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On the dispei'sion séts of connected point-sets?).
. N ‘
R. L. Wilder (Austin, Texas, U. 5. A.),

I shal call a pointset H u dispersion set of a counceted ?) point-
set M, provided that (1) H is a proper?) subset of M, and (2)
M— H is totally disconnected ). It in addition to these conditions
no proper subset L of H exists such that M — L is totully dis-
connected, then I shall call H a primitive dispersion set of A It

~ H consists of a finite number of points, I shall call it u finite dis-

persion set of AL _
Clearly every conuected set confains dispersion sets. I'or instance,

M being a connected set, and [” and ) points of M, the set M—-
— (P4-()) is a dispersion set of .} But not every counceted  sel
contains finite dispersion sets. The existence of sets of the latter
type was shown by Knaster and Kuratowski ) in 1921,

I propose in the present paper to investigate some of" the pro-
perties of connected sets that have finite dispersion sets.

Theorem 1. Let M be a connected set, and G a dispersion sel
of M. If G is fiuite, then some subset of (G is a primitive disper-

" sion set of M. If @ is not finite, then it wmay or may not contain

a primitive dispersion set of AL

1) Prosented to the Amcrican Mathematical Nociety, Dec. 29, 1923/
?) In this paper a point-set will be called connected if it contuins more than

- ono point, and if no matter how it be divided into two subsots, one of these con-

tains a limit point of the other, A point-set will ho culled connected th the yone-

ral sense if it is connecled, or if ‘it contains only one point.

) A st I is a proper subsct of a set M provided that If is u sabset of M
and M— I is not vacuuus, S , ,

*) A set is said to ho totally disconnected if it contains no connecetod subsot,

) Cf. B. Knaster and €, Kuratowski. Sur les eisembles conneres, Ifund,
Math, II (1921), pp. 206—235. |
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Proof. If G is finite, let 1.be the number of its points. If &
is not itself primitive, there exists a proper subset G, of &, such
that M —G@, is totally disconnected. If G, is mot primitive, there
exists a proper subset Gy of Gy, such that M — @G, is totaily dis-
connected. This process cannot be continued indefinitely, since G,
would be vacuous. There will, then, result a proper subset, G (i<(n),
of @, such that G, is a primitive dispersion set of AL

That a dispersion set that is not finite may contain a primitive
dispersion set is shown by the following example *): Let C be a non-
dense perfect set on the segment [(1, 0), (1, 1)] (as referred to rec-
tangular X and Y axes). Let ¢ denote the ordinate of each point
of C, and L(c) the set of all points (z, y) which satisfy the equation

1 . =
- = i =
Yy c+ms1n_m, 0<z=1.
Let S, denote the set of all points on the curves L(c) (where ¢ is
an end-point of a complementary interval of C) whose ordinates
are rational, and S, the set of all points on the curves L(c) (where

¢ is not an end-point of a complementary interval of C)-whose

ordinates are irrational. Let G denote the set of all points on the
Y-axis. Then, if SR

G is a primitive dispersion set of the connected set M.

An example of a dispersion set that is not finite and that con-
tains no primitive dispersion set is furnished if we let M be the
set of all points on the interval [0, 1] of the X-axis, and G the
set of all rational points in the same interval. S

 Theorem 2. If N is a proper connected (in the general sense)
subset of @ connected set M and Gy, Cy,... C, a setof n composants %)

of M—N, then the set M— (C; + Cy +... 4 G,) 18 comnected (in the

general sense).

