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On two-dimensional analysis situs with special
reference to the Jordan curve-theorem.

By
D. W. Woodard (Philadelphia).

Introduction. R. L. Moore, in his paper, ,0n the Foundations
of Plane Analysis Situ.é“, Transactions of the American Mathemati-
cal Society, Volume 17, 1916, proposed three systems of azioms,
3, 3, 5, for the development of two-dimensional analysis situs.
This paper will hereafter be referred to as ,Moore“. To facilitate
reference, Moore’s notation will be followed as closely as practicable.

In Axiom 8, which belongs to all three systems, Moore as-
sumes that every simple closed curve is the boundary of a region,
that is, that every simple closed curve defines a bounded connected
get of connected exterior having further properties implied by eer-
tain other axioms of the three systems.

The chief purpose of this investigation is to replace Moore’s
Axiom 8 by another axiom of such nature that no property of the
simple closed curve is assumed. The Jordan curve-theorem in its
most general form appears as the fundamental theorem of the set
of theorems. Two systems of axioms, I and 11, are presented. It is
proved that (1) all of Moore's theorems follow a&s consequences
of each of the systems of axioms, (2) every simple closed curve
is the boundary of a set of points having all the properties of a re-
gion, (8) every space satisfying the set designated as Axioms I is
homeomorphic with the Euclidean plane and (4) there exist spaces
satisfying Axioms II that are oneither metrical, descriptive, nor
separable® *).

1) Axioms II are satisfied by the space thus described by Moore, page 164.
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The proof of the Jordan curve-theorem for spaces of the type
deseribed in (4) constitutes, perhaps the most interesting result in
the development that follows.

If Axiom 6 is omitted, it is still possible to prove Theorems
1—5 upon the basis of the remaining axioms, except that, in the
case of Theorem 1, the last six words must be changed to read
LH; is a subset of H; “. The facts developed in the proofs of
Theorems 1—5 constitute a proof of the Jordan curve-theorem. It
is of interest to note that, under these circumstances, the proof of
the Jordan curve-theorem is based upon a set of axioms which
contains no assumption as to the character of the boundaries of re-
gions, The foregoing statements apply to either of the two sets of
axioms.

Far an account of related investigations previously published, cne
is referred to the paper by J. R. Kline on ,Sepuration Theorems
and their Relation to Recent Developments in Analysis Situs*?).

I wish to express my deep obligation to Dr. J. R. Kline who
suggested the problem and whose helpful criticism has been of
inestimable value.

Definitions. Let S denote the set of all elements (points) to be
considered. Regions are certain subsets of S having the properties
implied in the axioms. For definitions of ,limit point of a point-
set¥, ,boundary of a point-set’, ,connected set“, ,Heine-Borel pro-
perty“, ,simple continuous arc®, ,simple closed curve“, ,bounded
set, sce Mcore, pages 132, 135, 136, 139. The set of points com-
posed of the point-set M and its boundary is denoted by 2/". The
expressions, ,simple continuous arec ABC*, ,arc ABCY and ,4BCY,
dencte the same object. Frequently an arc is designated by naming
its two end-points, as, AC. The symbol ABC denotes the point-set
(arc 4BC)—A4—C. T

Axioms I. Axioms 1—b are given precisely as they occur in
Moore.

1) In this connection, attention is called to the Heidelberg thesis of Imgard
Gawehn: ,Uber unberandete 2-dimenstonalen Mannigfaltigheiten®, Math, Ann,
98, 1927. In this thesis the validity of the Jordan curve-theorem im kleinen is
postulated. In a reference to Moore's paper, the following incorrect statement is
made: jausserdem wird viel vorausgesetzt, z. B. die Existenz spezieller Systeme
einander nicht schneidende Jordankurven*
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Axiom 1. There exists an infinite sequeice of regions K,, K,, Ky,
such that (1) if m is an integer and P is a point, there exists an
integer n, greater than m, such that K, contains P, (2) if P and P
are distinct points of a region R, then there exists an integer & such
that if n>6 and K, contains P, then K| is a subset of B —P.

Axiom 2. Ewery region is a connected set of poinis.

Axiom 3. If R is a region, S— R’ is a connected set of paints.

Axiom 4. If R is a region, R’ possesses the Heine-Borel property.

Axiom b, There exists an infinite set of points that has no limit
point,

Axiom 6. If P is a point on the boundary of a region B, then
there exist two simple continuous arcs AP and BP such that AP—P
and BP— P are subsets of B and S— R’ respectively.

Axiom 7. If AB is a simple continuous arc lying within a re-
gion I, then B--AB is a connected set of points.

Axiom 8. If a, and ay are two finite connecied sets of regions
whose swn is a connected set, and R, and B, are two mubually ex-
clusive regions without common boundary points such that R, (i=1,2)
contains at least one point common to @, aud &, and all points com-
mon to (@) aud (a,) belong to Ry-} Ry, then there exists at least
one region H containing a, -+, such that (1) the boundary of H is
a subset of the boundary of @, -} @y and (2) H contains a connected
subset M exterior to R,--R, and containing at least one point of a,
and one point of a,.

Independence examples. The independence examples given by
Moore, page 162, for Azioms 1—B, 8 of his Z, system will serve
for the above axioms bearing the same number. In the case of
Axiom 6, Moore's E; or E; may be used to obtain a space with
regions so defined that Axioms 1—5, 7, 8 hold true but for which
one or the other of the arcs indicated in Axiom 6 does not exist.
Certain types of regions, in addition {o those indicated by Moore,
must be defined in order that Axiom 8 may be satisfied in the in-
dependence examples for Axioms 4 and 6. The needed definitions
are obvious.

As an independence example for Axiom 7, consider the set of
points S, contained in the ordinary straight line ¢ and in §, the
half-plane determined by « in a given Fuclidean plane. A set of
points is a region B if and only if (1) R is an ordinary Jordan
region such that B’ is a subset of the half-plane §, or B is the
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finite part of S, determined by an ordinary arec ACB such that 4
and B belong to ¢ and ACB is a subset of §. All axioms are sat-
isfied except Axiom 7. T

Preliminary Theorems. Theorems 1—22, Moore, which de-
pend upon Axioms 1—6 are assumed. The following property
of the simple continuous arc as stated by Moore, page 139, is of
particular importance in our work: If an arc AB has at least one
point in common with a closed set F) then 4B has a first and
a last point in common with F.

Theorem 1. If J is a closed curve, there is a sequence of pairs.
of region-seis {af, o2}, (i=1,2, 8,...) such that (1) Jis the common
part of o+, e of,... and (2) there exists a corresponding
sequence of regions {H,} such that the boundary of H, is a subset of the
boundary of af’+ ef', H; contains af’ -4 af) and H, is a subset of H,_,.

