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1. Introduction. Hausdorff dimension of sets satisfying certain arith-
metic properties has been extensively studied in connection with various
aspects of expansions of real numbers. However, determining the exact Haus-
dorff dimension is always a non-trivial problem. In many cases, the difficult
part is to determine a lower bound of the Hausdorff dimension. For this,
narrowing the family of admissible coverings may shed some light on this
complicated problem.

Let Φ be a fine covering family on [0, 1], i.e., a family of subsets of [0, 1]
such that for any ε > 0, there exists an at most countable ε-covering {Ej}
of [0, 1] with Ej ∈ Φ. If for any set E ⊂ [0, 1], the Hausdorff dimension of
E determined by only considering the family Φ equals the actual Hausdorff
dimension of E, we say that Φ is Hausdorff dimension faithful. This notion
was introduced by S. Albeverio et al. [1, 2].

To be more precise, the α-dimensional Hausdorff measure of a set E ⊂
[0, 1] with respect to a fine family Φ of coverings is defined by

Hα(E,Φ) = lim inf
ε→0

{∑
j

|Ej |α
∣∣∣ {Ej} is an ε-covering of E with Ej ∈ Φ

}
,

where |A| denotes the length of A. The Hausdorff dimension of E with
respect to Φ is

dimH(E,Φ) = inf{α | Hα(E,Φ) = 0}.
If we take for Φ the family of all subsets of [0, 1], then we denote dimH(E,Φ)
by dimHE, which is the classical Hausdorff dimension of E. For more prop-
erties of Hausdorff dimension, one is referred to [6, 10]. Then a fine covering
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family Φ is said to be Hausdorff dimension faithful if dimH(E,Φ) = dimHE
for any E ⊂ [0, 1].

Whether the family of cylinders generated by various expansions of real
numbers is Hausdorff dimension faithful has been considered by many au-
thors. A. Besicovitch initiated the study of this problem and proved that
the family of cylinders of a binary expansion is Hausdorff dimension faith-
ful. P. Billingsley [5] extended this result to the case of s-adic expansion.
Recently, S. Albeverio et al. have produced a series of works in this direc-
tion. They gave a general sufficient and necessary condition for the family of
cylinders of the famous Cantor series expansion to be faithful. In particular,
they gave a sufficient condition for the faithfulness of the families of cylin-
ders generated by infinite linear iterated function systems, which covers the
classical Lüroth expansions. The readers are referred to [1, 2, 3, 4, 9]. J. Liu
and Z. L. Zhang [8] gave a general sufficient and necessary condition for the
family of cylinders generated by infinite linear iterated function systems to
be faithful.

In this paper, we focus on the family of cylinders generated by Oppen-
heim expansion and the family of finite unions of cylinders. We show that
the family of cylinders generated by Oppenheim expansion is not faithful
for Hausdorff dimension calculation on the unit interval. On the other hand,
we prove that the family of all finite unions of consecutive cylinders of the
same rank is faithful. Some special cases such as Lüroth expansion, Engel
expansion and Sylvester expansion are included.

In the process of obtaining a lower bound for the Hausdorff dimension
of some fractal sets associated with Oppenheim expansion, various authors
usually take (countable) unions of cylinders instead of cylinders themselves:
see, for example, [11, 12, 13]. The faithfulness of the family of all finite
unions of consecutive cylinders is likely to disclose the reasons.

2. Statement of main results. First, we briefly recall some basic
properties and known results on Oppenheim expansion.

Let γn(j), n ≥ 1, be a sequence of positive-rational-valued functions of
the positive integer j ≥ 1. The algorithm 0 < x ≤ 1, x = x1, and for any
n ≥ 1, with positive integers dn(x),

(2.1)
1

dn(x)
< xn ≤

1

dn(x)− 1
, xn =

1

dn(x)
+ γn(dn(x))xn+1

leads to the series expansion

(2.2) x =
1

d1(x)
+
∞∑
n=1

γ1(d1(x))γ2(d2(x)) · · · γn(dn(x))

dn+1(x)
,
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which is called the Oppenheim expansion of x. Set

hn(j) = γn(j)j(j − 1), j ≥ 2.

If hn(j) is integer-valued (n ≥ 1, j ≥ 2), then (2.2) is termed the restricted
Oppenheim expansion of x. Here and in what follows, we always assume hn
is integer-valued for all n ≥ 1.

