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1. Introduction. Let g; : N — C be multiplicative functions such that
lgj(n)] <1 for all n and j = 1,2,3. Let Fi(z), Fo(z), F3(z) be polynomials
with integer coefficients.

Consider the following triple correlation function:

1) Mog1,92,95) = = 3 91(Fi(m)) oo (Fo(n)gs( Fa(n).
n<x

Kétai [KAT] studied the asymptotic behaviour of the above sum (1)
when Fj(z), j = 1,2, 3, are special polynomials and under some assumptions
on g;j, j = 1,2,3 but did not provide the error term. Stepanauskas [ST4]
studied the asymptotic formula for the sum (1) with an explicit error term
when Fj(z), j = 1,2,3, are linear polynomials and g1, g2, g3 are close to 1
(see Definition 1.1). Recently, Klurman [KL] studied the double correlation
function (i.e. the sum (1) with g3 = 1).

Estimation (1) can be used to get information on the behaviour of the
distribution of the sum

(2) fi(Fi(n)) + f2(Fa(n)) + f3(F3(n)),
where fi, fo and f3 are real-valued additive functions.

From now on, let F'(n) and Fy(n), Fa(n), F5(n) be positive integer-valued
polynomials with integer coefficients, which are not divisible by the square of
any irreducible polynomial. Also suppose that Fj(n) and Fj(n) are relatively
prime for j # k and for all n. Let v and v; denote the degrees of the
polynomials F'(n) and Fj(n) respectively.

In this paper, we will investigate the following sums with various as-
sumptions on g;, j = 1,2,3:
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(3) M. (g1, 92, 93) Z g1(n+3)ga(n + 2)gs(n + 1)

n<x
and find an asymptotic formula for the following triple correlation function
with an explicit error term which is an improvement of a theorem of Katai

[KAT)], Theorem 5:

(4) M(g1, 92, 93) = Zgl F1(n))g2(F2(n))gs(F3(n)),

n<a:

where Fi(x), Fa(x) and F3(z) are polynomials as above of degree > 2.

DEFINITION 1.1. A multiplicative function g is said to be close to 1 if
g(p) =1
(5) < o0
=

DEFINITION 1.2. A multiplicative function g is called good if there exists
a k € C such that for each u > 0,

(6) > lolp) —rl <

p<z

T
(log z)*

Outline. In Section 5, we prove an asymptotic formula for (4) with an
explicit error term.

The asymptotic behaviour of the sum (3) is very difficult to obtain if any
two of g1, g2, and g3 are the Mobius function and the other one is close to
some fixed complex number.

In Section 6, first we investigate the asymptotic behaviour of (3) when
g1, g2 are close to 1 and g3 is the M6bius function. Secondly, we obtain an
asymptotic formula for (3) when g3 is a good function.

In Section 7, under some assumption we investigate the asymptotic be-
haviour of (3) when ¢ is close to 1 and gs, g3 are the Mobius function.

In Section 8, we formulate some applications of the sums (3) and (4).

2. Notation. Throughout the paper, p and ¢ denote primes; 7, k,l, m
and n are natural numbers; ¢, ¢1,co,... are absolute constants; cp, cpy,
cr,, Cr, are constants depending on F| Fy, Fy, F3; @ is the set of all primes;
3 and > stand for ‘there exists’ and ‘such that’ respectively.

In Section 3, we use the following notation for Theorem 3.1:

l95(p) — 12 :
S(’l“,.%’,gj): Z La S(T,J}):ZS(T,.%',QJ'), T>07
—

r<p<z+4—j b
hj=pxg;, j=123, Px)= pr’ P(r,x) = H Wps
p<z r<p<z
where
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> hl 1 m2)h3( ms)
(7) wy = .
p Z n;o m;ﬂ [pml pmz pmg]
(p’"l 3) 1(p™2,2)=1
(pm™,p™2)=1
(p™2,pm3)=1
(p™1,p™3)[2

We use the following notation for Theorem 3.2:

65

Let o(d) and o;j(d) denote the number of solutions of the congruences

F(n) =0 (mod d) and Fj(n) =0 (mod d) respectively.

Let o(d1,d2,ds) be the number of solutions of the congruence system

F](n) =0 (mod dj), j = 1,2,3.

Let D, denote the set of those tuples {di,d2,ds} of natural numbers for

which no prime factor of d; exceeds . Set

Si(roz)= Y Z l9;(p 1' 2i(p). T = Y l9:() — 1"0i(p)

r<p<z j=1 7=1

3 vjfl

)= > g™ = 1le;(™),

=1 m=1pm<F,()

P(z) = P(v)Px(v,x), P"(r,x) H w,,
where "~
8) P(y)= > hl(d};ﬁ(g%‘g’ 5) oy, dy, d),

{d1,d2,d3}€D~

©  neo- I (0 L3yl WY = T

y<p<z m=1 j=1 y<p<z

For Theorems 3.3 and 3.4 we need the following notation:

0o m -1
gs\p
0-(n) :H<1+ M) . TER,

pln m=1P
r) = _ 20: () (™) + g2 (0™)
Q-(r) H<1 S oty 3 DT,
_ 2 1\« @™ +920™)
Py(r,z) = Q.ng<1 - (1 p) > o0 )

. 112
o=y ¥ BEZE ) - 1Y e

j=1lr<p<z+4—j n<zx
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3. Statements of theorems. We begin with an asymptotic formula
for the sum (3) with an explicit error term, which is a special case of a
theorem of Stepanauskas [ST4].

THEOREM 3.1. Let g1, g2 and g3 be multiplicative functions with modulus
less than or equal to 1. Then there exists a positive absolute constant ¢ such
that for all x > r > 2 and all 2/3 < a < 1, we have

Ta

Mian. g2, 0) = Ple) 0 (35 oxp (2 ) ((0) V24 (rlog )2 ).

