icm

Singular moduli (4).
By

G. N, Watson (Birmingham),

In this paper I give some arithmetical developments of the theore-
tical researches on singular moduli and class-invariants due‘ to Kro-
necker and Dedekind. A full account of these researches is to be

found in Weber's Algebra [15]. ) ‘
In the ordinary notation of elliptic functions write

g=e, FE>0, 1g1<1
f=g75 Tugm, fio=g7n Ta—gwm,
fa(r)=2%ql“12':i(1+q""1=2';‘q1%m511(1—q4"'“2)"‘.
o that FEO=F O +£ ),
FORELO=VE;

and let j(r) be Dedekind's invariant such that f2!(t), — f,* (x), — /3% (x)
are the roots of the equation

(6 — 16 — xJ (1) =0,
Let # be an integer of the form 8 m—1; and let the number of ge-

nera of classes of quadratic forms of negative determinant —# be N,
the number of classes in each genus being #; and let Nk =*h, In the

') Numbers following authors’ names refer to the bibliography at the end of the
paper,
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sequel this Gaussian class-number is indicated by appending (G. N. &)
to each value of n, If

ar X2, xy + ¢, 32

is a complete set of quadratic forms for which br—4a,¢c,=-—n, and
if the % values of ¢ (with positive imaginary parts) which satisfy the
equations

r=1,2,..., k)

4P by, =0

are called t;, t, ... ©s, it is known that the equation

h
U [x —j (5] =0

r==1

{when the left-hand side is multiplied out) is an Abelian equation in X
of degree % with integral coefficients. Hence also the equation

T [lr— 167 — xj )] =0,

that is to say

B {x— U} (244 e0) (5} ] =,

when multiplied out, has integral coefficients. Since cne of the 1, is
a root of the equation ©?—1-+2m=0, and is consequently equal to

- 1
1';‘“’, and since f(c)fg(ijg_l.):e“ Y2, it follows thal one of

the rools of the above equation of degree 34 is 212 f—2 (=m).

To avoid the occurrence of superfluous square-roots, I shall sub-
sequently write

f(‘/_:ﬁ)/l/i"'_— Fy;

and, when no confusion can arise, I shall omit the suffix and write
simply F for F,.

It is shown by Weber [15], p. 473, that, from the equation of de-
gree 3% with roots f(z), —f2(t,) —f,*(c), it is possible to extract
an equation (with integral coefficients), of degree / in the class-inva-
riant Fy, when # is not a multiple of 3; when 7 is a multiple of 3, the
corresponding class-invariant is Fi3,

In this paper I give a catalogue of the 75 of these equations for
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which # has the values 7, 15, 23, ..., 599 respectively?), The paper
may therefore be regarded as an extension of Greenhill [2]; in that pa-

per the values of # of the form under consideration go only as far’

as 95 (87 being omitted). Whereas Greenhill's results were mainly ob-
tained by the use of modular equations, my own methods of constru-
cting new equations are purely arithmetical. My procedure is to com-
pute for each value of # a complete set of values of f#(c/), ~-f% (),
—f# (), and then to go through the somewhat laborious task of ma-
king the proper selection of the twenty-fourth (or eighth) roots of the-
se numbers in such a way as to obtain an eqation of degree /£ with
integral coefficients, one of whose roots is Fn (or F%). The details of
the manner in which the selection is effected are described rather mo-
re fully by Watson [12], where the same process is carried out for ano-
ther set of values of 7.

For the 75 values of n discussed in this paper, N always has one
of the values I, II, 1V; in 28 cases N is I, in 42 cases it is II, and in
the remaining 5 cases it is IV. Since the paper just cited deals with
the set of equations for values of 7 for which Nis I and % is 1, 3,
5, ..., 15, there is a certain amount of overlapping between the two
papers; for the 21 values of 7 common to the two papers, I give here
the equations satisfied by F, only, without repeating their solutions in
terms of radicals; for the 56 values of n which are not discussed by
Watson [12], in addition to giving the equations, I reduce them as
much as seems conveniently feasible,

When 7 is of the form ab, where b is a prime and @ is either
a prime or a power of a prime (2 55), N is II. I then give an equa-
tion satisfied by F which is of degree £ and which has quadratic
irrationalities in its coefficients; the equation whose coefficients are the
conjugate irrationalities has either Fy» or— Fyp for one of its roots,

(with exceptions when % is even and Fy or — Fyyy satisfies the same
" equation as Fap),

When N is II, the following abbreviations will be used throughout:

Fay Foja=a.,
Fan o Fap g Fan® | Fap® _
Fap  Fap ' Fop® * Fap® '

Fop+ Fup =S, Fuop — Fapp = Dy,
—_ Fap’+ Fop= 5y, Fop— Foppd = Dy,
%) T originally intended to go only to 399, but the number of interesting class-

invariants in the fifth and sixth centuries was so great that I decided to go to the limit
to. which this paper extends,
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Then o (or ¢¥) and B (or v) satisty equations of degree % with
integral coefficients, and, since

2Fut=a(p+VE—a),

it is evident that F, is determinate when « and 8 have been determined.

I show how to obtain « and B (or 7) when % has no prime factors
other than 2 or 3. In other cases, in addition to the equations for o
and § (or 1), I give equations of degree k satisfied by S, (or Sy) and D,
(or Ds); of the lattter pairs of equations, one member has all its coeffi-

cients integers, the other member has integers and quadratic surds as
alternate coefficients, )

The values of 7 for which N is IV are so few that abbreviations
of the type just explained are unnecessary for them.

