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On the Cesaro average of the “Linnik numbers”
by

MARCO CANTARINI (Ferrara)

1. Introduction. We continue the recent work of Languasco and Zac-
cagnini on additive problems with prime summands. In [7] and [8] they
study the Cesaro weighted explicit formula for the Goldbach numbers (the
integers that can be written as the sum of two primes) and for the Hardy—
Littlewood numbers (the integers that can be written as the sum of a prime
and a square). In a similar manner, we will study a Cesaro weighted explicit
formula for the integers that can be written as the sum of a prime and two
squares. We will obtain an asymptotic formula with a main term and more
terms depending explicitly on the zeros of the Riemann zeta function. The
study of these numbers is classical. For example, Hardy and Littlewood [5]
studied the number of solutions of the equation

n=p+a +0

and Linnik [I0] derived an asymptotic formula for the number of repre-
sentations of these numbers. Similar averages of arithmetical functions are
common in the literature: see, e.g., Chandrasekharan—Narasimhan [2] and
Berndt [I] who built on earlier classical work. For our work we will need
the Bessel functions J,(u) of complex order v and real argument u. For
their definition and main properties we refer to Watson [12], but we recall
that they were introduced by Daniel Bernoulli and they are the canonical
solution of the differential equation

for any complex number v. In particular, [I12, equation (8), p. 177] gives the
Sonine representation
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(1.1) Jy(u) = (u2/2) S ¢S sV lemu?/(48) gg
i
(a)
a+1i00

ioo- The method we will use in this additive problem is

where {, means {,
based on a formula due to Laplace [9], namely

(1.2) 1 | v e dv = Fis>

21

(a)
with Re(s) > 0 and a > 0 (see, e.g., [3, formula 5.4(1), p. 238]). As in [§], we
combine this approach with line integrals with the classical methods dealing
with infinite sums over primes and integers. Similarly to [§], the problem
naturally involves the modular relation for the complex Jacobi 63 function;
the presence of the Bessel functions in our statement strictly depends on
that relation.

2. Preliminary definitions and lemmas. Let
m1+m%+m§:n

and let J,(u) be the Bessel function of complex order v and real argument u.
Let z=a+ 1y, a > 0, and set

(2.1) O3(z) =y e,

meZ

(2.2) S(z) =Y A(m)e™™,
m>1

(2.3) wo(z) = Z e e
m>1

we can see that
(2.4) 93(2) =1+ 2&)2(2:).

Furthermore, we have the functional equation (see, for example, Freitag—
Busam [4, Proposition VI.4.3, p. 340])

(2.5) 0s(2) = (Z>1/203<7f>, Re(z) > 0,

0 o4 549

(26) 46 = (

(57 )(E) - (5)
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A trivial but important estimate is

2.7 < < e gt = VT -1/2.
(2.7) wa(2)] < wa(a) < §)€ N
LEMMA 2.1. Let z=a+1y, a >0 and y € R. Then
~ 1 B
(28) §) = 1= =) + Bla,y)
p
where p = 8 + iy runs over the non-trivial zeros of ((s) and

1’ |y’§a7
Ea,y) < 2|2
(@9 <17 L og2(ul/a), Tyl > .

(For a proof see [7, Lemma 1]. The bound for E(a,y) has been corrected
in [6].) So in particular, taking z = 1/N + iy we have

(2.9) ‘zp:zﬂr(p)\ - % ~ S(2) + E(lby)‘ <N+ ’i‘ + ’E(}ify)l

N, lyl <1/N,
< Y
N+ [/ 1og* 2N 1y]), |yl > 1/N.

