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Metric characterizations of super weakly compact operators

by

R. M. Causey (Oxford, OH) and S. J. Dilworth (Columbia, SC)

Abstract. We define the notion of factorization of a family of metric spaces through
a bounded, linear operator between Banach spaces. This notion serves as the analogue of
uniform bi-Lipschitz embeddings of this family of metric spaces into a given Banach space.
We prove operator versions of well-known non-linear characterizations of superreflexivity
due to Bourgain, Johnson–Schechtman, and Baudier. More precisely, we give a non-linear
characterization of non-super weakly compact operators as those through which the binary
tree, diamond, and Laakso graphs may be factored with uniform distortion.

1. Introduction. In [12] Ribe showed that any two uniformly homeo-
morphic Banach spaces must be finitely representable in each other. This
result suggests the principle at the heart of the Ribe program, which is
that a given local property of Banach spaces can be formulated as a
purely metric property. One important result in this direction is Bour-
gain’s characterization of superreflexive Banach spaces as those into which
one can embed the binary trees of arbitrary depth with uniform dis-
tortion [4]. Using other metric spaces besides binary trees, Johnson and
Schechtman [8] and Baudier [1] produced further metric characterizations
of superreflexive spaces. Johnson and Schechtman used the class of dia-
mond graphs and the class of Laakso graphs. Baudier used a single bi-
nary tree of infinite depth. Chávez-Domı́nguez [6] initiated the extension
of the Ribe program to the classification of operators rather than Banach
spaces, and extended a remarkable number of non-linear results to opera-
tors.

The main result of this work is to continue the Ribe program for maps
by generalizing known characterizations of superreflexive spaces to charac-
terize super weakly compact operators. To that end, rather than studying
bi-Lipschitz maps of metric spaces into Banach spaces and estimating the
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distortion, we define a quantification of how well a given metric space can
be preserved through a linear operator. When the operator in question is
the identity of a Banach space, this quantification recovers the notion of
Lipschitz distortion, so that our results do indeed generalize the works of
Bourgain, Johnson–Schechtman, and Baudier. We say that a classM of met-
ric spaces factors through the linear operator A : X → Y if the members
of M can be uniformly preserved through A, in a sense which is formally
defined in Section 2. The main result of this work is the following.

Theorem 1. Let A : X → Y be an operator and let M be the class of
binary trees, diamond graphs, Laakso graphs, or the binary tree of infinite
depth. Then M factors through A if and only if A fails to be super weakly
compact.

The idea of a superproperty of an operator is due to Pietsch [11]. Recall
that for a property P , an operator A : X → Y has super P if for every
ultrafilter U , the induced operator AU : XU → YU has property P . Thus
A : X → Y is super weakly compact if for every ultrafilter U , AU : XU → YU
is weakly compact. In the case that A is the identity of X, this recovers
superreflexivity of X.

2. Notation and terminology. Given Banach spaces Y ⊂ X, we write
Y ≤ X to mean that Y is a closed subspace of X.

For any set Λ, we let Λ<N denote the finite sequences in Λ. For any
s ∈ Λ<N, we let |s| denote the length of s. For any s ∈ Λ<N and any integer
i with 0 ≤ i ≤ |s|, we let s|i denote the initial segment of s having length i.
We write s ≺ t if s is a proper initial segment of t. If s, t ∈ Λ<N, we let sat
denote the concatenation of s with t. If s is a non-empty sequence, we let
s− denote the maximal proper initial segment of s.

Given Banach spaces X,Y and an operator A : X → Y , and a number
D ≥ 1, we say that a family M of metric spaces D-factors through A if for
each (M,d) ∈ M, there exists a function f : (M,d) → X such that for all
s, t ∈M ,

D−1d(s, t) ≤ ‖Af(s)−Af(t)‖ and ‖f(s)− f(t)‖ ≤ d(s, t).

We say M factors through A if it D-factors through A for some D ≥ 1. If
M = {(M,d)}, we will say (M,d) factors through A ifM factors through A.

Of course, M factors through an operator A if and only if M factors
through any non-zero multiple of A, so if we are not concerned with the
constant D, we may assume ‖A‖ ≤ 1. In this case, in order to see that M
factors through A, it is sufficient to prove that there exists D ≥ 1 such that
for each (M,d) ∈ M, there exists f : M → X such that for all s, t ∈ M ,
‖f(s) − f(t)‖ ≤ d(s, t) and D−1d(s, t) ≤ ‖Af(s) − Af(t)‖. It is easy to see
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that if A is the identity operator on X, then M factors through A if and
only if the members ofM admit uniformly bi-Lipschitz embeddings into X.

3. Metric characterization of super weakly compact operators

3.1. Basics of super weakly compact operators. Recall that an op-
erator A : X → Y is super weakly compact if and only if for any ultrafilter U ,
the ultrapower AU : XU → YU is weakly compact. Beauzamy introduced
super weakly compact operators in [3] where they are called opérateurs uni-
formément convexifiants.

We will use the following facts, due to James. The first part of the
following lemma is well-known, while the quantifications in the latter part
are implicit in James’s result. For the convenience of the reader, we sketch
the proof.