The aim of this paper is to prove the following statements:

THEOREM 3.2. Let Fj(x), j = 1,2,3, be polynomials as above of degree
greater than or equal to 2. Let g1, go and gs be multiplicative functions
close to 1 and whose modulus does not exceed 1. Then there exists a positive
absolute constant ¢ and a natural number v such that for all x > r > v and

all 1 — m<a<1 we have

(e

M (g1,02.00) ~ P0) < LR ) Pae) o))~ exo () 4 (@)

1
+ (S1(r,2)' 2+ (rlogr) M2 4 —C(r ) +

log r

logx

REMARK. Theorem 3.2 can be extended to higher correlations.

THEOREM 3.3. Let g1 and g9 be multiplicative functions which do not
exceed 1 and

(10) Zgﬂ% S

p j=1
Then as x — oo,
1
M (g1, 92, 1) = o D gi(n+3)ga(n +2)pu(n +1) = o(1).
n<x

THEOREM 3.4. Let g1, 92 and g3 be multiplicative functions whose mod-
ulus does not exceed 1 and suppose g3 is a good function. Assume further
that there exists a positive constant ci such that

) e

for € =0 if g3 is real-valued, and for all £ € R otherwise. Then there exist
positive absolute constants ¢, and a real T with |7| < (logz)'/'? such that
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forallz>r>2and all 1/2 < a < 5/9, we have

o 1 c
M. (g1,92,93) — My(g3) P3(r, 7)Q(r) < 2! " **exp (C r ) n (logr)

log r (log z)¢

2
eXp(C(IOglOgr) ) + (Sg(’l“,m))l/2 + (TlOgT‘)_l/2.

(IOg x)l/lQ

For real-valued g3 we may set T =0 in the expression of Q,(r).

ASSUMPTION 3.5 (2-point Chowla type conjecture). For every given
A >0,

> uln+2)u(n + 1) exp(2mina) = O <(10gx:c)A>

n<x
uniformly for all real «, and the implied constant depends on A.

THEOREM 3.6. Let g1 be a multiplicative function such that |g1(n)] <1
for all n and

—1/?
p p
Suppose that Assumption 3 5 holds. Then as x — 00,
M. (g1, p, pt Zgl n+3)pu(n+2)u(n+1) =o(1).
n<z

4. Corollaries. In this section we state several corollaries of our re-
sults. Corollary 4.1 below is a linear version of a theorem of Kétai [KAT)
Theorem 1].

COROLLARY 4.1. Let g1, g2, g3 be multiplicative functions such that for
all 7 =1,2,3, |gj| <1 and g; is close to 1. Then as x — oo,

M; (91,92, 93) pr—i—o

where wy, is defined in (7).
Corollary 4.2 is a polynomial version, with the degree of the polynomial
greater than or equal to 2, of a theorem of Kétai [KAT) Theorem 5].

COROLLARY 4.2. Let Fj(n) (j = 1,2,3) be as above of degree v; > 2.
Let g; (j =1,2,3) be as above and

(13) 3 (gi(p) —pl)ej(p)

< o0
P
Suppose that as p — oo,

(14) (9;(p*) = De;(p*) — 0,



68 P. Darbar

for a = 1 when v; > 2, and for o = 1,...,v; — 2 when vj > 3. Then as
T — 00,

M:;I(glng)gZ;) — Pl(’Y)PQ(fY)a
where Py(y) is defined by (8) and

(15) Py(7) H( +ZZ hy )>.

p>y m=1 j=1

Corollaries 4.3, 4.4, 4.5 and 4.6 are direct applications of Theorems 3.1,
3.3, 3.6 and 3.2 respectively.

COROLLARY 4.3. Let ¢(n) =n][,,(1—1/p) be Euler’s totient function
and o(n) = 3_ g, d. Then for x =2 and 0 < A <1 we have

X e = I+ 0 )
Ly seroutn gte >>:wgn{1_;}+o<@>,
where

v <1 3+3<1 1>2200 ! ) for p>2
=(1-- - - orp > 2,
: p p) A l+p+--+pm

and wy is defined by (7) with p = 2, where gj(n), j = 1,2,3, are replaced by
o(n)/o(n) and ¢(n)/n respectively.

COROLLARY 4.4. If ¢, u and o are as above then as x — o0,

d(n+3) p(n+2) B
gx i3 (12 uw(n+1) =o0(1),
d(n+3) d(n+2) B
72 st 3) ont o)1) =ol).

COROLLARY 4.5. If @, p and o are as above, and under Assumption 3.5,
we have as x — 00,

Z¢n”:33 (n+ 2)u(n+1) = o(1),

Z¢Zi§ (n+ 2)u(n+1) = o(1).

COROLLARY 4.6. Let Fy(x) = 22 + b, Fy(z) = —|— , F3(z) = 2% + d,
0 <t < 1, where b,c,d are taken such that Fj(x ) = 1,2,3, satisfies the
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assumption of Theorem 3.2 and is a quadratic residue for all odd prime p.
Then there exists a natural number v such that for all x > -y,

d(n? + b)p(n? + c)p(n? + d)
72 o(n?+b)o n2~|—c)a(n2—|—d Hw+ <log:r:)>
P>y
d(n? + b)p(n? + c)p(n? + d) " 6 1
*Z (n2 +b)(n? + ¢)(n2 + d) Pl(V)IEV(l_ﬁ)JFO((lng)t)’
where

6 1) & 1
(12 46(1- - :
o ( p ( p) mzllerJr--'erm)
and P{(y) and Py () are defined by (8) in which g;(n),j = 1,2,3, are re-
placed by ¢(n)/o(n) and ¢(n)/n respectively.

Corollaries 4.7 and 4.8 below concern the behaviour of the distribution
of the sum (2).