Now we have to recall that the Prime Number Theorem (PNT) is equivalent,
via Lemma 2.1, to the statement

S(a) ~a'  whena— 0"

(see [5, Lemma 9]). For our purposes it is important to introduce the Stirling
approximation

(2.10) IT(z + iy)| ~ V2m e TIVI/2|y2=1/2

(see, for example, [I1], §4.42]) uniformly for = € [x1, 2], z1 and 2 fixed,
and the identity

(2.11) |27| = ||~ Re(w) exp (Im(w) arctan(y/a)).
We now quote Lemmas 2 and 3 from [7]:

LEMMA 2.2. Let 8 + iy run over the non-trivial zeros of the Riemann
zeta function and let o > 1 be a parameter. The series
oo dy
B—1/2 _
Z ¥ S exp(—yarctan(1/u)) ot B
p,v>0 1

converges provided that oo > 3/2. For aw < 3/2 the series does not converge.
The result remains true if we insert in the integral a factor log®(u) for any
fized ¢ > 0.
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LEMMA 2.3. Let B + iy run over the non-trivial zeros of the Riemann
zeta function, and let z = a + iy, a € (0,1), y € R and a > 1. Then

ZMB—I/2 S exp<7arctan( >—| |>‘ ot B Lo G
P Y1UYo

where Y1 = {y € R : vy < 0} and Yo = {y € [—a,a] : yy > 0}. The result
remains true if we insert in the integral a factor log®(|y|/a) for any fized
c>0.

We now establish an important lemma. We will use it to prove that there
is a limitation in our technique. Essentially the lower bound of k is linked
to the number of squares in the problem. We have

LEMMA 2.4. Let B + iy run over the non-trivial zeros of the Riemann
zeta-function, and let N, d be positive integers, || - || the euclidean norm in
R? and k > 0 a real number. Then the series

DI 3/25 NP0 22 =0 b8 gy,
Te(0,00)8 7>0

where

ZZZ

syl >l Ig>1

converges if k > d — 1/2, and this result is optimal.

Proof. From ([2.4]) we have

;i( )-nimep).

m=0
Hence
I = Z Z —k— 3/28 =N|UPv? /72 g=v k4B gy,
1€(0,00)4 7>0
2
e w%(Ng )e—vvk-f—ﬁ do
v>0 0 v
1A
:2d2< > dmz,y—k 3/25 <,y )e—vvk—l-ﬂdv
m=0 v>0
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Now, using the functional equation (2.5 we find that

I = 1 d d m—k—3/2 9 77272 —v k‘+5*md
_QdZ_:O m (-1)4- Nm/QZV (S) Nz ) v v

>0
d
1 d m—k—3/2
=3 20 () VR
m=0 >0

Now we claim that

7.‘.2,72
03| —= | <1
3<N'l)2) )

where f(z) < g(z) means g(z) < f(z) < g(x). Indeed, #3(x) is a continuous
function in the interval [r2/N, 00) (i.e. the range of 1/v?) and

xli)rgo s(z) = 1.
So we have
.
I'y = Z,ym—k—3/2 S e—vvk+ﬂ—m dv,
>0 0

and now, assuming k+ 8 —m + 1 > 0, we get
v

S e VPP gy < 1.
0
Hence
I’y,m =1 Z,ym—k—S/Q
>0
and the series converges if & > m — 1/2. Since m = 0,...,d, for global

convergence we must have k > d — 1/2, and this result is optimal. =

LEMMA 2.5. Let p = B+ivy run over the non-trivial zeros of the Riemann
zeta function, and let z = 1/N + iy, N > 1 a natural number, y € R and
a > 3/2. Then

Z Do) | 131277 |27 |da| <o N
(1/N )

Proof. Set a = 1/N. Using the identity (2.11]) and (2.10) we see that the

left hand side above is

(2.12) Zw I/QSexp<7arctan< >—| y)‘ et

R

which by Lemma 2.3 is <, a~ in Y1 U Ys. For the outside of this set, we
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can see that
Z ﬁfl/ZoSoex arctan 4 dy
Y p{ — ]z|a+ﬁ
p a
—a*"‘*ﬂﬂz 5*1/20806)( —~ arctan l ﬂ
= Y pl —7 " 2o+ B

p 1
since
a1
(2.13) |27t < { 2
|y| Y |y| Z a7
and so by Lemma 2.2 we have convergence if « > 3/2.

ly| < a,

3. Settings for the [Main Theorem| Using (2.1)—(2.3) it is not hard

to see that
Z Z Z A(my)e —(mitmi+mi)z ZrQ(n)e*”Z.

