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Essential norm of generalized composition operators on
Zygmund type spaces and Bloch type spaces

JuNTAO DU (Taipa), SONGXIAO L1 (Taipa) and
YANHUA ZHANG (Qufu)

Abstract. The essential norm of generalized composition operators on Zygmund type
spaces and Bloch type spaces with normal weight is investigated.

1. Introduction. Let k be a positive continuous function on [0,1). It
is called normal if there exist numbers 0 < a < b and 0 € [0,1) such that
(see [SWI)

(1.1) _klr) is decreasing on [9,1) and lim k() =0;
(1_,,~)a r—1 (1—7“)“
(r) . . : o k(r)
(1.2) A= is increasing on [§,1) and }gﬁ A—rp

Let D be the open unit disk in the complex plane C and H (D) the space
of all analytic functions on D. Let w be normal on [0, 1). A function f € H(D)
is said to belong to the Bloch type space B, if

1fll5. = |£(0)] +supw(|z])|f'(2)] < co.
zeD

It is easy to see that B, is a Banach space with the norm | - ||g,. When
w(t) = 1 —t% we get the Bloch space, denoted by B = B(D). See [Z2] for
more information on Bloch type spaces.

Suppose p is normal on [0, 1). The Zygmund type space Z, is the space
of all f € H(D) such that

£z, = 1F(O)]+[(0)] +§lelgu(!Z!)|f”(z)\ < 00
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It is also easy to see that 2}, is a Banach space with the norm || - || z,. When
u(t) =1 — 2, we get the Zygmund space (see [D, [LS]).

The weighted space H;° = H°(D) is the space of all f € H(D) such
that

£l = sup p(|z]) | f(2)] < oo.
z€D

H* is a Banach space with the norm || - [|gge (see [M2]).

Throughout the paper, S(D) denotes the set of all analytic self-maps
of . Associated with ¢ € S(ID) is the composition operator C,,, which is
defined by

(Cof)(2) = f(p(2), feHD).
We refer to the books [CM| [Z2] for the theory of composition operators.
Composition operators mapping into the Bloch space on D were studied in
[HEW], MM, [T, WZZ., Z1]. The essential norm of composition operators on the
Bloch space was studied in [HL, MCZ, M7, M1, Z1]. See [CKS| HY! [LE, LS2]
for the study of composition operators mapping into the Zygmund space.

Motivated by the fact that weighted composition operators naturally
come from isometries of some function spaces, for ¢ € S(D) and g € H(D),
Li and Stevi¢ in [LS2] defined a generalized composition operator, denoted
by C%, as follows:

z
CLf(z) =\ F(p(€)g(&)ds, fe HD), zeD.
0
They characterized the boundedness and compactness of C% on the Zyg-
mund space and the Bloch space. See [L, ST} [S2, YM|, Z3, [Z4] for a further
study of the operator C% and its generalizations.

Du and Zhu [DZ] investigated the boundedness and compactness of C%
on Zygmund type spaces and Bloch type spaces with normal weight. In
this paper, motivated by [DZ, [LS2], we investigate the essential norm of C
acting on such spaces.

Suppose X, Y are Banach spaces. Recall that the essential norm of C% :
X — Y, denoted by ||C%|lc.x—y, is defined by

I3

In this paper, constants are denoted by C, they are positive and may
differ from one occurrence to the next. We write A < B if there exists a
constant C' such that A < C'B. The symbol A ~ B means that A < B < A.

le,x—y = inf{||CY — K[| x~y : K is a compact operator from X to Y'}.

2. Auxiliary results. In this section, we give some auxiliary results
which will be used in proving the main results of this paper. They are
incorporated in the lemmas below.
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LemMA 2.1 ([H]). Suppose that p(t) is normal on [0,1). Then there ex-
ists ps € H(D) such that

(i) for any t € [0,1), u(t) € RT, and u(t) is increasing on [0,1);
(i) for any = € D, [je(2)] < ia(|2]), and

<n
inf p()p(t) >0,  supp(|z])|p(2)] < occ.
telo,1) z€D

In the rest of this paper, we will always use us to denote the analytic
function related to p as in Lemma [2.1

LEMMA 2.2 ([DZ]). Suppose that p is normal on [0,1). Then the follow-
ing statements hold.

