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Truncated second main theorems and uniqueness theorems
for non-Archimedean meromorphic maps

Qiming Yan (Shanghai)

Abstract. In this paper, several second main theorems are given for the non-Archi-
medean meromorphic map f : Fm → Pn intersecting hyperplanes in Pn in terms of the
truncated counting functions defined by W. Cherry and C. Toropu, where F is an alge-
braically closed field of characteristic p ≥ 0 complete with respect to a non-Archimedean
absolute value. As an application, the uniqueness problem for non-Archimedean meromor-
phic maps sharing hyperplanes is also discussed.

1. Introduction. In 1920’s, R. Nevanlinna [24] established the so-called
value distribution theory for meromorphic functions over the complex num-
ber field. For each meromorphic function f , he introduced three functions
of r, the distance from the origin. The characteristic function Tf (r) mea-
sures the growth of f , the counting function Nf (a, r) counts the number of
times f takes the value a in the disc of radius r, and the proximity function
mf (a, r) measures how close f is to a on the circle of radius r. As the gen-
eralization of the fundamental theorem of algebra, Nevanlinna showed two
main theorems in terms of these functions. The first main theorem is just
a reformulation of the Poisson–Jensen formula. However, the second main
theorem is an elegant, deeper theorem which makes Nevanlinna theory a
rich, non-trivial theory. For example, as an application of his second main
theorem, Nevanlinna [25] showed a uniqueness theorem for meromorphic
functions which is known as Nevanlinna’s five-value theorem.

The classical Nevanlinna theory for meromorphic functions has been
generalized to higher dimensional cases. For holomorphic curves in Pn,
H. Cartan [8] and Ahlfors [2] proved the second main theorem with hyper-
planes in Pn located in general position, in which those holomorphic curves
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are assumed to be linearly non-degenerate. Nochka [26–28] considered the
linearly degenerate case and solved Cartan’s conjecture by establishing the
so-called Nochka weights, and Ru [34, 35] gave the second main theorem
for algebraically non-degenerate holomorphic curves intersecting hypersur-
face divisors. For meromorphic maps of several variables, Nevanlinna the-
ory was generalized by Carlson, Griffiths, King, Stoll, Fujimoto and others
(see [7, 17, 19, 30, 37] for instance). The higher dimensional uniqueness
problem has also been much discussed (see e.g. [9, 15, 16, 18, 36, 38, 41]).

Motivated by the analogy between Nevanlinna theory and Diophantine
approximation, the study of Nevanlinna theory over non-Archimedean fields
has been developed over the past few decades (see e.g. [6, 11, 14, 22, 23]).

For the case of several variables, Cherry and Ye [13] developed non-
Archimedean Nevanlinna theory and gave the following second main theo-
rem for non-Archimedean meromorphic maps intersecting hyperplanes in Pn.

Theorem A ([13]). Let F be an algebraically closed field of charac-
teristic 0 complete with respect to a non-Archimedean absolute value. Let
f : Fm → Pn be a linearly non-degenerate non-Archimedean meromorphic
map, represented by analytic coordinate functions (f0, . . . , fn) without com-
mon factors. Let γ1, . . . , γn be multi-indices such that

W = det


f0 · · · fn

∂γ
1
f0 · · · ∂γ

1
fn

... · · ·
...

∂γ
n
f0 · · · ∂γ

n
fn

 6≡ 0.

Let H1, . . . ,Hq be hyperplanes in Pn in general position. Then, for all r > 1,

(q − (n+ 1))Tf (r) ≤
q∑
j=1

Nf (Hj , r)−NW (0, r)−B log r +O(1),

where B =
∑n

i=1 |γi| and O(1) depends only on H1, . . . ,Hq and f .

Cherry and Toropu [12] defined truncated counting functions for arbi-
trary characteristic and obtained the ABC theorems. They also pointed out
that one could obtain the positive characteristic Cartan-type second main
theorem for non-Archimedean meromorphic maps by using the proof of The-
orem A.

The purpose of this paper is twofold. We first prove a general second
main theorem for non-Archimedean meromorphic maps in several variables
for arbitrary characteristic in terms of the truncated counting functions. Our
main result is as follows.

Main Theorem. Let F be an algebraically closed field of characteris-
tic p ≥ 0, complete with respect to a non-Archimedean absolute value. Let
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f = (f0, . . . , fn) : Fm → Pn be a linearly non-degenerate non-Archimedean
meromorphic map with index of independence s and with rank f = k. Let
H1, . . . ,Hq be hyperplanes in Pn in N -subgeneral position (N ≥ n). Then,
for all r > 1,

(q − 2N + n− 1)Tf (r) ≤
q∑
j=1

N
(a)
f (Hj , r)−

N + 1

n+ 1
log r +O(1),

where

a =

{
n− k + 1 if p = 0,

ps−1(n− k + 1) if p > 0.

On the other hand, as an application of our main theorem, we will discuss
the uniqueness problem for non-Archimedean meromorphic maps.

We organize our paper as follows. In Sections 2 and 3, we recall the
basic concepts and notation for non-Archimedean analysis and value distri-
bution theory of several variables introduced in [12] and [13]. In Sections 4
and 5 we state and prove several truncated second main theorems for non-
Archimedean meromorphic maps in arbitrary characteristic. Finally, in Sec-
tion 6 we discuss the uniqueness problem for non-Archimedean meromorphic
maps.

2. Preliminaries on non-Archimedean analysis. We first give a
brief introduction on some definitions and notation of non-Archimedean
analysis. For more details, one can refer to [5, 12, 13].

2.1. Non-Archimedean number fields. Let F be an algebraically
closed field of characteristic p, complete with respect to a non-Archimedean
absolute value | |. The non-Archimedean absolute value | | is a non-negative
real-valued function satisfying the following three properties:

(i) |a| = 0 if and only if a = 0;
(ii) |ab| = |a| |b| for all a, b ∈ F;
(iii) |a+ b| ≤ max{|a|, |b|} for all a, b ∈ F.

Let F× denote F \ {0}, and let |F×| = {|a| : a ∈ F×} be a subset of R.

2.2. Analytic functions and meromorphic functions

2.2.1. Notation. Let Fm be the mth Cartesian product of F. Let

Bm(r) =
{

(z1, . . . , zm) ∈ Fm : max
j
|zj | ≤ r

}
be the “closed” ball of radius r, which is actually both open and closed. For
z = (z1, . . . , zm) ∈ Fm and a multi-index γ = (γ1, . . . , γm) ∈ Zm≥0, define

zγ = zγ11 · · · z
γm
m , |γ| = γ1 + · · ·+ γm, γ! = γ1! · · · γm!.



168 Q. Yan

2.2.2. Analytic functions on Bm(r). By an analytic function f on Bm(r),
we mean a formal power series ∑

γ

aγz
γ

with aγ ∈ F such that

lim
|γ|→∞

|aγ |rγ = 0.

If f =
∑

γ aγz
γ is an analytic function on Bm(r), define

|f |r = sup
γ
|aγ |r|γ|.

If r ∈ |F×|, then the ring of analytic functions on Bm(r) is a Noetherian
and unique factorization domain (see [5, §5.2.6, Theorem 1]).

2.2.3. Analytic functions on Fm. We call the power series expansion
f =

∑
γ aγz

γ an analytic function on Fm if

lim
|γ|→∞

|aγ |rγ = 0

for all non-negative r. Denote by Em the ring of analytic functions on Fm.
Since f ∈ Em implies f is analytic on Bm(r) for all r, we can define

|f |r = sup
γ
|aγ |r|γ|,

which is a non-decreasing function of r (see [12, Proposition 2.1]). Now we
list some ring-theoretic properties of Em.

(i) The only units in Em are the non-zero constant functions.
(ii) An element P ∈ Em is called irreducible if whenever we write P = fg

with f, g ∈ Em, at least one of f and g is a unit in Em.
(iii) We say an analytic function g divides an analytic function f if f = gh

for some analytic function h.
(iv) Suppose f, g are non-unit in Em such that g divides f in Em. If there

exists a positive integer e such that

ge | f and ge+1 - f,
then we say g divides f with multiplicity e. (The existence of e is shown
in [12].)