mi1>1mao>1ms>1 n>1

Let z = a + 1y, a > 0, and consider

1 z —k—19o ]- z —k— —nz
5 S N7k 1S(z)w§(z)dz:% S eNzpk 1Z:rQ(n)e dz.
(a) (a) n>1

Now we prove that we can exchange the integral with the series. From ([2.7)
and the Prime Number Theorem in the form quoted above we have

Y lrq(n)e™| = S(a)wi(a) < a”?,
n>1

hence
a

S \eNZz_k_ll |§(z)w§(z)] |dz] < a_zeNa< S a Fldy + QOSOy_k_I dy)

(a) —a a
<p a—2—k€Na
assuming k£ > 0. So finally,
(N_n)k 1 z.—
(3.1) Z ro(n )W 5 S N RS (2)wd (2) de.
n<N (a)

Now, using (2.8]), we can write (3.1)) as
(N —n)t 1 Neo—k—1(1
(32) > rqn )m 5 | eVoz . =Y 27 (p) |wi(2) dz

n<N (a) P

+O( | 1€V 12w ()| B(a, )] [d2]),
(a)
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and the error term can be estimated, using Lemma 2.1, (2.7 and (2.13)), by

a’leN“( S a Fdy + S y *12(1 4+ 1log?(y/a)) dy) < eNigTR

—a a

assuming k > 1/2. Hereafter we will consider a = 1/N. We have

(N-n)* 1 S eNzZ—k—1<1_ZZ—PF(p)>w§(z)dz

S rgmNmt L
ot I'k+1) 2mi W) z 5
+ O(NF+1)
and using the functional equation (2.6, we get

(N —n)*
Z7"9(")F(1¢+1)

n<N

g (LS (2) ) e
- P

8mi
P

(1/N)
1 s k1 (1 _ m w2
+ % S €N z k=1 <Z Z z PF( )) ;w% (z) dZ
(1/N) P
1 Ne —k—1(1 —p m\'/2 m\'? (2
+ O(Nk:—i-l)

= 11 + Iy + I3 + O(N*+1),
4. Evaluation of I;. From I; we will find the main terms Mj(N, k)
and Ms(N, k) of our asymptotic formulae. We have

1 \ 1/2 2
L = — S esz_k_2<<) — 1) dz
81 z

(1/N)

1 Ne \ 1/2 2
Y e _
~ % S e’z Zz pF(p)((z) —1) dz
(1/N) p

= 1171 — 11’2‘

For I 1 we observe that
1

il S N TR 4 — S N k2

L1= 87i 8mi
(1/N) (1/N)
l/2 Nz _—k-5
_ 4 z,,—k—5/2
i S ez dz,

(1/N)



52 M. Cantarini

so if we set Nz = s, ds = N dz and use (1.2]), we immediately get

NE+2 Nk
1)
k+3/2
— g N2 ,/ S eSs~h=5/2 g
i
= M (N, k)

(see (6.2) below). For I o we have

_ T Nz, —k-2 -
L= 8 S ez Zz Pl(p)dz
(1/N) P

811

i. S eNZz_k_IZz_pF(p) dz
(1/N) P

/2 Nz _—k—3/2
~ T S eIz, k=3/ Zz_pf(p)dz
(1/N) p
=11 +1o —I3.

We observe that by Lemma 2.5 we have the absolute convergence of the
integrals if, respectively, & > —1/2, k > 1/2 and k > 0. Hence for k > 1/2
we have

s 1 ko s I'(p)
== I'p)— Nz, ~k=2-pg. "N~ 2 \F)  nktltp
L 421): (O V ¥ : 4zpjf( ’

k+2+
/) 2
1 1 1 1 I'(p) K
1-2:7 F(p)i S €NZZ k-1 pdzzfziN +P7
4 . 2771(1/N) 4 . I'k+1+p)
ml/2 1
T — T(p)— Nz _—k—-3/2—p
5T P V ¥ dz
P (1/N)
_ /2 Z I'(p) NFE+HL/ 240
2 I'(k+3/2+p)
5. Evaluation of I,. We have
2
_ T Nz _—k-3, 2( T
Ig—2m, S ez w2<z>dz
(1/N) )
m Nz _—k—2 - 2 T
~ 5. S e Fz Zz PI(p)ws <z> dz
(1/N) p

