < p < ∞, and assume towards a contradiction that each

2-multi-bounded operator in B(E) is pre-regular. Then each dual operator in B(E′) is

regular, and so Br(E′) = B(E′). But, as noted above, it is shown in [4] that Br(E′) is

not even dense in B(E′). Since ‖ · ‖2-mb is equivalent to ‖ · ‖, it also follows from [4] that

‖ · ‖r is not equivalent to ‖ · ‖2-mb on Br(E).

Theorem 4.45. Let E and F be Banach lattices, and take p1, p2 ∈ R such that either

1 < p1 < p2 < 2 or 2 < p2 < p1 <∞. Then

M1(E,F ) =M∞(E,F ) ⊂Mp1(E,F ) ⊂Mp2(E,F ) ⊂M2(E,F ) = B(E,F ). (4.5.2)

Proof. We suppose that 1 < p1 < p2 < 2.

Take T ∈ Mp1(E,F ), say with ‖T‖p1-mb ≤ 1. Then also T ∈ B(E,F ) = M2(E,F ),

with ‖T‖2-mb ≤ KG.

First, suppose that E and F are complex Banach lattices, and take n ∈ N. By Theo-

rem 4.36, the spaces E(`p2n ) and F (`p2n ) are isometrically isomorphic to (E(`p1n ), E(`2n))θ
and (F (`p1n ), F (`2n))θ, respectively, for a suitable choice of θ ∈ (0, 1). Further, T (n) is

a linear map from E(`p1n ) + E(`2n) to F (`p1n ) + F (`2n) such that T (n) : E(`p1n )→ F (`p1n )

is bounded with norm at most 1 and T (n) : E(`2n) → F (`2n) is bounded with norm at

most KG. By Theorem 1.46, T (n) is a bounded linear map from E(`p2n ) to F (`p2n ) with

norm at most Kθ
G, a bound independent of n. It follows that T ∈ Mp2(E,F ), and so

(4.5.2) holds.

Next, suppose that E and F are real Banach lattices, and again take n ∈ N. For an

arbitrary p with 1 ≤ p ≤ ∞, we again write `pn(R) and `pn(C) for the appropriate spaces

taken over real and complex scalars, respectively. It is easy to see that the complexification

E(`pn(R))⊕ iE(`pn(R)) of E(`pn(R)) may be identified with (E⊕ iE)(`pn(C)), and that this

identification is isometric. Using this identification, we may also identify the nth amplifi-

cation (TC)(n) of the complexification TC with the complexification of T (n), namely with

(T (n))C : E(`pn(R))⊕ iE(`pn(R))→ F (`pn(R))⊕ iF (`pn(R)).

In particular, the two operators have the same norms, and so

‖(TC)(n) : (E ⊕ iE)(`p1n (C))→ (F ⊕ iF )(`p1n (C))‖

is equal to

‖(T (n))C : E(`p1n (R))⊕ iE(`p1n (R))→ F (`p1n (R))⊕ iF (`p1n (R))‖.

The latter norm is bounded by 2‖T (n) : E(`p1n (R)) → F (`p1n (R))‖ ≤ 2; this is because
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‖TC‖ ≤ 2‖T‖ and ‖T‖p1-mb ≤ 1. It follows from the first part of the proof that

‖T (n) : E(`p2n (R))→ F (`p2n (R))‖

≤ ‖(T (n))C : E(`p2n (R))⊕ iE(`p2n (R))→ F (`p2n (R))⊕ iF (`p2n (R))‖

= ‖(TC)(n) : (E ⊕ iE)(`p2n (C))→ (F ⊕ iF )(`p2n (C))‖ ≤ 2Kθ
G,

and hence ‖T‖p2-mb ≤ 2Kθ
G. Thus the result follows in this real case.

The case where 2 < p2 < p1 <∞ is similar.

The following example leads to the determination of Mp(E,F ) in some cases.

Example 4.46. Let E and F be Banach lattices, and take p with 1 < p <∞ and n ∈ N.

As before, the space En with the canonical lattice p-multi-norm ‖ · ‖L,pn is denoted by

E(`pn) and the space En with the p-sum power-norm is denoted by `pn(E). (We recall that

the p-sum power-norm is always a power-norm, and that it is a p-multi-norm for certain

Banach spaces E.) Thus we may consider the space of p-multi-bounded operators from

E to F with respect to these power-norms.

Specifically consider two operators S ∈ B(E,F ) with S(n) : `pn(E) → F (`pn) and

T ∈ B(E,F ) with T (n) : E(`pn)→ `pn(F ). By the definitions given in [43, Definition 1.d.3]:

S is p-multi-bounded if and only if S is a p-convex operator, and the p-multi-bounded

norm of S is M (p)(S); T is p-multi-bounded if and only if T is a p-concave operator, and

the p-multi-bounded norm of T is M(p)(T ). The Banach lattice E is p-convex or p-concave

if the identity operator on E is p-convex or p-concave, respectively. Thus the canonical

lattice p-multi-norm and the p-sum power-norm based on E are equivalent if and only if

E is p-convex and p-concave; this holds for the spaces Lp(Ω) for a measure space Ω.