(v) Given two entire functions f1 and f2, denote by

g = gcd(f1, f2)

the greatest common divisor of f1 and f2. (Although Em is not factorial,
the notion of greatest common divisor does make sense in Em—see [13,
appendix].) And g is only defined up to a unit, hence a multiplicative
constant.
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2.2.4. Meromorphic functions. We define a meromorphic function f
on Fm (or Bm(r)) to be the quotient of two analytic functions g, h such that
g and h have no common factors in the ring of analytic functions on Fm
(or Bm(r)), i.e.,

f =
g

h
.

Define

|f |r =
|g|r
|h|r

.

For meromorphic functions f1, f2 on Fm, we have

|f1 + f2|r ≤ max{|f1|r, |f2|r} and |f1f2|r = |f1|r|f2|r.
We denote by Mm the field of meromorphic functions on Fm, which is
defined to be the fraction field of Em.

2.3. Derivatives and Hasse derivatives. For an analytic (or mero-
morphic) function f of m variables and a multi-index γ, denote by ∂γf the

ordinary partial derivative ∂|γ|f
∂z
γ1
1 ···∂z

γm
m

.

In positive characteristic, the so-called Hasse derivative is more useful.
Let α = (α1, . . . , αm) and β = (β1, . . . , βm) be multi-indices. Set

α+ β := (α1 + β1, . . . , αm + βm).

We say that α ≥ β if αi ≥ βi for all i ∈ {1, . . . ,m}. For α ≥ β, set

α− β := (α1 − β1, . . . , αm − βm),

(
α

β

)
:=

(
α1

β1

)
· · ·
(
αm
βm

)
.

Given an analytic function f =
∑

α aαz
α ∈ Em and a multi-index γ, we

define the Hasse derivative of multi-index γ of f by

Dγf =
∑
α≥γ

(
α

γ

)
aαz

α−γ .

We see that Dγf is also in Em.
In particular, if γ=(0, . . . , 0), then Dγf =f ; if |γ|=1, then Dγf =∂γf ;

if CharF = 0, then Dγf = ∂γf/γ!.
For γ = (γ1, . . . , γm) with γj = k and γi = 0 for i 6= j, set Dk

j f := Dγf .
The Hasse derivative Dγ can be extended to meromorphic functions. For

example, for f = g/h ∈Mm,

D1
i f =

hD1
i g − gD1

i h

h2
, i = 1, . . . ,m.

The Hasse derivatives satisfy the following properties:

(i) Dγ(f + g) = Dγf +Dγg, f, g ∈Mm.
(ii) Dγ(fg) =

∑
α+β=γ D

αfDβg, f, g ∈Mm.
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(iii) DαDβf =
(
α+β
β

)
Dα+βf , f ∈Mm.

(iv) (Logarithmic derivative lemma) For f ∈ Em,

|Dγf |r ≤
|f |r
r|γ|

, |∂γf |r ≤
|f |r
r|γ|

.

(v) Let f be an entire function in Em. Let γ be a multi-index. Let P be
an irreducible element of Em that divides f with exact multiplicity e.
If e > |γ|, then P e−|γ| divides Dγf .

For each integer k ≥ 2, let

Mm[k] = {Q ∈Mm : Di
jQ ≡ 0 for all 0 < i < k and 1 ≤ j ≤ m}.

If F has characteristic 0, thenMm[k] = F for all k ≥ 2. If F has characteristic
p > 0 and if s ≥ 1 is an integer, then Mm[ps] is the fraction field of Em[ps]
where Em[ps] = {gps : g ∈ Em} is a subring of Em. Moreover,

Mm[ps−1 + 1] =Mm[ps].

3. Non-Archimedean value distribution theory

3.1. Value distribution theory for non-Archimedean meromor-
phic functions

3.1.1. Counting functions. Let f =
∑

γ aγz
γ ∈ Em be an entire function.

For r > 0, define

nf (0, r) = sup{|γ| : |aγ |r|γ| = |f |r},
nf (0, 0) = lim

r→0
nf (0, r) = min{|γ| : aγ 6= 0}.

We define the counting function of zeros of f by

Nf (0, r) = nf (0, 0) log r +

r�

0

(nf (0, t)− nf (0, 0))
dt

t
.

If f ∈ Em is non-constant, then

Nf (0, r) ≥ log r +O(1) for r ≥ 1.

If f = g/h is a meromorphic function in which g and h have no common
factors, then define

Nf (∞, r) = Nh(0, r) and Nf (0, r) = Ng(0, r).

If f is not identically equal to a ∈ F, then define

Nf (a, r) = Nf−a(0, r).

We now list some properties which can be found in [12] and [13].

(i) Let f1, f2 ∈ Em be entire functions such that f1 | f2. Then

Nf1(0, r) ≤ Nf2(0, r) for all r ≥ 1.
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(ii) Let f, g be meromorphic functions on Fm. Then for all r > 0,

Nfg(0, r) = Nf (0, r) +Ng(0, r),

Nf+g(∞, r) ≤ Nf (∞, r) +Ng(∞, r),
Nfg(∞, r) = Nf (∞, r) +Ng(∞, r).

(iii) (Poisson–Jensen–Green formula) Let f be a meromorphic function.
Then

Nf (0, r) = log |f |r + Cf for all r,

where Cf is a constant depending on f but not r.

3.1.2. Proximity functions. Let f be a meromorphic function and a be
an element of F. We define the proximity functions of ∞ and a by

mf (∞, r) = max{0, log |f |r} = log+ |f |r, mf (a, r) = m1/(f−a)(∞, r).
3.1.3. Characteristic functions. For f ∈ Mm, we define the character-

istic function of f by

Tf (r) = mf (∞, r) +Nf (∞, r).
Note that Tf (r) = max{log |g|r, log |h|r} + O(1) if f = g/h. We have the
following first main theorem.

The first main theorem for meromorphic functions. Let f be
a meromorphic function and let a ∈ F. Then

Tf (r) = mf (a, r) +Nf (a, r) +O(1).

3.2. Truncated counting functions. We note that Nf (0, r) counts
the zeros of f with multiplicities. Now we will introduce the truncated count-
ing functions defined in [12].

3.2.1. Radical of f . Let f ∈ Em. For j = 1, . . . ,m, define

gj = gcd(f,D1
j f) and hj =

f

gj
.

Define R(f) to be the least common multiple of the hj , which is called the
radical of f . We note that R(f) has the following properties:

(i) R(f) is square free, i.e., g2 - R(f) for any non-constant g ∈ Em.
(ii) R(f) | f .

(iii) Let P ∈ Em be an irreducible element such that P | f with multiplicity e.
Then P |R(f) if and only if p - e, where p is the characteristic of F.
For p = 0, R(f) is the square free part of f ; for p > 0, R(f) does not
contain those irreducible factors of f which divide f with multiplicity
divisible by p.

(iv) For p = 0 and an integer ` ≥ 1, if P ∈ Em is irreducible such that P | f
with multiplicity e, then P | gcd(f,R(f)`) with multiplicity min{`, e}.
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Definition 3.1. For p = 0, set

N
(`)
f (0, r) = Ngcd(f,R(f)`)(0, r).

In particular,

N
(1)
f (0, r) = NR(f)(0, r).

Remark 3.2. If p > 0, then R(f) does not contain those irreducible
factors of f which divide f with multiplicity divisible by p, i.e., if P is an
irreducible element in Em such that P | f with multiplicity e, then P divides
gcd(f,R(f)`) with multiplicity{

min{`, e}, p - e,
0, p | e.

Hence, in positive characteristic, Ngcd(f,R(f)`)(0, r) might be called the overly
truncated counting function.

