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Calderon—Zygmund decompositions in tent spaces and
weak-type endpoint bounds for two quadratic functionals of
Stein and Fefferman—Stein

by

Y1 HUuaNG (Orsay)

Abstract. We prove some Calderén-Zygmund type decompositions for functions in
the tent spaces introduced by Coifman, Meyer and Stein. These decompositions will be
useful in the operator theory on tent spaces developed in the author’s 2015 thesis. As an
application of these decompositions to the study of quadratic functionals on tent spaces,
we give a unified proof for tent space generalizations of C. Fefferman’s endpoint weak-type
estimates for grand square functions and of C. Fefferman and Stein’s endpoint weak-type
estimates for box maximal functions.

1. Introduction. Let R1"" = Ry xR" with R} = (0, 00). For ¢t > 0 and
y € R", (t,y) denotes a point in RI*™. Let B(z,t) = {y e R* | |z — y| < t}
be the open ball centered at x € R™ and of radius ¢ > 0.

For 0 < p < o0, let || ||, be the LP(R™) quasi-norm. Denote by LIQOC(R}:F”)
the collection of all locally square integrable functions in R}f”. For0<p<

oo and a > 0, we say an L2

IOC(RE'”) function f belongs to the a-aperture
tent space *TY if

1f llezg = 1A ()]l < oo,

where

1/2
A (a) = (1] 22O L) T e

n
R1+n t
+

Note that the scale of a-aperture tent spaces 7% has equivalent quasi-norms

for different «, that is, for any LIQOC(R?”) function f we have

(L1) |fllozg = | flozz, 0 <p<o00,0<aB< .
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This change of aperture result can be found, for example, in [CMS| [Th]. We
omit the aperture parameter o in A and oTP if a = 1. Let

2:={(t,y) e RY™ | By, 1) c 2}
be the tent over the set {2 C R™. Let |E| be the volume of the set F in R™.
Then we say an L? (Rf”) function f is in the tent space T5° if

loc
[fllzge = [IC(f)lloo < o0,

where

1/2
N =sw (g 1P 42 ) L acrn

B>z ’B| ~
B

Here the supremum is taken over all balls in R™ which contain x. Note
that T2, 0 < p < oo, is the scale of tent spaces introduced in [CMS].

In this paper we give some Calderén—Zygmund type decompositions for
functions in 7%, 0 < p < co. Let N* be the set of integers > 1.

THEOREM 1.1. For any f € T}, 0 < p < 0o, and any | > 0, there exists
C = C(n,p) > 0 such that we can always find a family {B;}ien+ of balls
i R™ and a Calderén—Zygmund type decomposition

F=9+> b
ieN®

with supp b; C Ei, such that

(1.2) lgllge < C1,

(1.3) [bill7 < CIPIBil,

(1.4) > 1Bl < CUP|fIy.
1EN*

Moreover, the supports of b; are mutually disjoint.

The number [ > 0 involved in the above theorem is often called the
height for the corresponding Calderén—Zygmund decomposition.
Let A > 1. Define the grand square function of Stein type as

An 1/2
s = (1) (o) WP E) . wern

1+n
R+

It can be easily verified that S3 is T 2 — L? bounded as A > 1. For fy in
the Hardy space HP(R"), 0 < p < oo, and P;(x) being the Poisson kernel
t/(|x|? +3)"*+D/2 one has f = tV,,(fo * P,) € T5. Moreover, the grand
square function

9x(fo) := SX(f),
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first studied by A. Zygmund and E. Stein, satisfies the strong type estimate

(1.5) lgx(fo)llp = [ISX(EV ey (fo x P))llp S NAEV ey (fo x Bl

if A > max(1,2/p) (see [S, Theorem 2, p. 91]). This result has a natural tent
space generalization: for 0 < p < co and f locally square integrable in Rf‘",
one has

(1.6) ISX(Nlp < Al

if A > max(1,2/p) (see for example [A]). As suggested in [A], the endpoint
case of for A > 1 and p = 2/ corresponds to a tent space generalization
of the endpoint case of for gy, the latter proved in C. Fefferman’s
thesis [Fa] (see [Eb, Theorem 1}).

Let LP°° 0 < p < oo, be the Lorentz space in R™. As application of
Theorem [1.1] our first result is the following weak-type estimate for the
quadratic functional SY.

COROLLARY 1.2. Let A > 1. Then Sy is T22/)‘ — L2/2% pounded.

