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Noncompact complete manifolds with
cyclic parallel Ricci curvature

YawEel CHU (Fuyang)

Abstract. Let (M™, g) be a noncompact complete n-dimensional Riemannian man-
ifold with cyclic parallel Ricci curvature and positive Yamabe constant. When the scalar
curvature R is negative, assuming that the L®-norms (see Theorem for the range of 3)
of the Weyl curvature are finite, we show that (M", g) is a space form if n > 7 and the
L™/?-norms of the traceless Ricci curvature and Weyl curvature are small enough. When
R = 0, the same rigidity result is also obtained for all dimensions n > 3 without the
assumption on the L”-norms of the Weyl curvature.

1. Introduction. In 1978, Gray [G] introduced two classes of Rieman-
nian manifolds, &/ and %, which are defined by covariant derivatives of the
Ricci tensor:

Class </ a Riemannian manifold (M, g) belongs to < if and only if its
Ricci tensor Re is cyclic-parallel, that is,

(1.1) VxRe(Y,Z)+VzRe(X,Y)+ VyRe(Z,X)=0
for all vector fields X,Y, Z tangent to M. (1.1) is equivalent to requiring
that Rc is a Killing tensor, namely,
VxRe(X,X)=0, VX eX(M).
Class A: (M, g) belongs to £ if and only if its Ricci tensor Rc is a
Codazzi tensor, that is,
(1.2) VxRe(Y,Z)=VyRe(X, Z),

which is equivalent to (M, g) having harmonic curvature (see [Be]).
Obviously, all manifolds belonging to o/ or 4, which are known as
FEinstein-like, have constant scalar curvature. Moreover, any manifold that
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belongs to o/ N % must have parallel Ricci curvature, which is locally the
Riemannian product of Einstein manifold according to the de Rham decom-
position theorem. More interesting examples which are Einstein-like but not
Einstein can be found in [GI.

Einstein-like manifolds have been extensively studied. Note that con-
ditions and yield different consequences in dimension three. In
fact, any 3-dimensional Riemannian manifold (M3, g) belonging to class .2/
is locally homogeneous (see [PD]). On the other hand, 3-dimensional met-
rics in class # may not be locally homogeneous. Derdziniski [Der]| gave the
first examples of Riemannian metrics in class £ having a nonparallel Ricci
tensor, and provided a complete description of the ones having at most two
distinct Ricci eigenvalues, in terms of suitable warped product metrics. See
[BV], [Ca], [KK], [LY], [MDD], [PQ], [TY] and the references therein for
more examples of Riemannian manifolds in class <.

The aim of this paper is to investigate the L™/2-type rigidity for noncom-
pact manifolds in class . Given an n-dimensional complete Riemannian
manifold (M",g) (n > 3), it is well known that the Riemannian curvature
tensor Rm can be decomposed into three orthogonal components which have
the same symmetries as Rm (see for instance [H]):

(1.3) Rm=U+V+W,

where U, V and W denote the scalar curvature part, the traceless Ricci part
and the Weyl curvature tensor, respectively.

In 2011, Kim [K] studied the L"/2_type rigidity for noncompact complete
manifolds with harmonic curvature (i.e., belonging to class %) and non-
positive scalar curvature, and proved

THEOREM A. Let (M™,g) be a complete noncompact Riemannian
n-manifold with harmonic curvature and Yamabe constant Q(M™, g) > 0.
Assume that §, . (|W[* + |Rc|?) dVj is finite, and (1) or (2) below holds:
(1) The scalar curvature R is 0 and n > 3.

(2) R<0 andn > 8.

Then there exists a small number C; > 0 depending on n and Q(M™,g)
such that if
V (R + (W ["2)av, < ¢,
Mn
then (M™, g) is a space form. Here Rc = Rc— (R/n)g is the traceless Ricci

tensor.

The corresponding rigidity result for complete noncompact n-manifolds
(M", g) with of R > 0 was established in [Ch] for all dimensions n > 3.
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When (M™, g) is in class .7, Deng [Den| studied its rigidity and showed
that

THEOREM B. Let (M",g) be a complete noncompact Riemannian n-
manifold with cyclic parallel Ricci curvature and Q(M™,g) > 0. If R < 0,
then there exists a small number Cy > 0 depending on the dimension n and
Q(M™,g) such that if SMW(|}§C|"/2 + |W|™/2)dV, < Ca, then (M™,g) is an

Einstein manifold.