When % is a multiple of 3, I have usually given the results in
terms of Berwick's cubic irrationalities; I quote the equations which
define these irrationalities from the Table which was computed by
Berwick and published by Mathews [5]. To each cubic equation given I
append the value of its discriminant A,

After these preliminary explanations I give the catalogue of equa-
tions, arranged in order of magnitude of values of 7, not in order of
magnitude of values of & as was more convenient in my previous paper.

n=7, (G, L 1).
The result
is due to Joubert [4].
n=15, (G, IL 1).
The equation satisfied by Fi; is
Fo— 3 —1=0,

which, by adjunction of |5, reduces to

-
Fo— l_j‘zl_é =0

a result due to Joubert [4],
Here we have
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n=23. (G. L 3).

The equation satisfied by Fyy, given by Weber [13] and Greenhill
[1], is?)
F3 g — F—1==0, (4 == —23)

n=31, (G L 3).

The equation satisfied by Fy . given by Weber [13] and Greenhill
[1], is
F3—F? e g —1=0,
(G, IL 2).

(A e 31]
n=39,

The equation satisfied by Fyy, due to Joubert [4], is
F12 —3F% —4F0—2F8—1 ==,

which, by adjunction of /13, reduces to

[Fa 3413 r* 234-7/13
4 =8

Here we have

p=3EVB_p

n=47. (G. I 5).

The equation satisfied by F,;, due to Weber [13] and Greenhill
- s Fr— % —F—2F'F 1 =0;
references to solutions of this equation are given by Watson [12].
n=>55. (G. IL 2).
The equation satisfied by Fj; is
F1—2F3 4% 4+ F—1=0,

which, by adjunction of /5, reduces to
1P 3425
V"ﬂ=“7“-

) I use the Weierstrassian symhbol » to indicate that a term is absent from an
equation.
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These results are given by Weber [13], and also they are attributed to
Russell by Greenbill [2].

Here

145 3-~}'5
o == t 14 , B= ;{—2] . D1 =1,
n=263, (G.IL 2).
The equation satisfied by Fy, due to Joubert [4], is
F12—8F9 4% 4 F3-f {=0,

which, by adjunction of /21, reduces to

[F3 _4Fy21 ]2_ 271+ 621
2 - 4 !

results equivalent to these are given by Weber [13] and [15].
Here we have

m3=5+p/§f B__1+;/"2'I
2 YT T2

n=71, (G L 7). .
The equation satisfied by F;;, due to Russell [9] and Weber [13], is
F1l—2F8 —F' L FA4 F3 L F2 F— 1 =0;
its solution is given by Watson [12],
n=179. (G. L 5).
The equation satisfied by Fy,, due to Russell [9], s
F*—3F 4 2F—F?L F —1=0;

 Sy=44y21.

its solution is given by Watson [12].
n=87. (G, I 3),
The equation satisfied by Fy is
F¥— 13 F%— 11 F2—4F"—4F'— F3—1=0,
which, by adjunction of /29, reduces to

F9— Jﬁi‘;_‘igw Fod(6 4 V29) F3 — _S_i‘_é@ =0,
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Results equivalent to these are given by Hanna [3].
Here o, 7 and D; are given in terms of Berwick's cubic irrationality
B—202430--3=0 (A=—87)
by the formulae
== (202, 1= 40°—30-F8, Dy=46—30-09,

Further we have ,

/»_‘_ L e
3 i 13 “|“,2§_}f3.9..+(11 +21/29) ]/‘ 29— + n { V29 l/.sw...l ,21/3.2 '

n=95 (G.IL 4).
The equation satisfied by Fy; is
F8—2F"—2F-L- F' - 2F% — F34 % -} F—1=0;

this equation is given by Russell [9]; Greenhill [2], who gives its solu-
tion by radicals (with some errors in signs), attributes it to G.B, Mathews.

By adjunction of /5 we have

S PR I PR

Here we have

H"‘/S It +V2y5—1],

p= Y8 - 35 e,

also
=20 —32—20—1,
and

Dy=—otoitatq= _;_52‘.‘/_/“5“» _
n=103. (G. 1L 5).
The equation satisfied by Fyy, due to Russell [9], is
F—F\—3F3—3F'—2F—1=0;

its solution is given by Watson [12].
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n = 111. (G, IL 4).
The equation satisfied by 7, is
F®—21 F% —26 FS- 14 F55 { 18 F2 —11 FY — 6 Fs _F3 1 =,

it is given (with an error in sign) by Hanna [3]. By adjunction of /37,
it is expressible in the form

[ Fé — 21 ',l" 3l37 F3 . 3_1[i_5_l§l ’
4 4

_13—5 [29 +54 37 gy BT
8 2 2 '
Here we have

3+5/37 | 4847/FT ]/ Y31—5
4 2 8

1 T3 /Y35
A l/m 5
2 2 8

o =

also
W=+ f—f41, Di=f —28+2.

n=119. (G IL 5).

The equation satisfied by Fip is
FY—4F'4-5F% —8F' - 9F'—7F 4 5Ft—4F34-2F2 — F 1 1=0,
which, by adjunction of V17, reduces to

Vid—1 Vi —1
2

F3—2 Fi— 15‘3—31‘“’——»———2 F—1=0.

