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A characterization of a continuous curve.
. N ‘
R. L. Moore (Austin, Texas, U. S. A.).

In this paper I will establish two theorems relating to econti-
Nuous Curves. |

Lemma 1. If K is a closed subset of a continuous curve M and
H i3 a mazximal connected subset of M — K then cither H is iden-
tical with M— K or H and (M — K)-— H are mutually separated.?).

Proof Since H is a maximal connected subset of M—K it
is clear that no point of (M — K)— H is a limit point of H. That
no point of H is a limit point of (M — K)— H is a consequence
of a result established on Page 256 of my paper Concerning conti-
nuous curves in the p.lane ?). It is also a consequence of a theorem
of Kuratowski's®) together with Theorem I of that paper.

Lemma 2. If N is a closed subset of a continuum M and M,
is a maximal connected subset of N and L is a bounded subconkinuum
of M which contains at least one point of M, and at least one point
of M— M, then L contains at least one point of M, which is a limit
point of M—N.

Proof. Since the conmected point set I contains a point of
M, and M, is a maximal connected subset of N and 'L is a subset
of M but not of M,, therefore L must contain a point of M — N.

Let T denote the derived set of M— N and let L denc_)te the set

1} Two point sets are said to be mutually separated if they have no point.
in common and neither of them contains a limit point of the other one

1) Mathematische Zeitschrift, vol. 15 (1922), pp. 264 —260.

%) Une définition topologigue de la ligne de Jordan, Fund. Math. vol, 1
{1920), pp. 40 —43.
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of points common to L and M,. Suppose that L contains no point
of M; which is a limit point of M— N. Then the closed point sets
L and T have no point in common. But the connected point set L
contains at least one point of L and at least one point of T. Hence ?)
L éontains a connected subset H such that neither L nor 7 con-
tains a point of H but each of them contains at least ome limit
point of H. Let H, denote the point set composed of H together
with all those limit points of H which belong to L. Since the con-
nected point set H, contains a point of M; amd is a subset of N
and M, is a maximal connected subset of N therefore H, is a sub-
set of M,. But M, is closed. Hence H’ (the derived set of H)
is a subset of M,. But H’ contains at least one point which belongs
to T and which is therefore a limit point of M —N. Furthermore
H’ is a subset of L. The truth of Lemma 2 is therefore established.
Definition. The subset K of the connected point set M is said
to separate A from B in M if M—K is the sum of two mutually
separated point sets which contain 4 and B respectively.
Theorem I In order that a continuum M should be o continuous
curve it is necessary and sufficient that for every two distinct points
A and B of M there should exist a subset of M which consists of
a finite number of continua and which separates A from B in M.
Proof I will first show that this condition is sufficient. Sup-
pose, on the contrary, that there exists a continuum M which is
not a continuous curve but which has the property that every two
of its poiuts can be separated from each other in M by a subset
of M which consists of a finite number of continua. Since M is not
a continuous curve there exist?) two concentric circles %, and k,
(k, being within k,) and a countable infinity of continua M, M, M,, M,,..
such that (1) each of these continua is a subset of M and contains
at least one point of %, and 4t least ome point of k, and is a sub-
set of the point set H which is composed of the two. circles k,

1) See Theorem 1 of the thesis of Miss Anna M. Mullikin, Transactions of’
the American Mathematical Society, vol. 24 (1922), pp, 144 162.

%) Cf. my Report on continuous curves from the viewpoint of analysis silus,
Bull. Amer. Math. Soc, vol. 29 (1923), p. 296. See also my papers 4 characte-
rization of Jordan regtons by properties having no reference to their bounda-
ries, Proc. Nat Acad. Sc., vol. &4 (1918), pp. 364 870, and Continuous sets that
have no continuous sets of condensation, Bull. Amer. Math. Soc., vol. 25 (1918),,

pp- 174 176,
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and %, together with all those points of the plane which lie bet-
ween these circles, (2) no two of these continua have a point in
common and, indeed. no ome of them is a proper subset of any

connected point set which is common to M and H, (3) the set M
is the sequential limiting set ) of the sequence of sets M,, My, Mj,...