COROLLARY 4.7. Let f1, fo and f3 be real-valued additive functions and

2
(16) > fﬂ—(m<oo, j=1,2,3,
O
1
(17) Y o<, j=1,23
1£5 (p)|>1
3
e P
Then the distribution function
1
(19) m#{n In <z filn+3)+ fo(n+2)+ fa(n+1) <z}

converges weakly towards a limit distribution [TEN, Chapter I11.2] as x — oo,
and the characteristic function of this limit distribution is equal to

(20) wQH(1+(1)ZZesztfk >)

p>2 m=1 k=1
where wy is defined by (7) with p = 2 with gy is replaced by exp(itfy) for
k=1,2,3.

COROLLARY 4.8. Let f1, fo and f3 be real-valued additive functions and
F;(n), j =1,2,3, are as above of degree v; > 2. Assume that
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2

(21) v I )< =123
Ifi(p)|<1

(22) > M«)@, j=1,2,3,
o1 P

(29) i v Lo
et P

(24) fi(™)o;(p™) — 0,

for m =1 when v; > 2, and for m = 1,...,v; — 2 when v; > 3. Then the
distribution functions

(25) [:16]#{” |n <z, fi(F1(n)) + fa(F2(n)) + f3(F3(n)) < 2}

converges weakly towards a limit distribution as x — 0o, and the characteris-
tic function of this limit distribution is equal to Py(~y)Py(7y), where Pi(vy) and
P5(7) are defined by (8) and (15) respectively with g; replaced by exp(itf;),
j=1,2,3.

5. Proof of Theorem 3.2. We begin with some lemmas.

LeEMMA 5.1 (JERD, Lemma 3]). Let F'(m) be primitive polynomial of
degree v with integer coefficients and with discriminant D. Suppose D # 0.
Then the number of solutions of the congruence F(m) =0 (mod p®) is o(p)
when p{ D, and smaller than vD? when p| D. Further, o is a multiplicative
function and o(p®) < ¢, where ¢ depends only on F.

Now we prove a polynomial version of the classical Turan—Kubilius in-
equality.

LEMMA 5.2. Let f(p™) be the sequence of complex numbers for allp € p,
m > 1, and let F(n) be a polynomial as above of degree v. Then

3K (F(n) — Ax)| < 2 B(F( +Z > P+ 1g

n<x m=1pm<F( )

where

:Zf(pm), Z f

piln pr<e

Z|f p")

pm<z
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Proof. We write K(F(n)) = > mpwm) f(0™) = g(F(n) + h(F(n)),

where
= > f@™) and h(y)= Y fO"
A i
Now,
Y IK(F(n) — A(z)| < Y lg(F(n) — A7)+ > |W(F
+ Y A@E?) = Aw)],

From the Turdn—Kubilius inequality [ELLI, Lemma 4.11], we have
> l9(F(n) — A@'/?)| < 2B(z"?).

n<x

From Lemma 5.1 and the Cauchy—-Schwarz inequality, we obtain

Ax) - A < Y @Dl

11/2<pm§x pm
FE™Pe™\ " o™\ "?
zl/2<pm<g P zl/2<pm<g p

Again by the Cauchy—Schwarz inequality, we have

S IE@I =Y Y

n<z n<z p™| F(n)
P m~p1/2
z|f(p™)|o(p™ N
<y AN S el
z1/2<pm<F(x) z1/2<pm<F(x)
my |2 m 1/2 m 1/2
<<x< SRR >> ( S >) L@
p" p" logx
21/2<pm<F(z) 21/2<pm<F(z)
+ ) fE™)e@™)
1/2<pm<F(z)
< zB(F +Z Z P g
m= lpm<F

which proves the lemma. m

The following lemma ensures the existence of v as in Theorem 3.2.
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LemMA 5.3 ([TAN, Lemma 2.1)). If Fi(m) and Fy(m) are relatively
prime polynomials with integer coefficients, then the congruence Fy(m) =0
(mod a) and Fy(m) = 0 (mod a) have common roots for at most finitely
many values of a.

Define multiplicative functions g;, and g7,, j = 1,2,3, by

{1 if p<r,

m gi(p™) ifp<r, . m
ir\P = p m .
ir(#") { ®") gi(p™) ifp>r.

1 it p>r, ar
and multiplicative functions hj., j = 1,2, 3, by

B (5™ = {gj(pm) —gi(p
" 0 ifp>r,

m=l) ifp <o,

so that gj, = 1% hj., j =1,2,3.

Proof of Theorem 3.2. We can write

M (91,92, 93) — P'(x) = P'(r,z < n;wnlgﬂ P )>
+ Z H 950 (Fj (m) (7, (F1 ()5, (F3(n))g5, (F3(n)) — P'(r,x)).
M(91, 92, 93) — P'(2)] < ‘ Z:glr (Fy(n))gar (Fa(n))gar (Fs(n)) — P'(r)
+ 1 Z 1950 (Fa ()5 (Fa(n)) g5 (Fs(n)) — P'(r, )| =2 E1 + Es.

Estimation of E1. We have

D9 CICTEES ol | AT o

n<z j=1 d <Fj(z) j=1

j:1y273 JlF ( )
Jj=1,2,3

Z Z Z hlr(dl)hQT(dQ)hfir(dS)WEmQ(dh da, d3)

d1<F1( ) d2<F2(a:) d3<F3(:E)

( Z H hir(d; d17d2>d3)> =: P + F3.

dj<Fj(
j= 123
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Now we observe that

hijr( 1
Z | LN PASTAN A ‘QJ i) < exp(ch Zp) < (log )i,

dj=1 p<r

and for 0 < a < 1,

|7 (ds)]0j(d;) o e (0™)]0i (™) e
Z dl @ S];_[ 1+Z m(l—a) < exp CFJI ogr

p<r m=1 p
Therefore
Ey <<f > H\hyr )e;(d;
T 4, (2) =
7=1,2.3
1 Cu sl hir(d;
< ;(F1($)F2($)F3(x))l > HW@j(dj)
di=1 j=1 J
j=1,23
1 o e
< ;(Fl(as)Fg(:c)Fg(x))l exp<cF10gr>.
Now,

3 oo
e

j=1,2,3
d>Fy(x)
=: PI(T’) + Ej.