3.2.2. Higher ps-radicals of f . Let f ∈Em. For s=0, set Rp0(f)=R(f).
We define Rps(f) by induction. For s ≥ 1, assume that Rps−1(f) has been
defined. Set

f̄ =
f

gcd(f,Rps−1(f)ps)
, gi = gcd(f̄ , Dps

i f̄), hi =
f̄

gi

for i = 1, . . . ,m. Let H be the least common multiple of the hi, and set

G =
H

gcd(H,Rps−1(H)ps−1)
,

which is a psth power. Let R be a psth root of G. Define Rps(f) to be
the least common multiple of Rps−1(f) and R, which is called the higher
ps-radical of f . It has the following properties:

(i) Rps(f) is square free.
(ii) If P ∈Em is irreducible such that P |f with multiplicity e, then P |Rps(f)

if and only if ps+1 | e.
3.2.3. Square free part of f . Take a sequence {rι}ι∈N ⊂ |F×| such that

rι → ∞. For Bm(rι), take sι such that if P ∈ Em is irreducible such that
P | f and P is not a unit on Bm(rι), then P |Rps(f) for s ≥ sι. Let uι,ι+1

be a unit on Bm(rι) such that

Rpsι (f) = uι,ι+1Rpsι+1 (f).

Define vι =
∏∞
η=ι uη,η+1, which is a unit on Bm(rι). Define

S(f) = lim
ι→∞

Rpsι (f)

vι
∈ Em,

which is called the square free part of f . Thus, S(f) has the following prop-
erties:



Non-Archimedean meromorphic maps 173

(i) S(f) is square free.
(ii) Let P ∈ Em be an irreducible element. Then P | f if and only if P |S(f).

Hence, S(f) contains all factors of f . Moreover, for ` ≥ 1, if P | f with
multiplicity e, then P | gcd(f, S(f)`) with multiplicity min{`, e}.

Definition 3.3. For any characteristic and ` ≥ 1, define the `th trun-
cated counting function of the zeros of f ∈ Em by

N
(`)
f (0, r) = Ngcd(f,S(f)`)(0, r).

3.3. Value distribution theory for non-Archimedean meromor-
phic maps. Let Pn = Pn(F) denote the projective n-space over F. Let f :
Fm → Pn be a non-Archimedean meromorphic map defined by (f0, . . . , fn)
such that f0, . . . , fn ∈ Em have no common factors and not all of the fi
are identically zero. We note that (f0, . . . , fn) and (g0, . . . , gn) define the
same meromorphic map if there exists a constant C such that fi = Cgi,
i = 0, . . . , n.

The characteristic function of f = (f0, . . . , fn) : Fm → Pn is defined by

Tf (r) = log ‖f‖r,

where ‖f‖r := maxi |fi|r.
Let H = {(x0, . . . , xn) ∈ Pn : a0x0 + · · · + anxn = 0, ai ∈ F for i =

0, . . . , n} be a hyperplane in Pn. Assume that the image of f is not contained
in H, i.e., (f,H) =

∑
i aifi 6≡ 0.

Define the proximity function of f and H by

mf (H, r) = log
‖f‖r‖H‖
|(f,H)|r

,

where ‖H‖ := maxi |ai|.
Define the counting function (counted with multiplicity) of f and H by

Nf (H, r) := N(f,H)(0, r) (= log |(f,H)|r +O(1)).

Similarly, for ` ≥ 1, we can define the `th truncated counting function

N
(`)
f (H, r).

The first main theorem for meromorphic maps. Let f be a non-
Archimedean meromorphic map to Pn, and H be a hyperplane in Pn such
that (f,H) 6≡ 0. Then

Tf (r) = mf (H, r) +Nf (H, r) +O(1).

4. Second main theorems for non-Archimedean meromorphic
maps. In this section, we will state some of our main results on the second
main theorem for non-Archimedean meromorphic maps.
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4.1. Linear degeneracy and Wronskians. A non-Archimedean me-
romorphic map f = (f0, . . . ,fn) : Fm → Pn is called linearly non-degenerate
if the image of f is not contained in any proper subspace of Pn or f0, . . . , fn
are linearly independent over F. If CharF = p > 0, then there exists an
integer s ≥ 1 such that f0, . . . , fn are linearly independent over Mm[ps]
(see [12, Lemma 5.2]). Hence, f0, . . . , fn are also linearly independent over
Mm[ps+1].

Definition 4.1.

(i) Let f = (f0, . . . , fn) : Fm → Pn be a linearly non-degenerate non-
Archimedean meromorphic map. Denote by s the smallest integer such
that f0, . . . , fn are linearly independent over Mm[ps].

(ii) Let f = (f0, . . . , fn) : Fm → Pn be a non-constant non-Archimedean
meromorphic map. Denote by s the smallest integer such that any subset
of functions in {f0, . . . , fn} linearly independent over F remains linearly
independent over Mm[ps].

We call the s in (i) and (ii) the index of independence of f .

Let f be a non-Archimedean meromorphic map from Fm to Pn defined
by f = (f0, . . . , fn) with fj ∈ Em for all j. For a multi-index γ, set

Dγf = (Dγf0, . . . , D
γfn) ∈Mn+1

m .

For κ = 0, 1, . . . , denote by Fκ the Mm-subspace of Mn+1
m which is

generated by {Dγf : |γ| ≤ κ}. Set l(κ) := dimMm Fκ. Obviously, Fκ1 ⊇ Fκ2
and l(κ1) ≥ l(κ2) if κ1 ≥ κ2.

For κ = 0, the subspace generated by {f} has dimension 1, i.e., l(0) = 1.

For κ = 1, the dimension of the subspace generated by {f,D1
i f : 1 ≤ i

≤ m} is equal to the rank of
f0 · · · fn

D1
1f0 · · · D1

1fn
... · · ·

...

D1
mf0 · · · D1

mfn

 =


f0 · · · fn
∂f0
∂z1

· · · ∂fn
∂z1

... · · ·
...

∂f0
∂zm

· · · ∂fn
∂zm

 .

Remark 4.2. We note that for a meromorphic map f = (f0, . . . , fn) :
Cm → Pn(C), the rank of df is equal to

rank


f0 · · · fn
∂f0
∂z1

· · · ∂fn
∂z1

... · · ·
...

∂f0
∂zm

· · · ∂fn
∂zm

− 1,
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where C is the complex number field. Hence, for a non-Archimedean mero-
morphic map f : Fm → Pn, we can similarly define the rank of f , written as
rank f , such that

l(1) = rank f + 1 ≤ max{m+ 1, n+ 1}.

For j = 0, . . . , n, denote by (Dγfj)κ the vector including all Hasse deriva-
tives of fj with |γ| ≤ κ arranged in some fixed order. We note that if
l(κ) < n+ 1, then

(Dγf0)κ, . . . , (D
γfn)κ

are linearly dependent over Mm.

Proposition 4.3. A non-Archimedean meromorphic map f is linearly
non-degenerate if and only if there exists κ0 such that l(κ0) = n+ 1.

Proof. If f is linearly degenerate, then there exists (a0, . . . , an) 6=(0, . . . , 0)
such that

a0f0 + · · ·+ anfn ≡ 0.

Hence, for any γ,

a0D
γf0 + · · ·+ anD

γfn ≡ 0.

This implies that l(κ) < n+ 1 for all κ.

On the other hand, assume that f is linearly non-degenerate. We claim
that there exists κ0 such that l(κ0) = n+ 1.

Indeed, otherwise maxκ l(κ) < n+ 1. Set maxκ l(κ) := L+ 1 and l(κ) =
L+ 1 for κ ≥ κ0. We may assume that

(Dγf0)κ0 , . . . , (D
γfL)κ0

are linearly independent over Mm. Moreover, we may assume that, for any
fixed κ (> κ0), there exist Q0, . . . , QL ∈Mm not all zero such that

Q0D
γf0 + · · ·+QLD

γfL +DγfL+1 ≡ 0(4.1)

for every γ with |γ| ≤ κ.

Now we show Qj ∈Mm[K] for all K ≤ κ− κ0 + 1, which contradicts f
being linearly non-degenerate.

Taking the Hasse derivative D1
i of both sides of (4.1), we obtain

0 = D1
i (Q0D

γf0 + · · ·+QLD
γfL +DγfL+1)

= D1
iQ0 ·Dγf0 + · · ·+D1

iQL ·DγfL +Q0D
1
iD

γf0 + · · ·+QLD
1
iD

γfL

+D1
iD

γfL+1

= D1
iQ0 ·Dγf0 + · · ·+D1

iQL ·DγfL

for |γ| ≤ κ0 and i = 1, . . . ,m. By the linear independence of

(Dγf0)κ0 , . . . , (D
γfL)κ0 ,
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we have

D1
iQ0 = · · · = D1

iQL ≡ 0 for i = 1, . . . ,m.