Proof. There exist points A and B separating on J the’points
C and D. All regions used are members of the fundamental se-
quence of regions postulated by Axiom 1. Let R, and R, be two
regions about 4 and B respectively such that R, and R} have no
common points, and B} and B, contain no points of the ares CBD
and CAD respectively. Cover each point of ACB not in B, R,
by a region bhaving no point or boundary point in common with
ADB. These regions, together with R, R, cover ACB. A finite
gubset of these regions, including R, and R,, covers ACB (Moore,
Theorem 12). Let ¢ denote this finite set of regions. Cover each
point of ADB not in B, R, by a region having no point or
boundary point in common with ACB or with any region of the
set @ — B, — R,. As before, we obtain a finite set of regions, in-
cluding R, and R,, which cover ADB. Let ofY denote this finite set
of regions, Evidently of” and of’ satisfy the requirements of Axiom 8
and the correspsuding region H, exists. H, is unique. This follows
immediately from Theorem 21, Moore. In obtaining e and a,
all regions used have subscripts greater than 2, and, in general, in
obtaining af, ef, all regions used have subseripts greater than i.
There exist regions B{” and RY about 4 and B respectively such
that B and RY, together with their boundaries, are subsets of R,
and [, respectively. As in the preceding, there exists a finite set
of regions eovering all points of ACB not in R’ -+ R$ such that
every region of the set with its boundary is a subset of ofV’ and no
region of the set has a point or boundary point in common with
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ADB. There is again a finite set of regions covering ACB and in-
cluding RP and R{’. We can obtain similarly a finite set of regions,
including R and R{, covering ADB such that each region of the
set with its boundary is a subset of of and no region of the set
other than E® and RP contains a point of ACB. Let o and of)
denote the first and second of these finite sets respectively. The cor-
responding region H, exists. Continuing in this manner, we can
obtain the required sequence of pairs of region-sets and the corres-
ponding sequence of regions {H}. By Moore, Theorem 21, H; is
a subset of H,_,.

Let © be a point not belonging to J. Since J is closed, there
exists a region R, about Q such that Ry contains no point of J.
Let @, be a point of R, distinet from @. By Axiom 1, there is
a number & such that for n > 6, K| is a subset of R,— @, pro-
vided K, contains Q. In the process of obtaining the sequence of
pairs of region-sets, every region of the fundamental sequence be-
longing to &’ -+ &f” had a subseript greater than 4. Then, no region
of V| ™) can contain ¢. Hence @ cannot belong to the com-
mon part of af’ +aff, a4 af,..., and this common part is iden-
tical with J.

Theorem 2. Corresponding to every simple closed curve J, there
is a unique bounded set 1, such that I, and E,, the complement of
1,-+J, are separated by J.

Proof. The regions H;, H,, Hj,..., obtained in the last theorem,
have a common part H, which is closed (Moore, Theorem 14).
Denote H,—J by I, Assume that I, is non-vacuous und contains
a point Q. The point @ cannot be a limit point of E,. For, if Q
were a limit point of E,. every region R, containing ¢ would con-
tain a point @, of E,. Then, @, belongs to S— H; for some value
of i. An arc in R, joining @ to @;?) would contain a point of the
boundary of H, Under the assumption, then, ¢ is a limit point of
the sum of the boundaries of the regions H,. By the preceding
theorem, @ does not belong to the common part of o+ af,
o+ af,.... Then, there is a number n such that ¢ does not
belong to («{? -+ af)’. There is a region R, containing ¢ and no
point of (a{” - af®y. The boundary of H,,; (j=1) is a subset of
a4 af’. Then R, contains no point of the boundary of H,;.

1) Moore, Theorem 16.
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Hence Q is not a limit point of E,. Further, in the same manner
we may prove that no point of £, is a limit point of I,.

The regions R and R{’, containing all points common to af?
and of’, belong to R, and R, respectively. Then, by Axiom 8, there
exists in I, a connected set M, exterior to B, R, such that M,
contains a point A of &f’ and a point A of af. But 4P and AP
belong to ef’ and af respectively. With due regard to the fact
that &/, is connected and that o) — B, — R, and a{® — %, — R, have
no common point or boundary point, it follows easily that H, con-
tains a point F; exterior to o o, We thus obtain a sequence
of points Fy, Fy,..., F,,..., such that F, belongs to H, and is ex-
terior to off, + of”. Since each point belongs to H, the sequence is
bounded and possesses a limit point F' (Moore, Theorem 13). The
point ¥ obviously cannot belong to a4 af or to E, or to J. In
any event, the point F belongs to I,. Then, I, is non-vacuous. It
can easily be proved that E, is connected 1),

Suppose that I, is not unique, that is, suppose that for two
different processes of the kind described above, there were obtained
two sets H, and H, such that H, contains a point P not in H,.
The set S— H, is connected. Let E be a point of S— H_ and
S—H,. Then, uncer the assumption made above, there exists an
arc PE in S—H, which contains a point P, on the boundary of
H,. As proved above, no point of H —Jis a boundary point of
H,. Then, P, belongs to J. But J belongs to H,. This contradiction
shows that H,, and therefore I, is unique. The set I,, being
& subset of H,, is bounded.

Theorem 3. Every point of o simple closed curve J is a limit
point of I,.

Proof. Assume that P, any point of J, is not a limit point of
I, An arc joining s point of I, to a point of £,2) contains a first
point on J. Then J contains a non-vacuous subset N consisting of
points which are limit points of 7,. The set N is closed. Then P
is not & limit point of N. There exists a region R, about P such
that Z; contains no point of N, There is in B, an arc APB of J.
The arc APB contains no point of N. Let C be a point of J such

!) In fact, it can be shown that every two points of F, are the extremities

of an are lying wholly in E,.
?) Moors, Theorem 15, 22.
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that P and C separate A and B on J Let D; and D, respectively
be the first points that PAC and PBC have in common with the
closed set V. The set D, CD, -1, is closed and conunected.

Form eof? and «f’ in accordance with Axiom 8 as follows: R®
and R{ are regions about D, and D, respectively such that R
and It{? have no point or boundary point in common, The set a{
copsists of B+ R{’ and a finile set of regions covering all points
of D,\PD, not in I R such that no region of af? — RY — R
has a point or boundary point belonging to D,CD,-1,. The set
af consists of R{"4-B{’ and a finite set of regions covering all
points of D, CD, 41, not in RBP4 RP such that no region of
af’ — R(" — R{Y has a poiut or boundary point in common with
a region of e — B{» — R{". BEvidently regions of the kind described
exist so that of” and af’ can be obtained so as to satisfy the re-
quirements of Axiom 8. Let RY® and R be regions which, with
their boundaries, lie in R{’ and R{’ respectively and contain the
points D; and D, respectively. The set o — R® — R{» is a finite
set of regions which cover all points of D, P D, not in B®-- RY
and which, with their boundaries, are subsets of a{’. The set
af) — RP — R{ is a finite set of regions which cover all points of
D, CD, not in R®-+ R and which, with their boundaries are sub- ‘
sets of ef. The sets af® and af? evidently exist in satisfaction of
the requirements of Axiom 8. From this point proceed precisely as
in Theorem 1 and obtain the corresponding sequence of regioms,
H,, H,, Hy,..., whose common part is [;-4.J. By the preceding
theorem, I, contains a point F not in a4+ ef’. But a4 of’ con-
tains [, Thus, we are led to a contradiction by the assumption that
any point P of J is not a limit point of I,.