Again from the above observations, we have

3 [e'S)
E4 < Z Z ‘hlr(dl)hQr(dQ)hBr(d3)| 91(d1)92(d2)93(d3)

k=1 d;= didads
j=1,2,3
d>Fy(x)
o
< (Fi(x)™% 4 Fa(z)"“ + F3(x)™ %) exp (cF lc?:gr> .

Estimation of Fo. To estimate of Fy we will use a technique of R. War-
limont [WAR]. Let

N, ={n<az|3ke{1,2,3} Ip>r>p"|F(n), |1 — ge(p™)| > 1/2}.

Decompose F» into
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= 1S gk (), ()i, (Fi(n) — P'(r, )
neN/.
3 gk (Fa (1) g5 (Fal)) g, (s () — P(r, )
n¢N.

=: BFs + Fg.
Set
i (9:(™) = g™ ))es@™) 5

pm ’

n;i(p) ==

m=1

From Lemma 5.1, we have

1 1 .
|77j(p)|§2chp_1 Sé 1fp21+12€pj =!pj.

Let py := max(p1, p2, p3). If r > py, then
P'(r,z) = H (L+m(p) +n2p) +n3(p))

_exp(;le 1 (») + Ol ()
_ eXpQ;:@; 9i(p) — 1)o;(p) +()<r<%:§xpl?>> < 1.

Without loss of generality we may assume that r > ps. Now

E5<<%Zl<<l > <Q;(p”+93( ))

neEN,. * p" <Fj(x)
[1—g;(p™)[>1/2
p>r
1 zoj(p™) 1 m
R i D DI 1

p"<F;(x) ™ <Fj;(z)

[1—g;(z)|>1/2 |1 5 (™ )\ 1/2
p>r p>

« ¥ '“g] Jle;(p +Z—2+f S - g™

r<p<Fj(zx) p>7" ;”SFjéx)
p>r, m<v;
1
log

1
—1 -
< Si(ryz) +T(x) + (rlogr) +xC(r,x)—i—log$.

")
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Since we know that if #(u), R(v) < 0, then

(26) lexp(u) — exp(v)] < |u — vl
(27) log(1+2) =2z+0(|z[*) for |z| <1, |arg(2)| < 7/2,
we obtain

1 : g;(™) -1

BN S wem-n- X S0 0m
n<a j=1'pm[F; (n) pr<e P
p>r p>r
+ = Z ZZ (9;(p™) = Doy )—logP’(r,x)
n<mpm<x] 1
p>r

< ZZ Z Ig] _1’>:3E61+E62+E63.

n<e j=1p™||F;(n
p>r

From Lemma 5.2, we have

. -1 2. 1
L < E < E l95(P") m’ 0;(p )) + EC(r’x) +
=1\ <E (o) P
p '

< (Si(r )Y + (M) + (rlogr) ™ + ~C(r,) +

log

logx’
and
Ego = Z Z (9; (P 2i(P) —i—O(ZlQ) - Z log w),
j=1lr<p<z p>r r<p<x
(g5(p 0i(p) ( > (g5(p (p)'
+0
< Z — < (rlogr)_l,
p>r
and

l9;(p™) — 1120;(p™) | 1 1
Eg3 < —C(r,
63 Z > oz 500 + o
j= 1pm<F )
p>r

1
< Si(r,x) + T(x) + (rlogr)™t + —C(r,z) + :
x log
1
v1+v2+v3

Combining all these estimates for all 1 —
conclusion of the theorem.

< a < 1, we get the
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6. Proofs of Theorems 3.3 and 3.4. We begin with some lemmas.
The first lemma will be used to prove Theorem 3.3.

LEMMA 6.1 ([DAV], Theorem 1]). For any given K > 0,

S wtnyespeion) =0

n<x

uniformly in 6, where the implied constant depends on K.
The next lemmas will be used to prove Theorem 3.4.

LEmMMA 6.2 ([ELL2, Theorem 2]). Let g be a multiplicative function
whose modulus does not exceed 1. Then there is a real T with || < (log x)/19
such that

loglog3D)
5 si=0 Y o HEEBESDR)
n<x n<z IOg :L’) HL

(n,D)=1

uniformly for x > 2 for odd integers D. If, in addition, the condition (11) is
satisfied then (28) holds for even integers as well. For real-valued g we may
set T =0.

The following lemma is a special case of a theorem of Wolke [WOLJ.

LEMMA 6.3 ([WOLL Theorem 1]). Let g be as above and suppose g is a
good function. Then for given any A > 0 there is a corresponding A1 > 0,
possibly depending on g, such that for x > 2 and @ = xl/Q(log x)~A ) we

have
1 T
> - g X a)| <

n<u (lOg [E)A
n=l(d) (n,d)=1

If =7 € N or 7 =0 then

E maxmax
u x

d<Q

max max
(Ld)=1 u<e

d<Q

> g(n)‘<< -

n<u (IOg x)A
n=l(d)

The following lemma is a two-dimensional version of the standard Cauchy—
Schwarz inequality:

LEMMA 6.4. If z;, ), and cj, are non-negative real numbers, then
1/2 1/2
S wgme < (3D adaden) (32 )
J<y k<y J<y k<y J<y k<y
Proof. By applying the Cauchy—Schwarz inequality, we have