By Theorem 4.28, (E(`pn))′ = E′(`p
′

n ), and so it follows from our Proposition 3.4 that

an operator T between two Banach lattices is p-convex if and only if T ′ is p′-concave and

that T is p-concave if and only if T ′ is p′-convex, as in [43, Proposition 1.d.4].

Proposition 4.47. Let Ω and Σ be measure spaces, and suppose that 1 ≤ r ≤ p ≤ s ≤ ∞.

Then

Mp(L
r(Ω), Ls(Σ)) = B(Lr(Ω), Ls(Σ)), (4.5.3)

with equality of norms.

Proof. Set E = Lr(Ω) and F = Ls(Σ), and take T ∈ B(E,F ). The Banach lattice F is

p-convex with constant 1, and so∥∥∥( n∑
i=1

|Tfi|p
)1/p∥∥∥ ≤ ( n∑

i=1

‖Tfi‖p
)1/p

(f1, . . . , fn ∈ E, n ∈ N).

The Banach lattice E is p-concave with constant 1, and so( n∑
i=1

‖fi‖p
)1/p

≤
∥∥∥( n∑

i=1

|fi|p
)1/p∥∥∥ (f1, . . . , fn ∈ E, n ∈ N).

It follows that T ∈ Mp(E,F ) with ‖T‖p-mb ≤ ‖T‖. Since the inequality ‖T‖ ≤ ‖T‖p-mb

always holds, we obtain equality of norms in (4.5.3).
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Corollary 4.48. Let Ω and Σ be measure spaces, and take r, s with 1 ≤ r ≤ s ≤ 2 or

2 ≤ r ≤ s ≤ ∞. Then

Mp(L
r(Ω), Ls(Σ)) = B(Lr(Ω), Ls(Σ)) (4.5.4)

for each p ∈ [r, 2] or each p ∈ [2, s], respectively.

Proof. First suppose that 1 ≤ r ≤ s ≤ 2 and that p = r. Then (4.5.4) holds by Proposition

4.47. Thus it holds for each p ∈ [r, 2] by Theorem 4.45. The case where 2 ≤ r ≤ s ≤ ∞
is similar.

The following result essentially contains a converse to Corollary 4.48 in a special case.

Proposition 4.49. Take r with 1 < r <∞.

(i) Suppose that 1 ≤ p < 2. Then Mp(`
r) = B(`r) if and only if 1 < r ≤ p.

(ii) Suppose that 2 < p ≤ ∞. Then Mp(`
r) = B(`r) if and only if r ≥ p.

Proof. The facts that Mp(`
r) = B(`r) for p ∈ [r, 2], and hence for r ∈ (1, p], when

1 ≤ p < 2, and for p ∈ [2, r], and hence for r ≥ p, when 2 < p ≤ ∞ are special cases of

Corollary 4.48. We must show that these are the only cases for which Mp(`
r) = B(`r).

In the case where p = 1, it follows from Theorem 4.40 thatM1(`r) = Bpr(`r) for each

r ∈ (1,∞]. Further, Bpr(`r) = Br(`r) for each r ∈ (1,∞), and we have noted that Br(`r)
is not even dense in B(`r). Thus M1(`r) 6= B(`r).

Now suppose that 1 < p < ∞, 1 < r < ∞, and Mp(`
r) = B(`r). Thus there exists

C ≥ 1 such that

‖T‖p−mb ≤ C‖T‖ (T ∈ B(`r)). (4.5.5)

Take m,n ∈ N. As in Example 4.25, we see that there is an isometric isomorphism

from ((`rm)n, ‖ · ‖L,pn ) onto (`rm(`pn), ‖ · ‖`rm(`pn)) formed by ‘taking transposes’. Now take

T ∈ B(`rm) and regard T as an m×m matrix (Tj,k) and as an element of B(`r), and take

x = (x1, . . . , xn) ∈ (`rm)n, where xi = (xi,k : k ∈ Nm) for i ∈ Nn. Then

‖T (n)x‖L,pn =
∥∥∥(( m∑

k=1

Tj,kxi,k : i ∈ Nn
)

: j ∈ Nm
)∥∥∥

`rm(`pn)

=
( m∑
j=1

( n∑
i=1

∣∣∣ m∑
k=1

Tj,kxi,k

∣∣∣p)r/p)1/r

.

On the other hand,

‖x‖L,pn =
( m∑
j=1

( n∑
i=1

|xi,j |p
)r/p)1/r

.

Thus (4.5.5) implies that

‖T : `rm(E)→ `rm(E)‖ ≤ C‖T : `rm → `rm‖

for each T ∈ B(`rm) and m ∈ N, where E = `pn. It follows from Theorem 1.43, (d)⇒(a),

(with r replacing p in the notation) that `pn is C-isomorphic to an r-space for each n ∈ N.

By the final claim of Corollary 1.44, r ∈ [p, 2] when 1 < p < 2 and r ∈ [2, p] when

2 < p <∞, as required.
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Corollary 4.50. Take p1, p2 such that 1 ≤ p1, p2 ≤ ∞. Then the inclusion

Mp1(E) ⊂Mp2(E)

holds for every Banach lattice E in each of the following three cases:

(i) p1 ∈ {1,∞};
(ii) 1 ≤ p1 ≤ p2 ≤ 2;

(iii) 2 ≤ p2 ≤ p1 ≤ ∞.