1) This example is a modification of an example given by Knaster and Ku-

- ‘yatowski of a biconnécted set that does mot comtain any .bounded comnected sub-

sot. Knaster and Kuratowski, Loc. eil., pp- 244245,

%) Yf M is a point-set and P a point of M, the composant of M determined
by Pis the set of all points, of M that lie with P in a connected (in the general
senge) subset of M. In other words, it is the maximal connected (in the general

. gense) of M determined by P. Obviously the composanf' determined by P might

be P itself,
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Proof. This theorem is a generalization, and a direct consequence,
of a theorem due to Knaster and Kuratowski!) to the effect . that:
If M is a connected set, N a proper connected (in the general sense) -
subset of M, and C a composant of M — N, then M — € .1s con-
nected (in the general sense). | | -

Theorem 3. If M is a connected set and P a point of M such
that the set M — P is totally disconnected, then there does not’ exist
in M— P a finite set of points, G, such that M— G is totally dis-.
connected. v | 7

Proof. Since M— P is totally disconnected, each point of @ is
a composant of M— P. Hence by Theorem 2 M— G is connected,

. and cannot therefore be totally disconnected ®): |

Theorem 4. If M is a connected set, and G a finile ‘primitive.
dispersion set of M, then G is the only primitive dispersion set of M.
Proof. Suppose M contains a primitive dispersion set H which
is not identical with @ Clearly H cannot be a subset of G. Let
P be a point of H which does not belong to G. Then M—(H—PF)
contains a connected set N which must contain P, and of which
P-is a primitive dispersion set. Now N contains points of &, and
these form-a finite dispersion set of N. Then N contains a point P
whose omission totally disconnects N, and a finite dispersion set
which is a subset of #—P. This is a contradiction of Theorem 3.
As a result of Theorem 4 it follows that if a connected set M
contains two primitive dispersion sets which . are not identical, these
sots must each contain infinitely many points. This suggests the
interesting - problem: Can a connected set M comtain two primitive
dispersion sets G and H, each of which contains infinitely many:points,
and such that G==H? 1 can ‘give an example to show that in three
dimensions two such sets G and H can exist, but I have not set-
tled the problem for two dimensions 9). | |
Theorem 5. If G is a finite dispersion set of a conmected set
M and g a primitive dispersion set of M such that (1) g is a subset
. 1) Loc. cit., p. 214, Th, X, - i ‘ |
) Theorem 8 is & genera.li_gation of a theorem proved by J. R. Kline to the
-~ effect that if a connectod set M countains a point P whose omission totally dis-
connects M, then P is the only point whose omission totally disconnects M, See
J. R. Kline, A theorem concerning connected pointsets, Fund. Math. LIX (1922),
pp. 238—239. - R S
- %) This problem is settled by Knaster. His example will appear in the next
volume of Fund. Math. ° o
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and (2) M—(G—yg) is womected then g is also a pmmtwe dzspe; sion
set of the set M — (G —g).

Proof. The theorem is clearly true if G — g is vacuous. Sup-

- pose that G — g is not vacuous, and that the theorem is not true

in this case. |
g is.a dispersion set of the set M—(G—yg), becanse @ is a dis-

- persion set of M and

Ju-—(a-g)__g;_ M—@.

Let g, be a subset of g which is a primitive dispersion set of the

“set M — (@ —-g), and let  be a point of ¢ —g,.

Sinee g is a primitive dispersion set of M, M — (g—u) conta;ms
a connected set, N, which must contain x. Let

(G—g) X N=g'9).

(1) If ¢" is vacuous, then, since NN is a subset of M —-—(g — x),
it follows that N is a subset of the set M — (G — 9)—(g—1x). .

But g, is a subset of g— « Hence N is a subset of the set

M—(G—g)—g,. But this is a contradiction of the fact that g, is
a d1spersmn set of the set M — (G —yg).

. (2) If ¢’ is not vacuous, there are two possibilities: (a) N— ¢
may contain a connected set. In this case a contradiction results
if a method of arguinent similar to that used in (1) be followed.
(b) N— ¢’ may be totally discounected. In this case N is a con-
nected set which is totally disconnected by the omission of a point z,

~and by a finite set of points ¢’ Wthh is & subset oi N — z. This

is a contradiction of Theorem 3.
The supposition that there exists a po! int @ of g———g1 has there-

 fore led to a contradiction. It follows, then, that g==g,; i. e., that ¢

is a primitive dispersion set of the set M — (G 9).

Theorem 6. If G is a finite primitive dispersion set of a con-
nected set M, P a point of G, and the set M — P is wnuected then
the set G— P =g is a primitive dispersion set of the set M — P.