/ /
Zijxkcjk < Z(Z :U?:vicjk>1 2(2 Cjk)l 2 _ Zajbj-
J<y

J<y k<y J<y k<y k<y
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Again by applying the Cauchy—Schwarz inequality, we have

1/2 1/2 1/2 1/2
Za]b <<Z ) (Z ) (wakcjk) (Z cjk> ..
J<y Jk<y
Proof of Theorem 3.3. Set
2 )+
R(r,z) = H {1——1—( )Zgl g2 )}
r<p<z p
It is easy to see that |R(r,z)| < 1. Therefore,
1
My (g1, g2, 1) = R(r, 95); Z gir(n+3)g2r(n+ 2)p(n + 1)
n<x
1 * *
+— > gir(n+3)gar(n+ 2)u(n +1) (g7, (n + 3)g5,(n + 2) — R(r,)).

n<x

So,

2
1 1 * .
‘M:;(917927:u)| < ;‘M:;(ghﬂgzrau)’ + ; Z’HQJT(TL +4 - j) - R(TV/E)‘

n<lz j=1
=:T1 + Ts.

Estimation of T1. We have

S g+ 3)gn+2un+1) =5 ST N h(di)hor(do)u(n + 1)

n<x n<z di|n+3 da|n+2
Z hir(d1)har(d2) Z p(n) = Z hir(d2)har(d2) Z pu(n)
di1<z+3 2<n<z+1 di1<x+3 2<n<z+1
do<z+2 di|n+2 do<z+2 n=v (d1d2)
da|n+1 (d1,d2)=1
2 2 2
PN | ECHRD SERTORD DD BN | LACHRD DRNTOl
di1<y j=1 2<n<z+1 k=1d;<z+4—j j=1 2<n<z+1
da<y n=v (d1d2) j=1,2 n=v (d1d2)
(d1,d2)=1 dk>y
(d1,d2)=1
where v is the unique solution of the system of linear congruence n = —2

(mod di), n = —1 (mod d2),0 < v < djds — 1 and y := log z. So,
T < Y hr(d)har(da)l| Y0 ()]

dj §y QSHSCE-‘F].
j=1,2 n=v (d1d2)

2
‘|‘Z Z ‘hlr(dl)hQT(d2)|<d d + > =: T11 +T12.

k=1d;<z+4—j
j=1,2
di>y
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From Lemma 6.1, we have

1 9% (n—wv)l
Z p(n) = Z 'u(n)ahdgge)(p< d1ds )

n<x+1 n<x+1

n=v (d1dz)
Qe —vl nl z
d1d2 Ze p<d1d2> 2 wln) eXp<d1d2> < log o)k

n<x+1

So,
T <

X
—_— hi(d1)her(d
Y > har(dr)hop(da)|

( ) d1,d2<y

x /A |har(d1)hor(d2)] x .
f K > 5.

log:): Z d3d3 < log x ' -

di,da=1
Now from the two estimates

— | (d;)] — [Rjr (p™)] 2
@) > e =+ 2 =5 ) <+ o

dj=1

J p<r p<r

1 rl-o
— | <
1) (el )
and

(30) > W < exp (03 > ;) < (logr)™
d;=1 4

p<r

< exp <01

we obtain

T12 < Z |h1r(d1)h2r(d2)‘ + Z |h1r(d1)hgr(d2)‘

dids

d; <x+4 —J dj<z+4—j
=1,2 j=12
dk>y dk>y

o

< xy T exp <CQ ! > (logr)“* + (
logr

rY —a
< xy Texpl| cs + 2% exp 202
logr logr

Taking 1 — o =y = 2/3, we have

2/3 2/3
T19 < xy72/3 exp <05 1) + 223 exp <202 > .
ogr log r

3/2

Setting r = (loglog x) we obtain

_ X
T2 < e (loga:)l/6 +zz B log )b « log )12

So T1 = o(1) as x — oo.
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Estimation of T>. Here we closely follow the method of R. Warlimont
[WAR]. Now, let

Ne={n<z[Fe{l,2} p>r>p™n+4-j |1 -g;(p™) >1/2}.
Decompose Ts as

1 * *
o= 2 3 lin(n o+ 300+ 2) = Al
n s

1 * *
+ - Z 91, (n + 3)g5,(n +2) — R(r,z)| =: T5 + T5.
T
n¢ Ny
Now,
1< T+4—j
L) . — —h-gw |2+ZZZ
=1 r<p<z+4—j p j=1p>r m>2
< Sy(r,x) + (rlogr)~t.
From (26) and (27), we have

2
TGS%ZZ > (9 Zg] _1‘
Jj=1nlz'p™|n+4—j p"<z
p>r p>7’
+% > Z G =1 105 Rr,) O(i Yoo g™ - 1!2>

p <z j=1 n<x pm||n+4fj
p>r 7=1,2,p>r

=Ty + T3 + Ts.

Now by the Cauchy—Schwarz inequality and the Turdn—Kubilius inequality
[ELLI, Lemma 4.4], we have

2 A2 1 2 o\ 1/2
n<(X X lwem-17) o< (X X s -1P)

j=1 pmgx>+4—j J=1r<p<lz+4—j
p>r
1\/? 1
H(Z5) + 1€ Gl + rlogn) Ve
p>r

Now similar to estimation of Ego, we have

Z Z 9;(") =1 —log R(r, )

r<p<z j=1

Ty < — {Z Z W} < Sy(r,x) + (rlogr)~t.

J=1p"<x+4—j
p>r

1
< Z — < (rlogr)~,
p>r

Ty <
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Combining the above calculations yields
Ty < (rlogr) ™2 4 (Sy(r, )Y/ + 271,

By the above choice of 7 and from (10) we have T = o(1) as * — oo,
completing the proof of Theorem 3.3.