For all other pairs {p1, p2}, there is a Banach lattice E such that Mp1(E) 6⊂ Mp2(E).

Proof. The proof of the inclusionsMp1(E) ⊂Mp2(E) in the specified cases follows from

Theorem 4.45. To show that the inclusion fails in all other cases, take E to be the Banach

lattice `p1 .



5. Representation theorems

We now seek canonical representation theorems for certain p-multi-normed spaces.

5.1. Representations as subspaces of lattices. Let E be a Banach space. The mem-

oir [45] contains a representation theorem for spaces c0 ⊗ E satisfying property (P),

which was defined on page 49, and hence gives a representation theorem for multi-normed

spaces, in terms of closed subspaces of Banach lattices, or as ‘sous-espaces de treillis’; the

theorem is [45, Théorème 2.1], where the result and proof are attributed to Pisier. The

theorem is also stated as [20, Theorem 4.56]. We now give a simpler and shorter version

of this proof in the language of multi-norms; further, we shall generalize the result to

apply to certain p-multi-norms.

After the relevant part of this memoir was completed, we discovered that a different

proof of Pisier’s representation theorem was given by Casazza and Nielsen [12, Theo-

rem 1.7]; this proof uses ultraproducts and is also different from our proof. Further, a proof

of our Theorem 5.5 (in a different language) is contained in the thesis [44] of McClaran;

again, the proof is different from ours. We are grateful to Professor W. B. Johnson for

discussing this thesis with us.

We commence by setting the scene for the results.

Let (E, ‖ · ‖) be a normed space. We write K for the closed unit ball BE′ of E′, so

that K is a compact space with respect to the relative weak∗ topology σ(E′, E), and

the space (C(K), ‖ · ‖∞) is a Banach lattice. As before, to every element x ∈ E one can

associate the element x̂ in E′′ defined by x̂(λ) = 〈x, λ〉 (λ ∈ E′); with a slight abuse of

notation, we also denote the restriction of x̂ to K by x̂, so that we are considering x̂ as

an element of C(K). The map

x 7→ x̂, (E, ‖ · ‖)→ (C(K), ‖ · ‖∞),

is a linear isometry. Throughout this section, V denotes the order-ideal in C(K) generated

by (the image of) E. Thus, for each f ∈ C(K), we have f ∈ V if and only if |f | ≤
∨n
i=1 |x̂i|

holds in C(K) for some n ∈ N and x1, . . . , xn ∈ E.

Let E be a normed space, and fix p with 1 ≤ p ≤ ∞. We shall be especially interested

in functions on K of the form

fx :=
( n∑
i=1

|x̂i|p
)1/p

for x = (x1, . . . , xn) ∈ En,

where n ∈ N ; here we interpret fx as max{|x̂1|, . . . , |x̂n|} in the case where p =∞.

[101]



102 H. G. Dales et al.

Since the lattice operations in C(K) are defined pointwise, we have

fx(λ) =
( n∑
i=1

|〈xi, λ〉|p
)1/p

(λ ∈ K), (5.1.1)

and so fx ∈ C(K)+. We note that fx depends on p, although this is not shown explicitly

in the notation. Take α ∈ F, m,n ∈ N, x ∈ Em, and y ∈ En. Then fαx = |α|fx and

f(x,y) = (fpx + fpy)1/p ≤ fx + fy. (5.1.2)

Further, fy ≤ fx in (C(K)+,≤) if and only if y 4p x (in the notation of Definition 1.37),

and so, in the particular case that (En, ‖ · ‖n) is a strong p-multi-normed space, we

have ‖y‖n ≤ ‖x‖m whenever fy ≤ fx in (C(K)+,≤). (Indeed, this fact motivated us to

formulate the definition of a strong p-multi-norm.)

Take n ∈ N. There are constants C1 and C2 (depending on n) such that

C1

n∑
i=1

|fi| ≤
( n∑
i=1

|fi|p
)1/p

≤ C2

n∨
i=1

|fi|

for f1, . . . , fn ∈ C(K), and so f ∈ V if and only if |f | ≤ fx for some n ∈ N and x ∈ En.

Definition 5.1. Let (En, ‖ · ‖n) be a power-normed space, and take p with 1 ≤ p ≤ ∞.

For each f ∈ V , set

ρp(f) = inf{‖x‖n : |f | ≤ fx for some x ∈ En and n ∈ N}. (5.1.3)

Thus ρp(f) ∈ R+ for each f ∈ V . The first lemma is immediate.

Lemma 5.2. Let (En, ‖ ·‖n) be a power-normed space, and take p with 1 ≤ p ≤ ∞. Then:

(i) ρp(αf) = |α|ρp(f) (α ∈ F, f ∈ V );

(ii) ρp(|f |) = ρp(f) (f ∈ V );

(iii) ρp(f) ≤ ρp(g) whenever f, g ∈ V with |f | ≤ |g| in C(K)+;

(iv) ρp(fx) ≤ ‖x‖m whenever m ∈ N and x ∈ Em.

Lemma 5.3. Let (En, ‖ · ‖n) be a strong p-multi-normed space, where 1 ≤ p ≤ ∞. Then

ρp(fx) = ‖x‖m (x ∈ Em, m ∈ N).

