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Summary. We consider a quasi-regular Dirichlet form. We show that a bounded signed
measure charges no set of zero capacity associated with the form if and only if the measure
can be decomposed into the sum of an integrable function and a bounded linear functional
on the domain of the form. The decomposition allows one to describe explicitly the set
of bounded measures charging no sets of zero capacity for interesting classes of Dirichlet
forms. By way of illustration, some examples are given.

1. Introduction. Boccardo, Gallouét and Orsina [I] have shown that if
D C R? is an open bounded set and  is a bounded (signed) Borel measure
on D then p charges no set of zero Newtonian capacity if and only if 1 can
be decomposed into the sum of an integrable function and an element of
the dual space H~1(D) of the Sobolev space H}(D). If we denote by M,
the space of all bounded Borel measures on D with bounded total variation,
and by M its subset consisting of all measures charging no set of zero
capacity, then the decomposition of [1] can be stated succinctly as

(1.1) Moy(D) = LY (D;dx) + H (D) N My(D).

The decomposition when combined with the analogue of the Lebesgue
decomposition theorem saying that each bounded Borel measure on D can
be uniquely decomposed into the absolutely continuous and the singular
part with respect to the capacity (see Fukushima, Sato and Taniguchi [9])
gives a complete description of bounded Borel measures on D.
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In the language of Dirichlet forms the decomposition says that if
p € My(D), then its variation |u| is smooth with respect to the capacity
associated with the classical Dirichlet form if and only if p admits a decom-
position into an integrable function and an element of the dual space of the
domain of the form. The decomposition is interesting in its own right
and together with the decomposition of [9] proved to be useful in investigat-
ing elliptic equations involving local operators and measure data (see, e.g.,
[1, 2, [, 14]; see also [6] for a parabolic version of and its applications
to parabolic equations). This and the fact that the decomposition in [9] is
proved in the setting of general Dirichlet forms motivated us to ask whether
(1.1)) can also be generalized to the case of bounded smooth measures with
respect to a general Dirichlet form.

The answer to this question is “yes”. Let F be a metrizable Lusin space,
m a positive o-finite measure with full support on the o-field of Borel subsets
of E, and (€, D(€)) a quasi-regular Dirichlet form on L?(E;m). Our main
result says that

(1.2) Moy(E) = L'(E;m) + D(E)* N My(E),

i.e., if p is a bounded Borel measure on F then |u| is smooth with respect to
the capacity determined by (£, D(£)) if and only if ;4 admits a decomposition
of the form

where f € LY(E;m), v € D(E)* N My(E) and D(&)* is the dual space
of D(€) equipped with the inner product & (for notation see Section .
Moreover, if (£, D(€)) is transient, then holds with D(&)* replaced by
the dual F; of the extended Dirichlet space (Fe, g ). We also provide a simple
example showing that in general in one cannot replace D(E)* N My (E)
by (So — So) N My(E), where Sy is the set of £-smooth measures on E of
finite energy (see Section , or equivalently the set of all positive elements
of D(&)*.

For many interesting classes of forms, one can describe the structure of
the spaces D(€)* and F;. Consequently, for such classes the decomposition
(1.2) gives an explicit description of the set of bounded smooth measures.
In Section 4|, we provide some examples to illustrate how works in
practice.

2. Preliminaries. Throughout, we assume that (£, D(€)) is a quasi-
regular Dirichlet form on L?(E;m) (see [3, 12, [13] for the definitions). For
a >0 we set Eq(u,v) = E(u,v) + au,v) for u,v € D(E), where (+,-) stands
for the usual inner product in L2(E; m). By (€, D(£)) we denote the symmet-
ric part of (£, D(E)) defined as & (u, v) = $(E(u,v)+E(v,u)) for u,v € D(E).
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We denote by F. the extended Dirichlet space associated with the
symmetric Dirichlet form (£,D(£)). For u € F. we set E(u,u) =
limy, 00 €(Un, uy), where {uy,} is an approximating sequence for u (see [8,
Theorem 1.5.2]).