Hence Q0, . . . , QL ∈Mm[2].

Assume that we have proved Q0, . . . , QL ∈ Mm[K − 1]; we now show
Q0, . . . , QL∈Mm[K].

Taking the Hasse derivative DK−1
i of both sides of (4.1), we obtain, for

|γ| ≤ κ0 and all i,

0 = DK−1
i (Q0D

γf0 + · · ·+QLD
γfL +DγfL+1)

= DK−1
i Q0 ·Dγf0 + · · ·+DK−1

i QL ·DγfL +Q0D
K−1
i Dγf0 + · · ·

+QLD
K−1
i DγfL +DK−1

i DγfL+1

= DK−1
i Q0 ·Dγf0 + · · ·+DK−1

i QL ·DγfL.

Hence DK−1
i Q0 = · · · = DK−1

i QL ≡ 0 for i = 1, . . . ,m, i.e., Q0, . . . , QL ∈
Mm[K].

Assume that f is linearly non-degenerate with index of independence s.
Set

κ0 = min{κ : l(κ) = n+ 1}.

Pick κ0 := 0 < κ1 < · · · < κl = κ0 such that

1 = l(0) < l(κ1) < l(κ2) < · · · < l(κ0) = n+ 1,

so

F0 ( Fκ1 ( Fκ2 ( · · · ( Fκ0 =Mn+1
m .

We now show κu ≤ κu−1 + ps−1.

Set dimMm Fκ
u−1

:= M . The rank of the set of vectors (Dγf0)κu−1 , . . . ,
(Dγfn)κu−1 is M . Without loss of generality, (Dγf0)κu−1 , . . . , (DγfM−1)κu−1

are linearly independent over Mm.

Claim. There exists an integer κu with κu ≤ κu−1 + ps−1 such that

dimMm Fκ
u

= M + 1.

Proof. Otherwise, for l′ := κu−1 + ps−1, we may assume there exist

Q0, . . . , QM−1

in Mm not all zero such that

Q0D
γf0 + · · ·+QM−1D

γfM−1 +DγfM ≡ 0 for all |γ| ≤ l′.(4.2)

Now we show Q0, . . . , QM−1 ∈Mm[ps].
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Taking the Hasse derivative D1
i of both sides of (4.2), we obtain

0 = D1
i (Q0D

γf0 + · · ·+QM−1D
γfM−1 +DγfM )

= D1
iQ0 ·Dγf0 + · · ·+D1

iQM−1 ·DγfM−1 +Q0D
1
iD

γf0 + · · ·
+QM−1D

1
iD

γfM−1 +D1
iD

γfM

= D1
iQ0 ·Dγf0 + · · ·+D1

iQM−1 ·DγfM−1

for |γ| ≤ κu−1 and i = 1, . . . ,m. We have

D1
iQ0 = · · · = D1

iQM−1 ≡ 0 for i = 1, . . . ,m.

Hence Q0, . . . , QM−1 ∈ Mm[2] = Mm[p0 + 1] = Mm[p]. Similarly, we can
show that if Q0, . . . , QM−1 ∈ Mm[ps−1], then Q0, . . . , QM−1 ∈ Mm[ps].

Taking the Hasse derivative Dps−1

i of both sides of (4.2), we get

0 = Dps−1

i (Q0D
γf0 + · · ·+QM−1D

γfM−1 +DγfM )

= Dps−1

i Q0 ·Dγf0 + · · ·+Dps−1

i QM−1 ·DγfM−1 +Q0D
ps−1

i Dγf0 + · · ·

+QM−1D
ps−1

i DγfM−1 +Dps−1

i DγfM

= Dps−1

i Q0 ·Dγf0 + · · ·+Dps−1

i QM−1 ·DγfM−1

for |γ| ≤ κu−1 and i = 1, . . . ,m. We have Dps−1

i Q0 = · · · = Dps−1

i QM−1 ≡ 0.
Hence Q0, . . . , QM−1 ∈Mm[ps−1 + 1] =Mm[ps], which contradicts f being
linearly non-degenerate over Mm[ps].

Now, we estimate l and κ0. For any non-Archimedean meromorphic map
f with index of independence s, it is easy to see that

n+ 1 = l(κ0) =

l∑
u=1

(l(κu)− l(κu−1)) + l(0) ≥ l + 1,

i.e., l ≤ n and

κ0 ≤
{
ps−1n if p > 0,

n if p = 0.

In particular, for a non-Archimedean meromorphic map with positive rank,
we have the following proposition.

Proposition 4.4. If rank f = k, then l ≤ n− k + 1.

Proof. If k > 0, then κ1 = 1 and

n+ 1 = l(κ0) =

l∑
u=2

(l(κu)− l(κu−1)) + l(1) ≥ (l − 1) + k + 1,

i.e., l ≤ n− k + 1.
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We have

κ0 ≤
{
ps−1(n− k + 1) if p > 0,

n− k + 1 if p = 0.
(4.3)

Assume that f = (f0, . . . , fn) : Fm → Pn is linearly non-degenerate over
F (or Mm[ps]). Set κ0 = min{κ : l(κ) = n + 1}. We can take multi-indices
γ0 = (0, . . . , 0), γ1, . . . , γn with

|γ0| ≤ · · · ≤ |γn|

such that {Dγ0f, . . . ,Dγnf} is a basis of Mn+1
m . We have |γi| ≤ κ0, i =

0, 1, . . . , n. Then the generalized Wronskian satisfies

Wγ0···γn(f0, . . . , fn) = det


Dγ0f0 · · · Dγ0fn

... · · ·
...

Dγnf0 · · · Dγnfn

 6≡ 0.

For n + 1 hyperplanes Hj ={(x0, . . . , xn) ∈ Pn : aj0x0 + · · · + ajnxn= 0
with aji ∈ F}, j = 1, . . . , n+ 1, we have

det


Dγ0(f,H1) · · · Dγ0(f,Hn+1)

... · · ·
...

Dγn(f,H1) · · · Dγn(f,Hn+1)



= det


Dγ0f0 · · · Dγ0fn

... · · ·
...

Dγnf0 · · · Dγnfn

 · det


a10 · · · an+1,0

... · · ·
...

a1n · · · an+1,n

 ,

where Dγi(f,Hj) = aj0D
γif0+ · · ·+ajnDγifn, j = 1, . . . , n+1, i = 1, . . . , n.

If (aj0, . . . , ajn), j = 1, . . . , n+ 1, are linearly independent, then

det


Dγ0(f,H1) · · · Dγ0(f,Hn+1)

... · · ·
...

Dγn(f,H1) · · · Dγn(f,Hn+1)

= C · det


Dγ0f0 · · · Dγ0fn

... · · ·
...

Dγnf0 · · · Dγnfn


with C 6= 0. (See [20] for more properties of the generalized Wronskian.)

4.2. Second main theorems for a non-Archimedean meromor-
phic map intersecting hyperplanes. We first introduce the definition
of general position.

Definition 4.5. Let N ≥ n be an integer and let Hj , j = 1, . . . , q, with
q ≥ N + 1, be hyperplanes in Pn defined by Hj = {(x0, . . . , xn) ∈ Pn :
aj0x0 + · · · + ajnxn = 0 with aji ∈ F}. We say that H1, . . . ,Hq are in N -

subgeneral position if for any 1 ≤ j0 < · · · < jN ≤ q, we have
⋂N
u=0Hju = ∅.
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If the hyperplanes are in n-subgeneral position, we simply say that they are
in general position.

Let Lj = (aj0, . . . , ajn) be the non-zero vector in Fn+1 defined by the
coefficients of Hj for 1 ≤ j ≤ q. We note that if H1, . . . ,Hq are in N -
subgeneral position, then for any 1 ≤ j0 < · · · < jN ≤ q, there exists a
subset I of {j0, . . . , jN} such that ]I = n + 1 and Lj , j ∈ I, are linearly
independent.

We obtain the following second main theorem.