Proof. Take m ∈ N and x ∈ Em. By Lemma 5.2(iv), ρp(fx) ≤ ‖x‖m. Now suppose that

y ∈ En, where n ∈ N, and that |fx| ≤ fy. Then ‖y‖n ≥ ‖x‖m, and so ρp(fx) = ‖x‖m.

Suppose that (En, ‖ · ‖n) is a power-normed space and that 1 ≤ p ≤ ∞. In addition,

assume that ρp is subadditive, so that

ρp(f + g) ≤ ρp(f) + ρp(g) (f, g ∈ V ). (5.1.4)

Then ρp is a lattice seminorm on V , and so ker ρp = {f ∈ V : ρp(f) = 0} is an order-ideal

in V and V/ker ρp is a normed lattice with respect to the norm induced by ρp. Let X be

the completion of this normed space, so that X is a Banach lattice, and define

J : x 7→ x̂+ ker ρp, E → X.

Then J is a linear map and (
∑n
i=1 |Jxi|p)1/p = fx + ker ρp for x = (x1, . . . , xn) ∈ En.
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As in Definition 4.22, we write (‖ · ‖L,pn ) for the canonical lattice p-multi-norm based

on the Banach lattice X, and we suppose throughout that this is the p-multi-norm that

is based on X.

Lemma 5.4. Let (En, ‖ · ‖n) be a power-normed space, and take p with 1 ≤ p ≤ ∞.

Further, assume that ρp is subadditive. Then J : E → X is a multi-contraction. In the

case where (En, ‖ · ‖n) is a strong p-multi-normed space, J : E → X is a multi-isometry.

Proof. Take n ∈ N and x = (x1, . . . , xn) ∈ En. Then

‖J (n)x‖L,pn =
∥∥∥( n∑

i=1

|Jxi|p
)1/p∥∥∥ = ‖fx + ker ρp‖ = ρp(fx) ≤ ‖x‖n (5.1.5)

by Lemma 5.2(iv). Thus J : E → X is a multi-contraction. In the case where (En, ‖ · ‖n)

is a strong p-multi-normed space, ρp(fx) = ‖x‖n by Lemma 5.3, and so (5.1.5) shows

that J : E → X is a multi-isometry.

Clearly the point to be resolved before we can claim a satisfactory representation

theorem is when the above map ρp is subadditive. We shall first show that this is certainly

the case when we are considering multi-norms themselves, so recovering the theorem of

Pisier.

Theorem 5.5. Let (En, ‖ · ‖n) be a multi-Banach space. Then there are a Banach lattice

X and a closed subspace Y of X such that (En, ‖ · ‖n) is multi-isometric to (Y n, ‖ · ‖Ln).

Proof. The multi-norm (‖ ·‖n) is a strong multi-norm by Theorem 2.25. As we remarked,

it suffices to show that the function ρ = ρ∞ defined above (in the case where p =∞) is

subadditive.

Take f, g ∈ V , and fix ε > 0. Then we can find m,n ∈ N, x ∈ Em, and y ∈ En such

that

|f | ≤ fx, |g| ≤ fy, ‖x‖m ≤ ρ(f) + ε, and ‖y‖n ≤ ρ(g) + ε.

Set G = `∞m ⊕1 `
∞
n , so that

‖(u, v)‖ = ‖u‖`∞m + ‖v‖`∞n (u ∈ `∞m , v ∈ `∞n ).

By Proposition 1.9, there exist k ∈ N and a linear embedding T : G→ `∞k such that

‖(u, v)‖ ≤ ‖T (u, v)‖ ≤ (1 + ε)‖(u, v)‖ (u ∈ `∞m , v ∈ `∞n ). (5.1.6)

Clearly there are linear mappings A : `∞m → `∞k and B : `∞n → `∞k for which

max{‖A‖, ‖B‖} ≤ ‖T‖ ≤ 1 + ε

such that each element T (u, v) can be written in the form Au+Bv.

We can regard T as a matrix, and hence as a linear map from Em × En to Ek.

Similarly, we can regard A and B as linear maps from Em and En, respectively, to Ek.

Define z = T (x,y) ∈ Ek, say z = (z1, . . . , zk), and take λ ∈ E′. Then it follows from

(1.4.3) that

〈z, λ〉 = λ(k)(T (x,y)) = T (λ(m+n)(x,y)) = T (λ(m)(x), λ(n)(y)).
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Combining this with (5.1.6), we obtain

fz(λ) = max
i=1,...,k

|〈zi, λ〉| = ‖〈z, λ〉‖`∞k = ‖T (λ(m)(x), λ(n)(y))‖`∞k

≥ ‖(λ(m)(x), λ(n)(y))‖G = ‖λ(m)(x)‖`∞m + ‖λ(n)(y)‖`∞n = fx(λ) + fy(λ),

and hence fz ≥ fx + fy ≥ |f |+ |g| ≥ |f + g|. This shows that

ρ(f + g) ≤ ‖z‖k = ‖Ax+By‖k ≤ ‖Ax‖k + ‖By‖k
≤ (1 + ε)(‖x‖m + ‖y‖n) ≤ (1 + ε)(ρ(f) + ρ(g) + 2ε).

The above inequality holds true for each ε > 0, and so ρ(f + g) ≤ ρ(f) + ρ(g), which

shows that ρ is indeed subadditive.

This completes the proof of the theorem.