If (£, D(E)) is transient then by [8, Lemma 1.5.5], (Fe,€) is a Hilbert
space. Note also that if (£, D(£)) is a quasi-regular Dirichlet form, then by
[13, Proposition IV.3.3] each element u € D(£) admits a quasi-continuous
m-version denoted by @, and that @ is £-q.e. unique for every u € D(E). If
moreover (€, D(€)) is transient, then the last statement holds true for D(&)
replaced by F. (see Remark [2.2)).

Recall that a positive measure p on B(FE) is said to be E-smooth (u € S
in notation) if u(B) = 0 for all £-exceptional sets B € B(E) and there exists
an E-nest {Fy }ren of compact sets such that u(Fy) < oo for k € N.

A measure p € S is said to be of finite energy integral (u € Sp in
notation) if there is ¢ > 0 such that

(2.1) | li(x)| p(de) < c€r(u, ), ue D(E).
E

If additionally (£, D(E)) is transient, then p € S is said to be of finite

0-order energy integral (u € S((]O) in notation) if there is ¢ > 0 such that
| la(2)| p(dw) < cE(u,u)'?, ue F
E

If (£, D(€)) is regular and FE is a locally compact separable metric space,
then the notion of smooth measures defined above coincides with that in [§].
Moreover, if i is a positive Radon measure on F such that is satisfied
for all v € Cy(E) N D(E), then p charges no E-exceptional set (see [11,
Remark A.2]) and hence p € Sp.

In the next section in the proof of our main theorem we will need the
lemma given below. It follows from the corresponding result for regular forms
by the so-called transfer method (see [3,[13]) and is perhaps known, but we
could not find a proper reference.

LEMMA 2.1. Assume that (£, D(E)) is transient. If u € S, then there is
a nest {F,} such that 1, - pu € Séo) for each n € N.

Proof. Let (£#, D(E#)) denote the regular extension of (£, D(E)) spec-
ified by [I3, Theorem VI.1.2] and let i : E — E# denote the inclusion
map. Then (£%, D(E7)) is transient, and by [I3, Lemma IV.4.5 and Corol-
lary VI.1.4], u# = poi~! is a smooth measure on B(E*). Therefore, by
the 0-order version of [8, Theorem 2.2.4] (see [8, remark following Corollary
2.2.2]), there exists an £#-nest {Fy} on E# such that uk# = 1p, - p” €

Séo)(E#) for k > 1. Let {Ey} be an E-nest of [I3] Theorem VI.1.2] and
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let F} = Fj, N Ey for k € N. By [13, Corollary VI.1.4], {F]} is an £-nest

on E. Set uy = 1p - p We are going to show that uj € S(()O), i.e for any
nonnegative u € F,

(2.2) (p 1) < 8 (uyu) 2

for some ¢ > 0. To this end, let us consider an approximating sequence

{un} for u and extend u,u, to functions u#,uf on E# by setting u# (z) =

ulf (z) =0 for z € E#\E Then E# (uff —ufk,u#—ul#) = E(up —ug, up, —uy)
for n,1 € N, so {u} is an £#-Cauchy sequence Moreover, as m* (E# \ E)
=0, uff - u# m#-a.e. Consequently, {uf} is an £#- approx1mat1ng se-
quence for u#. It follows that u# belongs to the extended space F¥ for £
and &(u,u) = E#(u?,u). Since u# | is an m-version of u and by [

Corollary VI.1.4] the function u#‘ E 1s E-quasi-continuous, we have 4 = u#| E
&-q.e. From this and the fact that uk = ug on E it follows that

i ) = (i ) = (uff u) < s (u )2,
which gives (2.2)). =

REMARK 2.2. Note that the argument following ([2.2)) shows that each
u € F. admits an £-quasi-continuous modification.

Recall that by [13, Theorem IV.3.5] there exists an m-tight special stan-
dard Markov process X = (X, P,) properly associated with (£, D(£)). By
[13, Proposition IV.2.8], this means that for all a > 0 and f € L?(E;m) the
resolvent (R )a>0 of X defined as

oo
Rof(x) =E, | e ' f(X))dt, xz€E,a>0,fcB(E),
0
(E, stands for the expectation with respect to P,) is an £-quasi-continuous
version of G, f, where (G4 )a>0 is the resolvent associated with (£, D(E)).