Corollary. No region is a subset of an are.

This follows easily by the proof given by Moore of Theo-
rem 23. The interior of a simple closed curve is to be interpreted
to be an I, set of points.

Theorem 4. Every point of a simple closed curve J is a limit
point of E,. ‘ o o

Proof. Let P be any point of J and R, any region containing
P, Then R, contains an are APB of J. The curve J contains at
least one point @ which is a limit point of E,. By The rem 1,
there is a region H containing J. There is a region R, contaiumug
@ such that R, lies in H and contains a point E ot E,. By Axiom 7,
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there exists in H an arc EP contaiving no point of are (J—APB)
such that P, is the first point that EP has on APB. P; is a limit
point of E, and lies in R,. Then any region containing P contains
a point of J which is a limit point of E;. Hence P is a limit point
of the subset of J consisting of limit points of E,. Then, P is
a limit point of E,.

Theorem 5. The set I, defined by any simple closed curve J is
connected.

Proof. Let @ be a point of I, and D, the maximal connected
subset of I, containing @. There is an are QZ joining @ to a point
E of K, having D, as the first point after Q on J. Let R, be
2 region containing D, such that ¢ --E does not belong to Rj,
There exists an arc QF in S—R;, having D, as the first point
after @ on J. Then D, and D, are limit points of D,. Let N be
the subset of J containing all points of J which are limit points
of D,. Suppose that a point P of J is not a limit point of Dy, and
let C be a point on J such that P and C separate D), and Dy on
J. As in Theorem 3, there exist two points 4 and B on J such
that 4 and B are limit points of Dy and the are 4CB contains N.
There is an arc XYZ such that XYZ belongs to Dgyand X and Z
are points on J in R, and B, regions about 4 and B respectively,
such that R,-+R, does not contain P, and R; and R, have no
common points. Under the assumption that P is not a limit point
of Dq, no point of APB not in R, 4R, is a limit point of D,
Let T, and ¥, be points of R,, and T, and V, points of R, such
that these points lie on J, (the simple closed curve PX YZP) in
the order PL,XV,YV,ZT,, and T, XV, and T,ZV, are subsets
of B, and R, respectively. XCZ belongs to E, (Theorem 4). Let
S, denote the set of points of I 5 Dot in B, R,. Then each point
of S, belongs to one and only one of the following classes.

(1) A point P, of S, belongs to C, if there exists an are lying
in I, except for one end-point and joining P, to a point of 7} PT,
and a similar are joining P, to a point of V,YV,.

(2) A point P, of S, belongs to Cy if there exists an arc lying
in I, except for one end-point and joining Py to a point of 7,PT,,
but there is no similar are joining P, to a point of V.YV,

(3) A point Py of §, belongs to C, if there exists an arc lying
in ], exeept for one end-point and joining P, to a point of ¥, YV,
but there is no similar are joining P, to a point of 7, PT,.
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(4) All other points of S; belong to C,.

No point of C, is a limit point of C; (ig=4). It is to be noted
that the boundary points in [, of B, and of R, belong to one of
these four classes.

Suppose that C; is vacuous. Form o> and o of Axiom 8 as
follows: Let B, and R, be A" and R{ respectively. (In this case,
and in several instances which follow, R’ and R{ are common to
af’ and of?). Since every point of I, can be joined to some poi_nt
of J by an arc lying in I, except for one end-point, every point
of C, can be joined to some point on the boun&ar’y of R, or R,
by an arc lying in I,. C, may be vacuous. All regions used. in the
following are regions of the fundamental seqence of regions of
Axiom 1. Cover each point of 7}PT, not in R, R, with a region
having no point or boundary point in common with ' G, XYV Z
Cover each point of Cy~}C, with a region that lies in 7, and. has
no point or boundary point in common with C;. Then, these regions,
together with R, and R,, cover the closed set XPZ - C, -]—- C,.
A finite subset, including R, - B, will cover the same set of points.
Denote this finite set of regions by o). The set af’ is connected.
Cover each point of XYZ not in R,+ R, ax.xd e.ach point of .03
with a region having no point or boundary poiut in common with
XPZ or with any region of of’ —R,— R, A finite subset of t}uise
regions, together with R, R,, will cover the closed set Cj +-}LIZ-.
Denote this finite set, which includes R, -+ R;, by of’. Keeplr.xg in
mind that £, and R, take the place of RB{’ and R’ respec.’uvely,
it is evident that a{ and af satisfy the requirements of' Axiom 8.
Form ¢ and of as follows, using only regions of subsfcmpt greater
than 2. The regions R® and R{) are regions about.l and Z re-
spectively such that R{® and R{, with their bomlldzmes, are subsets
of R, and R, respectively. a — R{ — R c?nmsts ofz: h?lte num-
ber of suitably chosen regions eovering' points of XP4 not in
R® L RP and such that these regions with thenj houndaries lu? in
o, The set af — R{® — R{® consists of a finite s.et of %egmns
covering points of XYZ not in RBP4 RP. These regions evidently
exist in such wise that «® and e satisfy the reqmremen.ts of
Axiom 8. IFrom this point proceed as in Theorem 1 andlobtam the
sequence of regions, H;, H,, Hy,... whose cc.nnm(in par.t is “1}/1-}—:7]1).
But, as proved previously, I, contains a .po-lnt F not 1g al.' +a2£
But af’ 4+ af’ contained I,. This contradiction shows that C; is no

9
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vacuous, Then, there is an are?) in I, joining a point of T\ PT,
to a point of V.YV, (I, is obviously a subset of I)). This contra-
dicts the fact that 4 PB contains no point which is a limit point
of D,. Hence P is a limit point of D,. Then, every point of J
is a limit point of D,

Let 2 and @ be any two points of I,. There exist D, and D,
as defined above. Suppose that there is no are in I, joining a point
of D, to a point of D,. Since every point of J is a limit point of
D, and of D, there are two arcs, P, P, Py aud @, Q; @5, such that
P, P, @y, Q, are distinet and lie on J, P,P,Py and @, 9,0, belong

to D, and D, respectively and, under the assumption, have no
point in eommon. The points Py, Py, Q;, @, logether with two other
points A and B, may obviously be so chosen that they lie on J
in the order AP, @, B Q;F;. Let J, denote the eclosed curve
P, P,PyQsQ,0Q,P,. The set P,AP; - Q,BQ; is exterior to I, -}-.J,,
since I, --J, is a subset of I,4-J and A and B are limit points
of E,. The set I, contains a point L. There exists D, of I, and
every point of J, is a limit point of D,. Then, there is an arc
L,L,L; such that L, and Ly lie on P,PyPy and (@, (Q; respec-

tively, and L, L, L; is a subset of I, and, consequently, of I,. Hence

we have an arc in I, joining a point of D, to a point of D, con-
trary to the assumption made above. But P and @ were any points
of I,. Then I, is connected, in fact, connected in the strong sense.