= 1271 — 12’2.
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Evaluation of I5;. We have

m
I — N2, —h—3,2
=5 ) w7 )

(1/N)

_ 2Lm S eNzZ—k—?)(Z 6_z§w2/z) <Z 6—l§7r2/z) dz:

(1/N) I>1 I2>1

let us prove that we can exchange the integral with the series. Set

2
Ay = Nz, |—k—3 _—127% Re(1/z) -
=0 | 1N e e wa =

11>1(1/N)
N S {N, ly| <1/N,
1+ N%y2 1/(Ny?), |yl >1/N,

|dz|.

From
(5.1) Re(1/z) =

we have

UN 2N " e B/(Ny?)
A <<Z S Hk+3 wa(N)dy + N Z S 2[F+3

1h>1 0 Lh>1 l/N

Hence, recalling (2.7) and , we obtain
U < Nk+2w2(N) < Nk+L

and from (2.13)) (with a = 1/N) we get
20 —B/(Ny) v

U, < N1/2Z S Tdy<<Nk/2+1 Z kil S SR21/20- gy,

11>11/N L>1°1 0
kE+1\ ko 1 k/24+1
h>1

assuming k£ > 0. Now we have to study the convergence of

Ay = Z Z S Nz’ |z]_k_3e_l 2Re(1/z) 272 Re(1/2) ).

11>112>1 (1/N)

Again from we have
YN —3+13 —(3+3)/(Ny?)
€
A<y > |k+3 dy D). S |2 [F+3 dy
L1>11>1 0 11>11:>11/N

=Vi+ V.
For V; we can repeat the same reasoning as for U; to get

‘/1 <<Nk+2w§(N) < Nk+1,

dy =: Uy + Us.

53
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and for V5, assuming k£ > 1, we have

—(13+13)/(Ny?)
‘/2 < Z Z S —dy < Nk/2+1/2.
[1>112>11/N y

Finally,

L Z Z S Nz, —k=3 —(13+15)7% /2 g,

RSIEST 1/N)

_ Nk’-l—? Z Z S s —k—3e—(l%+l§)7r2N/s ds,

1>1 l2>1

from which, recalling the definition of the Bessel functions (1.1)), we have,
taking u = 2 (I3 +13)Y/2N'/2 and assuming k > 1,
Nk/2+1 Jk+2 271' l2 +l2)1/2N1/2)
Iy = Z Z (2 + 2)k/2H1 :

112110221

Evaluation of 5. We have to calculate

IQ,QZQLM, S Nz y—k— 22,2_”[‘ <Z ol 2/z) (Z o3 2/z)

(1/N) Lh>1 la>1

Again we have to prove that is possible to exchange the integral with the

series, so set
2
<W> ‘ |dz|.
z

Ag = Z S NzH —k— 2|‘Zz—pl—v ‘ 2Re(l/z)

l121(1/N)
Using (2.9) and (2.7]) we obtain
anm ey sae §ye )
A3 < N2 ||k+2dy+N > S 7|z]k+2 dy
L>1 0 L>11/N
o —13/(Ny?)
1/2 2 et
+N Z S ylog (2Ny)7‘z|k+3/2 dy
L>11/N
=: Wi+ Wy + Ws.

We can easily see that

W1 < NF¥3/20,5(N) < NFH
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and, taking u = 2/(Ny?),

o0 —13/(Ny?)