3. Decomposition of bounded smooth measures. Let M, denote
the set of all Borel measures p on E such that |u|(E) < oo, where |u| is
the total variation of . We denote by My, the set of all measures p € M,
such that |u| € S, and by /\/lg’ , the subset of Mg consisting of all positive
measures. Since |u| € S if and only if u can be expressed as p = pu™ — pu~
with p*, u~ € S, we have Mgy = (S — S) N M,. To shorten notation, given
a measure u on I and a function u : £ — R, we write

(,u) = | u(e) p(de),

E
whenever the integral is well defined.
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In what follows we consider D(E) (resp. Fe) equipped with the scalar
product & (+,-) (resp. £(+,-)). We denote by D(E)* (resp. F;) the dual space
of D(E) (resp. Fy).

PROPOSITION 3.1. If p € D(E)* N My, then |u| € S.

Proof. Since the notions of the spaces D(£)* and S only depend on
the symmetric part of the form, we may and do assume that (£, D(£)) is
symmetric. Let us define (%, D(E%)), E# i as in the proof of Lemma
and set u# = poi~'. Then p# is a bounded Borel measure on £# and
u* € D(E¥)*. Moreover, by [13, Corollary VI.1.4], |u| € S if and only
if 47 is smooth with respect to (£%, D(£#)). Therefore, without loss of
generality, we may and do assume that F is a locally compact separable
metric space, m is a positive Radon measure on E with supp[m] = E, and
(&,D(€)) is a regular form on L?(E;m).

Let E = ETUFE™ be the Hahn decomposition of E (for the measure ),
and B a Borel subset of E such that Cap(B) = 0. We may assume that
B C E™T. For every £ > 0 there exists a compact set K C B and an open
set U such that B C U C E and |u|(U\ K) < e. Let (v, D(Ey)) denote the
part of (£,D(£)) on U. Let n € D(&y) N Co(U) be such that n > 1x and
set 7= (nVO0)ALl Then € D(&E)NCo(U), n> 1k and

pt(K) <\ 0(z) plda) = \ n(z) plda) — | 0(@) p(de) < ||pllpe-lnlle +&.
K E E\K

Since |[77]le = [7lley, < lInlley, we have

(3.1) pH(EK) < |pllpey-Inlle, +e.

Let Cap (resp. Capy;) denote the capacity associated with (€, D(E)) (resp.
(Eu, D(&y))) (see [8, Section 2.1]). Since D(Ey)NCy(U) is a special standard
core of &y, (3.1) and [8, Lemma 2.2.7] imply that

ph(K) < Capy(K) - [lullpey- +e<e,

the last inequality being a consequence of the fact that if Cap(K) = 0,
then Capy(K) = 0, which follows from [I3] Exercise II1.2.10, Theorem
I11.2.11(ii), Theorem IV.5.29(i)]. Hence u*(B) < 2¢ for € > 0, which shows
that u* € S. In much the same way we show that 4~ € S. Thus |u| € S,
and the proof is complete. n

THEOREM 3.2. Assume that (€, D(E)) is transient and let p € My,. Then
w € Moy, if and only if there exist f € LY(E;m) and v € FXNM, such that

i.e. for every bounded u € Fe,
(3.3) (p, @) = (f,u) + (v, 0).
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Proof. Since the notions of the spaces S, F,, F* only depend on (£, D(E)),
we may and do assume that (€, D(&)) itself is symmetric.