Lemma 2 ([7]). Let A : X → Y be an operator. Let

R = R(A) = sup{‖y∗∗‖Y ∗∗/Y : y∗∗ ∈ ABX
w∗},

where Y is identified with a subspace of Y ∗∗ and the w∗-closure is taken
in Y ∗∗. Then A fails to be weakly compact if and only if R(A) > 0, and in
this case there exist θ = θ(R) > 0, b = b(R) ≥ 1, and (xn) ⊂ BX such that
(Axn) is b-basic and every convex combination of (Axn) has norm at least θ.

Sketch of proof. Let jX : X → X∗∗ and jY : Y → Y ∗∗ denote the canoni-

cal inclusions. Note that jYA = A∗∗jX . Then A∗∗BX∗∗ = jYABX
w∗

. Indeed,

since jYABX ⊂ A∗∗BX∗∗ and A∗∗BX∗∗ is w∗-closed, we have jYABX
w∗ ⊂

A∗∗BX∗∗ . Now if x∗∗ ∈ BX∗∗ , by Goldstine’s theorem there exists a net
(xλ) ⊂ BX such that jXxλ −→

w∗
x∗∗. Then

jYABX 3 jYAxλ = A∗∗jXxλ −→
w∗

A∗∗x∗∗,

yielding

A∗∗BX∗∗ ⊂ jYABX
w∗
.

If A is weakly compact, then the weak-w∗-continuity of jY implies that

jY (ABX) is w∗-compact, and therefore closed, so that jYABX
w∗⊂ jY (ABX)

⊂ jY Y, and R(A) = 0. Conversely, if R(A) = 0, then A∗∗BX∗∗ ⊂ jY Y . This

means jYABX
w∗ ⊂ jY Y , and j−1Y : jYABX

w∗ → Y is a w∗-weak homeo-

morphism onto ABX . By w∗-compactness of jYABX
w∗

, we see that ABX is
weakly compact.

Since no confusion will arise, we dispense with writing jX , jY in the
remainder of the proof and identify X,Y with subspaces of X∗∗, Y ∗∗, re-
spectively. Now suppose A is not weakly compact. Fix x∗∗ ∈ BX∗∗ such that
‖A∗∗x∗∗‖Y ∗∗/Y > 0 and fix a number ψ between 0 and ‖A∗∗x∗∗‖Y ∗∗/Y . By re-
placing x∗∗ with (1−δ)x∗∗ for a suitably small δ > 0 and relabeling, we may
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assume ‖x∗∗‖ < 1. By the Hahn–Banach theorem, there exists y∗∗∗ ∈ Y ∗∗∗
such that y∗∗∗(A∗∗x∗∗) = 1, y∗∗∗|Y ≡ 0, and ‖y∗∗∗‖ ≤ 1/ψ. We may also
fix y∗ ∈ Y ∗ such that A∗∗x∗∗(y∗) = 1 and ‖y∗‖ ≤ 1/ψ. Fix ε > 0. We may
recursively choose x1, x2, . . . ∈ BX and finite subsets F1, F2, . . . ⊂ BY ∗ such
that for every n ∈ N,

(i) for every y ∈ span{Ax1 −A∗∗x∗∗, . . . , Axn −A∗∗x∗∗},
‖y‖ ≤ (1 + ε) max

y∗1∈Fn
|y∗1(y)|,

(ii) for every m > n and every y∗1 ∈ Fn ∪ {y∗}, y∗1(Axm) = A∗∗x∗∗(y∗1).

This recursion can be completed because, assuming that x1, . . . , xn−1 and
F1, . . . , Fn−1 have been chosen, we may apply Helly’s theorem to choose xn
in BX and then use compactness of the unit ball of span{Ax1−A∗∗x∗∗, . . . ,
Axn − A∗∗x∗∗} to choose Fn. Now for any scalar sequence (ai)

n
i=1 and any

1 ≤ m < n,∥∥∥ m∑
i=1

ai(Axi −A∗∗x∗∗)
∥∥∥ ≤ (1 + ε) max

y∗1∈Fm

∣∣∣y∗1( m∑
i=1

ai(Axi −A∗∗x∗∗)
)∣∣∣

= (1 + ε) max
y∗1∈Fm

∣∣∣y∗1( n∑
i=1

ai(Axi −A∗∗x∗∗)
)∣∣∣

≤ (1 + ε)
∥∥∥ n∑
i=1

ai(Axi −A∗∗x∗∗)
∥∥∥.

We see that (Axn − A∗∗x∗∗)∞n=1 is (1 + ε)-basic. Moreover, if B = IY ∗∗ −
A∗∗x∗∗ ⊗ y∗∗∗ and C = IY ∗∗ −A∗∗x∗∗ ⊗ y∗, then max{‖B‖, ‖C‖} ≤ 1 + 1/ψ
and for any n ∈ N,

B(Axn −A∗∗x∗∗) = (Axn −A∗∗x∗∗)− y∗∗∗(Axn −A∗∗x∗∗)A∗∗x∗∗ = Axn

and

C(Axn) = Axn−y∗(Axn)A∗∗x∗∗ = Axn−A∗∗x∗∗(y∗)A∗∗x∗∗ = Axn−A∗∗x∗∗.
Here, A∗∗x∗∗ ⊗ y∗∗∗ is the operator from Y ∗∗ into itself given by

A∗∗x∗∗ ⊗ y∗∗∗(y∗∗) = y∗∗∗(y∗∗)A∗∗x∗∗,

and A∗∗x∗∗ ⊗ y∗ : Y ∗∗ → Y ∗∗ is defined similarly.
These facts together show that (Axn) is (1 + ε)(1 + 1/ψ)2-basic. Finally,

for any n ∈ N and any y =
∑n

i=1 aiAxi ∈ co(Axi : i ≤ n),

‖y‖ ≥
n∑
i=1

aiy
∗(Axi) =

n∑
i=1

aiA
∗∗x∗∗(y∗) > ψ.