Proof of Theorem 3.4. We set

R := M (g1, 92,93) — Mx(g3) P3(r, )Q-(r)
= P3(Ta l')(M:;(glra 92r, 93) - Mx(QZS)QT(T))

25 g+ 3)g2e (1 Dga 0+ 1) (g5, + 3)g5, (n-+2) — Pofr, ).

n<x

It is easy to see that |Ps(r,x)| < 1. Therefore
R < |M9,c(gl7‘7927’7 93) - Mx(gfﬂ)QT(T)‘

1 * * .
T2 Z l91,(n +3)g3,(n +2) — Ps(r,z)| =: Uy + Us.

n<x

Estimation of U;. We have

M, (917, g2r, 93) = éz > > hae(dy)har(d2)gs(n + 1)

n<lz di \n+3 d2|n+2

zé S hd) Y hald) Y gsln)

di1<z+3 do<z+2 2<n<z+1

(d1,d2)=1 n=v (d1dz)
1
== > huld)ha(d) Y gs(n)
d;j<y 2<n<z+1
j=1,2 n=v (di1dz)

(d1,d2)=1

2
1 T
— hir(d1)hor(d ——+1) =Py, ,
+xZ > .1(1)2(2)(d1d2+) 5+ Ut
k:1dj§x+4—j

7j=1,2
di>y

where v is the unique solution of the system n = —2 (mod d;),n = —1
(mod dy) and y := z'/*(log z)~#/2 with 8 > 0.
From (29) and (30), for 0 < «,y < 1, we have

- r 1-2a re
U <y Vexpl cg +x exp| 2¢o
log r log r

¥ a
< x_7/4(log x)75/2 exp| cg ! + 2172 exp| 2¢9 4
logr logr
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and

> hddhdol) 3 gg<n>+0<i2|hjr<dj>')

d1 <y da <y n<xz d;<y

(d1,d2)= (n,didz)=1 §=1,2
1 1
+0| - hir(d1)hoy(d n)— — n
(3 X @@l X o gam X )
Y nsx n<x
j:1,2 n=v (dldz) (n dldg)z

=: P3; + U2 + Uss.
By Lemmas 6.3 and 6.4, we have

Uz < i(Z > ga(n) - gi)?l) > gs(n)

I<y?’ n<z n<lz
n,l)=

>1/2
n=v (1) (n,

1
Z 93(")‘@ nZ: g3(n)

n<x

1

. <Z |har(dy)[?|hor(d2)|?

d;i<y

7=1,2 n=v (d1d2) (n,d1 2)=1
1 <Z|h1r<d1>\2|h2r<d2>|2>1/2
(1Og$)A/2 ¢(d1)p(d2) '
j= 12
Observe that I )|2
h(d 1
< exp(c > < (logr)e®
dzgy o(d) 7% (logr)
Hence a Jes
ogr)°©
U
> (log )72

Now from (29) we get
2(l—a) © @
y |har(d1)hor(d2)| —1(1+4a) _B(1-a) 2co1
U E 1 .
12 < ro i difad;a o (log z) P logr
j=1,2

Using Lemma 6.2, we obtain

Py = — Z > ]wldﬁz (didz) Y gs(n)

d1 <y d2 <y n<x
(d1 d2) 1

‘hlr(dl)hQT(dgﬂ (]0g]0g3d1d2)2)

0 — P+ U

: ( dz;y ¢(d1)p(dz) (log x)1/19 4r +U14
j:12
(d1,d2)=




82 P. Darbar

Now,
hir(d1)har(d2) 2 i (di)hoy(ds)
arl@1)on\2) o 130, (dy) = Ppld)har(d2) g
d1%:<y o(d1)o(dz) (d1)0-(d2) dl%:l o(d1)o(ds) (d1)0-(d2)
(d1.d2)=1 (d1,d2)=1
(Z Z hl(; Zi h27" d2)9 (dl)gT(dZ)) = P57' + U15'
k=1 d T%
dk>y

Now from the two estimates

S O] (5 L)

d>y p<r

<<x_(l_a)/4(log:c)ﬁ(1_a)/2exp<clo ! >

log r

and

.- ’h]T(d)GT(d)‘ exp| ¢ 1 oo 7)€12
> <o) < s

p<r

We deduce that
Ups < =17/ 4 (1og 2)80=9)/2 exp <013 4 >,

g( +Z (ha(p +f(bz29() ))9T1(()§’:)>
:11(1_2; Zgl +92 )>:Q7(r).

Observe that

i |hjr(d)|loglog d _ H(l N Z |hjr (™ |aloglogp>
o(d)

d=1 p<r
2p log log p loglog p
<JI{1+ =" ) <exp(eu )y ——=
p<r ) p<r p

< exp(ci5(loglogr)?).
Hence
exp(2ci5(loglogr)?)
(log x)1/19
Using the same method as in estimation of 15, we obtain

Uy < (So(r,2)) /% + (rlogr)~Y/2.

Uiy <
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Combining these results gives

2
R« (x*7/4(log )78 4 (@~ (1og x)*@(lfa)/Q) exp <016 r )

log r

re n (logr)es

log r (log z)A/2

4z~ (H)/2(1og 1)#1=2) exp<018 r >
logr

exp(2ci5(loglog r)?) 1/2
(logx)l/lg + (SQ(T,.T))

By choosing o =+, we get the conclusion of Theorem 3.4.

+ x1—2o¢

exp <Cl7

-1/2.