(i) There exists a & € (0,1) such that p is decreasing on [d,1) and
(ii) For allaw>1 and € (0,1), whent € (0,1) and s € (B,1),

MUV S S SR U
ult) =t~ oy Y oy )y
(iii) For any z € D,
z |2|
Hu*(n) dn’ < p(t) dt.
0 0

If Inl < [2l, then p(|z])|p«(n)] < C.

LEMMA 2.3 ([ZX]). Suppose that p is normal on [0,1). Then for every
fez,
2
f(z <<1+ dt)fg’, z € D.
< (1 et
LeEMMA 2.4 ([ZX]). Suppose p is normal on [0,1) and

c1
S ——dt < 0.
o k()
If {fn} is bounded in B,, and converges to 0 uniformly on compact subsets
of D, then
lim sup|fn(2)| = 0.
n—oo zeD
The relationship between Zygmund type spaces and Bloch type spaces
is well known—see [DZ], for example.

LEMMA 2.5 ([DZ]). Suppose that w is normal on [0,1). Let py(t) =
(1 —t)u(t). Then:
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(i) g4 is normal on [0,1), and
£
1
lim S
zl=1 5 s (2)
(ii) By = Zyu, and ||f|lB, = |fllz,., for any f € By.

To study compactness, we need the following lemma, which can be de-
duced from [T, Lemma 2.10].

dt = 0.

LEMMA 2.6. Suppose that w, u are normal on [0,1). Suppose that a linear
operator T : By, (or Z,,) — B, (or Z,) is bounded. Then T is compact if
and only if whenever {f,} is bounded in B, (or 2,) and f, — 0 uniformly
on compact subsets of D,

lim ||Tfnll, =0 (or lim ||Tf,] 2, =0).
n—oo n—oo

REMARK 2.7. Assume that sup,cp|¢(2)] < 1 and C§ : B, (or 2,) —
B, (or %) is bounded. Then it is automatically compact. In fact, suppose
{fn} is bounded in B, (or Z,) and f,, — 0 uniformly on compact subsets
of D. Since z, 2% € B,N %, and C% : B, (or 2,)) — Z, is bounded, we have

supw(|z])]g’(2)] < oo, supw(|z])|¢’(2)g(2)] < oc.

z€D z€eD

Since
ICE full 2, < supw(|2])lg’(2)|sup | £, ((2))]
z€D z€D
+supw(|2])|¢(2)g(2)] sup | £, (¢(2))];
zeD z€D
by Cauchy’s estimate and Lemma we see that CF : By, (resp. 2},) — Z,

is compact. Similarly, we see that CJ : B,, (resp. Z,,) — B,, is compact.

REMARK 2.8. Let p € (0,1). For all f € H(D), let f, = f(pz). Since

1
1folls, < WfllB.  (Ifollz, < [Ifllz,) and CLf= ;ngfp:

we see that Cj, : B, (or Z,) — B, (or Z,) is bounded when CY :
B, (or 2,) — B, (or Z,) is bounded. By Remark we see that CF, :
B, (or Z,) — By, (or Z,) is compact when C% : B, (or Z,,) — B, (or Z,)
is bounded.

3. Main results. Suppose p is normal on [0, 1). Set p4(t) = (1 —¢)u(t).

THEOREM 3.1. Suppose w, i are normal on [0,1), g € H(D), and ¢ €
S(D) with sup,cp |p(2)| = 1. Suppose C% : %, — %, is bounded. Then the
following statements hold.
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(i) If S(l) ﬁdt < 00, then

w(]zDl¢'(2)g(2)]
|¢(z)|—>1 w(le(2)]) '

(ii) If S(l) ﬁ dt = oo, then

le(2)]

: w(|z])]¥’(2)g(2)]
CYl. -~ limsupw(|z|)|g ——dt + limsup .
1G5 e, 252 p(2)| =1 (1zD1'(2) (S) pu(t) wz)—1  H(le(2)])

Proof. Since C$ : 2, — %, is bounded and z, 2% e Z,,, we have
(3.1) supw(|2|)]g’(2)] < oo, supw(|2])|¢'(2)g(2)| < oc.
z€eD z€D