Therefore for any b > (1 + 1/R(A))2 and any θ < 1/R(A), we may choose
x∗∗ ∈ BX∗∗ , ψ, and ε to satisfy the conclusion with this b and θ.
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Lemma 3. Let X be a Banach space, Z a subspace of X, A : X → Y an
operator, and U an ultrafilter.

(i) The closed subspace XU (Z) := {(xn) +NX ∈ XU : limU ‖xn‖X/Z = 0}
of XU is isometrically isomorphic to ZU .

(ii) If dim(X/Z) <∞, XU/XU (Z) is isometrically isomorphic to X/Z.
(iii) (A|Z)U : ZU → YU is isometrically identifiable with AU |XU (Z) : XU (Z)

→ YU .

Here, NX = {(xn) ∈ `∞(X) : limU ‖xn‖ = 0}, and NY ,NZ are defined
similarly.

Proof. The first statement follows from the fact that the map ZU 3
(zn) +NZ 7→ (zn) +NX ∈ XU (Z) is an isometric isomorphism. The second
follows from the fact that since bounded sequences in X/Z must converge
through U , for any sequence (xn) ∈ `∞(X), limU (xn+Z) ∈ X/Z exists. One
then checks that the map (xn) + XU (Z) 7→ limU (xn + Z) is a well-defined
isometric isomorphism. The third fact follows from the first together with
the equality (A|Z)U ((zn) +NZ) = (Azn) +NY = AU ((zn) +NX).

Proposition 4. If A : X → Y fails to be weakly compact, then

inf
dim(X/Z)<∞

R(A|Z) > 0,

where R is defined in Lemma 2.

Proof. We will show that for any Z ≤ X with dim(X/Z) <∞, R(A|Z) ≥
R(A)/3. Fix 0 < θ < R(A). There exists y∗∗ ∈ ABX

w∗
with ‖y∗∗‖Y ∗∗/Y > θ

by the definition of R(A). Fix a net (xλ) ⊂ BX such that Axλ −→
w∗

y∗∗.

By passing to a subnet of (xλ), we may fix x ∈ X such that xλ + Z →
x + Z in norm in X/Z. Of course, x + Z ∈ BX/Z . By replacing x with a
different member of the equivalence class x + Z, we may assume ‖x‖ < 2.
For each λ, we fix zλ ∈ Z such that ‖xλ − x − zλ‖ ≤ 2‖xλ − x‖X/Z →λ 0.
Thus lim supλ ‖zλ‖ ≤ lim supλ ‖xλ − x‖ < 3. By passing to a subnet once
more, we may assume zλ/3 ∈ BZ , and note that Azλ/3 −→

w∗
(y∗∗ − Ax)/3

and ‖(y∗∗ −Ax)/3‖Y ∗∗/Y ≥ θ/3.

Corollary 5. If A : X → Y fails to be super weakly compact, then
there exist ψ > 0 and c ≥ 1 such that for every natural number n ∈ N, and
every Z ≤ X such that dim(X/Z) <∞, there exists (zi)

n
i=1 ⊂ BZ such that

(Azi)
n
i=1 is c-basic and every convex combination of (Azi)

n
i=1 has norm at

least ψ.

Proof. If A fails to be super weakly compact, we may fix an ultrafilter
U such that AU : XU → YU fails to be weakly compact. If Z ≤ X is
finite-codimensional, then R(AU |XU (Z)) ≥ R(AU )/3 > 0, since AU fails to
be weakly compact and since dim(XU/XU (Z)) = dim(X/Z) <∞. Thus we
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deduce the existence of θ > 0 and b ≥ 1 depending only on R(AU ) such that
there exists an infinite sequence (χi) ⊂ BXU (Z) such that (AUχi) is b-basic
and each convex combination of (AUχi) has norm at least θ. We identify
(A|Z)U : ZU → YU with AU |XU (Z) : XU (Z) → YU and assume that this
sequence (χi) is contained in ZU and replace AU |XU (Z) with (A|Z)U . Since
(A|Z)U is finitely representable in A|Z , for each n ∈ N and ε > 0 we may fix
(zi)

n
i=1 ∈ BZ such that (Azi)

n
i=1 is (1 + ε)-equivalent to ((A|Z)Uχi)

n
i=1. Thus

we deduce the result for any constant ψ ∈ (0, θ) and any c > b.

3.2. Binary trees, diamond graphs, and Laakso graphs. We let
Bn =

⋃n
i=0{0, 1}i, including the empty sequence ∅. We let B =

⋃
n∈NBn.

We treat B and Bn as graphs, where t is adjacent to ta0 and ta1. We endow
Bn and B with the graph distances, noting that each Bn is isometrically a
subset of B. We next let rn = 2n− 1 and Λn = {t ∈ B : rn ≤ |t| < rn+1} for
n = 0, 1, 2, . . . . We let `(s) denote the n such that rn ≤ |s| < rn+1.