Definition 2.1. A vector (k1, . . . , kN ) with positive integer components
is called realizable if there exists an x ∈ (0, 1] such that dn(x) = kn for any
1 ≤ n ≤ N . An infinite sequence {kn}n≥1 of positive integers is called
realizable if (k1, . . . , kN ) is realizable for each N .

The algorithm (2.1) implies

(2.3) d1(x) ≥ 2, dn+1(x) ≥ hn(dn(x)) + 1 for any n ≥ 1.

On the other hand, any integer sequence {dn}n≥1 satisfying (2.3) is realiz-
able: there exists a unique x ∈ (0, 1] such that dn(x) = dn for any n ≥ 1.
The representation (2.2) under (2.1) is unique.

Oppenheim expansion was first studied by A. Oppenheim who estab-
lished its arithmetical properties, including the question of rationality of
the expansion. The foundations of the metric theory were laid down by
J. Galambos [7]. Some fractal sets associated with the Oppenheim expan-
sion were discussed in [11, 12, 13].

For any n ≥ 1 and any realizable vector (k1, . . . , kn) ∈ Nn, let

Bn(k1, . . . , kn) = cl{x ∈ [0, 1) : d1(x) = k1, . . . , dn(x) = kn},
which is called a cylinder of rank n and where ‘cl’ denotes closure. Let An
be the family of all such cylinders:

An = {Bn(k1, . . . , kn) : k1 ≥ 2, kj+1 ≥ hj(kj) + 1, j ≥ 1}.
Define

A =
⋃
k≥1
Ak.

Theorem 2.2. The covering family A of all cylinders of Oppenheim
expansion is not faithful for Hausdorff dimension calculation on the unit
interval.

Though the family of all cylinders is not faithful, all possible finite unions
of consecutive cylinders show different properties. Let Bn be the family of
all possible finite unions of consecutive intervals of rank n, i.e.,

Bn =
{ s+m⋃

i=s

B(k1, . . . , kn−1, i) : s ≥ hn−1(kn−1(x)) + 1 and s ∈ N+,

m ∈ N, k1 ≥ 2, kj+1 ≥ hj(kj(x)) + 1, j ≥ 1
}
.
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Define

B =
⋃
k≥1
Bk.

The we have the following theorem.

Theorem 2.3. The family B is faithful for Hausdorff dimension calcu-
lation on the unit interval.

3. Proofs

3.1. Proof of Theorem 2.2. To prove that the covering family A of
all cylinders of Oppenheim expansion is not faithful, we shall construct a
Cantor-like set E such that dimH(E,A) > dimH(E). Let

E = {x ∈ (0, 1] : d1(x) = 8, [d1(x) · · · dj(x)(hj(dj(x)) + 1)]5 < dj+1(x)

≤ 2[d1(x) · · · dj(x)(hj(dj(x)) + 1)]5 for j ≥ 1}.
For brevity, we introduce a symbolic space defined as follows: For any k ≥ 3,
let

Dk = {(σ1, . . . , σk) ∈ Nk : σ1 = 8, [σ1 · · ·σj(hj(σj) + 1)]5 < σj+1

≤ 2[σ1 · · ·σj(hj(σj) + 1)]5 for 1 ≤ j < k}
and define

D∗ =
∞⋃
k=3

Dk.

For any k ≥ 3 and σ = (σ1, . . . , σk) ∈ Dk, let Θ(σ) = [σ1 · · ·σk(hk(σk)+1)]5,
and let Iσ and Jσ denote the following closed subintervals of (0, 1]:

Iσ = cl{x ∈ [0, 1) : d1(x) = σ1, . . . , dk(x) = σk},

Jσ =
⋃

Θ(σ)<d≤2Θ(σ)

cl{x ∈ [0, 1) : d1(x) = σ1, . . . , dk(x) = σk, dk+1(x) = d}.

Each Jσ is called an interval of kth order. It is obvious that

E =
∞⋂
k=3

⋃
σ∈Dk

Jσ.

From [7, proof of Theorem 6.1] we have, for any k ≥ 3 and σ ∈ Dk,

|Iσ| = γ1(σ1) · · · γk−1(σk−1)
1

σk(σk − 1)
,(3.1)

|Jσ| =
∑

Θ(σ)<d≤2Θ(σ)

γ1(σ1) · · · γk(σk)
1

d(d− 1)
(3.2)

= γ1(σ1) · · · γk(σk)
1

2Θ(σ)
.
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Then for any s > 1/5,

Hs(E) ≤ lim inf
k→∞

∑
σ∈Dk

|Jσ|s = lim inf
k→∞

∑
σ∈Dk

(
γ1(σ1) · · · γk(σk)

1

2Θ(σ)

)s
≤ lim inf

k→∞

∑
σ∈Dk−1

|Jσ|s
∑

Θ(σ)<σk≤2Θ(σ)

(
γk(σk)(hk−1(σk−1) + 1)5

σ5k(hk(σk) + 1)5

)s
.