Comparing with Theorem A, it is to be expected that the noncompact
manifold (M"™,g) in Theorem B is a space form under some curvature as-
sumptions. In fact, it is shown that

THEOREM 1.1. Let (M™,g) be a complete noncompact Riemannian n-
manifold with cyclic parallel Ricci curvature and Q(M™,g) > 0.

(i) When R < 0, assume that SM“ |W]B dVy < oo for some constant 3 in
( 2(n—3)y/n(n—2) 2(n—3)y/n(n—2) )
(n—1)(v/n(n—2)+vn2—=10n+24)" (n—1)(y/n(n—2)—v/n2—10n+24)

2 I(n).

Then there exists a small number Cs > 0 depending on the dimension
n>7 and Q(M",g) such that if SMH(\ch\”/Q + |W|*?)dv, < Cs, then
M™ is a space form.

(i) When R =0, then there exists a small number Cy > 0 depending on the
dimension n > 3 and Q(M™, g) such that if SMR(]}éd"/Q + [W|"/?) dV,
< CYy, then M™ is a space form.

REMARK 1.2. It is easy to check that 2 € I(n) for n > 8. By taking
B = 2 in Theorem [1.1] we establish a similar rigidity result to Theorem A.
Thus, when R < 0, we see that noncompact manifolds with positive Yamabe
constant in class &7 have L™/ 2-type rigidity similar to those of manifolds in
class . Moreover, when R = 0, Theorem generalizes the corresponding
result in Theorem B.

2. Notation and preliminaries. By the assumptions of Theorems
and B, we know that there exists a small number Cs > 0 such that if
SMH(\PZC\"/Q + [W|™/?)dV, < Csy, then (M™,g) is an Einstein manifold.

Let (M", g) be an n-dimensional (n > 3) smooth complete Riemannian
manifold. In local coordinates, we denote by g = (g;;) the Riemannian metric
on M™ with coefficients g;;, and denote the inverse matrix by (¢%) = (g;;) .
Correspondingly, the decompositions and the equation (1.1)) can be
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rewritten respectively as

R
Rijr = Wiji + Y — (9agjk — 9ixgj1)

1 , \ .
+ m(Rilgjk + Rjrga — Rirgji — Rjgir)

and
(2.1) ViRjp + ViRij + VR =0,

where R;jxi, Wijki, Rij and ]O%jk = Rji — (R/n)g;i denote respectively the
components of the Riemannian curvature tensor, the Weyl curvature tensor,
the Ricci tensor and the traceless Ricci tensor.

In what follows, we always adopt the Einstein summation convention.
On an Einstein manifold, the following equalities can be easily obtained:

(2.2) VR =0,
(2.3) VWit + ViWijpk + ViiWijip = 0,
(2.4) VZWijkl =0.

Moreover, the first Bianchi identity for the Weyl tensor for any Riemannian
manifold is

(2.5) Wijkt + Witjr + Wig; = 0.

We now recall the definition of the Yamabe constant. Given a complete
noncompact Riemannian n-manifold (M", g) of dimension n > 3, the Yam-
abe constant Q(M™, g) is defined by

. §prn (IVul? + T(n- 2)R“ ) dVy
in .
0£ueCge (M™) (SM" ‘u|2n/(n 2) dv‘g)(n 2)/n

(2.6) QM",g) =

The important works of Schoen [Sc|, Trudinger [T] and Yamabe [Y] for the
Yamabe problem showed that the infimum in (2.6) is always achieved.

In order to prove Theorem we need the following formula.