Theorem 6. If B is a region and ABC an arc of a closed
curve J such that A and C are on the boundary of R and ABC is
a subset of R, and if M is the set of all points that can be joined
to a point of ABC by an arc whose every point, except an end-point
on ABC, is common to I, and R, then M is a connected set of points.

Proof. Let P and @ be any two points of M and PP, and
Q Q; two ares common to I, and R except for end-points P, and
0, which belong to ABC. If PP, and QQ, have a common point,
P and @ being any two points of M, the theorem is proved. Sup-
pose that PP, and QQ, have no common points and that P, is
distinet from Q,. If P,==0,, the proof follows, with suitable mod-
ifieations, from that given below, Sinee I, is connected, there is an
are PXQ such that PXQ is a subset of I,. A subset of PP, +

*) Thie arc les in I, except for end-points,
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+PXQ -+ QQ, is an are P 1°Q, such that ]:LI:()_, belongs to I,
Suppose that PL}:(A)} contains at least one point of S— /7, and let
T, and 7, be the first and last points respectively that P, Y @,
has in common with the boundary of E. (If P,1°Q, contains no
point of S—R’, but does contain points of the boundary of R,
the theorem follows immediately, provided such an arc can be ob-
tained in connection with any two points P and ¢ of AM). Let B,
be a point of 4BC between P, and @,. Let J; denote the closed

Fig. 1.

curve P, B, @, Y P,. The set I, is a subset of L. Tl‘:\ere exists an
are L, L, L, such that L, and L, lie on J, in the order
P L, T,YT,LyQ, and L, LyL, is a subset of I;,. Suppose that
L, L, L, contains a point of S — R’ (see remark aboYe). Let J, denote
the closed curve P, B, Q, Ls L, L, P,. Then, Iy, is a.subset of I.J‘
and, consequently, of I;. Let ¥, and 7, be tv'vo points on J, in
the order P, V,L,L,L, V;Q,. Let J, denote the simple 'elosed curve
P,T,YT,Q,B,AP, where B, is a point on J which with B, sepa-
rates A and C on J. Then, Iy=1I;+ I+ P YT, (Moore,
Theorem 25. The proof of this theorem follows with.out modifica-
tion if the interior of a simple closed curve is now interpreted to
be an I,-set of points). There exists an arc W, W, W, such that

W, W, W, is a subset of J;, and W, and Wy lie on J; in the order
—— T 9*
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AW, P,W,V,. Let J, denote the closed curve WiW, Wy + W, P,
(on AT Ty) -+ P, W, (on ABC). There exists a region R, about ¢
such that B; contains no point of J, 4+ J,. There is in £, an are
CD joining C to a point D of Ey. There is a number & such that
D lies in §— Hj, where H; is one of the regions of the sequence
whose common part is I;+4J. There exists an arc 2y Zy Z, such
that Z; lies on T, Y7, Z; lies on @,C B, between B, and C and
2y Zy Zy Nies in I, and contains no point of W, W, W,.
Consider J,,. Every boundary point of B lying in I,, is a limit
point of the set of points of 15, in S— R'. Every point of I, in
S— R can be joined to some point of L, L,L, by an are lying in
1y, and S— PR’ (exeept for an end-point on L,Z,Z,). Then L, L, L,
together with the boundary points of R lying in I;, and the points
of Iy, belonging to §— R form a closed connected set. Now form
@ and o, of Axiom 8, using only regions that lie in I; and con-
tain no point or boundary point in common with J, 4 CD +
+ P, WV, + P,B,Q, V- The regions R, and R, are to be suitably
chosen regions containing L, and I, respectively. The set e, —
— B, —R, is a finite set of regions covering points of L,L,L, not
in B 4R, and all points of the boundary of R that belong to I,
and all points of I, lying in S— R’ such that no region of the
set has a point or boundary point on LT\ Y T, Ly. The set o, —
— R, —R, is a finite set of regions covering points of L, 7, YT, L,
not in By -+ R, such that no region of the set hasa point or bound-
ary point in common with s region of @ — R —R,. Such sets
of regions evidently exist so that @, and @, satisfy Axiom 8. By
this axiom, there is g region H containing a, + @, with a boundary
which is a subset of the boundary of & +a,. The simple closed
curve J, evidently lies in S—H', since for each point of J, there
is an arc joining this point to D and containing no point on the
boundary of A. In a similar manner there may be obtained a region
H, containing Jo+ P B,Q, such that H, lies in Hy, 2 ZyZy
+ VLT + V,L,T, + CD4-BZ,C 4+ H lies in S—Hj, and H;
lies in S— A, By the reasoning employed in Theorem b, it can
be shown that there exists an arc 4,4,4, such that 4, and 4, lie
on Wy¥,L, and Oy Ve Ly respectively and 4, 4,4, is a subset of

the common part of 17, and R. (In this case, however, the points
of the classes Gy, Gy Gy, O, are

L, subsets of _the set of points of
17, not H| H,. The ares LV Wy and I, V.0, respectively corres-
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pond to the ares 7,PT, and V17V, mefiioned 31 Theox:em B,
where L, and W, are points of L, Vi W, Ly and @, af points of
é1V2L3J and the ares L, L Ly Ly Ly and W, Wy P, B} 0.0, al"e sub-
sots of H and H, respectively. The arcs used in deﬁn;zng tC}';
(i=1,2,3,4) are to lie in the common ps.rtz of I, a}?d y Wln
the exception of a single end-point in each instance). But 4, ca

be joined to P and 4, to ¢ by arcs lying in M.. Then, P ean be
joined to @ by an are lying in M. Therefore, M is connected.

Theorem 7. The boundary of every region is a simple closed
C””;' £ Let ¢ and D be any two points of the boundary of
a regli'gxcl) R By Axioms 2, 3, 6, t%xe;'e exists a simplia closted gu:zg
CY,DY,C such thatu the ares CY,D and CY”P belong to o
S— R’ except for the points C' and ]) Let J denote the ;lz:pﬂ;
closed curve CY,DY,C. Then, I7 :}(l)ntta;s: Ez:-zzi\;:;:e;u ;‘ -

ose that M i .
(])éih 3!4[33 ftxfl?,rngzrf .JUISHExfd M, are two sets sEch th;.a.ttnefi.till;r