The equations satisfied by @, B, S; and D; are
o 3ot ud b % fa—1=0,
B — 3P —5p 78 —128—13=0,
S —48544285%—3852—6S5 —17=0,

D —8D,=(D*-1)V17.
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n==127, (G. L 5).
The equation satisfied by Fiy, constructed by Hanna [3], is
F$—3F1—FV4-2F? 4 F— 1 =0
it has been solved by Mitra [8] and Watson [12].

n=135, (G.IL 3).
The equation satisfied by Fyy; is ’

F18__33F15.-30 F® =2 F94-3F0 - 3 F3—1 =0,

which, by adjunction of V5, reduces to

F9—-§§—"}_—21-5~@F“~ 2149V5 oy 1+5V5_ o

2 2
Hence

3 e 3 - e
F3 =ﬂ;|";ﬂ/~5+(4+21/§] ]/‘_3:.‘?21.5_;.(5_]_2 V5) ]/l /

In terms of Berwick's cubic irrationality

03 —307— % —1=0, (A = —135)
we have
a=0, 7=402'—0—|~3,
Dy=362461,
2 _
2F1353 =ez_l_ ] _}__ 1 _l_7_0~:}:1/3£~.,|:l .
n=143. (G. IL 5).

The equation satisfied by F,, is

FO—GF9 412 F— 13 F'-- 9 F6 3 F% — 3 F4 |- 6 F3 6 F2 -3 F

which, by adjunction of V13, reduces to

F5—(3+V13) Ft +(8+2Vi3) FP— 12'[125'/13 Fe

SRIES U/

results equivalent to these are given by Hanna [3].

icm
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The equations satisfied by ¢, 8, D, and S, are
o8 —3att wbolla—1 =0,
[35—[34-~9[33——16[32—~19f3—11=0,
D;*—6 D*+15D33— 24 D,* 26 D, — 13 =0

SP4-17 824148, = (25,146 5,2+ 1) VI3,
(G. L 7).

The equation satisfied by Fy;,, constructed by Hanna [3], is

fl

n==151.

F1—3F—F'—3Fte %« —F? _F =y
its solution is given by Watson [12].

n=159. (G. II. 5).
The equation satisfied by Fiy, is
F30— 47 F21— 146 F% — 196 F?1 — 219 Fi8 — 121 ' 63 F2 — 7 F>
.__F6_}_F3_ 1==0,

which, by adjunction of V53, reduces to

F15-—-47+2’7V53F‘2~49+27V5_3—F9——49+27]/53F6

23+31/53F3 7+V53
T2 Tz ¢

The equations satisfied by «, v, D, and S, are

o —4ot—203—a?—20—1=0,
18 —341* 205 y® — 561 12 747 y — 459 =0,
Dy — 47 Dyt — 55 D3 —37 D2 — 12 Dy — 9 =0,

S5 — 43 83— 70 S, = (7 Syt~ 19 S, - 11) V53.
n=167. (G, L 11).
The equation satisfied by Fy, constructed by Hanna [3], is
FU—2F 4F%QF8 — 7 F1— {1 FS—6F*—10F*
—4F3—5F— F—1=0.

I have not solved this equation.

293
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n=175. (G. I, 3).
The equation satisfied by Fj;;, constructed by Weber [13], is

Fimg P s p x o x Pl =0,

by adjunction of V5, this reduces to

icm

The corresponding reduction for Fj;2 has been effected by Mitra [6],

In terms of Berwick's cubic irrationality

B—02420~3=0, (A=—175)
we have
o == 022, =023,
Sy =02-1-04-2,
2 -0
2F175=32+0+2+6_”}:‘75_i_4__
n=183, (G. I 4).

The equation satisfied by Fiqy is
Fo—71 F¥ — 53 F8 | 157 F15 — 08 Fi2J-10 F9 - {1 F— F3—1 =0,

which, by adjunction of V61, is expressible in the form

[Fﬁ;ﬂ +9V61 149 4-19V61 ]
4 .

2

7-4Vel [27+ 31/6“1‘1,3 55+7V’BT]2
= + ,
2 4 4
Here we have
02— 1490 4+ 6 as 80P —1 =0,

p—p—9p2—3849=0,
so that

o 149+ 19V6T | 55--7V61 /7 Vel
T sot i /TR
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also
=20 +5p—5,

n=191. (G. 1 13).
The equation satisfied by F,,, constru'cted' by‘Hanna [3], is i
F13—6F12—!~10F“—16F1°+22F9—-—19F5+11F7—5F6
— 8- 5Ft—4F34- %+ 2F —1=0;

I have not solved this equation.

Dy=p+2p—1.

n==199, (G, L 9).
The equation satisfied by Fiy is

FO—S5F 4-3F —3F— 4 — x —3F— 4+ — F—1=0;
it is solved by Watson [12].

n =207, (G. IL. 3).
The equation satisfied by F,y, is

F'8—102 F% - 151 F®* 103 F* 446 F' — 11 F*-}- 1 =0,

which, by adjunction of V69, reduces to
2513160

F?— (516 V69) Fo-(17-4-2V69) F3 — S

Hence

3 = T
3F3 =51 -6 V60 4 (50 V§+181/T3)|/§l/3_—2~V_2_1

3 S T 3
+ (773 +6723) l/il/}jz‘_‘/ﬁ
It is convenient to work with the cubic for F,;, namely

B o —0—1=0;
it is found that

u==024-0-1, 7 ==3662- 450+ 26,
Sy =2462-310-418,

198 6% -} 255 6 - 144
V69 -

2 Fpy® = 2402 31018
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n=215 (G. IL. 7).
The equation satisfied by Fy is
F“—-—6F‘3—|-4F“"+11F“ — 13 FO —7F |- 16 F® — 4 F7— 13F°®
A 8FI L3 Ft—6F - xf 2F 1=
which, by adjunction of V5, reduces to

F'—(3-+V5) Fu+|/5 Fo -} l5 Fi—V5 F3.F?

FRE LIy - _U.;_‘i?. —0.