REMARK 1.3. It would also be interesting to know if one can obtain for
A > 1 the Lorentz space estimate Sy : T22 /A _y [2/%2_ The motivation of this

question comes from [ST.

Corollary has a natural companion. Let A\ > 1. Define the box mawi-
mal function of Fefferman—Stein type by setting, for z € R",

2dtdy>1/2

G@ =sw(gas AP

A
r>0 |B(.T77’)| (0,r)x B(z,r)

See [FS| Lemmas 8 and 9] for more information.
Our second result is the following weak-type estimate for Cy.

COROLLARY 1.4. Let A > 1. Then C} is o/ — L2/ bounded.

It can be verified that C} is 759 — L** bounded for A > 1. This uses
the pointwise relation

GN)) sCf)z), VeeRY,
together with the weak-type estimate C : T? — L*° which was given in
[CMS], proof of Theorem 3(b)] as a consequence of the maximal theorem.

REMARK 1.5. Calderén—Zygmund type decompositions as in Theorem
are motivated by the operator theory on tent spaces developed in [H],
where we established weak-type estimates for certain singular integral oper-
ators (including maximal regularity operators) on tent spaces.

REMARK 1.6. The weak-type estimates in Corollaries and are
not new. Corollary and the corresponding weighted norm inequalities
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were first proved in [AS] @ by using an integration lemma over the cones
as in [CMS, Lemma 2|, which requires certain nice geometric properties
of R™. Our proof is direct and can possibly be extended to rough geometry.
Corollary was implied by some pointwise estimates in [CW] proved via
Carleson measures. See also [B] and [Tal.

In proving the above corollaries, we shall also need the following L2
estimate on the bad functions {b;} which arise from the Calder6n—Zygmund
decomposition.

LEMMA 1.7. Given any f € Ty with 0 < p < oo, let f =g+ Y ;cn- bi
be the Calderon—Zygmund decomposition associated to the heightl > 0 as in
Theorem . If 0<p<2and \=2/p>1, we have the fractional integral
estimate

5 ~

nen dt dy
(1.7) Vbt ) —— Slbillzp < B */P.
B;
Here {B;}ien+ is the family of balls found in Theorem .

Observe that the second inequality in just rewrites in the
Calderéon—Zygmund decompositions. It suffices to prove the first inequality.

The proof is essentially a general embedding estimate 7% (Rf") —
LR, An=7=14tdy), with 0 < p < 2. Thus the statement of this lemma
can be more general, but this information will not be used in this paper.
See [H, Chapter 2] for related embedding results.

2. Proof of Theorem Let M be the maximal function in R™, that
is,

M(h)(z) = jsglép S x € R".
v B

Fix a > 7. Let
2 = {z € R" | M(A®(f)P)(z) > IP}.

By the maximal theorem and the lower semicontinuity of M(A®)(f)?), we
know that (2 is an open set of finite measure. Let 2 = |J,cn+ Qi be a
Whitney decomposition of {2; into cubes, and denote by B; = ¢Q); the ball
with the same center as (); and radius ¢ times the diameter of ;. We choose
c sufficiently large such that

Ei DA = ﬁl N (Qs x (0,00))

(*) We thank Professor Pascal Auscher for pointing out this reference.
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uniformly in ¢ € N*. Then we let
bi=fla, and g=f— Zbi-
1EN*
We claim that this yields the desired decomposition.

Since o > 7, we claim that for any = € Q;, there exists ; € [(£2)), the
complement of §2; in R", such that

A(g)(x) < A (g)(xs).
In fact, we can simply select x; to be an arbitrary point in 5Q;NC(£2;). Recall

that in the general Whitney decomposition arguments (see [Sl Theorem 1,
p. 167] for example) one has

diam(Q;) < dist(Q;,C(¢2)) < 4 diam(Q;).
Hence 5Q; N C(£2;) is non-empty. With r; = diam(Q;)/2, we also have
dist(z;, Q;) < 4r; and  dist(Q;,C($2))) > 2r;.
From geometrical observations, to meet

sup A(g)(z) < inf A (g)(zy),
r€Q; {Ei€4QiﬂC(Ql)

it suffices to take
. dist(z;, Q;) + diam(Q;) + 3 dist(Q;, C(£2))
%dist(Qi, B(Ql))

+1="7.