. contai Jimit point of the other set. Let P, be a point of M;.
?l(‘alfxejznz:;:s aan are lePl W, sueh that Z, and W, belong to G—Ylhg
and CY,D respectively, Z, P, W, is_‘i subseti)f I7 and hP1 1'3 tlz
only point of M on %, P, W, Let J, and J, de.no';e fl‘ ;ens?l};:
closed curves Z, P, W,CZ, and ZlPl. W,DZ, rfzspectlve y- T ts; ,; =
=I5, I5, -+ Z,P, W, (Moore, Theorem 25). There eme; r;)here
P, of M, in GMIJ, or Iz, iup%sel.that. P}belcglfzizioéfé e
i gion B about P, such that B’ lies in I7. >
;: :n 1:;3‘ A4,P,B, in R such that 4, and B; l.oelonghto R il}lli bi;—}g-
respectively and P, is the only poin.t that this ar}(; as osn—»Rl e
ary of R. There exist aves Y4, in B and_ Y, }i mth .
that Z, and W, respectively are the first poll:ltst at Z S
on J,. A subset of Y, 4, + 4,P,B, -+~ Y,B, is :111 ar(; ;Vali; =
that ~ZzP2Tng is a subset of Iy. Suppose that Z, an . : P
in the order Z, Z, DW,W,. (If one or both of tf"iapfmni Z, md
W, lie on Z P, W,, the following argum?np st;ll ”(; sI.Jet e
B be two points of J in the order ZIAAADngBh 1 i
the simple closed curve ZIAZZ}}_}VXBW]EZI. The s 1 J&re ..
a subset of M. Suppose that M, and Mg respectw? 5}_) o
vacuous subsets of M, and M, in Iy (I5 is 2 subset of /7).
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of these sets is vacuous, it will be obvious that the desired result
still obtains. In the following proof the sets Z,CW, and Z,DW,
belonging to J are to be disregarded in naming arcs. Thus, 4P, B
means the arc AP B of J. There exists a region R, containing B
and no point of RB'. In R, there is an arc BE joining B to a point
E of E; and having B, as the last point on J. There is a number
0 such that K lies in S — H where H, is a region of the sequence
of regions whose common part is ;.. There is a region R,

about P, such that R, lies in H, and contains no point of B, K
~+ M, 4 AP,B. As an almost immediate consequence of Theorem 6,
it can be shown that there is an are €, G, Gy such that C,C, C, is
common to R, and [, and C, and C; lie on J in the order G P,CA.
Let J; denote the simple elosed curve C.C,Cy P, C,. No point of
M, lies in I, since I; is a subset of Ry, Cover each point and
boundary point of the subset of M, not in Iy, (P, is not a limit
point of this set) hy a region which, with its boundary, lies in I,
and has no point or boundary point in common with M,. A finite
subset of these regions, [K], will cover the given closed set. Con-
sider any region K, of [K]. Such a region has a point @, in R.
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is in B an arc joining @, to C; having @, as a first poi-ut
OTII: etfetet composed ofJ the ares C,C,GC; an§ PlAPg.' Therei exist
ares of this type for each region of [K]. Since [K] is a finite se.t,
all of the end-points @, lie on C,C,C or PGy D, 'Where‘D is
a point on Py 4P, between C; and P,. Form «, and e, of AxtomS
as follows: R, and R, are regions about C; and Pl. respectxv'ely.
The set of regions @, — R, —R, i8 a ﬁl?ite set. covering all points
of are P,C, (of P,C,B;) notin R, —.}— RB,. No region of czl-—-Rl—C—lci2
is to have a point or boundary point on P1AP2B1'01—}—B1E+CI <G
The set «, — B, — R, consists of [K] and a finite set of regiﬁor}a
covering all points of C) Gy Ca+.P, CBD.-!— all ares Q; @ nto 11.11
[K]+ B, + R,. All regions used in obtalnmg' al‘-}— a, are to t11e1
in H, and to have no point or bourfdary point 1n common Wi
BlE’-l—J_l/[—;—l— P, B, (of P,B,P). Obvmusly,_ there exist regions as
indicated which form @, and «, in satisfaction of t-he requ%rements
of Axiom 8. According to the same axiom, there is a region con;
taining @, + @, whose boundary is a subse_t of the'boundall'y. ou
@, -+ ;. Denote this region by Ep. There lexmts a region R,,E. ym?
in H, and containing P, such that Ej contans no point o
P,C,B,E -+ E;. As before, there is an arc D,D2.D, s:xfci_l tf}?;
D,D,D, is common to I; and i, and Dl_fmd -D, lie 01-3 mb' .
order _Ds P, D, B,. Cover each point of M, with A regloll)l wdlc )
together with its boundary, lies in I; and has no point o'rh oun f{.ry
point in common with any region of o - a,. Cover F, Wl.'[- a reglxc:i
belonging to H and containing no point or boundary point in c;)
mon with K, 4 P,C,BE -+ DDy Dy A ﬁni'c_e subset, @, of 1&11 (tl e,::
regions, including the region about p,, will f:over tEli clc;se ;
M,+ P, If any region of G contains a point of Rx, .t en t x;
region lies wholly in R,. Let G, be the set of all regions of :
that lie in the exterior of R,. The set Gy is _not Vaguous, asft 1e1
region used to cover P, belongs to Gy. .Let Gy be- the fset ow;h
regions of &, which, together with their bounda_r_lfs, orm )
DD, D, a connected set. If there is any region of Ct'l thatfhgi onng
a set of boundary points in common with other riglons o- 1 : i
no point or boundary point on D;D; Dy, add to G, a }fimrt:;:ﬂ Zf
regions covering these boundary points suc}l that eac ] g e
this additional set lies in Iy and has no point or boundarv p
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in common with R, J or with any region of & not in G,
These additional regions evidently exist in finite num

ber covering
the set of boundary points mentioned

, since this set of boundary
points is closed. Denote by [K] the augmented set of regions which
includes &. Form @, and %, as follows, using only regions that
lie in #; and have no point or boundary point in common with
Ry, - P,C,B,E or with any region of G not in G,. Let %, be the

region of @, containing P,, &, a region coutaining Dy, &, — 72, — 7,

& finite set of regions containing [K] and all points of P,D D, D,
not in [K] 4+ P, + Ry 7, — R, — R, & finite set of regions covering
ommmﬁﬂa@uwmnmmE+Eomww@mm%
consisting of regions of this character and satisfying the require-
ments of Axiom 8, can be obtained. By Axiom 8, there is a region
containing &, - 2, whose boundary is a subset of the boundar

% -+ @, Let R, denote this regior. Every point on the boundary

of R, can be Joined to E by an arc containing no point of the
boundary of Epa. Then, the boundary of EPI lies in ;5'—1_2;2. If R;:
had a point P, in common with E&, an are in ]?Pz joining P, to
P, would contain a point on the boundary of R,. Thus, it can be
shown that R, and