We next consider the representation of 1-multi-norms, i.e., of dual multi-norms. As

we saw in Example 2.33, there are 1-multi-norms that are not strong 1-multi-norms, and

so we must impose this condition on the 1-multi-norm. Indeed, since the canonical lattice

1-multi-norm (‖ · ‖DLn ) = (‖ · ‖L,11 ) of the following result is strong (by Theorem 4.23),

the hypothesis that the 1-multi-norm based on E be strong is clearly necessary for the

following theorem to hold.

Theorem 5.6. Let (En, ‖·‖n) be a strong 1-multi-Banach space. Then there are a Banach

lattice X and a closed subspace Y of X such that (En, ‖ · ‖n) is multi-isometric to

(Y n, ‖ · ‖DLn ).

Proof. Again it suffices to show that the function ρ = ρ1 defined above (in the case where

p = 1) is subadditive.

Take f, g ∈ V , and fix ε > 0. Then we can find m,n ∈ N, x ∈ Em and y ∈ En such

that

|f | ≤ fx, |g| ≤ fy, ‖x‖m ≤ ρ(f) + ε, and ‖y‖n ≤ ρ(g) + ε.

Then |f + g| ≤ fx + fy = f(x,y), and so

ρ(f + g) ≤ ‖(x,y)‖m+n ≤ ‖x‖m + ‖y‖n ≤ ρ(f) + ρ(g) + 2ε.

This holds true for each ε > 0, and so ρ(f + g) ≤ ρ(f) + ρ(g), as required.

We now seek a result that is applicable in the case where 1 < p < ∞. In the fol-

lowing theorem, we impose the extra condition that the p-multi-norm be strong, which

is certainly a necessary condition, and that the p-multi-norm be p-convex; for each p,

this latter condition is necessary if we require that the Banach lattice be p-convex, for

then the corresponding canonical p-multi-norm is p-convex by Theorem 4.26, and so the

initial p-multi-norm must be p-convex, where we note that p-convexity passes to closed

subspaces. In Example 5.9, we shall exhibit a strong 2-multi-Banach space (that is not

2-convex) which is not multi-isometric to (Y n, ‖ · ‖L,2n ) for any closed subspace Y of a

Banach lattice.

Theorem 5.7. Take p with 1 < p < ∞, and let (En, ‖ · ‖n) be a strong p-multi-Banach

space that is p-convex. Then there are a p-convex Banach lattice X and a closed subspace

Y of X such that (En, ‖ · ‖n) is multi-isometric to (Y n, ‖ · ‖L,pn ).
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Proof. To establish the existence of X and Y such that (En, ‖ · ‖n) is multi-isometric to

(Y n, ‖ · ‖L,pn ), it suffices to show that ρp defined above is subadditive. Set q = p′.

Again take f, g ∈ V , and fix ε > 0. Then we can find m,n ∈ N, x ∈ Em, and y ∈ En
such that

|f | ≤ fx, |g| ≤ fy, ‖x‖m ≤ ρp(f) + ε, and ‖y‖n ≤ ρp(g) + ε.

We may suppose that x and y are non-zero. We set

α =

(
‖x‖m

‖x‖m + ‖y‖n

)1/q

, β =

(
‖y‖n

‖x‖m + ‖y‖n

)1/q

,

so that αq + βq = 1. By Hölder’s inequality applied pointwise in C(K), we have

|f |+ |g| ≤
(
|f |p

αp
+
|g|p

βp

)1/p

.

Set z = (x/α,y/β) ∈ Em+n, say z = (z1, . . . , zm+n). Then(
|f |p

αp
+
|g|p

βp

)1/p

≤
(m+n∑
i=1

|ẑi|p
)1/p

= fz,

and so ρp(f + g) ≤ ρp(fz) = ‖z‖m+n. Since the multi-norm (‖ · ‖n) is p-convex, we have

‖z‖m+n ≤
(
‖x‖pm
αp

+
‖y‖pn
βp

)1/p

,

and the expression on the right-hand side is just ‖x‖m + ‖y‖n. Therefore

ρp(f + g) ≤ ‖x‖m + ‖y‖n ≤ ρp(f) + ρp(g) + 2ε.

This holds true for each ε > 0, and so ρp is indeed subadditive.

We must also show that the Banach lattice X is p-convex. For this, take f, g ∈ V , as

above. Then

ρp
(
(|f |p + |g|p)1/p

)
≤ ‖(x,y)‖m+n ≤ (‖x‖pm + ‖y‖pn)1/p

≤
(
(ρp(f) + ε)p + (ρp(g) + ε)p

)1/p
.

This also holds true for each ε > 0, and so

ρp
(
(|f |p + |g|p)1/p

)
≤
(
ρp(f)p + ρp(g)p

)1/p
.

This implies that the Banach lattice X is p-convex.

Recall that a sequential norm is a 2-multi-norm that is 2-convex.

Corollary 5.8. Let E be a Banach space, and let (‖ · ‖n) be a sequential norm based

on E. Then there are a 2-convex Banach lattice X and a closed subspace Y of X such

that (En, ‖ · ‖n) is multi-isometric to (Y n, ‖ · ‖L,2n ).

Proof. By Theorem 2.25, every 2-multi-norm is a strong 2-multi-norm.