First assume that u € Mg, Without loss of generality we may as-
sume that p is positive. By Lemma there exists a nest {F,} such that
1p, -p € S’SO). Clearly, i = 15, \F, - 1t € Séo), and since ({J,—; Fy,)¢ is
exceptional and g is smooth, g = > > pyn. Let X be an m-tight special
standard Markov process properly associated with (£, D(£)), (Ra)a>0 be
the resolvent of X, and let A#" be a positive continuous additive functional
of X associated with p, in the Revuz sense (see [13, Theorem VI.2.4]). For
a > 0 set

5% = (U 1) - m,

where
o

Ugnl(z) = B, | 7" dA)", z€E.
0
By [I1, Proposition A.7], U9,,1 is an E-quasi-continuous version of the
a-potential Uypiy, Of pi,,. From this and [I1, Theorem A.8(iv)] it follows that

(3.4) (1%, u) = A, U 1) = alptn, Ratt)
for every nonnegative Borel measurable u. From (3.4)) one can deduce that
(35) </~"27 u> = <:un7 aRau>

for uw € F. Let u € F and let {uy} C D(E) be an approximating sequence
for u. Then

(3.6) (s ) = EU gy uk) < EWUpn, Upin)12E (up, ug,) 2
for every k € N because by ,
(ue s uk) = E(U pin, aRqug) < E(U pin, Uun)1/2€(aRauk,aRauk)1/2
< EUptn, Uptn) € (wg, ur) 2.
Letting £ — oo in , we get
(3.7) (i) < E(Uptn, Upn) V7€ () V2.

Thus pu& € S((]O). Given ~v € S(O), let 7', be the bounded linear operator on
Fe defined as
From (3.7) it follows that for every n € N,

sup € (U, Upg) '/ < sup [|Tyg | < E(Uptn, Upn)'/? < o0,
a>0 a>0

where || T, stands for the operator norm of T,a. By the above and the
Banach-Saks theorem, for every n € N we can choose a sequence {a}'} such
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that o' — oo as [ — oo, and the sequence {U(q/k(,un))} where

’Yk(ﬂn) = flc(,un) -m, Mn = % Zo‘ln Mn 1,

is &-convergent to some g € F, as k — o0. Equlvalently, 1Ty, (u) =TIl = 0
as k — oo, where T'(u) = E(g,u) for u € F.. On the other hand by (3.5)
and [I3, Theorem 1.2.13], for every u € Fe,

Tpa(u) = (pn, aRqu) = E(Upn, aRqu) — E(U pin, u) =T}, (u)

as a — oo. It follows that in fact 1" = T}, . We can therefore find a subse-
quence {k,} such that

(3.8) 1T, (an) = Tunl <277
for every n € N. Set

f = Z fkn (Mn)a V= Z(U’n - an(///n))'
n=1 n=1

Then
o
p=> pn=f m+v.

Since m is o-finite, there exists a sequence {U;} of Borel subsets of E such
that |J;2, Uy = E, U; C U4 and m(U;) < oo for all [ € N. By (3.4),

(aUgﬂn 1, ]-Uz) <,Un, aRq 1> <Mn7 1>

for every a > 0. Therefore, for every | € N we have

[e%S)
(f 1) < 2 Fra G 1) € 3 4 1) < - iy = il
n=1 n=1

n=1

Hence || f|| 21 (g;m) < 0o by the monotone convergence theorem. It follows in
particular that v=pu—f-me ./\/lb On the other hand, by (3.8 ., veF;
which proves that ,u is of the form

Now, suppose that p is given by the right-hand side of . Since
f-m € Mgy, we have only to prove that if € FF N M, then |u| € S.
But this follows from Proposition since Ff C D(€)*. =

COROLLARY 3.3. Let pp € My. Then € Moy if and only if there exist
f € LY(E;m) and v € D(E)* such that (3.3) holds true for every bounded
u € D(E).

Proof. The Dirichlet form (&1, D(€)) is transient, quasi-regular and its
extended Dirichlet space is (D(£), ;). Moreover, || is smooth with respect
o (€,D(&)) if and only if it is smooth with respect to (1, D(E)). Therefore
the corollary follows from Theorem applied to the form (&1, D(£)). m
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COROLLARY 3.4. Let p € My. Then pn € Moy, if and only if there exist
f € LYE;m) and v € D(E) such that for every bounded u € D(E),

(3.9) (1 8) = (f, 0) + &0, )
Proof. Follows immediately from Corollary and the Lax-Milgram
theorem. m

REMARK 3.5. (i) The decomposition is not unique because
LYE;m)NFr #0.