Our construction of the diamond and Laakso graphs follows the pre-
sentation given in [8]. We next recall the definitions of the Hamming and
diamond graphs. The vertex set of the Hamming graph is {0, 1}2n , and the
edge set En consists of all pairs of vertices which differ at exactly one co-
ordinate. We let Dn denote the vertex set of the diamond graph, and it
will be a subset of {0, 1}2n . The edge set of the diamond graph will be the
restriction {(s, t) ∈ En : s, t ∈ Dn} of En to the vertex set Dn. For any
n ∈ N, let d : {0, 1}n → {0, 1}2n be the doubling function d(k1, . . . , kn) =
(k1, k1, k2, k2, . . . , kn, kn). We let D0 = {(0), (1)}. If Dn has been defined,

we let D′n = {d(t) : t ∈ Dn} and D′′n = {s ∈ {0, 1}2n+1
: (∃t ∈ D′n)((s, t) ∈

En+1)}. We then let Dn+1 = D′n ∪D′′n.

We also recall the definitions of the Laakso graphs. The Laakso graph
Ln will be a subset of {0, 1}4n . Given any n ∈ N and s = (ai)

n
i=1 ∈ {0, 1}n,

let

q(s) = (a1, a1, a1, a1, a2, a2, a2, a2, . . . , an, an, an, an) ∈ {0, 1}4n.

Let L0 = {(0), (1)} with a single edge. Suppose that Ln−1 has been defined.
Let L′n = {q(s) : s ∈ Ln−1}. Suppose that s, t ∈ Ln−1 are equal except at
their jth coordinate. Suppose also that s = ua0av and t = ua1av. Let Ls,tn
consist of the following sequences:

q(u)a(1, 1, 1, 1)aq(v), q(u)a(1, 1, 0, 1)aq(v), q(u)a(1, 1, 0, 0)aq(v),

q(u)a(0, 1, 0, 1)aq(v), q(u)a(0, 1, 0, 0)aq(v), q(u)a(0, 0, 0, 0)aq(v),

where each vertex is adjacent to the vertices immediately above or below it.
We then let

Ln = L′n ∪
⋃
{Ls,tn : s, t ∈ Ln−1, s, t differ at one coordinate}.
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3.3. Uniformly convex operators and non-embeddability. Given
an operator A : X → Y , we define δ : (0,∞)→ [0,∞) by

δ(ε) = 1− sup

{∥∥∥∥x1 + x2
2

∥∥∥∥ : x1, x2 ∈ BX ,
∥∥∥∥Ax1 −Ax22

∥∥∥∥ ≥ ε}.
Then A is uniformly convex if δ(ε) > 0 for every ε > 0.

We recall the following theorem.

Theorem 6 ([3]). If A : X → Y is super weakly compact, then there
exists an equivalent norm | · | on X making A : (X, | · |) → Y uniformly
convex.

Theorem 7. If A : X → Y is a super weakly compact operator, none of
the families {Bn}, {Dn}, {Ln} factors through A.

Remark 8. The proofs closely resemble corresponding proofs for spaces.
The proof for binary trees resembles the proof for spaces from [9], while
the proofs for diamonds and Laakso graphs resemble the proofs for spaces
from [8]. We note that the proofs of the results for super weakly compact
operators do not follow from the proofs for spaces, since there exist super
weakly compact operators not factoring through any superreflexive Banach
space. To see this, let us recall that for 2 ≤ q <∞, an operator A : X → Y
is said to have Rademacher cotype q provided there exists a constant C ≥ 0
such that for any n ∈ N and any x1, . . . , xn ∈ X,

CE
∥∥∥ n∑
i=1

εixi

∥∥∥ ≥ ( n∑
i=1

‖Axi‖q
)1/q

.

By the Maurey–Pisier theorem [10], if Z is a Banach space such that for
every 2 ≤ q < ∞, Z does not have Rademacher cotype q (that is, IZ does
not have Rademacher cotype q), then c0 is finitely representable in Z. Of
course, such a Z is not superreflexive. Furthermore, it is easy to see that if an
operator A factors through a Banach space with Rademacher cotype q, then
A must have Rademacher cotype q. Let an = 1/log(n + 1) for each n ∈ N.
Then the diagonal operator A : c0 → c0 given by A

∑
bnen =

∑
anbnen is

compact, but fails to have non-trivial Rademacher cotype. Indeed, for any
2 ≤ q <∞ and n ∈ N,( n∑

i=1

‖Aei‖q
)1/q

≥ n1/q

log(n+ 1)
=

n1/q

log(n+ 1)
E
∥∥∥ n∑
i=1

εiei

∥∥∥.
Therefore A cannot be factored through any Banach space which has non-
trivial Rademacher cotype. It follows that every Banach space is finitely
representable in any Banach space through which A factors, and therefore
A cannot be factored through any superreflexive Banach space.



182 R. M. Causey and S. J. Dilworth

Proof of Theorem 7. We may of course assume that ‖A‖ ≤ 1 and that
A is uniformly convex.

We first show that {Bn} does not factor through A. First note that if
x, y, z ∈ BX are such that

∥∥Ay−Az
2

∥∥ ≥ 1/D, then min{‖x + y‖, ‖x + z‖} ≤
2(1− δ), where δ = δ(1/(2D)). This is because in this case, either

∥∥Ax−Ay
2

∥∥
or
∥∥Ax−Az

2

∥∥ is at least 1/(2D). We next use this observation in the proof of
the following claim: For any D ≥ 1, any n ∈ N, and f : B2n → X such that
for all s, t ∈ B2n ,

D−1d(s, t) ≤ ‖Af(s)−Af(t)‖ ≤ ‖f(s)− f(t)‖ ≤ d(s, t),

there exist t0, t1 ∈ {0, 1}2
n

whose first terms are 0 and 1, respectively, such
that

max{‖f(t0)− f(∅)‖, ‖f(t1)− f(∅)‖} ≤ 2n(1− δ)n.