Wo < N¥23 0§ — i dy
h>11/N
l2N
< Nk/2+3/2 Z S e~ Uk 127 dy < NF/2+3/2
I1>1 i 0

assuming k > 1. We have now to check W3. Taking again u = I3/(Ny?) we
deduce, assuming k > 3/2, that

2N

k/2—1/4
Wy <NF/2Y Z k—1/2 S
1>1 %1 0

< Nk/2-1/4 Z
L>1h

2
10g2 <4Nl1)euuk/25/4 du
u

< N¥/2.

k— 1/2

Consider

4= Z Z S \eNZ\ ’271@72‘ ’Z 2 PT(p ‘ —lin? Re(1/2) ,—137° Re(1/2) 1dz).
p

11>2112>2 (I/N)

By (2.9) we get
UN —@3+13) —(12+13)/(Ny?)
e~ Ui+l
A<NY > S TR dy+ >0, S |2[F+2 dy
ll>112>2 0 ll>1l2>21/N

—(F+13)/(Ny?)

+ZZ S log? (2Ny) Wdy

L>11>11/N
=: R + Ry + Rs.
We have immediately
Ry < N¥202(N) « N+,
and if we take u = (I3 +13)/(Ny?), we obtain
meY Y | S gy vk

11211221 l/N

for k > 1. So it remains to evaluate R3. Again we take u = (I3 +13)/(Ny?)
to get
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(B+13)/2N

log?(4N (12 +13))
k/2+1/4 g ( —u, k/2-3/4
Rs < N llz;”z;l (2 + B/ (S) e “u du

(1+13)'/2N

1 —u _
— NbEHA Z Z (2 + R)b/2r1/d S log?(u)e ™ "“uF/>=3/* du,
112112 >1 0

with convergence if £ > 3/2. Note that the estimation of Rj3 is optimal. To
see this, take ¢ = (12 +13)/N, and assume k < 3/2 and y > 1. Then

/ o0 / 2
S—ZZS@ﬂth@>ZZM%%@Hid
11>112>11/N L>11>1 1

Since y > 1 we have log?(2Ny) > log?(2N), and since k < 3/2 we get

c/y? e—c/v?
S > log(2N) Zzsek+3/2dy>log2N ZZS ’
11>112>1 1 11>21102>1 1
) _ Nlog(2N)(1 — 2/N 1
—log2M) Y Y 5 %<§@>zzmp
l1>112>1 L>1l>1 1 " "2

The last double series diverges since

ZZQHZ>Z 2.

11>11>1 Iy 11>1 1<12<l1

1

= Z L

Now we have to estimate

As = Z ZZ IT(p)| S |6NZ| |Z—k—2| |Z—p|e—l§w2 Re(l/z)e—l§7r2 Re(1/2) |dz|.
L>11>1 p (1/N)

Using (2.10) and (2.11)) we have

As < Z Z Z e—m/%ﬁ—l/?

l1>2112>1p,y>0
o

S 2] 772 2] 7P exp(y éaurctaun(Ny))(fl%7r2 Re(1/2) g=157" Re(1/2) |dz|.
1/N
Let Qr = supg I'(k/2 + B/2 + 1/2) and assume y < 0. Using the trivial
bound vyarctan(Ny) — vy /2 < —ym /2, we get

(52) Ay < NF1 Y eV §7 BN § /2,802

11>1 12>1 p,y>0

(k+1)/2 ”7/276 12 k

l1>1 l2>1
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If y > 0 we have

1/N
As < 3N ST ez | Nk (RN gy
11>112>1 p:y>0 0

o~ (B+13)/(Ny?)

+ Z Z Z AP-1/2 S exp(y(arctan(Ny) —7r/2))yk+—2+5dy,

11>112>1 py>0 I/N
and by a well-known trigonometric identity it follows that

As < NkJrl

- 1 e~ (F+13)/(Ny?)
—-1/2
+ Z Z Z ,YB / S exp (—'y arCtan<Ny>>yk+2+5 dy

11>115>1 py>0 1N
k1 bo1j2 © v OB+ pap
SRS 9 9D SR P G
11>112>1 p:y>0 1/N

Setting v/(Ny) = v, we get
(5.3) Az < NFH!