For each n, let a, denote the eclosed set of points common to M,
and k, and let b, denote the set common to M, and k. For each
n, let A, and B, denote definite points belonging to a, and b, re-
spectively. There clearly exist two points 4 and B and a sequence
of distinet positive integers m,, 7y, 7g,... such that 4 and B are
sequential limit poinis of the sequences A, 4,,... and B,, B,,,...

respectively. By hypothesis the continuum M contains a subcont1-
nwum L such that (¢) M—L is the sum of two mutually separa-
ted point sets U and F which contain 4 and B respectively, (b) L

is the sum of a finite number of continua L,, L,, L,,... L,. Since
neither 4 nor B belongs to the closed point set L, and A4 is not
a limit point of ¥ and B is not a limit point of U, therefore there
exist circles C, and C,, with centers at 4 and B respectively, such
that C, encloses no point of L V and C; encloses no point of
L + U. There exists an integer & such that, for every j greater
than 6, the point set a, is wholly within C; and the point set b,

is wholly within C;. Thus, for every j greater than d, M, conta-
ins a point 4, which belongs to U and a point B, which belongs
to V. But M, is a subcontinwum of M and every subcontinuum

of M which contains a point of U and a point of V7 must
contain & point of L. Hence, for every j greater than d,
M, contains a point of L and therefore of some one of the sets
"Ly, Lyy... L,. It follows that there exists an integer ¢ and an in-
finite sequence of distinet integers ¢, 7, #,,... such that, for every
jy L, contains at least one point in cor mon with M,. Since, for

1) The point set M is said to be the limitimg set of the sequence of point
sets M, M,, M,,... provided that (¢) each point of M is the sequential limit of
an infinite subsequence of some sequence of points P, P,, F,,... sach that, for
every mn, P, belongs to M,, (b) if B, P,, P,,... is a sequence of points such that,
for every n. P, belongs to M, then M contains the sequential limit point of

-every infinite subsequence of P, P,, P,,... that has a sequential limit point. If

the further condition is satisfied that every infinite subsequence of the sequence
M, M, M,... has the same limiting- set M then M is said to be the sequential

 limiting set of the sequence M, M, M,,..
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every j, the subcontinuum. L, of the continwum M contains a point
of M,j and 4 point of M,j » and M,j and Mg +1 Are maximal subcontinua

of the point set which is common to H and M, therefore, by Lemma 2, L,
must contain a point either of a, or of b,. Thus there exists an

infinite sequence of distinct integers J1s Ja3 Jas--. such that either L,

‘has at least one point in common with each point set of the se-

quence @, ay, @;,... or it has at least one point in common with
each point set of the sequence b, b,,6,,... In the first case 4 is
a limit point of L, while in the second case B is a limit point
of L,. But L, is closed. Hence it contains either 4 or B. But this
is not the case. Thus the supposition that the condition of Theo-
rem 1 is not sufficient has led to a contradietion.

That the condition of Theorem I is necessary may be proved
as follows. Suppose that 4 and B are two points belonging to the
continuous curve M. Let C, denote a circle with center at 4 and
radius equal to one half the distance between A4 and B and let Cy

denote a circle concentric with C, and lying within it. Let H de-

note the set of points consisting of C, and C, together with all those

points which lie between C, and C,. The curve M contains 1) at
least one subcontinuum N which is a subset of H and whieh con-
tains at least one point of C, and at least one point of C,. The grea-
test connected point set which contains N and is common to H
and M 'is a continnum,. Let G denote the set of all such continua,
that is to say the set of all those maximal connected subsets of M
which lie wholly in H and contain ope or more points of C, and
one or more points of C,. Since M is a continuous curve there
are not infinitely many of these continua. But is has been proved
that there is at least one of them. Hence @ is a finite set of mu-
tually exclusive continua L,, L,, L,... L,. Let L denote the clo-
sed point set"obtained by adding together the points of these con-
tinua. Let M, denote the greatest connected subset of M- L which

‘contains A. The point B does not belong to M,. For if it did
‘then *) it could be joined to A by a simple continuous arc which

lies wholly in M, and this are would contain as a subset an are ¢
which is a subset of H and which has its endpoints on C, and

) Cf, Miss Anna M. Mullikin, loe. cit.
%) See Theorem I of my paper Concerning continuous curves n the plane,
loc, cit. :
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C, respectively and the arc ¢ would necessarily be a subset of some
continuum of the set @, contrary to the fact that M, and L have
no poimt common, It follows that B belongs to the set (M—L)—M,.