+ (rlogr)

7. Proof of Theorem 3.6. Set

Now,

Zgl (n+3)u(n+2)u(n+ 1) :T(r,x)Zglr(n+3)u(n+2)u(n+1)

n<z n<lx

+> gir(n+3)p(n + 2)p(n +1)(gi,(n + 3) — T(r, z)).

n<x
It is easy to see that |T'(r,x)| < 1. Therefore,

> g1+ 3+ 2o+ 1] < |37 gurln+ 3t + 2)pn + 1)

n<x n<x

+ Z lg1,(n+3) = T(r,z)| =: Vi + Va.

n<x

Estimation of V1. We have

Vi= >3 hldutn+2un+ 1)

n<z d|n+3
SRR u<n+2>u<n+1>\
d<y n<z
n=-3(d)
| Y @ Y a2+ )| = Vi + Vs,
y<d<z+3 n<lz

n=—3(d)
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where y := log z. Under Assumption 3.5, we have

Z w(n+2)u Z,un+2 (n+1)= Zexp(

”)

n<x n<z
n=-3(d)
nl T
2)u 1 —
dZexp< );un—i- n + )eXp<d)<<(log:U)A
By choosing A = 3 we get
|h1r xr
hiy .
Vi g X ] 3 Pl o

Now using (29), for 0 < a < 1, we have

Vig < Z |h1r(d)(2+1><<(:x+3)zml’;d)’

y<d<z+3 d>y
x + 3 Z |h17“ < r®
— X .
dl—« P logr

By taking r = (loglog 33)1/“, we see that

a2 _ T
(log 2)°/2

Vie < xy™ Yy

So as x — oo we have V| = o(x).
From a similar calculation to that in the estimation of 15, we have

112\ 1/2
‘/2<<37(7”10g7’)_1/2+$< Z ‘gl(p) 1| ) )

r<p<z+3 p

From (12) and 7 = (loglogz)'/® we conclude that Vi = o(z) as z — oo,
which completes the proof of Theorem.

8. Proofs of corollaries

Proof of Corollary 4.1. We need the following lemma:

LeEmMA 8.1 ([TEN]). Let {un}22, and {v,}52 be two complex sequences
such that

[o.¢]
> (lunl® + [va]) < o0.
n=1

Then

o0

o
H (14 up, + vy,) converges if and only if Z Uy CONVETJES.

n=1 n=1
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Since |g;(p) — 1|> < 2(1 — R(gj(p))), from (5) we have

(31) 3 W .

So by setting r = log x, the error term in Theorem 3.1 is o(1) as z — oc.
Now the infinite product Hp wp can be written as

l;lwp _MQpr_w2H{1+ 91(P)+92(P]))+93(P) —3 "‘O(])lg)}

p>2 p

From (5) and Lemma 8.1 we can see that the above infinite product is
convergent. Hence, by Theorem 3.1, the corollary is proved.

Proof of Corollary 4.2. We need Lemma 8.1 and the following lemma:

LEMMA 8.2 ([KAT) Lemma 6]). Let F(n) be a polynomial as above of
degree v > 2. Then

card{n <z : F(n) =0 (mod p* 1), y1 < p < 00} = o()
when y1 = y1(x) tends to infinity as x — 0.

Since |g;(p) — 1|*> < 2(1 — R(g;(p))), from (13) we have

(1) — 1120,
(3 Zlg](p) pl 0j(p) <oo, =123
p

From (13) and Lemma 8.1, we find that Pj(y) and P»(v) are convergent.
From Lemma 8.2, it is easy to see that as p — oo,

(33) (1—gj(p" ))o;(7 1) =0, j=1,2,3.

So by setting r = log z and from (14), (32), (33), the error term in Theorem
3.2'is o(1) as * — oo. Hence, by Theorem 3.2, the corollary is proved.

Proof of Corollary 4.3. It is easy to see that ¢(n)/o(n) and ¢(n)/n
are close to 1. The remainder terms for both sums are estimated from the
remainder term of Theorem 3.1 by choosing

. 1 24 ¢
—l—a= il
I5; « m1n<2k, 3
for sufficiently small c19,co9 > 0. Hence, by Theorem 3.1, the corollary is
proved.

) and r = cg0(log z loglog )5,

Proof of Corollaries 4.4 and 4.5. Since ¢(n)/n and ¢(n)/o(n) are
close to 1, by applying Theorems 3.3 and 3.6 we get Corollaries 4.4 and 4.5
respectively.
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Proof of Corollary 4.6. We need the following lemma:

LEMMA 8.3. Let p be an odd prime and (a,p) = 1. Then the equation
22 = a (mod p*) has exactly two solutions if a is a quadratic residue of p,
and no solution if a is quadratic nonresidue of p. Further, if a is odd, then the

congruence 2 = a (mod 2) is always solvable and has exactly one solution.

We see that by Lemma 8.3, as p — oo,

(34)
zp: (9;(p) —pl)gj(p) _ Zp: (p_il) <00, (gi(p) ~)ej(p) = p_+21 =0

= 60m)/o(n),§ = 1,2,3, and
) Y WWDE S22 e (g0 - D) = = 0,

p p
p P
where gj(n) = ¢(n)/n,j = 1,2,3. The remainder terms for both sums are

estimated from the remainder term of Theorem 3.2 by choosing
1/a

where g;(n)

a=(5+c9)/6 and 1 = co(logxloglogx)
for sufficiently small co1,co0 > 0. Hence, by Theorem 3.2, the corollary is
proved.

Proof of Corollary 4.7. We need the following lemma:

LEMMA 8.4 ([TEN]). Let {F,}>2 be a sequence of distribution functions
and {pn}o2, the corresponding sequence of characteristic functions. Then
F,, converges weekly to a distribution function F' if and only if ¢, converges
pointwise on R to a function ¢ which is continuous at 0. In addition, in this
case, ¢ is the characteristic function of F' and the convergence of ¢, to ¢ is
uniform on any compact subset.