The equations satisfied by @, 8, D, and S, are
@i —508 0% —pat-503—304-30 1 ==
87— 58— 6 B° -+ 37 B — 10 B3 — 76 32 - 97 p — 43 =0,
D7—6D+9D} —D#t—D3—12D,2—10D, —5=0.
§,1—985— 83—408, =(25,°—35441852+5)V5
n=223. (G. L 7).
The equation satisfield by Fyy, constructed by Hanna [3], is
Fl—5F 4 %+ F—4F3—F?e y —1=0;
its ‘solution is given by Watson [12],
n=23L (G. IV, 3).
The equation satisfied by Faq is
F36 138 F3 ~—33 F30+517 F27__724 F24.+_349 FZI___ 118 Fla
—32F5 4114 F12— 45 F9 29 F6 — 4 F3 - { =0,
which, by adjunction of V'3, V7 and V11, reduces to

2F%—(69--15 1/2"1’"-{-'12 V33--8V77) F*

+ (1443 V2143 V332 VI (F*—1) =0,
In terms of Berwick's cubic irrationality
F—2624-6—3 =0, {A=-—231)

icm
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we have
Fi%— (2102}~ 30-{- 30) F® — (51 62-}- 9.0 - 70) 6
|- (2202404 30) F3- (29 62 -1 5 0 - 40) — 0,
Further we have
Fzﬁi Fryg 4~ Fayn Faspty = 0210 |- 1,
(Fost Faan® |- (Foap Faynn)® == 1802 - 30 +25
Fagt Papt |- Fooga Fagp = 02 - 1,
Fosi Fraps Fap Py = 02 -1,

n=239. (G, . 15),

The equation satisfied by Fayy, constructed by Hanna [3], is

F1o— 6 F14--2 F13-|-8 F12 |- F1l 27 FI0 L {3 F9{ 15 F8 _4 F1
—20 F6-|- 13 F5 |5 F4 —4 F3— 4 F2 14 F— { =
its solution is given by Watson [12].
n =247, (G. IL 3).
The equation satisfied by Fy; is
Fé—4qFS 7 F4—7F—6 F?—3F—1==0,
which, by adjunction of l/ﬁ, reduces to

§_|:l/_1.~3’

F3—(2-1-VI3)F2--F

o 2]]

In terms of Berwick's cubic irrationality

(8 —302--40—5==0, (A =—247)
‘we have
t= D= 002, p=0—044,
2
2y 2o 221014
Y13

20. Acta Arithmetica, I, 2.
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n==255. (G. IV. 3).
The equation satisfied by Fass is
F3%— {86 F3— 194 F30-{- 839 F% — 102 F.-087 F#-1.1012 F® —0912 F15
513 F12 — 221 F? -} 66 F6-— 11 F*-|-1==0,
which, by adjunction of V5 and V17, reduces to
4F°— (186 -84 15 -|-46 V17 -|-20V85 ) F*
(113 V5 VT +VE5) F3—(36--18V5--10117 |- 4)/85) =0,
In terms of Berwick's cubic irrationality

63— 02— % — 3==0, (& ==~ 255)

we have

F12— (27 00246} 45) F? — (98 02-}- 840 -}-157) F°
— (31 824~ 27 0 - 50) F3-4- (5902 |- 510 -~ 95) == 0.
Further we have
(Fass Fasps)? - (Fiys Fusjr)® == 80 02 -- 690 -|- 129,
Fass Faus - Fasys Fusjn = 01 0-4-2,
Fass Fisia -1 Fasys Fots = 02-}- 04~ 1,
Fiss Fass Fus Fuspn =02 0-1- 2,

n=263. (G. I 13).

The equation satisfied by Fag, constructed by Watson [12], is
F13 g F12{ 16 Fl—27 F191 38 F9—36 F8-|-22 F1— 12 F-}-13 F*
— 19 F4-4-21 F3—15 F24-6 F—1=0.

I have not solved this equation.
=271. (G. L 11).
The equation satisfied by Fy,, constructed by Watson [12], is
FU—5F10 _6F%—5F8-.3F7|-6F6-}-3 F6—3 Ft—F*
— Fl— % —{=0,

I have not solved this equation.
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=279. (G. IL 6).
The equation satisfied by F,,, is

F3% —248 F® -~ 384 F* — 508 F¥7 — 110 F% - 264 F?! -{-259 F1s |3 F15
—27 F2—23 F9 131 F6 —¢ F3]-1 =0,

which, by adjunction of ¥93, reduces to

_ Jom s 43 -1 519 5 /93
F&— (124 - 13 1/93) F15. |_2 SRR ?,O_izgll%i Fo 4.

Loy 87--9V93 29 +3193
+ (202 V/93) Fe _*:i__z,, B p 231G,

It is simpler to work with the cubic for Fj,, namely

(BF— 02— % —1=0, (A=-31)
than with Berwick's cubic irrationality
P9 fdo—3=0;, (A=-—279)

it is found that

Sy =600 07}/90 3
it is also to be noticed that
276290 —6=193(90 3).
n==287, (G. I, 7).
The equation satisfied by Fyy is
FU— 8 FB_|.g F2 . Ftl 5 F10 7 F9 g F8-§ FT}-2 F6
= w Ft o F3-3 F* - F 1 =0,

which, by adjunction of V41, reduces to

—_ _3V41
F1— 4 Fo_. 1 +?;1/41 FS— (11 - Val) Fe— Ei_;_]_ﬂ F3
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= (),

_ 13- - 1/41 F2
2

The equations satisfied by «, B, Sy and D), are

of — 50— 6 a5 — 1204 — 1243 1002 -~ 42 —1 =0,
B — 53 — 18- |- 20 Bt -|- 116 (|- 50 2 -~ 238  — 245 = 0,
5,1 —88, 1457 —38--2353—~9852—68 —7=:20,

D,1— 18D — 63 D2 --24 D, = (9 D,4-|- D -|-1) V41,

n=295. (G, IL 4).
The equation satisfied by Fays is
F®—8F1-LQFS— F'—7F44-10F —7TF 4 3F —1=

which, by adjunction of /5, is expressible in the form

[FQ __é.tzﬁF,J,,t;@ ]; _11:,%4@ Vs [F—[-l 4; Vs | .