" But, since L is closed and. M is a continuous curve. it follows by

Lemma I that the point sets M, and (M—L)— M, are mutually se-
parated. Hence L separates 4 from B in M

Theorem 2. In order that a bounded continuum M should be
a continuous curve which contains no domain and does not separate
the plane it is mecessary and sufficient that for every hwo distinct
points A and B which belong to M there should exist a point which
separates A. from B in M. | -

Proof. This condition is sufficient. For suppose that M is a bo-

unded continuum which fulfills this condition. By Theorem 1, M is

a continuous curve. If M contained a domain no two points of that
domain would be separated: from each other in M by any point.
of M, contrary to hypothesis. Suppose that Mseparates the plane. Then 1)
M contains a simple closed curve J. If 4 and B are any two points
of J and P is any point of J distinct from 4 and from B then,
of the two ares of J which have 4 and B as endpoints, at least
one fails to contain P. Hence P does not separate 4 from B in M.
The sufficiency of the condition of Theorem 2 is therefore esta-
blished. |

This condition is also necessary. For suppose that M is a boun-
ded continuous curve which neither contains a domain nor separates
the plane. Let A and B denote two distinet points of M. The eurve
M contains ?) a simple continous arc ¢ with extremities at 4 and B.
Let P denote any point, other than 4 and B, which belongs todhe
are t. If M—P contained a connected subset containing 4 and B
then it would %) contain asimple continuous arc ¥, with extremities
at A and B, and the point set composed of the arcs ¢ and t wonld
contain a simple closed curve and, therefore, since M contains no
domain, M would separate the plane, contrary to hypothesis. Hence,

1) Loc. cit. Theorem 5. .

3) Ci. R. L. Moore, A theorem concerning continuous curves, Bull. Amer,
Math, Soc, vol. 23 (1917), pp. 2383—236; S. Mazurkiewicz, Sur les lignes de
Jordan, Fund. Math, vol. 1. pp. 166—209; H. Tietze, Usber stetige Kurven,
Jordansche Kurvenbogen und geschlossene Jordansche Kurven, Math. Zeitschr,
vol. 5 (1919), pp. 284 -291. M |

) R. L. Moore, Mathematische Zeitschrift, loc. cit.
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-if M, denotes the greatest connected subset of Y— P which contains

A, the set M, does not contain B, It follows, by Lemma 1, that
P separates 4 from B in M, '
If 4 and B are two distinet points of a continuum M and K
is a closed subset of M which contains nejther 4 nor B but which
has at least one point in common with every subcontinuum of M
which contains both 4 and B, then, according to a definition given
by Mazurkiewicz 1), it is said that nK découpe M entre 4 et B%
or that K constitutes nune ‘coupure de M entre 4 et B¢ In this
case I will say that K separates 4 from B in M in the weak sense.
Neither Theorem 1 nor Theorem 2 remains true if the phrase
nseparates 4 from B in M is replaced by the phrase ,separates
4 from B in M in the weak sense®. The truth of this statement may

- be seen with the help of the following example.

Example. Let O denote the point (0, 0), let C denote the point
(1, 0) and, for every positive integer n, let C, denote the point
(1, 1/n). Let M denote the point set composed of the straight line
intervals OC, 0C,, 0C,, 0GCs,... If 4 and B are any two distinet
points of M there exists a point X which separates 4 from B in
M in the weak sense. But M is not a continuous curve. It is easy
to verify thé fact that if, in this example, A and B are any two
distinct points which lie between A and B then there exists no
subcontinuum of M which consists of a finite number of subconti-

-nua of M and which separates A from B in M (in the strong

sense).

) 8. Masurkiewics, Sur un ensemble Gs, punciiforme, qui n'est homéo-

- morphe avec aucun ensemble lindaire, Fund. Math, vol. I, p. 62,
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