Here, δ = δ(1/(2D)) as in the observation above. We work by induction.
Suppose that f : B2 → X satisfies the hypotheses above. By translating,
we may assume f(∅) = 0. Then to find t0, we apply the observation above
to the vectors x = f((0)), y = f((0, 0)) − x, and z = f((0, 1)) − x. To
find t1, we apply the observation above to the vectors x = f((1)), y =
f((1, 0))− x, and z = f((1, 1))− x. Next, assume the result holds for some
n ∈ N and suppose f : B2n+1 → X satisfies the hypotheses above. We may
again assume that f(∅) = 0. Applying the inductive hypothesis to f |B2n

, we
may find s0, s1 ∈ {0, 1}2

n
whose first terms are 0 and 1, respectively, such

that max{‖f(s0)‖, ‖f(s1)‖} ≤ 2n(1− δ)n. Then define f0, f1 : B2n → X by

f0(t) = f(sa0 t) and f1(t) = f(sa1 t). Then these maps satisfy the hypotheses,
and for ε ∈ {0, 1}, we may find s′ε,0, s

′
ε,1 ∈ {0, 1}2

n
whose first terms are 0

and 1, respectively, such that

max{‖fε(s′ε,0)− f(sε)‖, ‖fε(s′ε,1)− f(sε)‖} ≤ 2n(1− δ)n.

Let s∅ = ∅ and s(ε,ε′) = saε s′ε,ε′ . Then g : B2 → X defined by g(t) =
f(st)/(2

n(1− δ)n) satisfies the hypotheses of the base case. Therefore there
exist t0, t1 ∈ {0, 1}2 with first terms 0 and 1, respectively, such that
‖g(t0)‖, ‖g(t1)‖ ≤ 2(1− δ). Then if t0 = (0, ε), we have

‖f(s0,ε)‖ = 2n(1− δ)n‖g(t0)‖ ≤ 2n+1(1− δ)n+1.

We similarly deduce that if t1 = (1, ε), then ‖f(s1,ε)‖ ≤ 2n+1(1− δ)n+1.

For the diamond Dn, we let t, b denote t = (1, . . . , 1) and b = (0, . . . , 0).
Note that the vertices t, b depend implicitly on n, but it will be clear from
the context in which diamond t, b lie. We claim that if f : Dn → X is any
function such that for every s, s′ ∈ Dn,

D−1d(s, s′) ≤ ‖Af(s)−Af(s′)‖ ≤ ‖f(s)− f(s′)‖ ≤ d(s, s′),
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then there exist adjacent vertices s, s′ in Dn such that

‖f(t)− f(b)‖ ≤ 2n(1− δ)n‖f(s)− f(s′)‖ ≤ 2n(1− δ)n,
where δ = δ(1/D). From this it follows that D ≥ (1−δ)−n, since d(t, b) = 2n.
We prove the claim by induction on n ∈ N.

Base case: Assume f : D1 → X is as above. By translating, we may
assume f(b) = 0. Let l = (0, 1) and r = (1, 0). Let u = f(l), v = f(r), and
write f(t) = u + w = v + x. Note that ‖u‖, ‖v‖, ‖w‖, ‖x‖ ≤ 1. Moreover, if
u′ = u/(‖u‖ ∨ ‖v‖) and v′ = v/(‖u‖ ∨ ‖v‖), then∥∥∥∥Au′ −Av′2

∥∥∥∥ ≥ d(l, r)/(2D(‖u‖ ∨ ‖v‖)) ≥ 1/D.

Therefore, ‖u+v‖ ≤ 2(1−δ)(‖u‖∨‖v‖). Similarly, with w′ = w/(‖w‖∨‖x‖)
and x′ = x/(‖w‖ ∨ ‖x‖), we have∥∥∥∥Aw′ −Ax′2

∥∥∥∥ =

∥∥∥∥A(f(t)− u)−A(f(t)− v)

2

∥∥∥∥(‖w‖ ∨ ‖x‖)−1

=

∥∥∥∥Au−Av2

∥∥∥∥(‖w‖ ∨ ‖x‖)−1 ≥ 1/D,

so ‖w + x‖ ≤ 2(1− δ)(‖w‖ ∨ ‖x‖). From this we deduce that

‖f(t)‖ =

∥∥∥∥u+ w

2
+
v + x

2

∥∥∥∥ ≤ ∥∥∥∥u+ v

2

∥∥∥∥+

∥∥∥∥w + x

2

∥∥∥∥
≤ 2(1− δ)(‖u‖ ∨ ‖v‖ ∨ ‖w‖ ∨ ‖x‖) = 2(1− δ)‖f(s)− f(s′)‖

for some pair s, s′ of adjacent vertices.
Inductive case: Suppose f : Dn+1 → X is as above. Recall that d :