Let s € (0,1),p, =1 —
compact. Since

%H’ n € N. By Remark Chp: % — 2, is

1Clle, 2,2, SNCE—CF ol 2z, = sup [[(CF = CF ) fll .,

Hfllgug

we have

(3.2) 1Clle, 2,2, < sup  sup (Inf(2) + Jnf(2))
1112, <1 leo(=)|<s

+ sup sup (Inf(2) + Jn f(2));
£, <1 (=) [>s

where

Ls(2) = w(DIg ) (9(2)) = £ ()],

In,1(2) = w([2)]@'(2)g(2)[ [/ (0(2)) = puf" (Pnp(2))]-
Suppose || f|lz, < 1. By the triangle inequality, we have

w(lzDl#'(2)9()|

33 R 52 M T e
By the Maximum Modulus Principle and
v(2)
(3.4) () = Foae@ = | | 1)
pnp(2)
we have
w(]z)lg'(2)]
S A S T (Z e
lo(2)]
(3.6) sup I r(2) < sup w(|z])|d'(2)] S —dt
lo(2)[>s lp(=)[>s ol PO

and
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lp(2)]
1

(3.7) sup I p(z) 2 sup w(lz)lg'(2)] | —dt.

lo(2) > o(2)[>s o )
When |n] < s, by Cauchy’s estimate we have

2 2

3.8 Vi < max 1) < max |f"(¢
38 1l 1—[n| lﬁ—nIS(l—ln\)/2| ©l < — 8 |el=(1+5)/2 7

2||.f1] 2,
— (1 _ S),U,(H_S)
So when [p(z)| < s, we have

1"(p(2)) = puf" (pnp( )] < [f"(0(2) = f" (pnp(2))]
+ 1" (pnp(2)) = puf" (pusp(2))]
o) " 2(1 - pn)
<| § sl Be
2(1 = pn) 2(1 = py)
= W= on(@) " wloalp@N)
Therefore,
(3.9) sup Jp r(2)
lp(2)|<s

WDl ()9, w(\ZI)\@’(Z)Q(Z)!)

=2 _p")<|w?3>F<s (1 —on() e menle())

Let n — oo and s — 1. By ({3.1] , -,and ),Wehave

/
lim lim  sup  sup J,f(2) < limsup w(|z])le (Z)Q(Z)|’
SN0 | £l o, <1 [ip(2)[>5 x)—1  H(e(2)])

lim lim  sup  sup I, (z) =0,
SN0 £l 9, <1 lip(2) <

lim lim sup  sup Jpy(2) =0.
SN0 £ 0, <1 [p(2)|<s

By (3.2 , we get

(3.10)
/
1CSle, 2,2, S lim lim  sup  sup Iy ¢(2) + lim sup w(lzDle (z)g(z)|.
Hl”%wufn%suw(zn» o)1 He()])
i) Suppose VLt < . By 3.1, 3.6 and (3.10)), we have
0 u(t)
w([zDl¢'(2)g(2)|
|Cle,2,— 2, S limsup )
plleZ p(2)|—1 (le(2)])
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Next we prove that

(Dl ()e(2)]
Colle,#,— 2z, 2 limsup .
1€ e, 220, 2 Himsup =2 0 2

Assume {z,} C D with lim,_, |¢(2)] = 1. Let a, = ¢(z,) and

anzt

ru(2) = pllanl) § §1i(n) dndt.
00

Then {r,} is bounded in %, and r, — 0 uniformly on compact subsets of
D. If K : 2, — £, is compact, by Lemmas and we have

(3.11) lim sup|r},(z)] =0, | Krnl|l2, = 0.
n— D

lim
o0 z€ n—oo

Therefore, by (3.1)), (3.11)) and Lemma we have

1CF — Kl 2,— 2.
¥ I3

2 limsup [|Crp| 2, — lim [|[Kry 2, > limsupw(|za])|(CEra)” (20)]
n—00 n—oo n—00
" /

> tim sup (|2 )¢/ (20)g(2n)rs(p(zn))| — i wo(lzn)lg' (207 (0(z0)|

i ezl )
~limeup = oten))

which implies the desired result.