Theorem 4.6. Let F be an algebraically closed field of characteristic
p ≥ 0 complete with respect to a non-Archimedean absolute value. Let f :
Fm → Pn be a linearly non-degenerate non-Archimedean meromorphic map
with index of independence s and rankf = k. Let H1, . . . ,Hq be hyperplanes
in Pn in N -subgeneral position (N ≥ n). Then, for all r > 1,

(q − 2N + n− 1)Tf (r) ≤
q∑
j=1

N
(a)
f (Hj , r)−

N + 1

n+ 1
log r +O(1),

where

a =

{
n− k + 1 if p = 0,

ps−1(n− k + 1) if p > 0.

The proof of Theorem 4.6 will be given in the next section.

Remark 4.7. This result is a non-Archimedean generalization of [29,
Theorem 10.1]. For m = 1 and CharF = 0, Theorem 4.6 is just [21, Theorem
6.26].

Moreover, we have the following result.

Theorem 4.8. Let F be an algebraically closed field of characteristic
p ≥ 0 complete with respect to a non-Archimedean absolute value. Let f :
Fm → Pn be a non-constant non-Archimedean meromorphic map with index
of independence s and rank f = k. Let H1, . . . ,Hq with q ≥ 2n + 1 be
hyperplanes in Pn in general position. Assume that (f,Hj) 6≡ 0 for j =
1, . . . , q. Then, for all r > 1,

(q − 2n)Tf (r) ≤
q∑
j=1

N
(a)
f (Hj , r)− log r +O(1),

where a is as in Theorem 4.6.

Proof. Assume that the image of f is contained in a subspace of dimen-
sion l, but in no subspace of smaller dimension. Without loss of generality,
we assume that f(Fm) ⊂ Pl. Then f : Fm → Pl is linearly non-degenerate.
Let Ĥj = Hj ∩ Pl, a hyperplane in Pl. Since H1, . . . ,Hq are in general po-
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sition in Pn, it is easy to see that Ĥ1, . . . , Ĥq are in n-subgeneral position
in Pl.

Applying Theorem 4.6 to f and Ĥ1, . . . , Ĥq, we obtain

(q − 2n+ l − 1)Tf (r) ≤
q∑
j=1

N
(â)
f (Ĥj , r)−

n+ 1

l + 1
log r +O(1),

where

â =

{
l − k + 1 if p = 0,

ps−1(l − k + 1) if p > 0.

Hence the assertion follows.

4.3. Defect relation

Definition 4.9. Let f : Fm → Pn be a non-Archimedean meromorphic
map and let H be a hyperplane in Pn. We define the defect of H for f to be

δf (H) = lim inf
r→∞

{
1−

Nf (H, r)

Tf (r)

}
.

By Theorems 4.6 and 4.8, we have the following defect relation.

Corollary 4.10.

(i) Let f : Fm → Pn be a linearly non-degenerate non-Archimedean mero-
morphic map, and let H1, . . . ,Hq be hyperplanes in Pn in N -subgeneral
position (N ≥ n). Then

q∑
j=1

δf (Hj) ≤ 2N − n+ 1.

(ii) Let f : Fm → Pn be a non-constant non-Archimedean meromorphic
map, and let H1, . . . ,Hq be hyperplanes in Pn in general position. Then

q∑
j=1

δf (Hj) ≤ 2n.

Remark 4.11. (i) Corollary 4.10 is actually not sharp. If H1, . . . ,Hq are
hyperplanes in general position, then

q∑
j=1

δf (Hj) ≤ n

(see [13], [32] and [4]). Hence, if the image of f omits n+ 1 hyperplanes in
general position, then f must be constant.

(ii) A non-Archimedean meromorphic map f : Fm → Pn is said to be
d-degenerate if the image of f is contained in a linear subspace of dimension
< d with 1 ≤ d ≤ n. One can show that if H1, . . . ,Hq are hyperplanes in Pn,
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then any non-Archimedean meromorphic map f : Fm → Pn \ {Hj}qj=1 is

d-degenerate if and only if dim
⋂q
j=1Hj < d− 1.

(iii) The fact that Corollary 4.10 is not sharp does not mean Theorems
4.6 and 4.8 are not sharp, because the counting functions in Theorems 4.6
and 4.8 are truncated.

Definition 4.12. Let f be a non-Archimedean meromorphic map and
let H be a hyperplane. Define

δf,a(H) = lim inf
r→∞

{
1−

N
(a)
f (H, r)

Tf (r)

}
,

where a is an integer.

Obviously, 0 ≤ δf (H) ≤ δf,a(H) ≤ 1.
If we consider this defect, we have the following defect relation.

Corollary 4.13.

(i) Let f : Fm → Pn be a linearly non-degenerate non-Archimedean mero-
morphic map with index of independence s and rank k, and let H1,
. . . , Hq be hyperplanes in Pn in N -subgeneral position (N ≥ n). Then
q∑
j=1

δf,a(Hj) ≤ 2N − n+ 1 where a =

{
n− k + 1 if p = 0,

ps−1(n− k + 1) if p > 0.

(ii) Let f : Fm → Pn be a non-constant non-Archimedean meromorphic
map with index of independence s and rank k, and let H1, . . . ,Hq be
hyperplanes in Pn in general position. Then

q∑
j=1

δf,a(Hj) ≤ 2n,

where a is as in (i).

5. Proof of Theorem 4.6. We first give a general form of the second
main theorem without the assumption that H1, . . . ,Hq are in general posi-
tion, which is a generalization of the result given by Ru [31] and Vojta [39]
for the non-Archimedean case.

Theorem 5.1. Let f = (f0, . . . , fn) : Fm → Pn be a linearly non-dege-
nerate non-Archimedean meromorphic map. Let γ0 = (0, . . . , 0), γ1, . . . , γn

be multi-indices such that

W = Wγ0···γn(f0, . . . , fn) = det


Dγ0f0 · · · Dγ0fn

... · · ·
...

Dγnf0 · · · Dγnfn

 6≡ 0.
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Let B =
∑n

i=1 |γi|. Let H1, . . . ,Hq be hyperplanes in Pn, and let L1, . . . , Lq
be the vectors in Fn+1 defined by H1, . . . ,Hq. Then, for all r > 1,

max
K

∑
k∈K

mf (Hk, r) +NW (0, r) ≤ (n+ 1)Tf (r)−B log r +O(1),

where the maximum is taken over all subsets K of {1, . . . , q} such that Lk,
k ∈ K, are linearly independent.

Proof. Without loss of generality, we may assume that q ≥ n + 1 and
]K = n+1. Let T be the set of all injective maps µ : {0, . . . , n} → {1, . . . , q}
such that Lµ(0), . . . , Lµ(n) are linearly independent. We have

max
µ∈T

n∑
j=0

mf (Hµ(j), r) = max
µ∈T

n∑
j=0

log
‖f‖r‖Hµ(j)‖
|(f,Hµ(j))|r

= max
µ∈T

log
‖f‖n+1

r∏n
j=0 |(f,Hµ(j))|r

+O(1)

= max
µ∈T

log
|W |r∏n

j=0 |(f,Hµ(j))|r
+ log

‖f‖n+1
r

|W |r
+O(1)

= max
µ∈T

log
|Wγ0···γn((f,Hµ(0)), . . . , (f,Hµ(n)))|r∏n

j=0 |(f,Hµ(j))|r
+ log

‖f‖n+1
r

|W |r
+O(1)

≤ (n+ 1)Tf (r)−NW (0, r)−B log r +O(1).

Here, by the logarithmic derivative lemma,

max
µ∈T

log
|Wγ0···γn((f,Hµ(0)), . . . , (f,Hµ(n)))|r∏n

j=0 |(f,Hµ(j))|r
≤ −

n∑
i=0

|γi| log r.

Remark 5.2. (i) For CharF = 0, Theorem 5.1 is a generalization of
Theorem A.

(ii) The existence of W can be found in Section 4.1.

To prove Theorem 4.6, we recall a lemma due to Nochka [28].