Proof. Suppose ¢ is not a primitive dlspersmn set of the set

- M — P. Then g contains a set ¢’ which is a primitive dlspersmn

sol of M— P. Let & be & point of g —g'.

1)-M and N being any two- pmnt—sets, M N deunotes the set of poinis ‘com-
mon to M and N. | ' = :
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The set M — (d;-m) econtains & connected set, N, which con-

tains «. But the set M—(G—2) is a subset of the set M— P—g¢',
supposition that g is mot

which is totally disconnected. Thus the g
a primitive dispersion set of M-— P leads to a contradiction.
Theorem 7. Let M be a connected set which contains a primi-

tive dispersion set G consisting of a finite number of points, and let

H be any finite set of points of M, such that G X H=0. Then

M —H is the sum of a finite number of mutually separated 1) connected
sets, each of which contains a primitive dispersion set congisting of
those points of G that belong to it

Proof. Order the points of H in a sequence P,, Pyy..., Pu. Con-

sider the set M— P,. If the latter set is connected, G is a primi-
Theorem 5. If M—P, is not connected,

tive dispersion set of it by
x,, and consider the

order the points of & in a sequence %, Tyy-.-
point-set

S= 0, +C+ ... +Ci
where for every value of 4, (i=1, 2,... k), G, 1 that eomposant of
M — P, determined by ;. (These composants may or may not be

all distinet).
Every point of M — P, belongs to S. For supposc y is a point

of M— P, that does not belong to 8. By Theorem 2, M — S is

connected. That is, there exists & connected subset.of M which must
contain both y and P.. tgt which contains no point of G. Clearly
this is a contradiction ut the hypothesis that G is a primitive dis-

persion set of M.
For no value of % is «,=C,. For suppose such a situation exis-

ted. Since |

ﬂ’[—_—"- S + I')] .
as shown above, z must be a limit point of .S, and hence a limit
point of at least one composant, ¢, say, which does not contain

" Then must
C.=C(,

and since z,== C, a contradiction results.

1) Let C be any collection of point-gets. Thon the point-sets of C ave said to
be mutually exclusive if no oune ot them contains @& point in common with sny
other. The point-sets of C are said to be mutually separated if they are mutually
exclusive and no ome of them contains a limif point of any other.
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For every i, let
G‘ P G X Cg.

Then @, is a primitive dispersion set of C,. For suppose not. Since
G, is necessarily a dispersion set of C,, it contains a primitive disper-
sion set, g, of C,. Let ¢-be a point of G, —g,. The set M —(G—t)
contains a connected set N, which contains ¢ by virtue of the hy-
pothesis that G is a primitive dispersion set of M. Now N cannot

" be a subset of C,, as it contains no points of g,. It therefore con-

tains points of M—C,, and it follows that N contains P, and that
P, disconnects N. If @ is that set of points of N that belong to G,
it follows that @ + P; is a connected set. Q cannot be connected
or contain a connected set, since it is a subset of C,— g,. Hence
P, is a dispersion set of @ +4P,. But # is itself a dispersion set of
Q + P,. This is impossible, by Theorem 3. Hence the supposition
that G, is not a primitive dispersion set of C; leads to a_contra-

diction.

In any case, then M — P, is the sum of a finite number of
mutually separated connected sets, Ky, K,,..., K, each of which

_ confains a primitive dispersion set consisting of that set of points

that it has in common with G.
Let that composant of M—P; to which P, belongs be K,. The
séts K,, K,,... K,_, are not, then affected by the omission of F

~ from the set M — P,. It can be shown that the set K,—P, is the

sum of a finite number, j+1, of mutually separated sets, which we
can denote by the symbols K., Knis,... Kayyy each of which con-
tains a primitive dispersion set consisting of that set of points that
it has in common with G. Hence M— P, —P, is the sum of m+j
mutually separated connected sets K, K, ... K, i, Koy Knpyy-- Kays
each of which contains a primitive dispersion set consisting of that
set of points that it has in common with G. |
" The remainder of the proof should be obvious.

