A Condition that every Subcontinu of a Conti-

nuous Curve be a Continuous Curve.
By I
John Robert Kline (Philadelphia).

It is well known that every two points of a continuous curve
M can be joined by a simple continuous are?!), which belongs to M.
The converse, that every closed connected set having the property
that every pair of points of the set lie on a simple continuous are
belonging to the set, is a continuous curve, is not true as may
easily be seen by an example. Indeed it is not necessary that
a continu, in which every irreducible subcontinu is an are, be
a continuous curve?). However, we shall show in this note that if
every irreducible continu joining two points of a continuous curve
is an are, then every subcontinu of the continuous curve is itself
a continuous curve?). While the proof is carried out for two di-
mensions, a similar proof holds for any number of dimensions.

1) Cf. R. L. Moore, 4 Theorem Concerning Continuous C‘urvea,' Bulletin of
the American Mathematical Socisty vol. 24 (1916—17),

*) Let us consider the point set P, where for every positive integer P; is
the point whose polur coordinates are (1,#/2Y. Let ( and P be the points whose
polar coordinates dre (0,0) und (1,0} respectively. Then let M be the continu
composed of I, the straight line interval from (0,0) to (1,0) plus the infinite col-
lection of intervals 7, 1,, I,,... where 4 isthe straight line interval from O to P;.
It is clear that if @ is & point of I different from O, then M is mot connocted
im klsinen at ¢,

¥) For u study of conditions, necessary and sufficient that every subcontinu
of & continuous curve be a continuous curve see 11, M. Gehman Concerning the
Subsets of a Continuous Curve, Annals of Mathematics vol, 26 (,1925)
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Theorem A. A necessary and sufficient condition that every sub-

continu of a continuous curve be a continuous curve is that every
drreducible continu be an arc?).

Proof: That the condition is necessary follows as follows. Sup-
pose M is a bounded continuous curve such that every subcontinu
is a continuous curve and suppose further that there exists an
irreducible continu: # from A to B that is not an arc. Now as k
is & continuous curve, by assumption, 4 and B can be joined by

an arc h belonging entirely to k. Hence as h is a- continu from 4

to B and as k is an irreducible continu between the same two po-

-ints, ¥ and the arc 4 must be identical, contrary to assumption.

The condition is sufficient. Suppose that M contains as a subset
a contina H which is not a continuous curve. Then there exist two
concentric circles K, and K, whose radii are », and r;, respecti-
vely and a sequence of subcontinua of H, H,, H,, Hy,... such
that (1) each of these subcontinua contains at least one point on
K, and at least one point on K, but no.point exterior to K, or
interior to K,, (2) no two of these subcontinua bave a point in
common and no two of them contain points of any connected sub-
set of M which lies wholly in K, 4 K, -+ I (where I is the annu-
lar domain bounded by K, and K,) (8) H, is the sequential limi-
ting set of the sequence H,, Hy Hy,.. (4) if K is the maximal
subcontinu of H containing H, and lying wholly in the set
K,+ K, -+ I, then all the continua H,, H,, Hy,... Lie in, a con-
nected set of M — K3). For every i, H, is a closed connected set
containing a point P; on K, and a point @ on K,. Now there is
an irreducible continu I, of H, from P, to ()% and by hypothesis
P,Q, is an arc from P, to Q. Let B be the first point on the are

Hif 4 ‘and B8 are distinct points, then an trreducible continu from 4 to B
is 2 continu containing both 4 and B, which contains no proper subeontinu con-
taining both 4 and B. If 4 and B are distinet points, then a simple continuous
are from A to B is a continu containing both A and B, which contains no pro -

“per connected subset containing both A and B. Throughout this paper ,arc* and

Jsimple continnous arc* will be used interchangeably. 1f AB is an arc, then the
gymbol 4 B will denote the point set AB—A4A—B.

3) CE. R, L. Moore, Report on Continuous Curves from the Viewpoint of
Analysis Situs, Bull. Amer. Math. Boc. vol. 29 (1923) p. 296. See also R. L.
Wilder, Concerning Continuous Curves, Fuad. Math. vol. 7 p. 371.