LEMMA 2.1. Let (M™,g) (n > 3) be an n-dimensional Einstein manifold.
Then

2.7) LAW = VW2 =AW TR (WP, Wi, + WP szgh)+f\W|2
= |VW[? = 2W 5 (WP " Wppin 4+ WP 1y Wi +7\W\2,

where Af denotes the Laplacian of f given by the trace of Hess f.
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Proof. By the definition of |[WW|? and (2.3)), we have
(2.8) LAW i = VW + WPy Wi
= |VW 2 + WP (V Wik — ViWijip)
= ‘VW‘Q + QWijklvpleijkp.
Using the Ricci identities, (2.2) and (2.4)), we get
(2.9)  2WYRNPY Wik,
= 2WIH(V VP Wik — R Wik — RP1" Winkp
— RplkhWijhp - RplphWijkh)
= 2W R (—2RP " Wiirp — RP 1" Wiy + RI"Wijn)
| 2R
= Wk QWP LMW in + WP W) + 7|W’2
OR ..
- mwwkl (2Worn (9" g1 — 97 91") + Wonsi (9" e — ghai))
2R g
= WIWP — QWK QWP Wpin + WP Wpnji)
OR ..
— WK QWi + Wijik)-
+ n(n — 1) ( ikl + Ulk)
By ([2.5)), we see that
(2.10) WIR QWi + Wiji) = W (Wi + Wijie — W) =0
and
WKW RW 50 = WMWY (Wi — Wjin) = 2W IR W W,
= W WP — WPt ) Wi
= —WIR WP — WPh YW
= SWOIRWPR Wi,
which together with (2.8)—(2.10) yields (2.7]). =
REMARK 2.2. Formula (2.7) can also be derived from [Si] where Singer

computed the Laplacian of the Weyl curvature tensor. Here we give its proof
for completeness and because it seems to be of independent interest.

Making use of the x-notation, we can rewrite (2.7)) as
g 1 2R
(211) WHMAW = SAWul* = [VWP = —W W W+ S22,

where W s W % W denotes the cubic terms of W, which is bounded by c|W?
for a positive constant ¢ that depends on n. This together with (2.11)) gives

y 2R
(2.12) Wik AW, iy > 7yWy? —c|W .
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3. Proof of Theorem We need to prove |W| = 0. For simplicity
of notation, we write u = |W/|. By the assumption of cychc parallel Ricci

curvature, the refined Kato inequality [VW[* > 242 ‘V|WH for any Einstein
manifold (see [Br]), and ( -7 we have

(3.1) wlAu = |W[AW| = WIR AW, + VW2 = |V|W] |
. 2
> WM AW, + E}WWHZ

2R : 2
> u? —cud + ———|Vul%.
n n—1

For any a > 2(n 1), it follows from and the formula |Vu|? = legéa)‘j
that

(3.2)  u'A@®) = a(a — Du** | Vul? + au** " Au

= 4= ]V( 92 + au®*2uAu

1 2 2aR
>(1— =4+ ——— )IV(u")]* — acu®** + 202,
a (n—1a n

Assume that ¢ is a smooth compactly supported function on M™. On
the one hand, multiplying (3.2)) by ¢? and integrating over M" gives

_1 L 2 u® 2
(1 a+(n_1)a)ﬂén¢w< 2 av,

2
<ac | P*u*Hav, + | ¢2uaA(u“)dVg—§ | ¢?Ru? av,

M™ M™ M™
<ac | ¢*u* T dV, -2 | pu'Ve-V(u?)dy,
M™ M™
2 2, 2a 2 2
— | ¢*IV(u) dvy - — | ¢*Ru dv,.
M™ M™

Employing the Young inequality £a? + b2 /¢ > 2ab for all positive constants
a, b and &, we obtain

1 2 2 a\|2
<1a+(n—1)a> ]\/§n¢ |V (u®)] dVy
<ac | Q*uPHavy+ (1) | SV av,

Mn M

1
s | IVel*u®dv, —; | ¢*Ru”av,.
M™ M™
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Therefore,

(3.3) (2 - (nn__f;a - 6) A;ﬂ S|V (u®) | dV

<ac | ¢*u*dV, + : | Vel dv, — = | ¢*Ru”av,.
Mm™ Mn Mn

-3 -3
(gil)a so that 2— (;Lll)a —-&> 0.