Theorem 7. Let (1) M be a connected set that. contains a primi-
tive dispersion set G consisting of a finite set of points Py, Py,... P,
(n>1); (2) G, be a subset of G such that G, =P +F+...+ b

a<i=n, M—G,= M, + My, where M, and M, are mutually

separated scts, and such that for every point P of Gy, My + P and
M, + P are connected seis. Then there exist two sets H, and H,, (where
H, may be vacuous) such that H,+ Hy=G", and. such that M, +H, |
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is a connected set having the set G X (M; + H,) as a prin?itiue dis-
persion set, and My+H, s the swm of a finite number of mutvally
separated connected sets each of which contains a primitive dispersion
set consisting of the set of all poinis of G that belongs to it.

Proof. I shall divide the proof into two cases.

Case (a). Neither G X L nor G X M, vacuous.

As a result of the hypothesis, the sets M, + Pand M, + Py+...+P;

are connected
| : GX(_]Hl""’I)l)z.‘]'
Either (1) g is a primitive dispersion set of the set M, -+ Py, or (2)
it is not.. : ,

(1) If ¢ is a primitive dispersion set of M- Py, consider the
set M, P,+...- P For simplicity of notation, ‘

let
J[2+P2+...—{—P_==K,

G >< K=g

If ¢ is' a primitive dispersion set of K, the theorem is proved. If
¢’ is not a primitive dispersion set of K, il coutains, by Theorem 1,
a set g, which is a primitive despersion set of I

Now g, contains all points of the set G X Iy, For sappose I’ is
a point of G X M not belonging to g,. Let |

and let

g’ =g —F.

Then g, is a dispersion set of the get K, as it contains g,. The
set M — (G — P) is totally disconnected, since -
‘M—*‘(G—P)—_:(leg)—}-—(41'2*92’),
and the sum of two mutually separated totally disconnected sets 1is
totally disconnected. But this is a contradiction of the hypothesis
that G is a primitive dispers'on set of M. Hence g, must contain

all points of G X M,. o |

Let
| gl”fgz:‘(z)-
Then @ is a subset of G, and the set M, Py - ¢ is connected.
Also let o | '
g+ =g
and

M+ P+ Q=L

I shall show that g, is a primitive dispersion set of L.
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Suppose that g, is not a primitive dispersion set of L. Then by
Theorem 1 it contains a primitive dispersion set, g’ which can be
shown to contain all points of the set G ) M,. Also, g;* contains
P,. For if not, the set M; -+ P, is totally disconnected by the omi-
ssion of the set G X M, which is a contradiction of the case under
consideration namely, that g is a primitive dispersion set of M, - P,.
Hence ¢,° contains g, and the set g, —g," is a subset of Q.

Let x be any (g9, —gy"). By hypothesis the set M— (G —2) is
not totally disconnecled. It contains therefore a connected set N,
which must contain 2. The set N must also contain a connected

- subset which belongs to one of the sets M, -, M,+z. To show

this, let
‘ .N1 - ..Z\TX Ml)

and

N,=NX M,

If one of these sets, say .N,, is vacuous, clearly N, 4=z (=X) is
connected. If neither of them is vacuous, then both N, -4 and
Ny~ « are connected. For

.Z\‘ _w—-—-.:.\ ““}"Ng,
where N, and NN, are mutua.lly separated pets. If X, +x, say, is

‘not connected

l_\'yz"l‘w::Rl']LRz? ‘

‘where R, and R, are mutually sepa.rated and R, contains z. Then

-N'— B, +- (R, +4N1)

where R, and R, 4N, are mutually separated But this is a contra-
diction of the fact that N is connected. Hence N,-}-z is connected,
and similarly, N, -}z is connected. In any case then, M —(G—-x)
contains a connected subset which is a subset of. M, 42 or of
M, -} =. ‘4

 Since L—g," cannot éontain any connected subset, it follows
that M— (G — ) contains a connected subset, B, which is a sub-
set of M, -} . But M, |« is a subset of K, and yng 0. Hence
R is a connected subset of K-—g,. But this is impossible, since g,