{0, 1}2n → {0, 1}2n+1
is the doubling function. Note that the doubling func-

tion d : Dn → Dn+1 doubles distances as well. Define g : Dn → X by
g(s) = 1

2f(d(s)). Since g satisfies the inequalities in the inductive hypothe-
sis, we see that there exist adjacent u, u′ ∈ Dn such that ‖g(t′) − g(b′)‖ ≤
2n(1−δ)n‖g(u)−g(u′)‖, where t′, b′ denote the top and bottom of Dn. From
this it follows that ‖f(t)−f(b)‖ ≤ 2n(1−δ)n‖f(d(u))−f(d(u′))‖. Note that
the portion of Dn+1 which lies pointwise between d(u) and d(u′) is isometri-
cally identifiable with D1. Under this identification, treating the restriction
of f to this portion of Dn+1 as a map of D1 into X, and using the base case,
we deduce that there exist adjacent s, s′ in this portion of Dn+1 such that
‖f(u)− f(u′)‖ ≤ 2(1− δ)‖f(s)− f(s′)‖. From this, we deduce that

‖f(t)− f(b)‖ ≤ 2n(1− δ)n‖f(u)− f(u′)‖ ≤ 2n+1(1− δ)n+1‖f(s)− f(s′)‖.
We perform a similar argument for the Laakso graphs, using a similar

self-similarity. We claim that if f : Ln → X is such that for all s, t ∈ Ln,

1

D
d(s, t) ≤ ‖Af(s)−Af(t)‖ ≤ ‖f(s)− f(t)‖ ≤ d(s, t),
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then there exist adjacent s, s′ ∈ Ln such that

‖f(1)− f(0)‖ ≤ 4n(1− δ)n‖f(s)− f(s′)‖ ≤ 4n(1− δ)n,
where δ = δ(1/D), 1 denotes the constantly 1 sequence, and 0 denotes the
constantly 0 sequence. This implies D ≥ (1 − δ)n, since d(0, 1) = 4n. The
n = 1 case follows, after translating so that f(0, 0, 0, 0) = 0, by considering
the four vectors 0 = f(0, 0, 0, 0), u = f(1, 1, 0, 0), v = f(0, 1, 0, 1), and
x = f(1, 1, 1, 1) = u + w = v + x. Each vector has norm at most 2, so
arguing as with the diamonds we obtain a pair t, t′ from among the four
vertices above such that d(t, t′) = 2 and

‖f(1, 1, 1, 1)− f(0, 0, 0, 0)‖ ≤ 2(1− δ)‖f(t)− f(t′)‖.
Fix a vertex t′′ between t and t′ in Ln, and fix adjacent vertices s, s′ from
among t, t′, t′′ so that ‖f(s)− f(s′)‖ = max{‖f(t)− f(t′′)‖, ‖f(t′′)− f(t′)‖}.
Then

‖f(1, 1, 1, 1)−f(0, 0, 0, 0)‖ ≤ 2(1− δ)‖f(t)−f(t′)‖ ≤ 4(1− δ)‖f(s)−f(s′)‖.

For the inductive case, we fix an f : Ln+1 → X satisfying the inequalities
of the inductive hypothesis. Then g : Ln → X given by g(t) = 4−1f(q(t)),
where q is the quadrupling function defined above, also satisfies those in-
equalities. This is because q also quadruples distances. By the inductive
hypothesis applied to g, there exist adjacent s, s′ ∈ Ln such that

‖g(1′)− g(0′)‖ ≤ 4n(1− δ)n‖g(s)− g(s′)‖,
where 1′ and 0′ are the constantly 1 and 0 sequences, respectively, in Ln.
This implies that

‖f(1)− f(0)‖ = ‖f(q(1′))− f(q(0′))‖ ≤ 4n(1− δ)n‖f(q(s))− f(q(s′))‖.
Note that the portion of Ln+1 between q(s) and q(s′) is isometrically iden-
tifiable with L1 in a way which associates s with (0, 0, 0, 0) and s′ with
(1, 1, 1, 1), and f restricted to this portion of Ln+1 can be thought of as a
map of L1 into X satisfying the inequalities of the base case. Therefore we
may find adjacent t, t′ in this portion of Ln+1 such that ‖f(q(s))−f(q(s′))‖ ≤
4(1− δ)‖f(t)− f(t′)‖. Then

‖f(1)− f(0)‖ ≤ 4n(1− δ)n‖f(q(s))− f(q(s′))‖
≤ 4n+1(1− δ)n+1‖f(t)− f(t′)‖.

3.4. Positive results. The remainder of this work is devoted to proving
the next two theorems regarding positive results on the factorization of
certain families of graphs through non-super weakly compact operators.

Theorem 9. Suppose A : X → Y is not super weakly compact. Then
{Dn} and {Ln} factor through A.
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Proof. Johnson and Schechtman [8] showed that for each n ∈ N, for
any ψ > 0 and c ≥ 1, there exists a constant C0 = C0(ψ, c) > 0 such
that if Y is a Banach space and if (yi)

2n
i=1 ⊂ Y is c-basic such that every

convex combination of (yi)
2n
i=1 has norm at least ψ, then f : Dn → Y given

by f(k1, . . . , k2n) =
∑2n

i=1 kiyi satisfies C0d(s, s′) ≤ ‖f(s) − f(s′)‖. This,
combined with Corollary 5, implies that if A : X → Y fails to be super
weakly compact, then there exists D > 0 such that for any n ∈ N, there
exists f : Dn → X such that

D−1d(s, s′) ≤ ‖Af(s)−Af(s′)‖ and ‖f(s)− f(s′)‖ ≤ d(s, s′)

for all s, s′ ∈ Dn. Indeed, by Corollary 5, we may find constants ψ, c de-
pending only on A such that for any n ∈ N, there exists (xi)

2n
i=1 such that

(yi)
2n
i=1 = (Axi)

2n
i=1 is c-basic and every convex combination of (yi)

2n
i=1 has

norm at least ψ. We then take f((ki)
2n
i=1) =

∑2n

i=1 kixi. The upper estimate
follows from the triangle inequality together with the fact that the Lipschitz
constant is attained on a pair of adjacent vertices. The lower estimate follows
with D = C0.