"» ave mutually exclusive, Let G, be the sub-
set of G in the common exterior of —J—i& and I_B,,a. Let C, and G
respectively be the last points that the ares P, AP, and P,BP,
have in common with the boundary of En- Let RV = R, (see above),
B=R,, o — Rp —B=a,—R,— R, The boundary points of
R, that belong to I; 4 J form a closed bounded set. Hence, there
exists a finite set of regions covering this set of boundary points
such that no region of this set has a point or boundary point in
wmmmmﬂ+mg+@+gagﬂ+@_&_&yMt
R; be a region of this finite set that has no point or boundary
point on G, 9’3 G, C, C,. The region R, contains a point @, of JT?PF
’E‘—here isin R, an are joining Qg to C. This arc has a firss point
Q; on G, G0, Cover each point of every such are Qﬁz}ﬂ not
in By by a region which, with its boundary, lies in R, and con-

taing no point or boundary point in common with o, — R, —R,.
A finite subset, including the re

y of

gions R, will cover the arcs Qﬁ@;
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" regi (0 __ RM _ RO is
Let [R] denote this finite set of regions. The set af? — Rf 5
et [B]

st of & — By — Iy -+ [B] - a finite set of regions covering
to consist O Oy —— fig 2 Rt ! oo R
1l points of C;C,CyCyCy not in By +[E]. Thli Lxs]t men’zzn " ot
e i ir regions that have
ions tain only regior .
ot of regions will con nly = 1 pelnt o8
seb Od ® oint in common with "R, - G or. with the reg o of
b 5;(51’) ! F® The set af and o, as specified above, ca o
W B\ — [y ] " - ; 8' .
zl tl be obt:ined so as to meet the requirements oiAxm:rlx >
" L 1 ] i { ies
RY gfenote the corresponding region. [Bf) contaius lt,Pl a;(]) -
. imi ; e 0 btain a region Ky W
R, lar process, we can 0 :
S e i R, i and all points
tai:s . and all boundary points of Ry, in I;4-J 'ml ) pOims
con 7 la : - | |
f D, DyD. 21) D; not in Fj, where D, and Dy are tlf asF pther
ot s P J undary of R,. Further-
P, I : n the boundary " ;
P,AP, and P,BP, bave o ur . o Pt
that‘ ar:lsle ;ddi}oional regions used in obtaining R‘,,a ha\re nOiI{lJt o
mo?undary point in common with Rg’-{—G’z,man ev;;ey .gimd o
be ?1 oint of one of the regions, RY), R, can G] rec ¥
e lvine in the exterior of the other region. Gs .
E by an arc lying . ¢ B0 and BO. Let T,
he subset of G, in the common exterior of fip . }:; .
v ET ¥V, be };oints of J in the order Vi(’,‘s,PlO“‘)’I’1 5 ;m? ;espec-
Vhl, t}zl’ :cs 7 P, V. and T,P,V, belong to Rf) aan ”(Paf 5P
at the a SR 2 : 2
zively Evidently the ares 71T E)f P,AEQ) and ]111 zasonin; -
in the common exterior of Zp and Rp. By t' e rlie e
all‘e ed in Theorem b, which in this case would invo T e
: 1
; Z'yn of the points of I; not in RS}}—{—R;}, we cantoins Lo et
(}i‘:z‘”L“) such that L® LY LY lies in Iy and conta o
i Tand LO i an 2
1L BR_ and L and L lie on 73T, (of P14P2) boundlary
o Rﬁ;—P )P“es )ectivély If L® LY LY contains o point or o
T . -
(Of' flo" ; retrilon of G, then we have an are frool a fp(ihe .
%O‘: | a‘ ointbL‘” of § — R’ which contains no po;nicot e
ar, Oof % Thisa contradietion would exhibit tllse 1?12;1 yﬁes o
suyrrnption that the subset of the bo}tlmds}fg') Loi] L(l)Wconmins oiots
er, that L5’ Lo’ L3 >
not connected. Suppose, however, L e by J the sim-
; ints belonging to regions of Gy L 3 o
bfun?arydpb)bit:e ¢ Pg L?l) LO LY C. The point G ?elgngjontain—a
close Py g . ' E
?ﬁ? oore, Theorem 26). Suppose tha‘o R, (1: a re};gm;lir;)t o B cone
ing a poi,nt or boundary point on J4 L L§ .In the o e I
se, there 1s a @
i i the second case, : :
: a point Q, of Iy. In o b belongs to
tz]:tsainixfg eaeh“bound;ry point of the region R, whic
c
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LOLP LY such that B, lies in I; and contains no point of E,E.
In either case, there is a point @, of I,, belonging to R, or R_ as
the case may be. In I,, there is an arc @,C, with @, as the first
point on C; C, Cs. Since the set of boundary points of the regions
of @ lying on L{ LY LY is closed, there exists a finite set of
regions of the type of R, covering all boundary points of regions
of G, that lie on L{" LY LY. Let X be the set of all regions of G,
that have a point or boundary point on I{ L{ L{" and all regions
(finite in pumber) of the type of R, described above. Let X be
the set of regions of &, not contained in X that have a point or
boundary point in common with a region of X. If a region of X
has only boundary points in common with the region of X, the
set of all such boundary points is closed. There exists a finite set
of regions covering these boundary points such that each region is
in I; and contains no point or boundary point in common with
B, or any region of G, notin X + X Let X, be the set of regions
consisting of these additional regions together with X -+ X. Form
off and of as follows: RP=R{, RP=R{, a) — R — RY =
= o’ — R — R, :

The set a — R® — B® consists of o — RO — R0 X, and
a finite set of regions lying in I, together with their boundaries
and covering all points not in a4+ X, of ares of the type of
0. Q.. Evidently o and of exist in such wise as to satisfy
Axiom 8. Denote by Rf) the corresponding region postulated by
the axiom. The region R has no point or boundary point in
common with Z,. Proceeding as before, with the help of two addi-
tional regions containing R® and E,, respectively, we obtain an are
LPLP LY such that LY LY LY lies in Iy and contains no point
of R+ R, and L® and LY belong to P,AP, and P,BP, respec-
tively. This process may be continued, but will end after a finite
number of steps as the number of regions in @ is finite. There is
obtained finally an are L LY LY joining a point L{M of P AP,
to a point L{” of P,BP, and containing no point of the boundary
of . If one of the sets, 3/, or 1, is vacuous, obviously the pre-
ceding argument may be modified so as to lead to a contradiction
in this case. Hence M, the subset of the boundary of R in IF is
connected. The interior of any simple closed curve related to R as
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J is related to I contains a connected subset of the boundary of
R. The same type of reasoning will show that hoth P, and P, are

limit points of the connected set M, where M is the subset of the

boundary of B in I,. The set P 4 M 4 P, is a closed bognqed
connected set of points. It can be easily proved that jhe omission
of any point of M disconnects the set. Hence P, M+ P, is an
are from P, to by,

Let P, P, P, ho the arc which is the subset of the boundary
of R in I,-+J. Denote by N the subset of the. boundary of B
which lies in E,. If @ be any point of N, by Axioms 2, 3 and 6,
there is an arc ¥ Q K such that F and I belong to PI’AP2 and
P,P,P, respectively and @I" and QK lie in R and S—.R respcfc-
tively. By Theorem 27, Moore, which now holds,i either P.2 hfas _
in the exterior of the simple closed curve FQKP,F or P, lies in
the exterior of the simple closed curve FQKP,F. If.the first alter-
pative is true, it can be shown, by an argument which ma}zes. ;ﬁe
of the type of reasoning used before, t.ha‘t .the subset of N Wltfm
FQKP,F consists of points of an arc j.01}11ng P, to Q. Then 03
any point @ of N, there is an are joining Q zo P, or P; an
consisting of points of N except for the .pf)llflts P, or P,. e