“is a dispersion set of K. Hence such a point as z cannot exist,
~and therefore

‘9 =G

That is, g, is E pnmltlve dlspersmn set of L
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If now we let

H1=P1+Q7
H3=G1"‘H1:

the theorem is proved for Case (a) (1) For, if H, is mon-vacuous,
M, H, is connected, and contains the primitive dispersion set
gy =G X (M, -+ H,). If Hy is vacuous, then the set M, is by The-
orem 7, the sum of a finite number of mutually separated connected
sets, each of which has a primitive dispersion set consisting of all
those points of g, that belong to it. | |

(2) (In handling this part of case (&) T shall 'not give all the
details of the proof as they are 'so similar to those of (1))

If g is not a primitive dispersion set of the set M, P, let

and

"¢’ be a subset of g which is a primitive dispersion set of M, P,.

Tt can be shown that g’ contains all the points -of the set G X M.

Hence
g—g =h.

Consider the set M, -+ G,. If the set
. 9’ = G X (M + Gy)
is not & primitive dispersion set of M, Gy, let g, be a subset of
g, that is. Let m

| 97 — =0
It can be shown that @ is a subset of G,, and that the set
nh=yg + Q

is a primitive dispersion set of the set M; 4 Q.

Case (b). One, or both of the sets G X M,, G X M;, vacuous.
Suppose @ X M, vacuous, Consider the set

K=M,+ G,

Fither G is a primitive dispersion set of the set K or it is not. If

-@ is a primitive dispersion set of K, then, by Theorem 6, G — P,

is a primitive dispersion set of K—P,. If we let Hy==P, and
H,= G,— P,, the theorem is proved. |
" If G is not a primitive dispersion set of K, it contains a pri-
mitive subset, g,. It can.be shown that g, contains all points of the
set G X M,. Let | ‘
| | | 91=G—g,.
Then g, is a subset of G,, and M, + ¢, is'a connected set,
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Now ¢, is a primitive dispersion set of the set A, + g,. For
suppose not. Then g, contains a subset, g, which is a primitive dis-
persion set of M; 4 g,. Let x be a- point of the set g,—g¢. It can
be shown that the set M— (G —2) contains a connecled subset, N,
which is a subset of one of the sets M, 4, M,— G X M, +=z. But
M+ 1s a subset of the set M, +g¢, — g, which is totally discon-
nected; hence N cannot be a subset of 7, + . Also, M, — G X M, + =
is a subset of K-— gy, which is totally disconnected; hence N cannot

be subset of M,— ( X My +z. It follows that N cannot exist, and
that & cannot exist, That is

9 =9,

and g, is a primitive dispersion set of the set M, +g,. If we let
H,=g,, and H;=g¢, + G X M,, the theorem is proved.

Theorem 9. If M is a connected set, and G a primitive disper-
sion set of M consisting of a finite number of points Py, P,...P,
then M is the sum of n mutually exclusive comwcted point-sets, each
of which contains one point of G.

Proof. Clearly the theorem is true for n==1. I shall prove it
for the general case by mathematical induction, assuming it true
where the number of points of G 1s 2, 3,...n—1.

Since M— G is a totally disconnected set it can be expressed
as the sum of » mutually separated point-sets L,, L,,...L, Then

“either (1) for all values of ¢ and j, (G, j=1, 2,...n) L+ F; is

a connected set, or (2) there, exist two numbers & and k, 1 =k=n,
1<k =<n) such that L,+ P, is not connected.
. If (1) holds, the theorem is satisfied by the # connected, sels
L,+ P, L+ Py,... L+ P. '
If (2) holds, suppose, for simplicity, that h=1 and k==1; that
is, that L,+ P, not a connected set.
Then ~ |
L, + P1=H1+Hz,‘

where H, and | H, are mutually separated sets, and H, contains P,.
It follows immediately that M— (Py+ P, +...+ P) is not con-
nected, since

M—(P;+ Py~ +P)*’H1+(H2+Ln+ +L);

and H, and H,+ L,...+ L, are mutually separated sets.
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 Let ‘ o
Hﬂ +L2 + * “+Ln= Q'

There are three possibilities to consider:
() There may exist a point of G— P,, say P, such that

"H, + P, is not connected. Then

H1 +P2=N1-+N2?

where N, and N, are mutually separated sets, and N, contains Fy.
It follows that M — (Py+P,+...+F,) is not a connected set, since
it is the sum of the two mutually separated .sets N, and N, + Q.