Lemma 5.3. Let H1, . . . ,Hq be hyperplanes in Pn in N -subgeneral po-
sition with q ≥ 2N − n + 1. There exist positive rational numbers ω(j),
j = 1, . . . , q, called the Nochka weights, and θ ≥ 1, called the Nochka con-
stant, satisfying the following conditions:

(i) 0 ≤ ω(j)θ ≤ 1 for all j ∈ {1, . . . , q}.
(ii) q − 2N + n− 1 = θ(

∑q
j=1 ω(j)− n− 1).

(iii) 1 ≤ (N + 1)/(n+ 1) ≤ θ ≤ (2N − n+ 1)/(n+ 1).
(iv) If ∅ 6= S ⊂ {1, . . . , q} with ]S ≤ N + 1, then

∑
j∈S ω(j) ≤ dimL(S),

where L(S) is the linear space generated by {Lj : j ∈ S} and Lj are the
non-zero vectors defined by the coefficients of the hyperplanes Hj.
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(v) Given real numbers E1, . . . , Eq with Ej ≥ 1 for 1 ≤ j ≤ q, and given
any J ⊂ {1, . . . , q} with 0 < ]J ≤ N + 1, there exists a subset I ⊂ J
with ]I = dimL(J) such that {Lj}j∈I is a basis for L(J), and∏

j∈J
E
ω(j)
j ≤

∏
j∈I

Ej .

Proof of Theorem 4.6. For any fixed r > 1, we take µ(r, 0), . . . , µ(r,N) ∈
{1, . . . , q} such that

0 < |(f,Hµ(r,0))|r ≤ · · · ≤ |(f,Hµ(r,N))|r ≤ |(f,Hj)|r(5.1)

for j ∈ {1, . . . , q} \ {µ(r, 0), . . . , µ(r,N)}, where

(f,Hµ(r,v)) = aµ(r,v)0f0 + · · ·+ aµ(r,v)nfn, 0 ≤ v ≤ N.

As H1, . . . ,Hq are in N -subgeneral position, there exists a subset I of
{µ(r, 0), . . . , µ(r,N)} such that ]I = n + 1 and {Lj}j∈I are linearly in-
dependent. By solving the system of linear equations

(f,Hj) = 0, j ∈ I,

we have

fv =
∑
j∈I

ãvj(f,Hj), 0 ≤ v ≤ n,

where ãvj ∈ F. Thus, for any r, there exists a C > 0 such that

‖f‖r ≤ C max
j∈I
|(f,Hj)|r ≤ C max

0≤v≤N
|(f,Hµ(r,v))|r.

By (5.1),

‖f‖r
|(f,Hj)|r

≤ C for j 6= µ(r, 0), . . . , µ(r,N).

Since there are only finitely many choices of N + 1 hyperplanes in {Hj}qj=1,
we can find a positive constant C such that, for each r,

q∏
j=1

(
‖f‖r‖Hj‖
|(f,Hj)|r

)ω(j)
≤ C

N∏
v=0

(‖f‖r‖Hµ(r,v)‖
|(f,Hµ(r,v))|r

)ω(µ(r,v))
.(5.2)

By Lemma 5.3(v), there is a subset I ′ of {µ(r, 0), . . . , µ(r,N)} with
]I ′ = n+ 1 and with {Lj}j∈I′ linearly independent such that

N∏
v=0

(‖f‖r‖Hµ(r,v)‖
|(f,Hµ(r,v))|r

)ω(µ(r,v))
≤
∏
j∈I′

‖f‖r‖Hj‖
|(f,Hj)|r

.
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Hence,

N∑
v=0

ω(µ(r, v)) log
‖f‖r‖Hµ(r,v)‖
|(f,Hµ(r,v))|r

≤
∑
j∈I′

log
‖f‖r‖Hj‖
|(f,Hj)|r

(5.3)

≤ max
µ∈T

n∑
j=0

log
‖f‖r‖Hµ(j)‖
|(f,Hµ(j))|r

,

where T is the set of all injective maps µ : {0, . . . , n} → {1, . . . , q} such that
Lµ(0), . . . , Lµ(n) are linearly independent.

By (5.2), (5.3) and Theorem 5.1, we have
q∑
j=1

ω(j)mf (Hj , r) ≤ max
µ∈T

n∑
j=0

mf (Hµ(j), r) +O(1)

≤ (n+ 1)Tf (r)−NW (0, r)−B log r +O(1),

where W = Wγ0···γn(f0, . . . , fn) and B =
∑n

i=1 |γi|.
Using the first main theorem, we obtain

q∑
j=1

ω(j)Tf (r) ≤ (n+ 1)Tf (r) +

q∑
j=1

ω(j)N(f,Hj)(0, r)(5.4)

−NW (0, r)−B log r +O(1).

Now, we give the following estimate for NW (0, r).

Lemma 5.4. We have

(5.5)

q∑
j=1

ω(j)N(f,Hj)(0, r)−NWγ0···γn (f0,...,fn)
(0, r)

≤
q∑
j=1

ω(j)N
(|γn|)
(f,Hj)

(0, r) +O(1).

Proof. Set G̃j = gcd((f,Hj), S((f,Hj))
|γn|), j = 1, . . . , q. It suffices to

show that
q∑
j=1

ω(j) log |(f,Hj)|r − log |Wγ0···γn(f0, . . . , fn)|r

≤
q∑
j=1

ω(j) log |G̃j |r +O(1).

Since the ω(j) are rational numbers, there exists an integer A such that
ω̃(j) := Aω(j) are integers. We now show that

∏q
j=1(f,Hj)

ω̃(j) divides

(Wγ0···γn(f0, . . . , fn))A
q∏
j=1

G̃
ω̃(j)
j .
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Suppose that P ∈ Em is an irreducible element with P |
∏q
j=1(f,Hj)

ω̃(j).
There exists a subset R of {1, . . . , q} such that P | (f,Hj) with exact multi-
plicity ej , j ∈ R. By the assumption, 0 < ]R ≤ N . We have

Pmin{ej ,|γn|} | G̃j
by property (ii) of the square free part. Let S ⊂ R be such that ej > |γn|
for j ∈ S.

Case 1. If j ∈ R \ S, i.e., ej ≤ |γn|, then P ej | G̃j . We have

P
∑
j∈R\S ω̃(j)ej |

∏
j∈R\S

G̃
ω̃(j)
j .

Case 2. If j ∈ S, then ej > |γn|. We consider Sτ , 0 ≤ τ ≤ t, such that

S0 := ∅ 6= S1 ⊂ S2 ⊂ · · · ⊂ St := S

and ej = mτ for j ∈ Sτ − Sτ−1, where m1 > m2 > · · · > mt (> |γn|). Set
m∗τ = mτ − |γn|. By Lemma 5.3(iv), we have

∑
j∈S

ω(j)(ej − |γn|) =
t∑

τ=1

∑
j∈Sτ−Sτ−1

ω(j)m∗τ

=
t∑

τ=1

∑
j∈Sτ−Sτ−1

ω(j)
( t−1∑
σ=τ

(m∗σ −m∗σ+1) +m∗t

)
= (m∗1 −m∗2)

∑
j∈S1

ω(j) + (m∗2 −m∗3)
∑
j∈S2

ω(j) + · · ·+m∗t
∑
j∈St

ω(j)

≤ dimL(S1)(m
∗
1 −m∗2) + dimL(S2)(m

∗
2 −m∗3) + · · ·+ dimL(St)m

∗
t

= dimL(S1)m
∗
1 + (dimL(S2)− dimL(S1))m

∗
2 + · · ·

+ (dimL(St)− dimL(St−1))m
∗
t .

Take j1, . . . , jdimL(S) ∈ S such that Lj1 , . . . , LjdimL(S)
are linearly indepen-

dent and {j1, . . . , jdimL(Si)} ⊂ Si. Since H1, . . . ,Hq are in N -subgeneral
position, we can find LjdimL(S)+1

, . . . , Ljn+1 such that

Lj1 , . . . , LjdimL(S)
, LjdimL(S)+1

, . . . , Ljn+1

are linearly independent. We have

Wγ0···γn(f0, . . . , fn)

= C ·Wγ0···γn
(
(f,Hj1), . . . , (f,HjdimL(S)

), (f,HjdimL(S)+1
), . . . , (f,Hjn+1)

)
for a non-zero constant C.