Since hk(σk) = γk(σk)σk(σk − 1) and

[σ1 · · ·σk−1(hk−1(σk−1) + 1)]5 < σk ≤ 2[σ1 · · ·σk−1(hk−1(σk−1) + 1)]5,

it follows that

Hs(E) ≤ lim inf
k→∞

∑
σ∈Dk−1

|Jσ|s
∑

Θ(σ)<σk≤2Θ(σ)

1

σ6sk

≤ lim inf
k→∞

∑
σ∈Dk−1

|Jσ|s5Θ(σ)1−6s

≤ lim inf
k→∞

∑
σ∈Dk−1

|Jσ|s ≤ · · · ≤ lim inf
k→∞

∑
σ∈D3

|Jσ|s <∞.

Thus

dimHE ≤ 1/5.

On the other hand, we will prove that dimH(E,A) > 1/5. To this end,
we define a probability measure supported on E. First of all, we define a set
function µ : {Iσ | σ ∈ D \D0} → R+ as follows. For σ1 = 8, let

µ(Iσ1) = 1.

For any σ = (σ1, . . . , σk) ∈ Dk and k ≥ 2, let

µ(B(σ1, . . . , σk)) = µ(B(σ1, . . . , σk−1))
|B(σ1, . . . , σk)|
|J(σ1, . . . , σk−1)|

.

By Kolmogorov’s extension theorem, the set function µ can be extended to a
probability measure supported on E, still denoted by µ. From the definition
of µ we have, for any k ≥ 2 and σ = (σ1, . . . , σk) ∈ Dk,

µ(Iσ) ≤ |B(σ1, . . . , σk)|
|J(σ1, . . . , σk−1)|

≤ γ1(σ1) · · · γk−1(σk−1)
σk(σk − 1)

2[σ1 · · ·σk−1(hk−1(σk−1) + 1)]5

γ1(σ1) · · · γk−1(σk−1)

≤ 4

[σ1 · · ·σk−1(hk−1(σk−1) + 1)]5
.
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Then for any x ∈ E,

µ(B(d1(x), . . . , dk(x)))

|B(d1(x), . . . , dk(x))|α

≤ 4

[d1(x) · · · dk−1(x)(hk−1(dk−1(x)) + 1)]5
· (dk(x)(dk(x)− 1))α

(γ1(d1(x)) · · · γk−1(dk−1(x)))α
.

Since
1

γk(dk(x))
≤ dk(x)(dk(x)− 1) < dk(x)2,

we have

µ(B(d1(x), . . . , dk(x)))

|B(d1(x) · · · , dk(x))|α
≤ 41+α[d1(x) · · · dk−1(x)(hk−1(dk−1(x)) + 1)]12α

[d1(x) · · · dk−1(x)(hk−1(dk−1(x)) + 1)]5

≤ 41+α

[d1(x) · · · dk−1(x)(hk−1(dk−1(x)) + 1)]5−12α
.

So,

lim
k→∞

µ(B(d1(x), . . . , dk(x)))

|B(d1(x), . . . , dk(x))|α
= 0

for any 0 < α < 5/12 and x ∈ E. Therefore,

dimH(E,A) ≥ 5/12 > dimHE,

which completes the proof of the theorem.

3.2. Proof of Theorem 2.3. Before the proof of Theorem 2.3, we
give the following useful lemma, which can be easily proved by using the
equality (3.1).

Lemma 3.1. Let (d1, . . . , dn, s) be a realizable vector and Bn(s) :=
B(d1, . . . , dn, s). Then

|Bn(s+ 1)| ≤ |Bn(s)| ≤ 6|Bn(s+ 1)|.
To prove Theorem 2.3, we shall find a proper family consisting of finite

unions of consecutive cylinders such that the Hausdorff measure of any set
with respect to this family is comparable to its classical Hausdorff measure.

For a given set E ⊂ (0, 1), and α > 0, suppose that Ej = (aj , bj),
j ≥ 1, is an open ε-covering of E. Then for any j ∈ N, there exists a cylinder
Bnj (d1, . . . , dnj ) of rank nj such that Ej ⊂ Bnj (d1, . . . , dnj ), and no cylinder
of rank nj + 1 contains Ej .