(b) There may exist a point of G — P, say F,, such that
Q-+ P, is not counnected. As in (a), it follows that the set

- M— (P +P+...+P)
is not comnected, ,

(¢) If neither of the possibilities (a) and (b) oceurs, apply Theo-
rem 8. This theorem shows that M is the sum of a finite number
(greater than one) of mutually exclusive connected sets, each of
which contains a subset of G' as a primitive dispersion set, and to
which the present theorem, being true for n=1, 2, 3,..., n — 1,
applies. - o _

It remains to proceed with the result of (a) and (b), viz, that
M— (Py+P+...+1,) 1s not connected. Then
M—(F+P+.. .+ F)=4,+ 4,
where 4, and 4, ave 1utually separated. sets.
- There are three possibilities: . |

(d) There may exist a point of the set G — (P, + 1), say I,

such that 4, 4+ P, is not ccnnected. It can be shown, by an urgu-

‘ment similar to that used in (a), that M — (P, + ...+ P,) is not

connected. ‘

(¢) There may exist a point of the set G -— (P, + F,), say I,
such that 4,4 I is not connected. It follows that J—(P,+...4 )
1s not connected. -

(f) If neither of the possibilities (d) and (e) oceurs, apply Theo-
rem 8 as in (¢) ahove, R

If now the possibilities oceurring in the case where

is not conuected, and so on, we arrive finally to the only remuining
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case, viz, the set M—P, not connected. This case requires- a spe-
. cial proof, since Theorem 8 cannot apply.” |
If M — P, is not connected, it follows that

M—P,—N,+ N,

 where N, and N, are mutually separated sets. 4
For every value of i(i=1, 2,... n—1), let K, be the composant
of M — P, determiged by P.. Some of these composants may be
identical. | | |
| Let - -
y M- P, —(K,+K,+...+K,_ )= S
There are two cases to be considered:
(1) S a vacuous set. o
. In this case it is impossible that

K1 _— .Kg =-=. -.‘=.K,‘_11

since no connected subset of M — P, can have points in common
with hoth N, .and .N,. Hence each of the sets N, and N, contains
at least one of the composants K,; K,,... K, ,, and consequently
at least one point of the set G — P,. ' ‘ '

The set N, + P, is conneeted. For if it is not connected,

N, + P,=B, + B,,

where B, and B, are mutually separated sets, and B, contains P,
But since ' :

'M = B, + (B2+Nz)

and B, and B, + N, are mutually sepamated, it would follow that
"M is not connected. This is a contradiction of the hypothesis. Hence
N,+ P, is a connected set, and similarly N,+'P, is a connected set.
Let S |
Gl = G X (NI +-Pu),
and - | .
Gy = G X (N1+Pn)-

If G, and G, are primitive dispersion sets of N, + P, nd

N, + P., respectively, let the number of .points in G, be f and in

G, be m. Then N, + P, is the sum of f, and N, + P, the sum of

m m‘utually exclusive connected sets, each of which contains a point

. of G. As those two of these. f+ m sets that contain P, may be
S 15

Fundamenta Mathematicae VI.
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combined to form one connected set. the result is fdm—1=mn

connected sets satisfying the theorem. . o
But suppose (; is mot a primitive dispersion set of N,+P,. Let

g, be that proper subset of G, which is a primitive dispersion sel
of N,+P,. It can be shown that g, contains all points of G4+ F,,

and hence
GJ"’" g = P,,.