By property (v) of Hasse derivatives, it is easy to see that P divides
Wγ0···γn(f0, . . . , fn) with multiplicity at least
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ej1 + · · ·+ ejdimL(S)
− dimL(S) · |γn|

= dimL(S1)m
∗
1 + (dimL(S2)− dimL(S1))m

∗
2 + · · ·

+ (dimL(St)− dimL(St−1))m
∗
t

≥
∑
j∈S

ω(j)(ej − |γn|),

which means P
∑
j∈S ω̃(j)(ej−|γn|) |WA and P

∑
j∈S ω̃(j)ej |WA

∏
j∈S G̃

ω̃(j)
j .

Combining Cases 1 and 2, we see that

P
∑
j∈R ω̃(j)ej |WA

∏
j∈R

G̃
ω̃(j)
j .

Hence,
q∏
j=1

(f,Hj)
ω̃(j) | (Wγ0···γn(f0, . . . , fn))A

q∏
j=1

G̃
ω̃(j)
j .

Now, by (5.4) and (5.5), we have( q∑
j=1

ω(j)− (n+ 1)
)
Tf (r) ≤

q∑
j=1

ω(j)N
(|γn|)
(f,Hj)

(0, r)−B log r +O(1).

By Lemma 5.3(i), (ii),

q − 2N + n− 1

θ
Tf (r) ≤ 1

θ

q∑
j=1

N
(|γn|)
(f,Hj)

(0, r)−B log r +O(1).

Hence

(q − 2N + n− 1)Tf (r) ≤
q∑
j=1

N
(|γn|)
(f,Hj)

(0, r)−Bθ log r +O(1)

with 1 ≤ N+1
n+1 ≤ θ ≤

2N−n+1
n+1 .

We note that |γn| ≤ a by (4.3), and Bθ ≥ θ ≥ N+1
n+1 . This finishes the

proof of Theorem 4.6.

6. Uniqueness theorems for non-Archimedean meromorphic
maps. In this section, as an application of Theorem 4.6, we discuss the
uniqueness problems for non-Archimedean meromorphic maps.

Adams and Straus [1] proved the following uniqueness theorem for non-
Archimedean meromorphic functions, which is sharp.

Theorem B ([1]). Let f and g be non-constant non-Archimedean mero-
morphic functions on F, where F has characteristic 0. Let a1, a2, a3, a4 be
four distinct values. Assume that Zero(f, aj) = Zero(g, aj) for j = 1, 2, 3, 4,
where Zero(f, a) denotes the set of zeros of f − a. Then f ≡ g.
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In 2001, Ru [33] extended Theorem B to non-Archimedean holomorphic
curves in projective space.

Theorem C ([33]). Let f, g : F → Pn be non-Archimedean holomor-
phic curves, where F has characteristic 0. Assume that f and g are linearly
non-degenerate. Let H1, . . . ,H3n+1 be hyperplanes in Pn in general posi-
tion. Assume that Zero(f,Hj) = Zero(g,Hj) for j = 1, . . . , 3n + 1 and
Zero(f,Hi) ∩ Zero(f,Hj) = ∅ for i 6= j, where Zero(f,H) denotes the set of

zeros of (f,H). If f(z) = g(z) for every z ∈
⋃3n+1
j=1 Zero(f,Hj), then f ≡ g.

We improved Theorem C in [40] as follows.

Theorem D ([40]). Let f, g : F → Pn be non-Archimedean holomor-
phic curves, where F has characteristic 0. Assume that f and g are lin-
early non-degenerate. Let H1, . . . ,H2n+2 be hyperplanes in Pn in general
position. Assume that Zero(f,Hj) = Zero(g,Hj) for j = 1, . . . , 2n + 2
and Zero(f,Hi) ∩ Zero(f,Hj) = ∅ for i 6= j. If f(z) = g(z) for every

z ∈
⋃2n+2
j=1 Zero(f,Hj), then f ≡ g.

We also considered the positive characteristic case.

Theorem E ([40]). Let F have positive characteristic p, and f, g : F→
Pn be linearly non-degenerate non-Archimedean holomorphic curves with in-
dex of independence ≤ s. Let H1, . . . ,H2ps−1n+2 be hyperplanes in Pn in gen-
eral position. Assume Zero(f,Hj) = Zero(g,Hj) for j = 1, . . . , 2ps−1n + 2
and Zero(f,Hi) ∩ Zero(f,Hj) = ∅ for i 6= j. If f(z) = g(z) for every

z ∈
⋃2ps−1n+2
j=1 Zero(f,Hj), then f ≡ g.

Actually, by using Theorem 4.6, one can obtain more general uniqueness
theorems for non-Archimedean meromorphic maps similar to the results
given in [3] and [10] for the complex case. However, in this section, we only
consider some interesting particular cases.

For CharF = 0, we have the following result.

Theorem 6.1. Let f, g : Fm → Pn (m ≥ n) be linearly non-degenerate
non-Archimedean meromorphic maps with rank n. Let H1, . . . ,Hq be hyper-
planes in Pn in general position. Assume that

(i) Zero(f,Hj) = Zero(g,Hj), j = 1, . . . , q;
(ii) (f,Hi) and (f,Hj) have no common divisors for i 6= j;
(iii) f = g on

⋃q
j=1 Zero(f,Hj).

If q ≥ n+ 3, then f ≡ g.

For CharF > 0, we show another one.

Theorem 6.2. Let F have positive characteristic p, and f, g : Fm → Pn
be linearly non-degenerate non-Archimedean meromorphic maps with index
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of independence ≤ s and rank k. Let H1, . . . ,Hq be hyperplanes in Pn in
general position. Assume that

(i) Zero(f,Hj) = Zero(g,Hj), j = 1, . . . , q;
(ii) (f,Hi) and (f,Hj) have no common divisors for i 6= j;
(iii) f = g on

⋃q
j=1 Zero(f,Hj).

Let a = ps−1(n− k + 1). If a ≥ n and q ≥ 2a + 2, then f ≡ g.

Remark 6.3. The method of proof is similar to that used in the complex
case, which is based on Theorem 4.6 and different from the method of [33]
and [40].

Lemma 6.4. Let f and g be linearly non-degenerate non-Archimedean
meromorphic maps. Let H1, . . . ,Hq be hyperplanes in Pn in general position
such that

(i) Zero(f,Hj) = Zero(g,Hj), j = 1, . . . , q;
(ii) (f,Hi) and (f,Hj) have no common divisors for i 6= j;
(iii) f = g on

⋃q
j=1 Zero(f,Hj).

Assume that Φ = (f,Hi)(g,Hj)− (f,Hj)(g,Hi) 6≡ 0 for some i 6= j. Take a
sequence {rι}ι∈N with 1 < rι ∈ |F×| and rι → ∞ (ι → ∞). Then, for any
positive integer a,

(6.1)

q∑
l=1
l 6=i,j

N
(1)
f (Hl, rι) +N

(a)
f (Hi, rι) +N (a)

g (Hi, rι)− aN
(1)
f (Hi, rι)

+N
(a)
f (Hj , rι) +N (a)

g (Hj , rι)− aN
(1)
f (Hj , rι)

≤ NΦ(0, rι) ≤ T (rι) +O(1),

where T (rι) := Tf (rι) + Tg(rι).

Proof. Firstly, we show the first inequality in (6.1). Suppose P is an
irreducible element in Em which divides (f,Hl) for some l, 1 ≤ l ≤ q. (We
note that any two elements in {(f,Hj)}qj=1 have no common divisors.)

For l 6= i, j, since f = g on Zero(f,Hl), we have Zero(f,Hl) ⊂ Zero(Φ, 0).
Due to Hilbert’s Nullstellensatz (see [5, §7.1.2, Theorem 3]), we have

P |Φ on Bm(rι).