bl

(ii) Suppose S(l] ﬁ dt = co. By 1) 1) and (3.10]), we have
lp(2)]
, 1 : w(]z)|¢'(2)g(2)]
1C9 e, 2,2, S limsupw(|z])|g'(2)] dt + lim sup .
pleZn lp(2)—1 (S) p(t) o) -1 H(le(2)])
Next we prove that
le(2)]
. 1 : w(]z)|¢'(2)g(2)]
1CElle, 2,2, 2 limsupw(|z])]g’(2)] —~ dt + limsup :
pheZe o ()| =1 § pu(t) wx)—-1 o))

Assume {z,} C D with lim,_ |¢(2)| = 1. Let a,, = ¢(z,,) and

k’n(Z) _ 3pn,0(2) - 2pn,1(2) (Z . pn,o(z) — pn’l(z)

flanl i () dip flonl i, () dip

i

where
@z 277 /|an|?™

Pnr(2) = S ( S (1) dn)2 dt, 7=0,1.
0 0
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A calculation shows that

(@n2)**7/lan|?"

Ppr(2) = @( | i () d77>2,

0
= \24+T 27
y 22 + 1) TAT ([ (ae)2r
Pnr(2) = 5 . 5 (1) dny.
|an| |an 0
When 7 = 0 or 1, we have [@,2""/|an|*"| < |an|- By Lemma
|anz\
P (2)] < 6palanz]) | pa(m) dn.
0
If0<r <1, forall |z] <7 we get
lanr| 277 /|an |7 9 lant| lanr| 9
por@ < § | ) wean[ ae< § (] sup lu(n)ldn) at
0 0 0 o Inl<r

< p(r).
By Lemma {kn} and {g,} are bounded in £, and converge to 0 uni-
formly on compact subsets of D. Since

anf? ,
piw(an)=%( | () dn) ,
0
|‘1n|4
P (am) = 22 + a2l P (anl®) | sia(n) i,
0
by Lemmas [2.1] and 2.2] we obtain
fanl 1
K ~ | ——dt, K@) =0, d-(an)=0, |q"(an)~ .

Suppose that K : 2, — 2, is compact. By Lemma we have
lim [[Kknllz, =0, lim [[Kgn|l2, = 0.
n—00 n—0o0
So, from the fact that
(3.12) 1C% — Kll 2,2, 2 (C} — K)knl| 2,
> w(|za)(CTkn)" ()| — | K kn |l 2,
we deduce that

lo(2n)]
. 1
(3.13) 1CY — Kl 2,2, 2 limsupw(|za|)|g(2n)] S —— dt.
n—00 0 pu(t)
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Similarly to (3.12) and (3.13]), by using {g,} we find that
. w(|2n )¢’ (2n)g(zn)]
3.14 CI — K| #,—2, 2 limsup .
GAD G = Kl RER ea)
From (3.13)) and (3.14)), we get the desired result. =

THEOREM 3.2. Suppose w, i are normal on [0,1), g € H(D), and ¢ €
S(D) with sup,ep |¢(2)| = 1. Suppose C3 = Z,, — By, is bounded. Then the
following statements hold.

(i) If 8[1) ﬁdt < 00, then

HC{%”QQ‘L_}BL‘J = 0
(ii) If 8[1) ﬁ dt = oo, then

le(2)]
B, ~ limsupw(|z])|g(2) S
le(z)|—1 0
N (2D l¢ (g 2)]
~ limsup w4 (|2])]|d (2 S — t+hmsup s .
o ()| =1 o 1t e mlle(z))

Proof. (i) When S(lj (@ dt < oo, by [DZ} Theorem we see that CJ :
%, — B, is compact. So [|C%]le,,—5, = 0.