(ii) In general, D(E)*NMy in the decomposition cannot be replaced
by (So — So) N My. To see this, let us consider the classical Dirichlet form
(see Example [4.1]in the next section) with D = B(0,1) C R”, where B(0,7)
denotes the open ball with radius 7 > 0 and center 0. Let o,, denote the
surface measure on dB(0, a,,) with a,, = n~/%, and let

oo
n= E Oap-
n=1

From [8, Example 5.2.2] it follows that o, € S for each n € N. Hence p € S.
Moreover, u(D) = ¢> 2%, a8 < oo, so p € M. Let

n=1"n
(3.10) pu(dz) = fdr + v(dr)

be a decomposition of p as in Theorem Then v ¢ Sy — Sp. To show this,
let us denote by us and vy the singular parts (with respect to the Lebesgue
measure) of p and v, respectively, and observe that u = pus = vs. Suppose
that v € Sy—Sp. Then v, v~ € Sp, and hence v}, v, € Sy because v < vt
and v; < v~. Consequently, pus = v} — vy € Sy — Sp, which implies that
@ € Sp since p is positive. On the other hand, if we set u(x) = |z|=2 — 1,
z € D, then u € H}(D) and

oy =>" | u@)oa,(dr)=c) (ay —af) = oo,
n=19B(0,an) n=1

which is a contradiction, because by [8, Theorem 2.2.2], if u € Sp, then
quasi-continuous elements of H}(D) are integrable with respect to p.

(iii) From the proof of Theorem it follows that if u € MS_,b’ then
the L' part f of its decomposition can be chosen to be positive. The example
given above shows that in general this is not true for v, because if v in
were positive, we would have v € Sy and hence u € .Sp.

(iv) By the definition of Sp, (S — So) "My C D(E)*NMy. The opposite
inclusion is false and v of can serve as a counterexample. Below we
give an explicit construction of another counterexample. Let D, a,, d,, be

as in (ii), and let b, = (24{7(1%2)))1/47 so that a1 > by > ao > by > --- . Let

Va, () and vy, (z) denote the first components of the outer normal vectors
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to 0B(0, a,) and 0B(0,b,) at x. Set

(d5) = 3 (Vi (2) 9, (d) — 13, (0) 0, (d))
Then p € My, and for Z:vlry n € Hi(D) we have
G =3 ( 5w @ o)~ | (o, ) o (d)
n=1 9B(0,an) OB(0,br)
= i S ;;71(5”) dz < Cl|nll g1 (p)-

n=1 B(0,an)\B(0,bn)

Hence € H-1(D). But |u| ¢ H1(D) because if it were true, the series

i S u(x) oq, (dz) = ¢ io: al
n=19B(0,an) n=1

would be convergent.

4. Examples. In this section, we apply Theorem [3.2] to give an explicit
description of the set Mg for some classes of regular local forms, regular
nonlocal forms and quasi-regular forms.

EXAMPLE 4.1 (Classical Dirichlet form). Let D C R? be a bounded
domain. Consider the classical form

1
D(u,v) = 5 \(Vu, Vo)gadz,  u,v € D(E) = Hy(D).
D

It is known that the form (D, H(D)) is a transient regular Dirichlet form
on L%(D;dz) (see [8, Example 1.5.1]). If u € M;, then p € § if and only
if p charges no set of Newtonian capacity zero. By Poincaré’s inequality,
the norms determined by D and D; are equivalent (of course, the norm
determined by D is the usual norm in the Sobolev space H{(D)). As a
consequence, F, = H(D) and hence F; = H~!(D). From Theorem

and the well known characterization of the space H!(D) it follows that if
€ My, then € Mgy if and only if

(4.1) p=f0—divF
for some f° € LY(D;dx) and F = (F',..., F9) such that F' € L?(D;dx),
1=1,...,d. We see that in the case of the classical form the decomposition

of Theorem reduces to the decomposition proved in [I, Theorem 2.1].