(1) Suppose that there exists no arc joining 2 point @ (?1 lit to
P, and consisting only of points of thgﬁboundary of {:‘_an e. ¢
be any fixed point of N. Let FQKPF, denoteq by J, be aTilm-
ple closed curve of the nature of FQKP,F deseribed al?ove. hen,
N consists of P, — P, together with the subset of N in z?';.. L(lat
Q; be a point of N in Z7. There exists the correspo‘ndmg s;rr;lppe
closed curve Fj Q, K, P, Iy, denoted by Js, where F lies on }t. (2)
and belongs to Ey. The set I, contains a subsei of N consis 1;1.5
of points of an arc joining P, to @y Evidently 7] be_luongs to this
arc. Thus every point of N in K can.be joined to @ by anl.;ri(i
consisting of points of N. Then P, N is connected. If g’, isa :te(;
point of P, - N, then P, + N1, is a close'd boux-xde‘ conne ted
set of points. It can easily be shown that this set is dxscot:}rllec ;--
by the omission of any point other than P, or Ps. Undehr beﬂz "
cumstances, P, + N-- P, is an arc from P, to P, and t ;3 0ever
ary of R is proved to be a simple closed curve. Suppo.se, 1owr i;
in addition to our first assumption, We assume that P, is not a lim
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point of Fy 4-N. Then, P, + N is closed. Keep J fixed. Then, th

exists a sm_xple closed curve J; (J; of the preeeding. disclist'ere
sucy that Q is a subset of Iz If @, is any point of N 'an)
a su.nple closed curve Jo“ of like chargeter can be found su 111n }f] :
Q‘b 8 a subset of I,q . Assign to each ¢, a definite simplecclc:ﬂsejgJ

cur;;re of this c}.laracter. .Cover Q with a region lying in 7,_. C

each point @, in E; with a region lying in the corresponégr; ;Ver
The f;et consisting of ¢ and the subset of Nin Fi- is el dg 5
a finite subset of the regions just mentioned Wiﬁ o the s

: cover th
closed set. But, corresponding to each region of t " ot of

he finite set of

Fig, 8.

regions there is an ope ini
pen set [ e, containing the region. Then 0+

+{Q,} is covered by a finite number of the o

veree pen sets I, .
[0] denote this finite set of open sets. Then e -
- 7

Ol={

[0] {J(,g), Ifqg),nn JJ(,;:)}-
By the precedi iscussion, 0 i
o p eding diseussion, @ is contained in each J @ Let QU
He e single point of N on Jo@. If there is no '?MQ,” h b
es in : . # - point ¢ which
- EJOE?: then, there is an arc F, QY f o
o )

- }i, and Q% does not belong to any set of [0], which fact f
Dishes a contradiction, Sy ' S
es » Duppose, however, that 0@ ; i
o {Qgg} ik e e 5 ) » that @i is the first point

@. Then i i
@ y all points of N in I P are
2]

which contains all points

icm

Two-dimensional Analysis Situs. 141

points of an arc joining P to the point Ef’ If there are no points

Q_ﬁ) in B, @, we reach a contradiction as before. As the points of
w

{@—g’} are finite in number, we must reach a final contradiction.
Thus, if no point of N can be joined to P, by an arc consisting
of points of N except for P, the point P, must be a limit point
of N and the boundary of E is a simple closed curve. If P, takes

the place of P, in the preceding argument, we arrive at the same

result,
(2) Assume that there are points of N that can be joined to Py

and points of N that can be joined to P, by ares which lie in N
except for P, or Py, as the case may be. Let N and IV, respec-
tively denote these subsets of N. If N, and N, bave a common
point, or if one set contains a limit point of the other, then, P+
~+ N~} P, is a closed bounded conhected set which is disconneeted
by the omission of one point other than Py or F,. In this case, the
boundary of B is shown to be a simple closed curve. If Py+4 Ny,
and P,-+ N, are mutually exclusive closed sets, then, by considering
P,+ N,, we are led to a contradiction as in (1). Therefore, the
boundary of any region R is a simple closed curve.

Theorem 8. (Moore, Theorem 28). If P is a point of a simple
closed curve J and Re, a region about P, there exists a simple con-
tinuous arc AXB such that (1) A and B are on J, (2) AXBis
common to By and I, (E)), (8) of the two arcs into which A and B
divide J, that one which contains P lies in Rp.

Proof. That there exists an arc 4,X;B, of the character de-
scribed such that A,X,B; is common to I, and R, follows imme-
diately from Theorem 6. Let J,, be the simple closed curve which
is the boundary of R, (Theorem 7). There exists an arc C4,PB;D
of J such that CA,PB,D is a subset of B, and C and D lie on J.
The points ¢ and D divide J;, into two ares CT, D and CT,D.
Let J, and J, respectively denote the simple closed curves CT.DPC
and CT,DPC. If J, is the simple closed curve A4, X, B,P4,, then
I, is a subset of I, or I, (Moore, Theorem 25). Suppose that I,
is a subset of I;. Let R, be a region containing P such that R;is
a subset of R, and contains no point of A,X,B,+J— 4,PB,. By
the first part of the proof, there is an arc of the character deseribed
in the theorem relative to J, and E,. If 4,X,B, denotes this are,

then 4,X,B, is common to I, and R,. The .set 4y X, B cannot
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belong to I;. For, if 4,X,B, belonged to I,, it would be a subset
of I,. and I, belongs to I,. Hence 4,X,B, is an arc of the char-
acter described in the theorem and 4_12_{91_32 belongs to £, and R,.

Theorem 9. A simple closed curve is accessible from all sides
at every poind.

This theorem can be proved without difficulty by means of
Theorem 8 and the reasoning employed by Moore, page 148,

Remark, All of the fifty-two theorems of the paper by Moore,
not already proved in the preceding, can now be demonstrated pre-
cisely as proved by Moore except that the interior of a simple
closed curve is to be interpreted as an I-set of points. The results
of the preceding theorems can now be expressed in the following
fundamental theorem. }

Theorem 10. If J is a simple closed curve, there exist two
sets, 1; and Ej, such that (1) J is the common boundary of 1,and E,
(2) any two points of 1; (E)) can be joined by a simple cmztz’nuous’
arc lying wholly on 1; (E)), (8) I, is a bounded, and By, an un-
bounded, set and (4) J is accessible from all sides at every point.

Theorem 11. Every simple closed curve is the boundary of a set
of poinis that has all the properties of a region.

Proof. The proof of this theorem consists in showing that all
of the axioms hold if a region is interpreted to he an I,-set of points.
Theorems 1, 7,10 show that Axioms 1, 2, 3, 4, 6, T are satisfied
Axiom 5, of course, halds. .