Here we have

at—T0d—30%—a—1=0, Bt—6p—2p2 3B 9=
so that

/ 5 114615
7.'_%_31/5+l/63+2915v 53 2y+l/+4 Vs
450 =8+ 66 —208 —12;
also 45D, =43 — 21 B2 10842

n=303, (G.II, 5).

The equation satisfied by Fyy is
F% — 325 F2T—1302 F2¢ — 756 F?' — 720 F'8 — 447 F 1 -~ 173 F**
— 46 F*—36 F* —2F%—1 =0,

which, by adjunction of y/101, reduces to
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Fw .

32533101 ..,
.__.__:}15., Y0l Fo

211 ”I_._..__m l/@ Fo— éjj‘_s_lf@
2 2

— (10 +/101) F* —(10+ y/T01) =
The equations satisfied by o, v, D, und Sy are
‘ @ —10at—503 502 fa—1 0.
1 —959" 3273413572+ 20257 — 3375 =0,
Dy* 325 Dy — 167 Dy ~ 26 Dy*~1-35 D, — 23 =0 ,
Sy? 255 8% 70 Sy = (33 Sy* + 38 5,2 - 9) 101,

n=311. (G. L 19).
The equation satisfied by F,,; is

FY—4F®—16F" —37F'% — 42 F1s — 38 Fit — 4 Fs | 10 Fi2 | g5 F 1t

18 FO 9 FI - F8 10 F"— 13 F— 14 F5—§Fi_ 5 F3
—2F—F1=90,
I have not solved this equation,

n==319. (G. IL 5).
The equation satisfied by F,, is

FY®—6F*—9F8 —5FT __FS ) F> 10F*—14F—11F?—5F—1=0

which, by adjunction of /29, reduces to

— (34-/29) F - 1 “‘{“2 v29 F3— 1”}‘21'@ Frl F— i’i‘zl/_z__—g =0,

The equation satisfied by o is

o — 6ol —3Fod - gt o— 1 =0y

ﬁ = O -‘*— 2, D1 =0,
SP2588 449 S, = (2 ;47 5,24 9)1/29,
n=327. (G. 1L 6).

The equation satisfied by Fyy; is
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F3 423 F% — 2573 F3 4844 F*" — 5524 F2-. 4006 F*1 - 1436 F1¥
—f—92F“’—]— 174 F12 —58 F9— 63 F - 14 F? — 1 =0,

which, by adjunction of V109, is expressible in the form

"""" / 2
po_ 42341y 109y 93-1-9V109 py 4071 391/109 I
4 2 4 ,
9 — 1] / s 941-9/109 |*
~1 [1?.9 + 1491’109 P (21421109 ) F3 |- |w21,. l .

In terms of Berwick’s cubic irrationality

=30 —3==0, (4 = —327)

6 — 40

the equation reduces to
F— D, F?

—ad=0,

where
1661 6% 10350- | 1475

3 == 159 0% -~ 99 0 -]~ 141 '
20 15! | - - ‘/109
44002—-2850 o] 403
D,=426°—2760-}-37-
2 37} /108 i
it is also found that
50—20—14

28=02— 6122
It is to be remarked that
1661 6% — 1035 6 - 1475 == (46 62— 29 0|~ 41) (502 -— 2 0 — 14),

44062 — 2850 - 403 = (12 02— 70}~ 10) (502 — 2 0 — 14)
50— 20— 14=y/109(0°—0--4),
n=33%. (G IL 9).
"The equation satisfied by Fyyy is
Fif— 4 Fi7— 20 Fi5— 55 F15— 106 F'4— 144 F5— 163 Fl%- {74 F'— 179 F10

~ 1T P — 144 F*— 102 F' 64 F'— 42 F
—33F—25F— 14 -5 F — { =0,

which, by adjunction of V5, reduces to

Singular Moduli (4), 303
- —
— (2+2V5) F —(243y5) Fi — Jf,"27,, Sp li‘;JE Fs
3—3)5 —~3 5 — - 5
+ .N..,,Z,A,L.. PR3 m 3 3V5 F—y3 F-—~~1—:!:2—K§= o.
By means of Berwick's cubic irrationality
20050 ~5=0 (A = —335)

the equation is further reducible to
O[2 (02 —6-|-4) FY— (02— 01 3) F— (0 — 6+ 4)]
=[(*—0-+3) F2+(02+3)F+(02-0+3) V5;
it is to be noticed that
)

Further, the equations satisfied by o, B and D, are
@ —Tot 140210 — 11065 20t — o3 02— g — 1 =0,
BY—# —29 3" — 102 B~ 173 B* — 263 p*— 376 33 — 303 p2— 133 B—67=0,
D\®~-4D#—13D,"—30D,°+4D;*+4-32D*}95D,3
“+3D,2— 45D, — 155=0.
By adjunction of the cubic irrationality 9, these equations reduce to
@ (202 04 T) o — (0 — 0 4) =
B3 — (02 }-2) B2 — (402 — 0+ 16)p — (4 02— 30 - 18) = 0,
Dy = (02 —~0-}-4) D2 - (307 -~30-12) D, — (362 —20-15) = 0.