(ii) When SO (lt) dt = oo, by Theorem and Lemma [2.5| we have
| (2)] /
1
1Cle, 2,8, =limsup wy (|2])|g (2 S — dt—|—hmsup wi(lz)le (z)g(z)|
lo(2)|—1 o H(t) wz)—1  Hlle2)])
Hence, we only need to prove that
l(2)]
1Clle.2,,~B., = limsupw(|z])g(2)] | — di.
T )t (S) p(t)

Since CY : Z,, — B,, is bounded and z € %, we have

(3.15) supw(|2)lg(2)] < co.
zeD
Let s € (0,1) and p, =1 — n+1, n € N. By Remark C3, o is compact.
So,
1Clle. 2,5, < ICG = CFpllz—8, = sup [[(CF = CF o) flls.
£l 2, <1

< sup sup K, ¢(z)+ sup sup Ky ¢(2),

171l 2, <1 lp(2)I<s 171l 2, <1 lp(2)[>s
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where
v(2)
Ko g(2) = w(l2Dlg() 1 (6(2)) — £ (ng(e)| = w(l=Dlg(| | £ (n) ]
pnp(2)
By and [|f|lz, <1, we have
©(2) 1—p
s Knp(2) S| | fm)dn| < (1= po)le()] sup 17" ()] < — 22,
(2 <s o) Inl=s 11(s)
lo(2)|
sup Kpf(2) $ sup w(|z])|g(2)] ——dn.
PR (2> (S) p(n)
Therefore,

HCgHe,%HBw < lim lim ( sup sup K, ¢(z)+ sup sup Knyf(z))

STINTIOON| £l 21, <1 [p(2) <5 £l 2, <1l (2)|>s
le(2)]

S limsupw(lz))g(z)| | — dr.

lo(2)| =1 (S) pu(t)
Next, we prove that
le(2)]

1CSle, 2,5, 2 limsupw(|z])[g(2)] — dt.

plleZnm lo(2)|—1 (S) p(t)

Suppose {z,} C D with lim,,,~ |¢(2,)| = 1. From the proof of Theorem
3.1} we see that {k,} is bounded in Z,, and k,, — 0 uniformly on compact
subsets of D. Suppose K : 2, — B, is compact. By Lemma we have

limy o0 | K k|5, = 0. By Lemma 3.15) and |} L= dt = oo, we get

w(t)
1CY — K| 2,5, 2 limsup [[(CY — K)ku||5,
n—oo

> limsupw(]zn|)|(C’gkn)'(zn)| — limsup ||Kk, |5,
n—oo n—oo

lo(2n)

2 limsup w(|zn|)|g(zn ——dt,
mwolllol | o

which implies the desired result. m
By Theorem [3.1] and Lemma [2.5] the following theorem clearly holds.
THEOREM 3.3. Suppose w, i are normal on [0,1), g € H(D), and ¢ €
S(D) with sup,cp |p(2)| = 1. If C%: B, — %, is bounded, then

| lim sup w(|z])|g' () W(SZ)' 1 dt+1im sup w(|z])|¢' (2)g(2)]
e,B %, ~ .
" le(2)| =1 0 p+(t) loz)=1  B+(e(2)])

13
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Finally, we consider the essential norm of C$ : B, — B,

THEOREM 3.4. Suppose w, i are normal on [0,1), g € H(D), and ¢ €
S(D) with sup,cp |o(2)| = 1. If C%: B,, — B, is bounded, then
le(2)

Co\le.B,—8, ~ limsupw,(|z])|g —dt
1CElle,5,— lim sup +([2Dlg'(2)] (S) PG

S0 wi(|2)]¢'(2)g(2)|
e (o)

lp(2)]
~ limsup w(|z|)|g(2)| ——dt
lo(2)|—1 (S) p-(t)
< tmenp 20Dl
lo(z)|—1 w(le(2)])
Proof. By Lemma and Theorems [3.1] and [3:2] we have
le(2)]

1
CI\le.B, -8B, = limsupw(|z])|g (= —dt
1CE e~ lir sup +(12D1g'(2)] (S) O
/
+ tmeup (2D G)g()
)1 H(le(2)])
e
~ lim sup w(|z|)|g(2)| ——dt.
o (=) 1 <) (S) p+(t)

Next, we prove that

||C' lle,B,—B, ~ limsup M
lo(z)—1 B([e(2)])

For the codimension 1 complemented subspace B of functions in B, vanish-
ing at 0, the derivative operator D, B — H° is a linear isometry. On B
the operator C% coincides with D 1I/V%QDM, Where Wegt H — HZ is the
weighted composition operator defined by W, ,f(z) = g(z)f(go(z)). There-
fore ||C%|le,8,—5, and ||[W,, i [M2, Theo-
rem 2.1], we immediately get the desired result. =
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