For l = i, j, assume that P is an irreducible element of Em which divides
(f,Hl) with exact multiplicity efl and divides (g,Hl) with exact multipli-

city egl . Hence P divides Φ with multiplicity at least min{efl , e
g
l }. We note

that

min{efl , e
g
l } ≥ min{efl , a}+ min{egl , a} − a.
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We see that P divides gcd((f,Hl), S((f,Hl))
a)·gcd((g,Hl), S((g,Hl))

a) with
multiplicity

min{efl , a}+ min{egl , a},
and P divides Φ · (gcd((f,Hl), S((f,Hl))))

a with multiplicity at least

min{efl , e
g
l }+ a.

Hence,

q∑
l=1
l 6=i,j

N
(1)
(f,Hl)

(0, rι)+N
(a)
(f,Hi)

(0, rι)+N
(a)
(g,Hi)

(0, rι)+N
(a)
(f,Hj)

(0, rι)+N
(a)
(g,Hj)

(0, rι)

≤ NΦ(0, rι)+aN
(1)
(f,Hi)

(0, rι)+aN
(1)
(f,Hj)

(0, rι).

On the other hand, for all r > 1,

NΦ(0, r) = log |Φ|r +O(1)

= log |(f,Hi)(g,Hj)− (f,Hj)(g,Hi)|r +O(1)

≤ log max{|(f,Hi)|r|(g,Hj)|r, |(f,Hj)|r|(g,Hi)|r}+O(1)

≤ log max
i
|fi|r + log max

i
|gi|r +O(1),

i.e., NΦ(0, r) ≤ T (r) +O(1).

Remark 6.5. The following examples show that assumptions (ii) and
(iii) in Lemma 6.4 cannot be removed.

(i) Let f = (z, z2, z3, 1) and g = (z2, z, z3, 1). Let H1, H2, H3 and H4

be the coordinate hyperplanes in P3. They satisfy assumptions (i) and (iii)
in Lemma 6.4, but (f,H1), (f,H2) and (f,H3) have common divisors. If we
take i = 1, j = 4 and Φ = z(1− z), it is easy to check (6.1) is not true.

(ii) Let f = (z2, 1− z, h) and g = (z, (1− z)2, h), where h is a transcen-
dental non-Archimedean entire function not vanishing at 0 and 1. Let H1,
H2 and H3 be the coordinate hyperplanes in P2. They satisfy assumptions
(i) and (ii) in Lemma 6.4, but f may not be equal to g on the zeros of h. If
we take i = 1, j = 2 and Φ = z2(1− z)2 − (1− z)z, then (6.1) is also false.

Proof of Theorem 6.1. Suppose that f 6≡ g. There exist i, j ∈ {1, . . . , q}
with i 6= j such that

Φ = (f,Hi)(g,Hj)− (f,Hj)(g,Hi) 6≡ 0.

By Lemma 6.4, we have
q∑
l=1

N
(1)
(f,Hl)

(0, rι) ≤ NΦ(0, rι) ≤ T (rι) +O(1),(6.2)

q∑
l=1

N
(1)
(g,Hl)

(0, rι) ≤ NΦ(0, rι) ≤ T (rι) +O(1).(6.3)
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Summing (6.2) and (6.3), we obtain

q∑
l=1

(N
(1)
(f,Hl)

(0, rι) +N
(1)
(g,Hl)

(0, rι)) ≤ 2T (rι) +O(1).

By Theorem 4.6,

(q − n− 1)T (rι) ≤ 2T (rι)− log rι +O(1).

This is a contradiction for q ≥ n+ 3 and ι→∞.

Proof of Theorem 6.2. Suppose that f 6≡ g. By changing indices if nec-
essary, we may assume that

(f,H1)

(g,H1)
≡ · · · ≡ (f,Hk1)

(g,Hk1)︸ ︷︷ ︸
group 1

6≡ (f,Hk1+1)

(g,Hk1+1)
≡ · · · ≡ (f,Hk2)

(g,Hk2)︸ ︷︷ ︸
group 2

6≡ · · · 6≡
(f,Hku−1+1)

(g,Hku−1+1)
≡ · · · ≡ (f,Hku)

(g,Hku)︸ ︷︷ ︸
groupu

,

where ku = q.

Since f 6≡ g, the number of elements of every group is at most n.

We define σ : {1, . . . , q} → {1, . . . , q} by

σ(i) =

{
i+ n if i ≤ q − n,
i+ n− q if i > q − n.

It is easy to see that σ is bijective and |σ(i) − i| ≥ n (note that q > 2n).
Hence (f,Hi)/(g,Hi) and (f,Hσ(i))/(g,Hσ(i)) belong to distinct groups.

We consider Φ = (f,Hi)(g,Hσ(i))− (g,Hi)(f,Hσ(i)) 6≡ 0, i = 1, . . . , q.

Using Lemma 6.4 for Φ, we get

(6.4)

q∑
j=1

j 6=i,σ(i)

N
(1)
(f,Hj)

(0, rι) +N
(a)
(f,Hi)

(0, rι) +N
(a)
(g,Hi)

(0, rι)

+N
(a)
(f,Hσ(i))

(0, rι) +N
(a)
(g,Hσ(i))

(0, rι)

≤ T (rι) + aN
(1)
(f,Hi)

(0, rι) + aN
(1)
(f,Hσ(i))

(0, rι) +O(1).

Taking the sum of (6.4) over i = 1, . . . , q, we obtain
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(q − 2)

q∑
j=1

N
(1)
f (Hj , rι)− a

q∑
i=1

(
N

(1)
f (Hi, rι) +N

(1)
f (Hσ(i), rι)

)
+

q∑
i=1

(
N

(a)
f (Hi, rι) +N

(a)
f (Hσ(i), rι)

)
+

q∑
i=1

(
N (a)
g (Hi, rι) +N (a)

g (Hσ(i), rι)
)

≤ qT (rι) +O(1).

Since σ is bijective, this gives

(q − 2a− 2)

q∑
j=1

N
(1)
f (Hj , rι) + 2

q∑
i=1

(
N

(a)
f (Hi, rι) +N (a)

g (Hi, rι)
)

≤ qT (rι)+O(1).

By Theorem 4.6 and q ≥ 2a + 2, we have

2(q − n− 1)T (rι) ≤ qT (rι)− log rι +O(1),

i.e.,

(q − 2n− 2)T (rι) ≤ − log rι +O(1).

This is a contradiction for a ≥ n.

Acknowledgements. This research was partly supported by NSFC
(grant no. 11571256).

References

[1] W. W. Adams and E. G. Straus, Non-archimedian analytic functions taking the
same values at the same points, Illinois J. Math. 15 (1971), 418–424.

[2] L. V. Ahlfors, The theory of meromorphic curves, Acta Soc. Sci. Fenn. Nova Ser.
A. 3 (1941), no. 4, 31 pp.

[3] Y. Aihara, Unicity theorems for meromorphic mappings with deficiencies, Complex
Variables Theory Appl. 42 (2000), 259–268.

[4] T. T. H. An, A defect relation for non-Archimedean analytic curves in arbitrary
projective varieties, Proc. Amer. Math. Soc. 135 (2007), 1255–1261.
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données, Mathematica (Cluj) 7 (1933), 5–31.

[9] Z. Chen and Q. Yan, Uniqueness theorem of meromorphic mappings into PN (C)
sharing 2N + 3 hyperplanes regardless of multiplicities, Int. J. Math. 20 (2009),
717–726.

http://dx.doi.org/10.1080/17476930008815287
http://dx.doi.org/10.1090/S0002-9939-06-08591-1
http://dx.doi.org/10.1007/BF02568432
http://dx.doi.org/10.2307/1970871
http://dx.doi.org/10.1142/S0129167X09005492


192 Q. Yan

[10] Z. Chen and Q. Yan, A uniqueness theorem for meromorphic mappings in several
complex variables, Frontiers Math. China 7 (2012), 669–677.

[11] W. Cherry, Non-Archimedean analytic curves in abelian varieties, Math. Ann. 300
(1994), 393–404.

[12] W. Cherry and C. Toropu, Generalized ABC theorems for non-Archimedean entire
functions of several variables in arbitrary characteristic, Acta Arith. 136 (2009),
351–384.

[13] W. Cherry and Z. Ye, Non-Archimedean Nevanlinna theory in several variables and
the non-Archimedean Nevanlinna inverse problem, Trans. Amer. Math. Soc. 349
(1997), 5043–5071.
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