According to the number of cylinders contained in Ej , we divide the
proof into two cases.

Case 1: Ej contains at least one cylinder of rank nj + 1.
(1) If only finitely many cylinders of rank nj + 1 intersect Ej , say

Bnj+1(d1, . . . , dnj , s), . . . , Bnj+1(d1, . . . , dnj , s+ t)
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(where s, t are positive integers), then

Bnj+1(d1, . . . , dnj , i) ⊂ Ej , s+ 1 ≤ i ≤ s+ t− 1,

and

Ej ⊂
⋃

s≤i≤s+t
Bnj+1(d1, . . . , dnj , i).

Set

J0 = Bnj+1(d1, . . . , dnj , s),

J1 =
s+k−1⋃
i=s+1

Bnj+1(d1, . . . , dnj , i),

J2 = Bnj+1(d1, . . . , dnj , s+ t).

In this way, FEj = {J0, J1, J2} ⊂ B is a covering of Ej . By Lemma 3.1,
we thus get

(3.3) |Ej |α ≥
1

2 + 6α

∑
J∈FEj

|J |α and |Jk| ≤ 6|Ej |, k = 0, 1, 2.

(2) If there are infinitely many cylinders of rank nj+1 which intersect Ej ,
it is easily seen that

Bnj+1(d1, . . . , dnj , i) ⊂ Ej , i ≥ d+ 1,

and

Ej ⊂
⋃
i≥d

Bnj+1(d1, . . . , dnj , i)

for some positive integer d. For the given α, there exists a sequence {l0 =
0, lk}k≥1 of integers such that

∑
k≥0

∣∣∣ lk+1⋃
i=1

Bnj+1

(
d+

k∑
m=0

lm + i
)∣∣∣α <∞

where Bnj+1(t) = Bnj+1(d1, . . . , dnj , t). In addition, if l1 is large enough,∣∣∣ l1⋃
i=1

Bnj+1(d+ i)
∣∣∣α ≥∑

k≥1

∣∣∣ lk+1⋃
i=1

Bnj+1

(
d+

k∑
m=0

lm + i
)∣∣∣α.

Now, set J0 = Bnj+1(d) and Jk =
⋃lk
i=1Bnj+1(d+

∑k−1
m=0 lm + i)) for k ≥ 1.

It follows that Ji ∈ B and

Ej ⊂
⋃
i≥0

Ji and
⋃
i≥1

Ji ⊂ Ej .
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By Lemma 3.1 above, we can obtain |J0| = |Bnj+1(d)| ≤ 6|Bnj+1(d+ 1)| ≤
6|J1|. Then if we let FEj = {Ji}i≥0 ⊂ B, we deduce that

(3.4)

∑
J∈FEj

|J |α = |J0|α + |J1|α +
∑
i≥2
|Ji|α ≤ (6α + 2)|Ej |α,

|Jk| ≤ 6|Ej |, k ∈ N.

Case 2: Ej contains no cylinder of rank nj + 1. This clearly forces that
there are only two consecutive cylinders of rank nj + 1 intersecting Ej , say

Bnj+1(d1, . . . , dnj , s), Bnj+1(d1, . . . , dnj , s+ 1).

Recalling that Ej = (aj , bj), it follows that

aj ∈ Bnj+1(d1, . . . , dnj , s+ 1) and bj ∈ Bnj+1(d1, . . . , dnj , s).

Suppose that cj is the right endpoint of Bnj+1(d1, . . . , dnj , s + 1). To com-
plete the proof, we next consider the coverings of (aj , cj) and [cj , bj) sepa-
rately.

We first consider the coverings of (aj , cj). Without loss of generality, we
assume that aj belongs to some cylinder Bnj+2(d1, . . . , dnj , s+ 1, t) of rank
nj + 2.

(i) If t ≥ hnj+1(s+ 1) + 2, we have

(aj , cj) ⊂
⋃

hnj+1(s+1)+1≤i≤t

Bnj+2(d1, . . . , dnj , s+ 1, i)

and

Bnj+2(d1, . . . , dnj , s+ 1, i) ⊂ (aj , cj), hnj+1(s+ 1) + 1 ≤ i ≤ t− 1.

Set J =
⋃
hnj+1(s+1)+1≤i≤tBnj+2(d1, . . . , dnj , s+1, i). Then J ∈ B and |J | ≤

2|Ej |, hence

(3.5) |J |α ≤ 2α|Ej |α.