On can easily check that (4.1) holds for more general (possibly non-
symmetric) regular Dirichlet forms defined by [13] (2.17), Section II1.2] with
coefficients satisfying the assumptions of [13, Proposition I1.2.11].
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ExAaMPLE 4.2 (Regular nonlocal Dirichlet forms). Let ¢ : R — R be a
continuous negative definite function, let s € R, and let

H* = {ue SR : | (1+(©) ()2 dg < oo},
R4

where S’(RY) is the space of tempered distributions and @ is the Fourier
transform of u. Note that H%! = {u € L*(R% dx) : {pa ¥(€)|a(€)[* d€ < oo}
Consider the form

U(u,0) = | ¥(©a(©)i(§)d¢, u,ve H.

Rd

It is known (see [8, Example 1.4.1]) that (¥, H¥'!) is a symmetric regular
Dirichlet form on L?(R%; dx).

By [10, Theorem 3.10.11], the dual space of H%! is the space H¥"~! in
the sense that for every v € (H¥"!)* there is v € H¥"~! such that 94 may
be interpreted as an element of L'(R?; dx) and the value of v on u € H¥!
is equal to {4 0(x)u(x) dz. Therefore from Corollary it follows that if
€ Moy, then there exist f € L'(R%dx) and v € HY~! such that for
every bounded u € H¥'1,

(.8 = (fu) + | o(w)ilz) do.
Rd
Since H¥! = HY(R?) for ¢(¢) = |£|?, the above decomposition may be
viewed as a generalization of (4.1)).

EXAMPLE 4.3 (Gradient Dirichlet forms on infinite-dimensional spaces).
Let H be a separable real Hilbert space and let A be a self-adjoint operator A
such that (Az,z)g < —w|z|% for x € D(A), with some w > 0 and A~* of
trace class. Let Qoo = —%A‘l, and let v denote the Gaussian measure on H

with mean 0 and covariance operator Q.. We consider the form

E(u,v) = % S(Vu,Vv>H'y(dx), u,v € FCP°,
H

where FC}° is the space of finitely based smooth bounded functions on H
(see [I3, Section IL3]) and V is the H-gradient defined for v € FCp° as
the unique element of H such that (Vu(x),h)y = %(m) for x € H. By [13,
Proposition I1.3.8], the form (&€, FCy°) is closable, and its closure, which we
denote by (£, WY2(H)), is a symmetric Dirichlet form. Moreover, by the
results of [I3], Section IV.4], it is quasi-regular.

By Corollary if p € My, then pp € Moy if and only if there exist
f € LY(H;~) and v € WH2(H) such that for every bounded u € WH2(H),

(4.2) (i) = | fury(da) + (v, ).
H
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In fact, 4 € Moy if and only if for some fO € L'(H;v) and F € L*(H;~)
the measure p can be written in the form

(4.3) p=f0—div, F,
similar to . Indeed, if @ € Mgy, then by ,
- 1
(4.4) () = | foury(de) + 5 §(F, V) (de)
H H

with fO =v+ f € LY(H;~) and F = Vv € L?(H;~). On the other hand, if
F € C}(H; H) has finite divergence with respect to v (see [5, Section 11.1]
for the definition), then by [5, Lemma 11.1.9],

(4.5) (P, Vu) g y(dz) = — | (divy F)u~y(da),

H H
where div, F(z) = div F(z) — (Q'z, F(x))u, * € H, which when combined
with makes it legitimate to write p in the form . Conversely, if
1 € My and p is of the form for some fO € L'(H;~) and F € L*(H;~),
then div, F' € M, and by ,

[(divy B u)] < 1F ]2 |Vl 2ty < CECu, )

for all bounded u € WH2(H). That div,, F is smooth now follows from [8,
Lemma 2.2.3].

The assertion that p € My, if and only if u has a decomposition
holds true for forms more general than those considered in Example [£.3] In
fact, slightly modifying the argument in Example one can show that it
holds for the form which is the closure of the form defined by [7, (20)] if
[7, Hypotheses 3.1 and 3.2] (the latter with R = R* > 0 such that R™! is
bounded) are satisfied.
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