Example 5.9. First, for each p with 1 < p < ∞, we shall construct an example of a

p-multi-normed space based on a Banach space E that is not multi-isomorphic to any

closed subspace of a Banach lattice with the canonical p-multi-norm.

Let (E, ‖ · ‖E) be a Banach space, and consider the dual weak p-summing norm

(νp,n) based on E, as in Example 2.7(iv); we recall from Theorem 2.11 that (νp,n) is
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the maximum p-multi-norm based on E and that, for n ∈ N, νp,n corresponds to the

projective tensor norm ‖ · ‖π,n on `pn ⊗̂ E. Suppose that X is a Banach lattice equipped

with the canonical lattice p-multi-norm (‖ · ‖L,pn ) and that T : E → X is an embedding

onto a closed subspace Y of X; we may suppose that ‖T‖ = 1. Define Mn = ‖(T−1)(n)‖
(n ∈ N).

In fact, we take E = `q(R), where q = p′. We write (δn) for the standard basis in

`p(R), as before, and now write (δ′n) for the standard basis in E. Fix n ∈ N, and set

e = (δ′1, . . . , δ
′
n) ∈ En. Then, using (1.5.10), we have

νp,n(e) =
∥∥∥ n∑
i=1

δi ⊗ δ′i
∥∥∥
π,n
.

Consider λ = (δ1, . . . , δn) ∈ (E′)n = (`p)n. By (1.5.3), µq,n(λ) = 1, and consequently

n = 〈e,λ〉 ≤ νp,n(e). Thus νp,n(e) = n.

Take n ∈ N, and set xi = Tδ′i (i ∈ Nn) and x = (x1, . . . , xn) ∈ Y n, so that T (n)e = x.

Then

n = νp,n(e) ≤Mn‖x‖L,pn = Mn

∥∥∥( n∑
i=1

|xi|p
)1/p∥∥∥. (5.1.7)

By Proposition 4.10,

1√
2

( n∑
i=1

|xi|2
)1/2

≤ 1

2n

∑∣∣∣ n∑
i=1

εixi

∣∣∣,
where the outer sum on the right-hand side is taken over all choices of εi = ±1 for i ∈ Nn.

We have ∥∥∥ n∑
i=1

εixi

∥∥∥ ≤ ∥∥∥ n∑
i=1

εiδ
′
i

∥∥∥
E

= n1/q,

and so

1√
2

∥∥∥( n∑
i=1

|xi|2
)1/2∥∥∥ ≤ ∥∥∥∥ 1

2n

∑∣∣∣ n∑
i=1

εixi

∣∣∣ ∥∥∥∥ ≤ 1

2n

∑∥∥∥ n∑
i=1

εiδ
′
i

∥∥∥ = n1/q.

Suppose that p ≥ 2. Then( n∑
i=1

|xi|p
)1/p

≤
( n∑
i=1

|xi|2
)1/2

,

and hence, using (5.1.7), we see that

n√
2Mn

≤ 1√
2

∥∥∥( n∑
i=1

|xi|p
)1/p∥∥∥ ≤ n1/q,

and so Mn ≥ (1/
√

2)n1/p (n ∈ N).

Suppose that 1 ≤ p ≤ 2. Then( n∑
i=1

|xi|p
)1/p

≤ n1/p−1/2
( n∑
i=1

|xi|2
)1/2

,

and now
n√

2Mn

≤ 1√
2

∥∥∥( n∑
i=1

|xi|p
)1/p∥∥∥ ≤ n1/p−1/2+1/q = n1/2,

and so Mn ≥ (n/2)1/2 (n ∈ N).
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In each case, Mn → ∞ as n → ∞, and so there is no embedding of E onto a closed

subspace of a Banach lattice such that the inverse is multi-bounded.

In the case where p = 2, the multi-norm (ν2,n) is a strong 2-multi-norm. This shows

that the convexity condition in Corollary 5.8 is not redundant.

5.2. Representations as quotients of lattices. We now give a related representation

theorem for dual multi-normed spaces and certain other p-multi-normed spaces. We state

two theorems, but we shall give one combined proof.

Theorem 5.10. Let (En, ‖ · ‖n) be a 1-multi-Banach space. Then there are a Banach

lattice X and a closed subspace Y of X such that (En, ‖ · ‖n) is multi-isometric to the

space ((X/Y )n, ||| · |||n), where (||| · |||n) is the 1-multi-norm based on X/Y that is the

quotient of the canonical lattice 1-multi-norm (‖ · ‖L,1n ) = (‖ · ‖DLn ) based on X.

The above theorem is related to [44, Theorem 4.18].

Theorem 5.11. Take p with 1 < p ≤ ∞, and let (En, ‖ · ‖n) be a p-multi-Banach space.

Suppose that (En, ‖ · ‖n) is p-concave and that, for each finite-dimensional subspace F

of E, equipped with the p-multi-norm inherited from (En, ‖ · ‖n), the dual p′-multi-norm

based on F ′ is a strong p′-multi-norm. Then there are a Banach lattice X and a closed

subspace Y of X such that (En, ‖ · ‖n) is multi-isometric to

((X/Y )n, ||| · |||n),

where (||| · |||n) is the p-multi-norm based on X/Y that is the quotient of the canonical

p-multi-norm (‖ · ‖L,pn ) based on X.

Before giving the proof, we make a preliminary remark.