(ii) If t = hnj+1(s+ 1) + 1, then since aj 6= cj , there exist integers l and
t0 such that

aj ∈ Bnj+l+1(d1, . . . , dnj , s+ 1, dnj+2, . . . , dnj+l, t0),

where t0 > hnj+l(dnj+l)+1 and dk = hk−1(dk−1)+1 for nj +2 ≤ k ≤ nj + l.
Much as above, set

J =
⋃

hnj+l(dnj+l)+1≤i≤t0

Bnj+l+1(d1, . . . , dnj , s+ 1, dnj+2, . . . , dnj+l, i).

Then J ∈ B and |J | ≤ 2|Ej |, and we get

(3.6) |J |α ≤ 2α|Ej |α.
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Secondly, we consider the coverings of [cj , bj). Since

bj ∈ Bnj+1(a1, . . . , anj , s),

we assume that bj is in the cylinder Bnj+2(d1, . . . , dnj , s,m0) of rank nj + 2
for some integer m0 ≥ hnj+1(s) + 1. Thus Bnj+2(d1, . . . , dnj , s,m0 + i) ⊂
[cj , bj) for all i ≥ 1 and [cj , bj) ⊂

⋃
i≥0Bnj+2(d1, . . . , dnj , s,m0+ i). Analysis

similar to that in case (I) shows that there is a sequence {l0 = 0, lk}k≥0 of
integers such that∣∣∣ l1⋃

i=1

Bnj+2(m0 + i)
∣∣∣α ≥∑

k≥1

∣∣∣ lk+1⋃
i=1

Bnj+2

(
m0 +

k∑
n=0

ln + i
)∣∣∣α,

where Bnj+2(m) = Bnj+2(d1, . . . , dnj , s,m). Set

J0 = Bnj+2(m0), Jk =

lk⋃
i=1

Bnj+2

(
m0 +

k−1∑
m=0

lm + i
)
, k ≥ 1,

and FEj = {Ji}i≥0. We thus get

(3.7)
∑

J∈FEj

|J |α ≤ (6α + 2)|Ej |α and |J | ≤ 6|Ej |, J ∈ FEj .

Summarizing, for a given open interval Ej , there exists a countable sub-
family FEj of B which covers Ej such that∑

J∈FEj

|J |α ≤ K(a)|Ej |α,

where K(α) is a constant independent of j. Consequently, for any α > 0
and E ⊂ [0, 1], it follows that

Hα(E) ≤ Hα(E,A) ≤ K(α)Hα(E).

This gives dimH(E,B) = dimH(E), completing the proof of Theorem 2.3.

3.3. Some special cases. We now list some special cases of the main
theorems.

Example 3.2 (Engel expansion). Let γj(dj) = 1/dj (j = 1, 2, . . .). Then
(2.2) and algorithm (2.1) lead to the Engel expansion of x,

x =
1

d1(x)
+

1

d1(x)d2(x)
+ · · ·+ 1

d1(x) · · · dn(x)
+ · · · .

By Theorems 2.2 and 2.3, we have

Corollary 3.3. The covering family of all cylinders of Engel expansion
is not Hausdorff dimension faithful, but the family of all finite unions of
consecutive cylinders of the same rank is faithful.
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Example 3.4 (Sylvester expansion). Let γj(dj) = 1 (j = 1, 2, . . .). Then
(2.2) and algorithm (2.1) lead to the Sylvester expansion of x,

x =
1

d1(x)
+

1

d2(x)
+ · · ·+ 1

dn(x)
+ · · · .

By Theorems 2.2 and 2.3, we have

Corollary 3.5. The covering family of all cylinders of Sylvester expan-
sion is not Hausdorff dimension faithful, but the family of all finite unions
of consecutive cylinders of the same rank is faithful.

Example 3.6 (Lüroth expansion). Let γj(dj) = 1
dj(dj−1) (j = 1, 2, . . .).

Then (2.2) and algorithm (2.1) lead to the Lüroth expansion of x,

x =
1

d1(x)
+

1

d1(d1 − 1)d2(x)
+· · ·+ 1

d1(d1 − 1) · · · dn−1(dn−1 − 1)dn(x)
+· · · .

By Theorems 2.2 and 2.3, we have the following result, which has been
obtained in [2, 8].

Corollary 3.7. The covering family of all cylinders of Lüroth expan-
sion is not Hausdorff dimension faithful, but the family of all finite unions
of consecutive cylinders of the same rank is faithful.
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