Johnson and Schechtman [8] also outline a proof very similar to the
previous argument of the fact that there exists a constant C1 = C1(ψ, c) > 0
such that if Y is a Banach space and (yi)

4n
i=1 ⊂ Y is c-basic such that every

convex combination of (yi)
4n
i=1 has norm at least ψ, then f : Ln → Y given

by f(k1, . . . , k4n) =
∑4n

i=1 kiyi satisfies C1d(s, s′) ≤ ‖f(s)− f(s′)‖. As in the
previous paragraph, we obtain a positive factorization result for the Laakso
graphs through non-super weakly compact operators.

Theorem 10. Suppose A : X → Y is not super weakly compact. Then
{Bn} and B factor through A.

Proof. We can and do assume ‖A‖ ≤ 1.
Bourgain [4] showed that for each n ∈ N, there exists an enumeration

(si)
k
i=0 of Bn and a constant C = C(ψ, c) > 0 such that for each ψ > 0 and

c ≥ 1, if Y is a Banach space and (yi)
k
i=1 ⊂ Y is c-basic such that every

convex combination of (yi)
k
i=1 has norm at least ψ, then if ysi = yi and

f(s) =
∑
∅≺u�s yu, we have

Cd(s, s′) ≤ ‖f(s)− f(s′)‖
for all s, s′ ∈ Bn. This, combined with Corollary 5, implies that if A : X → Y
fails to be super weakly compact, then there exists D > 0 (depending only
on R(A)) such that for any n ∈ N and any Z ≤ X with finite codimension
in X, there exists f : Bn → Z such that

(1) D−1d(s, s′) ≤ ‖Af(s)−Af(s′)‖ ≤ ‖f(s)− f(s′)‖ ≤ d(s, t)

for all s, s′ ∈ Bn. We obtain a positive factorization result for {Bn} by
choosing for each n ∈ N some (xi)

k
i=1 ⊂ BX such that (yi)

k
i=1 = (Axi)

k
i=1
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satisfies the conditions above with c, ψ depending on R(A) and not on n. We
emphasize that the function f can be taken to map into any closed subspace
Z of X such that dim(X/Z) <∞.

We next use the previous paragraph to prove that B factors through A.
This proof modifies Baudier’s [1] proof of the corresponding result for non-
superreflexive Banach spaces. A similar reasoning was given by Baudier,
Kalton, and Lancien [2] to prove a positive result regarding the embedding of
countably infinitely branching trees rather than binary trees. The arguments
from [1] and [2] can be thought of as the local and asymptotic versions of the
same phenomenon. The asymptotic argument from [2] also has an operator
analogue which appears in [5].

Recall that rn = 2n − 1 and Λn = {t ∈ B : rn ≤ |t| < rn+1} for
n = 0, 1, . . . . Recall also that `(s) = max{n : rn ≤ |s|}. We define 0 =
q0 < q1 < · · · and a partition (Si)

∞
i=1 of B such that for each n ∈ N,

(Si)
qn+1

i=qn+1 partitions Λn. Let q0 = 0, q1 = 1, and S1 = {∅} = Λ0. Suppose

now that q0 < · · · < qn have been defined and
⋃n−1
i=0 Λi =

⋃qn
i=0 Si. Let

t1, . . . , tm be an enumeration of the maximal members of Λn−1 and let
qn+1 = qn +m. For 1 ≤ i ≤ m, let Sqn+i consist of those t ∈ Λn such that ti
is an initial segment of t. This completes the recursive definition of (qi)

∞
i=0

and (Si)
∞
i=1.

Next, for each i ∈ N, if n is such that Si ⊂ Λn, then we define a map
fi : B2n → X and finite-dimensional subspaces E1, E2, . . . of Y by induction
on i. Let E1 = {0}, f1(∅) = 0. Assume that f1, . . . , fi−1 and E1, . . . , Ei−1
have been defined. Suppose also that for each 1 ≤ j < i−1, a finite Jj ⊂ BY ∗
has been chosen such that for any y ∈ span(E1∪· · ·∪Ej), 2 maxy∗∈Jj |y∗(y)|
≥ ‖y‖. Note that there exists n ∈ N such that Si ⊂ Λn, and a maximal
member s of Λn−1 such that Si consists of all members of Λn which extend s.
Note that B2n is canonically isometric to {s} ∪ Si via the map t 7→ sat. By
compactness of the unit ball of the finite-dimensional space F spanned by
E1 ∪ · · · ∪ Ei−1 and homogeneity, there exists a finite subset Ji−1 of BY ∗

such that for any y ∈ F , ‖y‖ ≤ 2 maxy∗∈Ji−1 |y∗(y)|, and such that
⋃i−2
j=1 Jj

⊂Ji−1. Let Wi=
⋂
y∗∈Ji−1

ker(y∗)≤Y and let Zi =
⋂
y∗∈Ji−1

ker(A∗y∗) ≤ X.