The hypothesis that arises in Theorem 5.11 implies that the dual p′-multi-norm based

on E′ is a strong p′-multi-norm. Indeed, set q = p′, take m,n ∈ N, and suppose that

λ ∈ (E′)m and µ ∈ (E′)n satisfy

‖〈x,λ〉‖`qm ≤ ‖〈x,µ〉‖`qn (x ∈ E). (5.2.1)

For each ε > 0, there is a unit vector y = (y1, . . . , ym) in Em with |〈y,λ〉| ≥ ‖λ‖m − ε.
Set F = lin {y1, . . . , ym}, a finite-dimensional subspace of E. For each x ∈ F , inequality

(5.2.1) holds, and so, by the hypothesis in Theorem 5.11, we have ‖λ|Fm‖m ≤ ‖µ|Fn‖n.

Hence

‖µ‖n ≥ ‖µ|Fn‖n ≥ ‖λ|Fm‖m ≥ |〈y,λ〉| ≥ ‖λ‖m − ε.

This holds true for each ε > 0, and so ‖µ‖n ≥ ‖λ‖m. Thus the p′-multi-norm based on

E′ is strong. Unfortunately, the converse to this statement does not hold in general; we

shall show this in Example 5.13, below.

Proof of Theorems 5.10 and 5.11. Set q = p′ (with p = 1 and q = ∞ in the case of

Theorem 5.10), and set

I =
⋃
n∈N
{x ∈ En : ‖x‖n = 1}.

For each x = (x1, . . . , xn) ∈ I, set Ex = lin {x1, . . . , xn}, so that (Ex, ‖ · ‖) is a finite-

dimensional, and hence closed, subspace of E. As such, Ex inherits a p-multi-norm from
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(En, ‖ · ‖n); we equip E′x with the dual q-multi-norm. (By assumption when p > 1, or by

Theorem 2.25 when p = 1, this q-multi-norm is strong.) Then there is a multi-isometry

Sx of E′x into some Banach lattice Yx, equipped with its canonical lattice q-multi-norm.

Indeed, this is immediate from Theorem 5.5 for q =∞, from Theorem 5.6 for q = 1 (taking

into account the preliminary remark), and from Theorem 5.7 and Proposition 2.41 for q

with 1 < q <∞.

Being finite-dimensional, the space Ex is reflexive, so that we may consider S′x as an

operator from Y ′x onto Ex; the relevant power-norm based on Y ′x is the dual p-multi-norm

which agrees with the canonical p-multi-norm based on the Banach lattice Y ′x by Theorem

4.28. Since S
(n)
x is an isometry for each n ∈ N, equation (1.3.20) and Proposition 1.4(ii)

imply that (S
(n)
x )′ = (S′x)(n) is an exact quotient operator, and so this operator maps the

closed unit ball of (Y ′x)n onto the closed unit ball of Enx .

Define X to be the `1-sum of the family {Y ′x : x ∈ I}, so that X is the space of

functions f : I →
⋃

x∈I Y
′
x such that

f(x) ∈ Y ′x (x ∈ I) and
∑
x∈I
‖f(x)‖ <∞.

Then X is a Banach lattice with respect to the pointwise-defined vector lattice operations;

we equip {Xn : n ∈ N} with its canonical p-multi-norm (‖ · ‖L,pn ).

We shall now show that, for each n ∈ N, the nth amplification T (n) of the linear

mapping T : X → E that is defined by the formula

Tf =
∑
x∈I

S′x(f(x)) (f ∈ X)

maps the closed unit ball of Xn onto the closed unit ball of En. This will clearly imply

that T (n) maps the open unit ball of Xn onto the open unit ball of En, and hence

complete the proof by Proposition 3.7.

Let n ∈ N. On the one hand, the following calculation for f = (f1, . . . , fn) ∈ Xn

shows that T (n) maps the closed unit ball of Xn into the closed unit ball of (En, ‖ · ‖n) :

‖T (n)f‖n =
∥∥∥(∑

x∈I
S′x(fj(x))

)n
j=1

∥∥∥
n

=
∥∥∥∑
x∈I

(S′x)(n)
(
(fj(x))nj=1

)∥∥∥
n

≤
∑
x∈I

∥∥(S′x)(n)
(
(fj(x))nj=1

)∥∥
n
≤
∑
x∈I
‖(fj(x))nj=1‖L,pn

=
∑
x∈I

∥∥∥( n∑
j=1

|fj(x)|p
)1/p∥∥∥ =

∥∥∥( n∑
j=1

|fj |p
)1/p∥∥∥ = ‖f‖L,pn .

On the other hand, let x ∈ I, say x ∈ En for n ∈ N. Then x ∈ Enx , so that

x = (S′x)(n)(λ) for some unit vector λ = (λ1, . . . , λn) ∈ (Y ′x)n. Moreover, since x ∈ I, we

can define f = (f1, . . . , fn) ∈ Xn by setting fj(y) = λj if y = x and fj(y) = 0 otherwise,

for j ∈ Nn. Then we have

‖f‖L,pn =
∥∥∥( n∑

j=1

|fj |p
)1/p∥∥∥ =

∑
y∈I

∥∥∥( n∑
j=1

|fj(y)|p
)1/p∥∥∥ =

∥∥∥( n∑
j=1

|λj |p
)1/p∥∥∥ = ‖λ‖L,pn
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and T (n)f = (S′xλj)
n
j=1 = x, and so T (n) maps the closed unit ball of Xn onto the closed

unit ball of (En, ‖ · ‖n).