Finally,  and D), are expressible as rational functions of ¢ by the

formulae
5B = (02 40 4) 22 o (2 02— 6 0 -} 4) 0. — (02— 6 - 8),

5D, == (—60-]-7) -} (302 ~70-}12) & — (267 — 0} 4).
=343, (G, L 7).
The equation satisfied by Fyyy is
Flow T — T FY e T Fl o g o g o ke == 1= 05
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its solution is given by Watson [12], The equation is very easily
obtainable from Schlifli's modular equation of order 7 which connects

Fyys with Fyp.
n=2351. (G. IL 6).
The equation satisfied by Fyy; is
F88 -~ 555 F33 |- 453 U0 |- 6 F21— 282 F¥t - - 1143 F* — 910 ¥
— 345 F 75 F124-20 FO-= 33 Fim 9 F§ e { == 0,

which, by adjunction of V13, is expressible in the form

4 4 2

on T3
[F.,_555+133V13Fﬂ__447+ 123113 ¢y 177 1~ 49 v13J

- s
— 72/ [153 £390VE o WIS o 47 ;%u;:] :

In terms of Berwick's cubic irrationality

) 0B % 4-30—3=0 (A==--351)
the equation reduces to
— Dy F3— 3=,
where

- ..
20‘~3=7192—i—580—}—261—1~—2570 |-210 0 --943

V13 '
2. .
2Dy = 110 62+ 91 6 |- 405 - 2200 f“321730 1463
Y
it is also found that
2p =200 017 8% *’91‘%’*131.
¥

It is to be remarked that
257612100+ 943 == (33 02} 270 - 121) Y 13 (07 - 4)

400 0% - 327 6 - 1463 == (51 02 - 42 0 - 188) /13 (07 - 4)
602490 ++25=y13 (@ 4)°

=(+4) 26°4-30--9).
n=35. (G. L 19)

The equation satisfied by Fysq is

Singular Moduli (4). 305

P10 — 14 F1% 59 T — 113 FiS - 91 Fis | 19 F14 g0 F13 |_51 f2
2PN~ 5FO 9 P30 FS {22 FT | 70
—14F A-3F 2 — 2 F2 .2 F— 1 =0.

I have not solved this equation.

n==367. (G, I 9),

The equation satisfied by Fy,; is

FP—OQF8--3F7- -2 Fo-f-x - 2F4—6F3{ F1L 9F 1 =0,

it is solved by Watson [12].
n==375, (G. 1. 5).
The' equation satisfied by F,; is
F3 — 1705 F? — 3345 F — 1200 F* — 1815 F18 — 344 F15 — 330 F12
~|~35 F9—35 Fé-|- 10 F3—{ =0,

which, by adjunction of V5, reduces to

705 ~|~319| 5 -

Fi5— ~— (200 89 V5) FI—

2454 11175
2

=
- (25 4-11 V5) F3 — ggj:%él_‘? =

The equations satisfied by a, 7, Dy and S, are
03— 150t -|-503 — 502 — % ] =0,
15— 165 74 -}- 955 1% -~ 3540 12 - 8395 7 — 7743 =0,
D8+ 705 Dyt — 180 Dy — 175 D2 -} 15 Dy — 9 =0,
S5 - 620 5% — 615 5, == (319 Sy¢ -} 385 5,2}~ 99) /5,

n=383, (G, I 17).
The equation satisfied by Fyg, is

F1—6 F16—24 F15 — 42 F14—31 F13.—23 F2 —7 F — F10
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—4F {1 F8— T F7---13 ¢ — F5
- # o F3} F2o}- Fm 1 =0,
I have not solved this equation,
n=391. (G, IL 7).
The equation satisfied by Fy, is
U 8FB—12FR e 12 F ol % -4 FO e 38 8 FT -6 [76

+15F5 7 F4—5F% - 5 F2 ol -} 1 =0,

which, by adjunction of V17, reduces to

— (4 V17) Fo Fs

1143V17 54+V11 .,
g P

= F

The equations satisfied by «, B, S; and D, are
a7— 90641008 — 140t 4-802 —6a? 20— =0,

87— 985 — 20 85 -}- 27 §* -+ 180 B3+ 216 2 — 324 B — 729 =0,

S —886—2185—20Sf—165,2—2552-4-9 5, —1 =0,

D" — D422 D3+ 11D, = (2D,5 -+ 4 D, 17 D,?

n=399. (G, IV. 4).
The equation satisfied by Fyy, is
F48— 806 15— 5260 F4 — 6165 F¥ - 7523 F3 -} 7376 F¥
= 11199 F30 |- 1486 F — 360 F2 3022 Fu ~}~2490 F18
+ 641 F154-361 F124-330 F -+ 125 F6 - 19 F3.- 1 = 0,
which, by adjunction of Y21, /57 and /133, reduces to

T 4F"—(896 1198 /21 -+ 120 /57 - 78 1/133) F9

1) V17.

icm
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~|- (140 430 y'21 -]- 18 /5712 }/133) = 0.

In terms of the quartic irrationality 0, defined as

3 1/ 23+2/133
2T 4

O =]
so that
—60%--2024-210—21 =0,
we have
T Fras  FonFaps _ o o
FsaaFups  Fao Fisys
Faw Forn ) FoynFapg 03 50246 — 15,
Fuays Fape Faso Fsap ,
Frygg qum N Fuays Fsag =0
Fizsia Fsiy Fago Fapno '
(Fays Fiass Feapg Fayre )* == 36 03 — 4002 — 1236 -} 155,
n=407. (G. I, 8).