3) Cf. 8. Janisg ewaki, Sur les continus irrdductibles entre deux poinis,
Journal de I'Ecole Polytechnique 2-me- série vol. 16 p..109.
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- P, @, which is on K, while A4, is the last. point of P, B, on K,
The point set 4,, -,, Ag,... has a limit point 4 which belongs to
H,,. Select a sequence A, 4,,... approaching 4 as the sequen-
tial limitiog point.

Put about 4 as center a circle C, of diameter ¢ where ¢ is

less than onetentb of », minus »,. As M is connected im kleinen,
it is possible to find an integer e, such that if ig=4, > @, and
J>>a, then 4, and 4, ; can be joined by an arc lying entirely
within C,. Consider the point set B,,.., Byg,... Where By, is

the endpoint of A4,,B,, on K, and 4,; B, is free of points of
N

K, -+ K,. These points have a limiting point B on H,, and we can
pick out a subset of B, ., B, ,.s,... having B as its sequential
limiting point. Let this sequence be B, B.,... Put about B
a circle C, of radius <Ce/2 such that no point of the are 4,..
B4 1s within or on C,. By the connectivity im kleinen of M at B,
it is possible to find an integer 8, such that if i==j, i > B, and
J==p,, then B,, and B,,,,J, are the endpoints of an arc of M
which lies entirely within C,. Join Al,(;,1 to 4, 5 by an are of M
Eixﬁ wholly within C,. This arc will contain as a subset an arc
4, A, where 4, is on Ai Bio, and 4, is on 4,, B,. . while

1 1,n
—— . ST
4, 4, is free of points of 4,4 B, , 4- A,mﬁ, B]_"&,

‘ Draw a circle_ Ky, concentric with K, and K, and having as

its, rgdms rn—é& Let 4,, be the first point of By, 4, (126

going fromr B,,, to 4,,,, which is on K, so that B, ./[2,,,i is a sub-
N ———

set of the annular domain I,, between K, and K;. Consider the-
pomt‘ set Ag,,,al o Ag,,,ﬂl o This set will have as a limit point
" & point 4, of H, on K, and again we can select from it a sub-
sequence Ay, A,,,... having 4, as its sequential limiting point.
Now put about 4, as center a circle Cy of diameter < g/2? such
that there are within or on ¢, no points of the ares 4, , B, and
4, . BI,,,&. It is clear that no point of 4, 4, is withit this circle.
By th.e connectivity im kleinen, there will exist an integer @, such
that if id=j, i> @, and 7> a,, then 4,,,, and 4, can be joined

by dn are of M which lies wholly within C,. Join ’Bl to B,,,.
"By Mo

by an are qf M lying- wholly in C,. This arc will contain as
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a subare, an arc B, B; where B, is on Ay g, Biny, 2nd B, is on
1 }3

Asy, By, while B, B, is free of points of both these ares and of

course of the are A, , B, , which has previously been excluded.
Now draw a circle G, concentric with K, and K,, having as
its radius 7, 4 /2 and proceed as before by means of first picking

out a sequence of the B’s and then getling an arc A; 4, lying en-
tirely within G;, which has no point except 4, in common with
B, 4, (on 4, B,)+ 4, 4, + 4, Ez (on A1,nm Bl,nﬁl) + B, B, +
B, 4, (on Ay my Bom)-

Continue this processt). Consider the set W = (B,, 4, + 4, <, +
4,B,+ B, B, + ) and let (W — W) denote the limit points
of W not in W. Clearly all points of (W — W) which .are limit
points ot B, Zl + A, B, + A4y By + ... lie in H, -and also be-
tween or on circles A and K, concentric with K, and K, and of
radii (r; — 4¢/3) and (ry + 2¢/3) respectively. Clearly while the
sets Ay Ay and By By may have points in common with H,,
they can, by our method of construction, have no points in com-
mon with those points of H, which lie on or between K and K
and the only limit points of A, Ay + Ay A, 4+ ... not in the set,
are limit points of /fl—]—Z,—}—fIs+ ... The set W is clearly
an irreducible continu between B, and any point of W — W. It
is not an arc as it contains infinitely many mutually exclusive
subarcs of diameter greater than % (r; — r,). Thus we are led to
a contradietion if we suppose our condition is not sufficient.

1) The process described above could have been simplified very much had
one been interested merely in a proof for the subcontinua of a two dimensional
continuous curve. In two dimensions we are aided by properties following rather
directly from the Jordan curve separation theorem.
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