(2.1) o'

B 4r; + 2r;
=
This proves the claim. Note that this claim is uniform in ¢ € N*,
Now for the “good” part g, with C' = C(n,p) different at each step, we
have

1C(9)ILee < CllA(9)]|ze < CllA(9)| 2, I + CllA(9) g2l 2o
< C\\A(a)(f)’[:(mﬂhm + Cll A gl
< CA(f)lgap llz < CL.

In the above estimates we mainly used, in order: in the first inequality the
endpoint comparison of A and C at p = oo (see [CMS, Theorem 3(b)]); in
the third inequality the claim just proved
A(g)(x) < A (g)(z:i) < A (f) (), Vae Qs

and the construction f |E(ﬁz) = g; in the fourth inequality the geometrical
fact @ > 1; and in the fifth inequality the Lebesgue differentiation theorem
applied to A (f)P.

By similar geometrical observations to those in (2.1)), there exists k =

—

k(n, c) >5 such that for any i € N*, we have the a-aperture tent (kQ;)® D B,
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where R
% :={(t,y) € Rf” | B(y,at) C 2}.
Now for the “bad” part b, first we know that suppb; C El With C =

C(n,p,c) different at each step, we can estimate
lillze < 1/15, 72 < CIAD (f15)lp < CIA (Hlrgilly < CABi|'P.

Here we mainly used, in order, a > 1, (k‘Qz) > B; for k > 5 and the existence
of z; € kQ; NC(£2), and the construction of 2; from the maximal function.
Moreover, by the maximal theorem

DB <C Y 1Qil = Claal < CUP| gy < CUP| Il

1EN* i€N*
where C' = C(n,p,c). The last estimate used (]1.1]) @ on the change of
apertures.

Finally, using the fact that the Whitney cubes {Q;} are mutually disjoint
(see [S, Theorem 1, p. 167]), we see that the supports of b; are mutually disjoint.

3. Proofs of Corollaries [1.2] and [1.4]

Proof of Corollary. Recall that S is T2 — L? bounded when )\ > 1.
By density of T, 22 A T? in T2/ it suffices to show, for any f € Tz/)‘ N1z,

o € B S{N) > 1 S S S5 @)z, VI > 0.

Let f = g+ > ;e bi be the Calderon—Zygmund decomposition associated
to height [ > 0, the Whitney cubes {Q;}ien+ and the balls {B;};cn+ as in
Theorem such that g = f|E with 2 = |, Qs, and b; = f|a, with

(Qz %)) N 2 C B;.
By sublinearlty of the quadratic functional Sy,

Sx(f)(@) < Sx(9)(x) + SX(f — 9)(@) := Gi(2) + Ga(z), Vo eR",

and it remains to check that Gy (k = 1,2) is in L2/,
By T3 — L? boundedness of S}, we have

[{z € R" | Gi(z) > 1/2}| SI2IISK(9)lI72 S 172 Mgl17s-
By the interpolation control of g from ([1.2)),
2/
gl SIS

T2
This shows that Gy € L2/A>,

(?) We remark that (I.1) can be proved by the vector-valued approach proposed in
[HTV]. This allows us to obtain (1.1)) without using [CMS| Lemma 2], the latter (as seen
in [Th]) actually leading to (1.1) with sharp dependence on the aperture.
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By the properties of the Calderén-Zygmund decomposition,
{z € R" | Ga(x) > 1/2}]
SIS + [{z e B\ 4B
7

(z) > 1/2}‘.

Let £2* = {J; 4B;. Then for any x € R"\ 2%, we have |z —y;| ~ | —y|, where
y; denotes the center of (); and B;, and y is any point in ;. Therefore, for
any x € R™\ 2%,

5 \x—y\ +t) & tn+1
An 5 dtdy
=> |bi(t, ) * -t
iEN* A, |'1" - y| =+ t tn+1
i i
dtdy
An—n
o T
ZEN* N;
”sz 2/X l2|B-|)‘
SY S
iEN* @ — gl iEN* o — il

where we have used Lemma in the last two estimates. In the second
equality above, we have also used the fact that the supports of the bad
functions {b;} are mutually disjoint, which is guaranteed by the Calderén—
Zygmund decomposition.