The characteristic function of the distribution (19) equals

(36) [xl] S exp(it(fi(n +3) + faln +2) + fa(n +1))).
Since -
Zzexp 216]”J —tz Z fj
P il =118 )<t

3 2

+O(Z(t2 > L), > 1>>
=N ekt P e

from the convergence of the series (16)—(18) and from Lemma 8.1 we infer

that the infinite product (20) converges for every t. This product is contin-

uous at ¢ = 0 because it converges uniformly for |t| < T where T > 0 is

arbitrary.
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Since for j = 1,2, 3,

3 |exp(itfj(p)) — 1|7 <2 Y [fi(p)]? > },
P P o<t P e ?
from the convergence of (16) and (17) it follows that S(r,z) — 0 asr,x — oo.
Choosing 7 = logz in our Theorem 3.1 we see that the remainder term
vanishes as  — oco. Thus the characteristic function (36) has limit (20) for
every real ¢, and this limit is continuous at t = 0. Therefore, by Lemma 8.4,
the corollary is proved.

Proof of Corollary 4.8. We will use Lemmas 8.1 and 8.4. The char-
acteristic function of the distribution (25) equals

(37) Zexp (it(f1(Fr(n)) + fa(Fa(n)) + f3(F3(n))).
Since
(exp ztfj ~Dei(p) _ % fi(p)e; (p)
zp:; ;Uj%:lél p
> f3(p)e; 0;(
+o(r) Z Ll >y vF
( =neis P ) <J1f T >

from the convergence of the series (2 ) (23) and from Lemma 8.1 we deduce
that Pj(vy) and Py(y) are convergent for every real ¢. Further, the infinite
product Pj(v)Pa(7) is continuous at t = 0 because it converges uniformly
for |t| < T where T > 0 is arbitrary.

Since for j =1, 2, 3,

Z|QXP(itfj(P))_1|2Qj(p)<<t2 3 |£i(p)|? 05(p)
P s P

(
from the convergence of (21) and (22) it follows that Sy(r,z),T(z) — 0 as
T, T — 00.
Now from (24) and Lemma 8.2 it is easy to see that

+
]
S
S

(exp(itf;(p™) — 1)o; (™)) =0 asp—oo,m<wv;,j=1,2,3.
Then 1C(r,2) — 0 as r,2 — oco. Choosing 7 = logz in our Theorem 3.2
we see that the remainder term vanishes as x — co.
Thus the characteristic function (37) has limit Pj(vy)P(y) for every
real ¢, and this limit is continuous at ¢ = 0.
Therefore, by Lemma 8.4, the corollary is proved.

Acknowledgements. 1 would like to express my appreciation to my
thesis supervisor Anirban Mukhopadhyay for his valuable and constructive



88

P. Darbar

suggestions during the planning and development of this paper. I thank
Gediminas Stepanauskas for providing me with preprints of [SIA], [ST3]

and [ST4].
References

[DAV] H. Davenport, On some infinite series involving arithmetical functions (II),
Quart. J. Math. 8 (1937), 313-320.

[ELL1] P.D. T. A. Elliott, Probabilistic Number Theory I, Springer, 1979.

[ELL2] P. D. T. A. Elliott, Extrapolating the mean-values of multiplicative functions,
Indag. Math. 51 (1989), 409-420.

[ERD] P. Erdés, On the sum »_;_, d(f(k)), J. London Math. Soc. 27 (1952), 7-15.

[KAT] 1. Kdtai, On the distribution of arithmetical functions, Acta Math. Acad. Sci.
Hungar. 20 (1969), 60-87.

[KL] O. Klurman, Correlations of multiplicative functions and applications, larXiv:
1603.08453v1 (2016).

[SIA] J. Siaulys and G. Stepanauskas, On the mean value of the product of multiplica-
tive functions with shifted argument, Monatsh. Math. 150 (2007), 343-351.

[ST1] G. Stepanauskas, The mean values of multiplicative functions I, Ann. Univ. Sci.
Budapest. Sect. Comput. 18 (1999), 175-186.

[ST2] G. Stepanauskas, The mean values of multiplicative functions II, Lithuanian
Math. J. 37 (1997), 443-451.

[ST3] G. Stepanauskas, A note on the Liouville function, in: Paul Erd6s and his Math-
ematics (Budapest, 1999), Janos Bolyai Math. Soc., Budapest, 1999, 245-248.

[ST4] G. Stepanauskas, The mean values of multiplicative functions I1I, in: New Trends
in Probability and Statistics, Vol. 4, VSP, Utrecht, 1997, 371-387.

[TAN] M. Tanaka, On the number of prime factors of integers, Japan. J. Math. 25
(1955), 1-20.

[TEN] G. Tenenbaum, Introduction to Analytic and Probabilistic Number Theory, Cam-
bridge Univ. Press, 1995.

[WAR] R. Warlimont, On multiplicative functions of absolute value < 1, Math. Nachr.
152 (1991), 113-120.

[WOL] D.Wolke, Uber die mittlere Verteilung der Werte zahlentheoretischer Funktionen

auf Restklassen. I, Math. Ann. 202 (1973), 1-25.

Pranendu Darbar

Institute of Mathematical Sciences
CIT Campus, Taramani

Chennai 600113, India

and

Homi Bhabha National Institute
Training School Complex
Anushakti Nagar

Mumbai 400094, India

E-mail: dpranendu@imsc.res.in


http://arxiv.org/abs/1603.08453v1
http://arxiv.org/abs/1603.08453v1
http://dx.doi.org/10.1007/s00605-006-0411-y
http://dx.doi.org/10.1007/BF02465584
http://dx.doi.org/10.1002/mana.19911520111
http://dx.doi.org/10.1007/BF01351202

	1 Introduction
	2 Notation
	3 Statements of theorems
	4 Corollaries
	5 Proof of Theorem 3.2
	6 Proofs of Theorems 3.3 and 3.4
	7 Proof of Theorem 3.6
	8 Proofs of corollaries
	References