By equation (1) above, there exists a map fi : B2n → Zi such that fi(∅) = 0
and for each t, t′ ∈ B2n ,

d(t, t′)/D ≤ ‖Af(t)−Af(t′)‖ ≤ ‖f(t)− f(t′)‖ ≤ d(t, t′).

Let Ei denote the span of {Afi(t) : t ∈ B2n}. This completes the definitions
of fi and Ei. The purpose of having fi map into Zi is that, for W denoting
the closed span of

⋃∞
i=1Ei, Ei is the range of a projection Pi : W → Ei

having norm not more than 4. Indeed, for any i ≤ n ∈ N, if zj ∈ Ej for each
1 ≤ j ≤ n, then
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∥∥∥ i∑
j=1

zj

∥∥∥ ≤ 2 max
y∗∈Ji

∣∣∣y∗( i∑
j=1

zj

)∣∣∣ = 2 max
y∗∈Ji

∣∣∣y∗( n∑
j=1

zj

)∣∣∣ ≤ 2
∥∥∥ n∑
j=1

zj

∥∥∥.
Here we are using the fact that J1 ⊂ J2 ⊂ · · · and y∗(zj) = 0 whenever
i < j, y∗ ∈ Ji, and zj ∈ Ej . This shows that there exists a projection
Qi : W → span{E1, . . . , Ei} with norm not more than 2. We then let
Pi = Qi −Qi−1, where Q0 = 0.

Given ∅ 6= t, we may uniquely write t = ta1 . . .
a tn for some n ∈ N and

t1, . . . , tn 6= ∅ such that for each 1 ≤ i < n, |ti| = 2i. That is, for each

1 ≤ i < n, ta1 . . .
a ti is maximal in Λi. Let us say ta1 . . .

a tn is the standard
representation of t. Moreover, there exist 1 ≤ j1 < · · · < jn such that for
each 1 ≤ i ≤ n,

{ta1 . . .
a tai−1u : ∅ ≺ u � ti} ⊂ Sji .

We let f(t)=
∑n

i=1 fji(ti). We let f(∅)=0. We note that f is 1-Lipschitz. In-
deed, it is sufficient to check that ‖f(t)−f(t−)‖ ≤ 1 for all t 6= ∅. First choose

i such that t ∈ Si and let ta1 . . .
a tn be the standard representation of t. Then

f(t)− f(t−) = fi(tn)− fi(t−n ) and ‖f(t)− f(t−)‖ = ‖fi(tn)− fi(t−n )‖ ≤ 1.

We now prove that for any s 6= t ∈ B,

d(s, t)

32D
≤ ‖Af(s)−Af(t)‖,

which will finish the proof. We prove the case s, t 6= ∅, with the cases s = ∅
or t = ∅ requiring only notational changes. Let s = sa1 . . .

a sm, t = ta1 . . .
a tn

be the standard representations and assume without loss of generality that
m ≤ n. Let u be the largest common initial segment of s and t. We fix
k1, . . . , km, j1, . . . , jn such that sa1 . . .

a si ∈ Ski for each 1 ≤ i ≤ m and

ta1 . . .
a ti ∈ Sji for each 1 ≤ i ≤ n. We consider three cases.

Case 1: `(u) < n−1. Then Pjn−1Af(s) = 0, Pjn−1Af(t) = Afjn−1(tn−1),

4‖Af(s)−Af(t)‖ ≥ ‖Afnj−1(tn−1)‖ ≥ |tn−1|/D = 2n−1/D,

and

d(s, t) ≤ |s|+ |t| ≤ 2m+1 + 2n+1 ≤ 8 · 2n−1.
Therefore in this case, d(s, t)/(32D) ≤ ‖Af(s)−Af(t)‖.

Case 2: `(u) = n − 1. Then either m = n or m = n − 1. If m = n − 1,
let sn = ∅, so that

d(s, t) = d(sn−1, tn−1) + |sn|+ |tn|,
and 3 max{d(sn−1, tn−1), |sn|, |tn|} ≥ d(s, t). Furthermore, kn−1 = jn−1 and
kn 6= jn. We observe that

d(sn−1, tn−1)/D ≤ ‖Pjn−1Af(s)− Pjn−1Af(t)‖ ≤ 4‖Af(s)−Af(t)‖,
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|sn| = 0 if m = n− 1 and otherwise

|sn|/D ≤ ‖PknAf(s)‖ = ‖Pkn(Af(s)−Af(t))‖ ≤ 4‖Af(s)−Af(t)‖,
|tn|/D ≤ ‖PjnAf(t)‖ = ‖Pjn(Af(s)−Af(t))‖ ≤ 4‖Af(s)−Af(t)‖.

These inequalities together imply that

d(s, t)/(12D) ≤ ‖Af(s)−Af(t)‖.

Case 3: `(u) = n. Then m = n, sa1 . . .
a sn−1 = ta1 . . .

a tn−1, kn = jn,
and s, t ∈ Sjn . Then

d(s, t)/D ≤ ‖Pjn(Af(s)−Af(t))‖ ≤ 4‖Af(s)−Af(t)‖,
d(s, t)/(4D) ≤ ‖Af(s)−Af(t)‖.
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