If the number of points in G 18 7, then by application of Theorem 7,
and of the fact that the present theorem is assumed true for
n=1,2,...,n—1, N, is the sum of /— 1 mutually exclusive con-
pected sets each of which contains one and only one point of

. @,— P,. Furthermore, Gy 18 & primitive dispersion set of Ny,

For M—(G—F,) contains a connected set, I, which contains F,. 1f

R X N, = Ry,
and |

R X Ny = By,
B, + P, is connected in the general sense. Since Ny -+ F, —g 18
totsﬂly disconnected, R, is vacuous. Then R, + F, is connected. If
gy is a subset of G, and 2 primitive dispersion set of N, -+ £,
then g, must contain P,, else N + P, — g, would contain a cun-
nected set B,-P,. Since g, must also contain all points of G,—F,,

| it follows that Gy==g, and is a primitive dispersion set of Ny F,.

If m is the number of points in Gy, Ny+ P, is the sum of m mutu-
ally exclusive connected sets euch of which contains & point of G,
The remainder of the proof for this case should he obvious.

(2) S non-vacuous.

I shall first prove that S+ P, is a connected set.

Let ‘
SX N, = Sl)

and

Then

JS' >< Ng prmnamar Sﬂ'
S’= S] + A“’Q,

“and 8, and S, are mutually separated sets, if neither iy vaenous,

The set 5, + P, is connected (in the general sense). For sup-
pose not. Then -

Sl - P, == 1"1 -+ Rﬁv

" where K, and K, are mutually separated sets, and [, containg P,
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Let K,, K,,..., K, be those composants of the set K, K,,...
K, K.,... K, that belong to N,. :
As R, is a subse

et of S;, K, cannot contain any - pd,iﬁté of it.
Hence ' ' ' C '

B+ K, =L+ I,

where L] and L} are mutually separated sets, and L; contains K.
Likewise, as L} is a subset of Sy,

i""Kz:—'Lf"}'Lg:

where "L? and I2 are mutually sepé.rated sets, and I3 contains K.
Continuing in this way, we get a set L;, such that L{ and
M—L; are mutually separated sets a contradiction of the hypothesis
that M is a connected set. It follows that S;+ P, is a connected set.
It can be shown by a similar argument that the set S; + P, is
connected (in the general sense). As the sum of two connected sets

that have a point in common is connected, it follows that the set
S + P, is connected. |
Let

G X K, = G, (i=1,2,...n—1).

For every value of i, @ is a primitive dispersion set of K. For
suppose. for instance, that G, is not a primitive dispersion set of K.
Let g, be that subset of &, which, by Theorem 1, is a primitive
dispersion set of K,. Then the set |

M—P —g—Gy— Gy—...— Gy 1)

is totally disconnected. For if it contains any connecled subset N,
then N could not lie wholly in the totally disconnected set K,—g,,
nor could it contain any points not belonging to K, as the latter
set is a composant of M — P,. Hence no such set as N can exist.
But G — (G;—g;) cannot be a dispersion set of M, by hypothesis.
Therefore the supposition that G; is not a primitive dispersion set
of K, leads to a contradietion. S '

The remainder of the proof should be obvious. o

The following theorem is a direct consequence of Theorem 9:

1) Since there is' mo loss of genéra]ity in so doing, I am supposing' helfe that-
no two of the composants K, , K,,... K,_; are identical, o
15¥
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Theorem 10. If a connected set M contains a primitive disper-
sion set G which consists of more than one point, then M is the sum

of two mutually exclusive connected sets.
Proof. If z is a point of G, the set M—(G—=) contains a con-

nected set, N, which contains z. Let y be a point of G distinet
from x. Then M — (G —y) contains a connected subset, Ny, which

“contains y.

"If N, and N; have no points in common, then N; is a subset
of a composant O of M— N,, and the set M — C is connected, by

 Theorem 2. Then M is the sum of the two mutually exclusive

connected sets, C and M— C.
If N, and N, have points in common, let

AT= Nl + Nﬂ-

Then N is a connected subset of M—(G—zx—y), and the set z+y
is a primitive dispersion set of N. Hence, by Theorem 9, N'is the

- sum of two mutually exclusive connected sets, [, and L,. L, is

a subset of some composant, C, of M—L;, and the set M- C is
connected. Then M is the sum of the two mutually exelusive con-

nected sets, C and M — C.