222 " 1/25 0 N(+B)/7? ( g )’“25 v
Nv N2

l1>1l2>1p7>0 0

< NE+1 + Z Z Z —k—3/2 S e_“e_NUQ(l%H%)/VQUk‘Fﬁ dv.
l1>1 lQ>1 p: 'Y>O
Now we can observe that we are in the situation of Lemma 2.4 with d = 2,

and so we can conclude immediately that we have convergence for k > 3/2,
and this result is optimal.

Having the convergence, we finally obtain, using again the identity m,

Jitr140(2m (13 + 13)1/2N1/2)
_ —kark/24+1/2 /2 ket 14p(
Iyg=n""N Z " NP lz;l lz>:1 (2 1+ )i )

p 1 22

6. Evaluation of I3. We have
1/2

_ 1 Nz _—k—1(T (T 1/2 —p B 1 —p
Ig—% S e z <z3/2 <Z> ZZ F(p) Z+;Z F(p)

(1/N) P
1/2 2
() (%))
z z

1 Ne k3 [T d 1 Nz —k—2 —op 7w’ d
—Q—Z,Sez w2| — z—2—iSez Zz (p)wa| — | dz

(1/N) (1/N) P :
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2
z,—k=5/2 m
2%1/21 S w2< z )

(1/N
Nz 7k:73/2 —p ™
27T1/2Z S Zp: 2 P (p)wr <z> dz

=: 131 — 13,2 - [3,3 + I3.4.
Evaluation of I3;. We have

_ 1 Nz,_,—k-3 s _ 1 Nz —k 3 —m 7r2/z
13’1—2—2, S ez w9 pn dz—2—i S Z

(1/N) (1/N) m>1
hence we have to establish the convergence of

A6 — Z S |6Nz| |Z|—k—3€—m2Re(1/z) |dZ’

m21(1/N)
Using (2.7 , and (5.1) we have
(6.1) Ag <N¥+3/2 4 Z Sy,k73efm2/(1vy2) dy < N¥+3/2
m>1 0
for k > —1. So, recalling ((1.1)), we obtain
I Nk:/2+1 Z Jk+2(277’L7TN1/2)
3= Tk mk+2 :

m>1

Evaluation of I33. We have

_ 1 Nz 7k: 5/2 —m 7r2/z
I33 = 271/24 S Z
(1/N) m>1

so we have to establish the convergence of
Z S ‘eNz’ |z’7k75/267m2 Re(1/z) \dz|.
mz1(1/N)
Arguing as for I3 1, we have the convergence for k > —1/2. Summing up,

7 NFE/2+3/4 Ty3/2(2mmN'/?)
3,3 :

; k+1 k+3/2
s o] m

Evaluation of I35. We have to establish the convergence of

F D R I IEaanl ) SERO AP | 12
P

m=1(1/N)
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Using , , and we get

A7<<Nk+l/2+NZ S y—k—2e—m2/(Ny2) dy

m>11/N
o0

—I—log2(2N)Z S yR3/2emm?(NY?) gy
m>11/N

— —m?2 2
—I—Z S log?(y)yF=3/2e=m"/(NV") gy,
m>11/N

Now if we set m?/(Ny?) = u we have

N Z S Yk 2emm? (N) gy Nk/2+3/2p<k + 1> Z mhL

m>11/N 2 m>1
which converges if £ > 0. With the same substitution we get
o0
10g2(2N> Z S y—k—3/26—m2/(Ny2) dy
m2>11/N

|
2 k/2+1/apnf L —k—1/2
< log?(2N)N F<2 + 4) m§>1m :

which converges for k > 1/2. To estimate the last integral in the bound of
A7 we observe that if we take € > 0 then

ST log?(y)y e W) gy « N |y 2eemmt (VYY) gy
mzt1/N m>11/N

and so, arguing as we did for (6.1]), we get

kK 1 €
k/24+1/4—e/2p( K L € —k—1/24e€
<N F<2 + 1 2) g m ,

m2>1
and by the arbitrariness of e we have convergence for k > 1/2. We have now
to study

z —m 7'l'2 z
A=Y Y0 | 1M1= 2 1z e /7| |dz|.
m>1 p (1/N)