In Axiom 8, let Ij-sets of points replace regions. Denote by I,
1, 1, 4 the I-sets of points corresponding to R, R,, a; reli
spécnvely. By Moore, Theorem 41, there exists I, , an 1’ -set of
pomts corresponding to the region H of Axiom 8.#' There exists
a simple closed curve J such that J consists of two ares P, T, P,
and P, T,F;, where P, P, P, 1\Py, P,T,P, belong to 1, I, clz lo‘cz
respectively. The set I; is a subset of u- There exils]ts ;» relv::iori
H, containing J, such that H; has no pointin common with .[_]—T"'J.
Th.e boundary J,, of H, is a simple closed curve. J, contai;s n20
point common to % and 7. It ecan be shown that th!ere exists an
arc 4 B belonging to J, such that A B is a subset of 73 and 4
and B lie on J and belong to o‘al-ﬂ-IJ, and &, — 1, I, re-
spectively. The are 4B may be identified with the sez M ot: Axigm 8.
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Theovem 12. Every set of points satisfying Awioms I consti-
itutes a space homeomorphic with the Euclidean plane.
~ In a paper?), ,Concerning a set of postulates for plane analysis
‘situs®, R. L. Moore has proved that every set of points. satisfying

"his 3 system of axioms is homeomorphic with the Euclidean plane.

It can be shown that all the axioms of this set not included in
our system are satisfied by a set of points satisfying Axioms I
Furthermore, Axiom 8 holds in the plane.

Axioms II. This set of axioms differs from the preceding set
in that Axioms 1 and 2 are replaced by the following axioms,
which are Axioms 1’ and 2’ of Moore's set 3.

Axiom 1’. If P is a point, there exists an infinite sequence of
regions, Ry, Ry, Ry,..., such that (1) P is the only point that they
have in common, (2) for every n, R,., is a proper subset of R,, (3)
if R 4s a region about P, then there exists n such that R, is a sub-
set of R.

Axiom 2'. Every two points of a region are the extremities of
at least one simple continuous arc that lies wholly in that region.

Theorem 10’ (identical with Theorem 10).

Proof. (This proof is based upon Axioms II). Evidently there
exist two finite sets of regioms, & and &, covering all points of J
and satisfying the requirements of Axiom 8. Let G denote &;-}3,.
In accordance with this axiom, there exists a region H such that

H contains @, --&, and the boundary of H is a subset of the
boundary of &, @, All other finite sets of regions similar to &
and @, used hereafter to cover Jare to lie with their boundaries in G.

(1) By Axiom 1/, there exists a definite sequence of regions for
each point of J possessing the properties indicated in the axiom.
Cover each point P of J with a region selected from the P-se-
quence of regions postulated by Axiom 1° after the method of
Theorem 1, and obtain the finite sets of regions af¥ and & in
accordance with Axiom 8 such that af is a subset of &. Let Gy
denote o’} e{. By Axiom 8, there exists a region H, correspond-
ing to G,. The region H, and its boundary is a subset of H.
Next cover each point P of J with a region of the P-sequence of
Axiom 1’ of subscript greater than 2, such that each region with

1) Trans. Amer, Math, Soc. 20, 1919.
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its boundary lies in G, and the finite subset of these regions which
covers J is composed of two sets o and of in accordance with
Axiom 8. The set af® is to be a subset of o as in Theorem 1.
Let @, dencte a4 af’. There is a corresponding region H, as
postulated by Axiom 8. Proceeding in this manner, there is obtained
an infinite sequence of regions H,, Hy, H,,..., each containing J,
such that H; is a subset of H, ,, and H; is a subset of the fun-
damental region H for every value of 4. Let H, denote the common
part of H,, H,, Hy,.... The set H, is closed. Precisely as in The-
orem 2, it can be shown that H, contains a point # not in G.

(2) Let [H,] denote the totality of all such sets H, which may
be obtained in the manner just indicated. Each H,, contains J. Hence
there is a set of points H, common to all the sets of [H,]. A point
P belongs to H, if and only if there is mno set H® of [H,] to
which P does not belong. Since H, is a subset of the fundamental
region H, the set H, is hounded. Suppose that ¢, a point of H,
not on J, is a boundary point of H,. There exists a region R, about
¢ such that Ry contains no point of J, and Ry has within it a point
Q, of H, and a point @, of S—H,. Since @, lies in § — H,,
there exists a set H'Y of [H,] to which @, does not belong. There
is a region H{® of the sequence of regions of which H is the
common part such that Q, belongs to the exterior of H®, In the
exterior of H{® there is an arc @, % joining @, to a point E of
S—H. (H{? lies in H). The set @ &£ 4 R contains no point of
J. There exists a set H( of [H,] such that G, which consists
of the first @, and «, used in obtaining H{, and the boundary of
7y contains no point of @y K-+ RY. The corresponding region H{
according to Axiom 8, has a boundary which is a subset of the
boundary of G{. Then, each point of & E 4 R, can be joined
to E by an arc which contains no point of the boundary of H{.
The point £ lies in the exterior of H and, therefore, in the exte-
rier of H{#. Henee ¢, does not belong to H{ and, consequently,
not to H,. This contradiction shows that no point of H, not on J
can belong to the boundary of H,. Then, the boundary of H, is
a subset of J. As in Theorem 4, it can he shown that every point
of J is a boundary point of H,. Sioce the boundary of H, belongs
to H,. the set H, is closed,

icm
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The set S — H, is connected. For, let P, and P, be two points
of S— H,. There exists at least one set H' of [H,] to which P,
does not belong Hence P, is exterior to a region H®, where Hi
is a region of the sequence of regions whose ecommon part is H'®),
There is in the exterior «f H{ an are P, K Joining F; to a point
B of §—H'. The arc P, contains no point of ./, which. of course,
belongs to H{®. Similarly, there exists an are P, containing no
point of J. A subset of P,£ - P,E is an arc P, P, contanming no
point of J, the boundary of H,. Then, any two points of S—H,
can be joined by an arc lying wholly in §— H,.

(8) As stated above, every set H, of |H,} eontains at least one
point F not belonging to G. Let [F) _be the set of all such points,
Since every point of [F] belongs to H, the set |F'] is bounded. No

point of J, which belongs to G, can be a limit point of [#7]. Sup-
pose that no point of [F| belings to H,. Cover each point @ of
[F] and its boundary with a region R, such that R, contains no
point of J. The simple closed curve J is the boundary of H,.
Then, R, lies in S— H,. A finile subset of the regions covering
[#] and its boundary will cover the same closed set. Since S - H,
is connected, there exisis in S— H, a finite set of arcs joining
points of this finite set of regions {one point selected fur each region)
to a point £ of §— H’. These ares, together with the finite set of
regions and their boundaries, constitute a closed set N lying in
S—H,. There exists a set HE of [H,] such that G{ (consisting
of the first @, and @, used in obtaining H¥) and the boundary of
G{¥ contain no point of N. Then, the corresponding region H# con-
tains no point of N. This follows by an argument previously used.
Then, [F] lies in the exterior of H* and, therefore, in the exterior
of HJ. But H{ contains at least one point of [£]. This contra-
diction shows that [F] cannot lie wholly in S—- H_. Let ] denote
ﬁw——J. Then 7, is not vacuous. That 7, is unique and bounded
follows as in Theorem 2. Theorems 3—10 can nuw be proved pre-
cisely as in the first part of this paper.

Theorem 11’ (identical with Theorem 11).

The proof of this theorem, based upon Axioms II, is precisely
the proof given for Theorem 11.

The University of Pennsylvania.
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