As indicated, this completes the proof of Theorems 5.10 and 5.11.

Example 5.12. This example shows that the quotient of a canonical lattice 1-multi-

norm is not necessarily a strong 1-multi-norm. (We have seen a similar example of a

strong p-multi-norm with a quotient that is not a strong p-multi-norm in the case where

1 < p <∞ and p 6= 2 in Example 2.39.)

Indeed, let (En, ‖·‖n) be a 1-multi-Banach space. Then, by Theorem 5.10, there are a

Banach lattice X with the canonical lattice 1-multi-norm (‖ · ‖DLn ) and a closed subspace

Y of X such that (En, ‖ · ‖n) is multi-isometric to ((X/Y )n, ||| · |||n). Now (‖ · ‖DLn )

is a strong 1-multi-norm by Theorem 4.23, but the quotient ((X/Y )n, ||| · |||n) is not

necessarily a strong 1-multi-norm; this would imply that every 1-multi-norm is strong,

and this is not true by Example 2.33.

Example 5.13. Take p with 1 < p ≤ ∞, let (En, ‖ · ‖n) be a p-concave p-multi-Banach

space, and suppose that the dual p′-multi-norm based on E′ is a strong p′-multi-norm. As

we remarked before the proof of Theorems 5.10 and 5.11, it is not in general true that this

implies that the hypotheses of Theorem 5.11 are satisfied. To substantiate this remark,

we shall now show that, for certain values of p, there exists a p-concave p-multi-norm

based on a Banach space E such that: (i) the dual p′-multi-norm based on E′ is strong;

(ii) E has a finite-dimensional subspace F such that the dual p′-multi-norm based on F ′

is not strong.

Indeed, take p with 1 < p < 2, set q = p′, and let E be the Banach space Lp(I).
We consider the p-sum power-norm based on E. By Theorem 2.28, this is a strong p-

multi-norm, and it is p-concave; the dual multi-norm based on E′ = Lq(I) is the q-sum

power-norm based on E′, and this is also a strong q-multi-norm by Theorem 2.28.

Now take r with p < r < 2, and set s = r′. Then it follows from Proposition 1.22 that

`r embeds isometrically into E, and so, for each n ∈ N, the space E has a subspace Fn
that is isometrically isomorphic to `rn. We have F ′n

∼= `sn (n ∈ N).

For n ∈ N, consider the p-sum power-norm based on Fn and the dual q-multi-norm,

which is the q-sum power-norm based on F ′n = `sn. Since 2 < s < q, it follows from

Corollary 2.29(iii) that there exists n ∈ N such that the q-sum power-norm based on F ′n
is not strong.

Although E does not satisfy the hypotheses of Theorem 5.11, it obviously does satisfy

the conclusions of the theorem.
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Dedekind complete, 75
dual, 74
Fatou property, 75
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Nakano property, 75
p-concave, 80
p-convex, 80
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Banach–Mazur distance, 11
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Banach lattices, 89
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λ-, 13
concatenation, 9
conjugate index, 8
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cross-norm, 18

dominates, 42
dual multi-norm, 57, 60, 67
dual multi-normed space, 5
dual operator, 11
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embedding constant, 12, 65

Fatou property, 75

finitely representable, 11

inequality
Hölder, 57, 77
Khintchine, 57, 79

injective, 13
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intermediate space, 38
interpolation norm, 39, 48
interpolation space, 49, 56
isometric embedding, 12
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isomorphism, 11

lattice embedding, 75
lattice homomorphism, 75
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linear isomorphism, 9

matrix, special, 10
modulus, 73
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multi-bounded operator, 65
multi-continuous operator, 67
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multi-isomorphism, 65
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canonical lattice, 85
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Nakano property, 75
norm

c0-, 49
`1-, 50
`p-, 50
p-sum, 14

nuclear operator, 19

opérateurs `1-réguliers, 95
opérateurs p-réguliers, 95
opérateurs réguliers, 69, 95
operator

order-bounded, 80, 81
p-concave, 98
p-convex, 98
positive, 80
pre-regular, 83
regular, 80, 81

operator sequence space, 63
order-bounded, 80
order-ideal, 74

p-multi-Banach space, 42
p-multi-bounded operator, 65
p-multi-norm, 42, 49
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positive linear functional, 74
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p-sum, 44, 45, 48, 49, 55
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power-normed space, 5, 48
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equivalent, 42
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projection constant, 13, 59
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quotient operator, 12
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Riesz decomposition property, 74
Riesz–Kantorovich formula, 74, 78, 82
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sequential norm, 63
special matrix, 41
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reasonable, 18
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summing operators
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tensor norm
injective, 18
projective, 18

theorem
Banach’s isomorphism, 11
Bourgain, 27
fundamental isomorphism, 9
Herz, 33
Kakutani, 75
Kwapień, 33, 37
Pisier, 101
Raynaud and Tradacete, 92
Riesz–Thorin, 39

transpose, 10

uniform norm, 15
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weak p-summing norm, 55
weak, weak∗ topology, 10
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