By symmetry we may assume v > O Ify < 0 we have v arctan(y/a)—7my/2 <

—m7y/2, and so using and ( we get
Ao Y Y exp(w)
m>1~v>0

0 TN —m?/(Ny?)
k+2+8 —m2N €
x( S N e dy + S 7\3/]““5 dy>
~1/N —o0
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1 7671/2 s
NG, S e SN ey~
m>1 ¥>0

< Nk+3/2

provided that k > 0 and Qy = supg I'(k/2 +1/2 + 3/2). Let y > 0. Then

1/N
B-1/2 _r k+2+8 ,—~m2N
Ag <<227 exp< 47) S N e dy
m>1~v>0 0
o —m?/(Ny?)
_ T \e
+ Z 275 1/2 S exp <’y arctan(Ny) — 27) v dy
m>1v>0 1/N
=: L1+ Ls.

From (2.7) and (2.13) we have

—m?2 _ ™
Ll < Nk+1 § e~ m N§ N,B,Yﬁ 1/2€Xp(_1,y> < Nk+3/2’
m>1 ¥>0

and again by a well-known trigonometric identity and taking v = m/(N'/2y)
we obtain

S 2
B-1/2 R W
L S5 | (- - )

m>14>0 1/N
1 NB/2 myvN v
_ n(k+1)/2 N B—-1/2 T 2\, k+8
N mE>1 ) 2 - v (S) exp( i U >v dv.

Using e =" v% = Oy (1) if k > 0, we get, taking s = yv/(NY/2m),

o0

1
Ly < NF/2H1 Z — ZN57_3/2 S exp(—s)s® ds < N*/2+2
m>1 m v>0 0

for k > 1. Now we can exchange the series with the integral to deduce

_ _ Ji 2mmrN1/2
Iy =m "NUHD2 ZW PN?P2I(p) Z +1+¢2<k+1+p )'
P m>1

Evaluation of I3 4. We have to establish the convergence of

1 2

1374 = m S eNZZ—k—3/2 Z z—PI‘(p)W2 (ﬂ-> dz

™ 1 z
(1/N) P
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Arguing as we did for I3, we obtain the condition £ > 1. We can exchange
the series with the integral and obtain

J, (2mmN1/?)
_ _—kark/2+1/4 - k+1/2+p
Iy = FNMZAST oo Ner(p) ST YT
P m>1
Defining
Nk+2 Nk—i—l 1/2Nk+3/2
(6.2) Mi(N,k)= — + i

AT(k+3) ' 4l(k+2) 2I(k+5/2)

B r 1 r
(6.3) Mo(N.k)=—7 ; F(k—'_(';)—i_p)Nk—&-l-%p - Zp: F(k—’fll))—i_p)Nk—s—p

/2 I'(p)
Nk+l/2+p
T ZF(k+3/2+p) ’

k:/2+1 2 2 1/2a71/2
l2 +12 k/2—|—1
112110221

J 271_ l2 + l2)1/2N1/2)
ok \TR/2+1/2 0/2 ket 140 (
N Z P N Z Z l2 +l2 (k+1+4p)/2 ’

h>112>1
Nk/2+1 Jk+2(2m7rN1/2)
(6:5) Ma(N. k) = k1 Z k2
m>1
B Nk/2+3/4 Z Jk+3/2(2m7rN1/2)
mhtl = mk+3/2
1/2
N o) 3 Hetsan)
P m>1 m
J, IYmrN1/2
+ w"fN’f/2+1/4Z7r—ﬂNp/2p(p) Z k+1/2+;£lgljp )7
m
p m>1

we have proved the following

MAIN THEOREM 6.1. Let N be a sufficiently large integer. Then
(N —n)t
> ra(n) mr—s
% I'k+1)
= M;(N,k) + My(N, k) + M3(N, k) + My(N, k) + O(N*1)

for k > 3/2, where p runs over the non-trivial zeros of the Riemann zeta
function ((s), and J,(u) is the Bessel function of complex order v and real
argument u. Furthermore, the bound k > 3/2 is optimal using this technique.
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