Then it remains to show

{o e R\ " | H(z) > 1}| S 172 £1%)

2/)\

with

A
H(x):= Z ‘Bz‘/\n

T —
ieN* Yi

However, by the Chebyshev inequality for H(x) restricted to R™ \ 2%, we
have

n * daﬁ
{zeR"\ Q" |H(x)>1} < | H@)de=)> |B]* | F—T
Rn\ 2+ iEN* R7\ 2 Yi
SZ@PS, ST Bl
iEN* R\ B; ieN*

Thus, with the property (1.4) from the Calderén—Zygmund decomposition,
we finish the proof that GQ € L2/>‘ .



130 Y. Huang

The proof of Corollary [T.2] can be concluded by combining the estimates
just proved for G; and Go. =

Proof of C’omllary Recall that we have the T3 — L*° boundedness
of C{ when A > 1. We examine the preceding arguments carried out for S5,
and we notice that in estimating the new version of G3, which we can write as

. dtd
Z Sup —— )\n SS tAn |bz(t7y)|2 Tya
ien >0 T AL (B2 % (0.)}

we always have r > C|z — y;| in each summand since for z € R™ \ £2* and
y € B(z,1), |t — yi| ~ | —y| and |z — y| < r. Hence for x € R™\ 2%,

1 nen dt dy
G%(CU) < ZSUPW SS t ‘bi(t,y)‘Z -
ANy {B(x,r)x(0,r)}

Furthermore, removing the restriction to B(x, ) x (0, r) in the integrals, we get

_ dt dy
ZGN* N;
l2|B |)\ N
S Z e x e R™\ 2%
1EN* Yi

Note that this goes back to the step in the above proof for Sy.
The other arguments remain unchanged. =

REMARK 3.1. In the classical setting for harmonic extensions, namely
for f =tV (fo * P;), both corollaries were proved in [MW] exploiting the
pointwise relation between Sy and C3. Such relations are not true for general
tent space functions. Here we give a unified proof of Corollaries [1.2] and [1.4]
through our Calderén—Zygmund type decompositions in tent spaces, and this
approach is close to the original spirit of [F'b] and [F'S]. More precisely, see [Fb),
pp. 20-21] and [ES, pp. 181-182]. Our arguments on G2 in the above proofs
reveal that, modulo the good function g € 75° in the Calderén—Zygmund
type decomposition f=g+b=g+> ;- bi, the quadratic functionals S5 (b)(x)
and C;(b)(x) have comparable upper bounds when the cone with vertex x
does not intersect the support of the bad function b.

4. Proof of Lemma First, by a straightforward extension @ of
[CMS|, Theorem 1(c)], the bad function b; € T%, 0 < p < 2, admits an atomic

decomposition, say
bi = Aijbij,
J

() See for example [V], p. 52] for such a precise statement. Be aware that the setup
of [V] is quite different from that of [CMS].
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where the atom b;; is supported in the tent Eij over some ball B;; C R"
and b;; also satisfies the size requirement

163511 22 (-1 aeay) < |Bij) 2"

Moreover, the coefficients {\;;}; € P satisfy

(4.1) {Ni Hillew S N0ill 2o
We point out that the reverse [|bi[|zp < [[{Aij};llw is valid only for p < 1.

Then we note that the decomposition equality b; = ; Aijbi; holds in
pointwise sense. This follows by inspection of the proof of |[CMS, Theorem
1(c)] (see also |R] for more precise arguments).

Next it suffices to prove that the fractional integral estimate as in
holds uniformly on the atoms b;;. Now we explain this in detail.

Note that ¢ < TBi;s the radius of the ball B;;, and An —n > 0. The
verification of the fractional integral estimate on atoms is as follows:

] by 2, )2 22 <

2 t

(TB..>/\n—n‘Bij‘1—2/p g 1.

3

Hence, as b;; have disjoint supports (again by inspection of the proof of
[CMS], Theorem 1(c)]), we get

SS t)\nfn‘bi(t’y)IQ dtTdy _ SS t)\nfn Z )\ijbij(t’y)‘z @
N; i J
< 30 1§ b P Y < 103
J Eij

Since p/2 = 1/X < 1, we have

ATl < A Y llier = 1N 3517
Combining this with (4.1]), we finish the proof of the lemma.

REMARK 4.1. It may come as a surprise that in the proof of Lemma
which is used to prove the weak-type bounds in Corollaries [I.2] and
via Calderén—Zygmund decompositions in tent spaces, we have in addition
to resort to atomic decompositions in tent spaces. This is a very interesting
function space property of tent spaces. In this respect, see also [H, Chapter 2]
for related results concerning singular integral operators on tent spaces.
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