The equation satisfied by Fiois
F1—10F 15| 4 F14—33 FB 4 {7F2—{9F " —4F0— + —{2F$
e+ —A5F$-L2 FS—QFt—F3_2F? —F 1=,

which, by the adjunction of V37, is expressible in the form

[ o 5-1737 4--V37 o, 34 V3T . 7+V§7}2
I_F4 =7 F3 2 e F2 |- i F y
__ 91 ..‘|..,8151/37 I(V37 5)1,3 7- —1/37 F+1] ,
We also have
V37 12 -
{“2—1-251 " ~I~1)‘ 91+ 15V37[ L1,
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+-3V37 |- V371 -}-15)/37 [V37—5 ; 2
[[32__1__1}‘ 3l37ﬁ~7 | }37] ::91 ‘ 15]37' 32 "ﬁ‘“'}“(]'37-—4] s

F15— (570 - 48 V141) F12-|- (1199 101 V{41) F® — (1354 - 114 /Ta1) F$

! ! ° 2 03 /141 -
. e ' -+ -1——2-31—?"-»12-—-~ e F3— (95 -8 V/141) =0,
[ D513 F}ift_?_k’?ﬂ,,_'
1 - —v-—-—/'-2'-~—-~-~ 1 T 4 .
The equation satisfied by o, v, S, and D, are
N /371 — V372
=~9-1~};é§—}«§z~ l (V37 5) Dy - ?»‘---5"1“2 ‘ - w8t 1803 — 1502 — 60— 1 =0,
415, (G. IL 5) (5 1291 4* - 23318 v* — 1 38743 v* — 2 25823 ¥ —168155=0
n == 415, 1L 5), ,

The equation satisfied by Fy is 8% — 1140 S,* -} 1445 S,* — 1382 5,2 -+ 370 S, — 325 =0,
FO—10F = P17~ 11 FS -2 F% - 14 F4 | 2 F3 Dy? |- 3351 Dg® - 3708 D, = (96 D,* - 420 D,? -+ 99) V141
—6F?— % —1=0,
. n=431. (G, 1. 21),
which, by adjunction of V5, reduces to The equation satisfied by Fyy, is

F5— (54+-3V5) F+ & 12:1..'?2.7“.!,/?‘ F3 F2— 12 F20_| {5 F19 16 F18 - 40 F17—21 F16— 10 F15 — 44 F14

-~ 83 F18— 41 F2 — 66 F!' -2 F10-|- {4 F? -} 30 F8-- 36 F1

Ve _ ~10F8 -4 F5—QF4—Q F3—6F2—3F—1=0,
‘——1_7£|12—9—]3F2—(5+21/5)F«(z—-}—lls)=0. F10Fe
In terms of the cubic irrationality
The equations satisfied by «, B, Dy and S, are
Bt — 0 —8=0, A= —1724)
@ —13at £ 9 a3 % a— ==, ' we have
2..30
B — 9B — 40+ 69 —5p— 147 =0, F1— (20 4) Fé——ﬂ—'%i-lif“ —@Feh+2) M
DIS___ 10 D#‘l‘ 12 D]3»-—27 D12 ““‘ ZODl =5 =0, _“62 —{“‘ 5 0»»"“"‘ 22F3 o (2 62 m_|” i} _I_ 1) F2 (2 0_{_ 1) F—1=0,
- 2
SPP426 52+ 145, = (65441582 - 1) Vs, - -
' b ' l ' This cubic irrationality is connected with Berwick's cubic irra-
n=423, (G, Il. 5). tionality
The' equation satisfied by Fiy, is 29— ¢ ~-39-~2=0 (16 4 = — 431)
F ~ 1140 F¥ 42434 F% — 2432 F2 |- 939 F1s _ 140 F15 .- 446 F by the relation 2
arEay
— 2U4F 4 FS— Fif 1= T

which, by adjunction of /T41, reduces to I have not solved the septimic equation,
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n=439. (G. L 15).
The equation satisfied by Fyyy is
F15 — {3F% .23 F18 .7 F12 24 F11|- 20 F10 |13 F? - 38 F'8 .|. 29 F1
- FO—1TF5 |- TF*-[-9 F? — 11 F2 |- 5 F 1 == 0

its solution is given by Watson [12].

n = 447. (G, IL. 7).

The equation satisfied by Fyy is

F4 — 1417 F¥ — 13302 F% — 38101 F% — 53826 I7 % — 44566 ' ¥
— 28940 F# — 23117 F? —- 20245 F '8 — 13246 F 15
— 5664 F12 — 1516 F9 — 243 F6 —22 F3 — 1 ==0,

which, by . adjunction of V149, reduces to

T U7 V149 gy 53594439 Y149 L
2 2

FZ{__
/149 /149 . .
_ 8409+€;891149 R 6797-{—5257]149 F— (1488 - 122 /149) F*
/140 L l/""”"'
_ 671455 /149 ., 61+ 52‘, 49 _,

2
The equations satisfied by ¢, v, D, and S, are

07 —200f— % —9ot—6od—6oP—4u—1==0,

17 —24875 — 13681° — 1886 1* 4 4105 ¥ — 7665 % — 12321 7 — 51867 == 0,

Dy—1417 Dy$—5215 D, —6971 Dys— 4608 Dy*—2664 D,?-~1458 [, 405==0,
8,7 — 5443 5,5 —10850 S —2310 S, = (117 S,6-+-829 S,t-|- 566 S,2-|-25) V149,

n =455, (G, 1V. 5),
The equation satisfied by Fy;; is
F®—gF1® 50 F18—142F”—~200F16~- 129 F 15|~ 38 F14-|-191 F 13
—{—246F”—|~194F“+76F‘°——30F9~—~73F8-—57F7
—15F6 - 16 F*4-26 F4+4 23 F3-]-15 F2-}.6 F-l-1 =0,