1 2a

In the rest of the proof we choose 0 < £ < 2—
On the other hand,
n—2
3.4 V(pu®)|* + ——
CU (Ivteuz+ 3725

qu?u?a) v,

< | (P90 + 1908 + 200090 T(u)

Mn )
n-— 2. 2a
+ 4(n—1)R¢ U )dVg
< | (4 nev R + 0+ nvo?
Mn )
n— 2, 2a
+ 4(n—1)R¢ u >dVg,
where 1 > 0 is a constant.
Substituting (3.3]) into (3.4)), we get
ay|2 n—2 2 2a
. _— d
33) | (V)P + =25 rea) av,
M’ﬂ
< (1 +77;)a0 S $2u2et gy,
2= Gtya &
1 1+n ) 2.2
+(1++ — Vo["u™ dV,
n (2 o (nflg)a o §)§ ]\/§"
n—2 2(1+n)a ) 9 9
— — Ro“u=* dV,
(4(n -1 n(2- (;j_f;a —¢) ]én g
A ¢ S 22 4V, + c3 S Vo |2u2 dV, + ¢4 S Re*u® dv,,
Mn Mn Mn
where
— 1
TS ek S SN S O )Y
(n—1)a c1
1 1+ n—2 2a(1+n)
=1+ 0 = - .
“ * n + 1€ - “ 4(n—1) ney
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We now divide our proof into the following two cases:
CASE (i): R < 0. It is easily seen that
n—2 2a(1+n)  n(n—2)c; —8(n—1)(1+na

A -1 e an(n — 1)c; >0
if and only if
S0 - D) = - D2 - g+ MDY
which is equivalent to
n(n —2) — /n(n —2)(n2 — 10n + 24)
© ( 8(n—1) ’
n(n —2) + /n(n — 2)(n? — 10n + 24))
8(n—1)
:< (n—3)y/n(n—2)
n—1)(y/n(n—2) +vn2 = 10n +24)’
(n—3)y/n(n—2) >
(n—1)(/n(n — 2) — Vn? = 10n + 24)

= 10
for sufficiently small positive constants n and £. Under the assumption that
n > 7, we check at once that
(n—3)y/n(n—2) S n—3
(n—1) \/nn— ) +vn2 —10n + 24) 2(n—1)
By choosing 1 and ¢ are sufficiently small, we can choose 2a € I(n) such

that ¢4 > 0. This together with (3.5)), the definition of Q(M™, g) and R < 0
yields

(3.6) Q" g)( | (u)=av,)
M’VL
-2
< [ (19 + = et ) av,
Mn
<c | PP AV, e | [VolPuP dV,
Mn M

<o (oun)n dvg)nf( | un dvg)Q/"Jrc;g | 1V av,.
Mn Mn Mn

The assumption that SMn(]}éc]”/Q + |W|"/?)dV, < C; now leads to the in-
equality S Mn u/? dVy < C1, hence the first term on the right-hand side of
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(3.6) can be absorbed in the left-hand side. Therefore, there exists a constant
C > 0, depending on n and Q(M™", g), such that

n—2
(3.7) o §(u)av,) © < | Vel v,
Mn Mn
Let B, = {x € M™ : d(x,z0) < r} for some fixed xg € M™ and choose ¢

with
1 on B,
IVé| <2/r on By — By,

°=10 on M"— By,
and 0 < ¢ < 1. From (3.7)), we get

n—2

(38) (| (ouP=av,) "

Mn
< | [wePuav, £ | Vel av,
BzrfBT B2T*B'r

Letting r — oo, by the assumption that §,, uP dVy is finite and (3.8)), we
obtain u = |[W| = 0.

CASE (ii): R = 0. By the assumption of n > 3, for any positive con-
stant 7, we can choose a =n/4 >1/2, £ =1/(n(n —1)) > 0 such that ¢; is
positive. This together with (3.5) and R = 0 yields

n—2

(39 Qe g)( | (ou)Eav,) "
b

= g)( | (ou ) av,)
Mn
n n—2
A;ﬂ(rku P+ D

IN

Rp>u™ 2) dv,

n—2

CQ(]\;n((bun/‘l)f_nz d‘/g) " (J\;nun/Qd‘/g>2/n+c3]\§nun/2|v¢’2dv’g

IN

Since Q(M",g) > 0 and §,,, u™? dV, is sufficiently small due to the
assumption that §, ., (| Re|[*/? + |W|"/2) dV, < O, the first term on the right-
hand side of can be absorbed in the left-hand side. Therefore, there
exists a constant ¢; > 0, depending on n and Q(M", g), such that

n—2
i § (@urrav,) o< | vl a,
Mn Mn
The rest of the proof runs as before. u
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