which, by adjunction of V5 and V13, reduces to

icm

Singular Moduli (4). 311

3--V13) (1--Vs -4 VE Ve
F5 o (3 )2 (1- )‘F‘* _.1 4V gllfé (F34-F3

NERE T R /=)
BRI TS o BlatVs

Further, if
Fuss Forys |- Fospr Fagps = a,

Fass Fﬁs,"l I Foys F35/13 =0,

Fyss Fygns V- Foys Fospr = ¢,

then also
Fass Fovjs Fon Fasns == b,

and a, b, ¢ are the quintic irrationalities given by the equations

a% —12at— 41 0~ 10502 — 119 g — 49 =0,
b5 1284 — 16— 70— % —1 =0,
11t —5¢8— 32— 20c—35=10,

n=463. (G. I, 7).
The equation satisfied by Fy, is
F1—11F6—9F5 —8F4—7F3—17F2—3F—1=0;

its solution is given by Watson [12],

n=471. (G. I 8).
The equation satisfied by Fj; is
F8 — 1715 F15 — 4085 F42-|- 29217 %% — 60470 F %
~}- 44222 F3 - 36601 F30 -}~ 22281 F*" — 18987 F
~}-9629 F2 . 4756 F'8 ~|- 042 FI5 — 382 F2
106 F? —~ 62 Fé - 6 F3 —1 =0,
which, by adjunction of V157, is expressible in the form
[4 F12— (1775 - 141 V157) F* — (12169 - 971 V157) F¢ —

— (9357 - 747 V157) F* — (5012 - 400 V157) ]
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= (2V157 — 25) [ (7231 - 577V157) F? - (49705 -- 3967 V157} F
+-(38229 -+ 3051 V157) F3 - (20474 -+ 1634 V157) |2,
We also have
[4 8 — (10765 859 V157) «3 — (5012 - 400 V157) |? '
= (2V157 — 25) [ (43967 -} 3500 V157) 03 -}~ (20474 -}- 1634 VI57) 1,
[43 —10B (19 +V157) |
== (2 V157 — 25) [ (50 - 4 V157) g — (37--3 V157) |7,
[4 Dy — (1775 - 141 V157) Ds — (1404 - 112 /157) |?
= (2157 —25) [ (7231 - 577 V157) D3 -}- (5738 - 458 V157) ]2,
n=479. (G. I 25),
The equation satisfied by Fy; is
F% 10 F# —23 FB — 76 F2 — {04 F* — 126 F20 — 109 F'®
— 144 F'8— 205 F17 — 317 F16 — 336 F15 — 280 F!4 — 138 F3
— 11 F12-76 F11 |- 82 F10 - 48 F9— 6 F8— 47 F1
—66 F¢— 60 F5— 41 F4 — 22 F3 —9 F2 3 F—{ =0,
I have not solved this equation,
(G. L 7).
The equation satisfied by F,y is

n = 487,

F1—13F¢4-4F5 —4F*4-TF3—4F2 - F—{ =0
its solution is given by Watson [12].
n=495. (G, IV, 4),
The equation satisfied by FMQ is
F43—2200F45-5184F“-—2555F39~|“ 1023 F3¢
9360 F3 45623 F30 — 1895 F¥1 — 5751 F24
— 2515 F? {-2338 F18 |- 1170 F'5 - 282 Fi2
—235F% L 81 F6 —5F3 -1 =0,

icm
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which, by adjunction of V5 and V33, reduces to
4 F12— (2200984 V5 -+ 384133 4 172 V165) F?
+ (3402 -+ 1520 V54 590 V33 -} 264 V165) Fs
— (1495 6675 - 261 V33 4 117 V165) F?
+ (234 --104V5 440 V33 4- 18 V165) =0.

We also have

=, 3+V5,/3F9/5
F a5 Fouls - Fast Faspii = 4--2V5+ _:tz_ _—|;2__1
1030 46175
(Fuos Fasra ¥ ~F (Fogts Fasina ]32“”‘;}—2——
605+271V5 ¢ /34975
8054 95
13..5Y5 2--V5,/3-+9V5
Fios Fasii~+ Foors Fsa/9=—;!ﬁ—-~+.4..+__ ]/_'i‘____m ,
4 2 3
15+17V5 , 2151 /34975
Fags Foots Fisto Fashi = ~l—4 4= ‘2 l/ =

n=>503. (G. I 21).

The equation satisfied by Fyy is

F®—{8F® .69 F1®—87F8—34F11171 F1— 106 F©°— 74 F*
92 FB L 19F12 27 F1 —30 F10}-23 F*4- 10 F8 —12F7 ‘
+3F6— % — TFt6F 4 F?—x —1=0.

In terms of the cubic irrationality

P62 —0—2=0 (A=—2012)

we have

2 . ——
Fv—(ze+2)F6+0——-26——3

F5— (02— 506—1) F4--0F3
+w___7_2fi“|;2pz._,* —1=0.

This cubic irrationality is connected with Berwick's cubic irratio-
nality
21, Acta Arithmetica, I, 2.
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208 —5¢2-F5¢0—4=0 (16 4 = —503) ] ey pis_ 2350173 ., 333-+27V173 .,
by the relation H41 +6V1IT3)F 2 Fii+ 2 F
20 o
=iy 2334—;911731,6_’_(384_31173”,3 13+21112§=
I'have not solved the septimic equation. By adjunction of the cubic irrationality
n=>511. (G.IL 7). : 1P —262—36—3=0, (A=—519)
The equation satisfied by Fyy is which is connected with Berwick's cubic irrationality
F“——16F13—|—36F12"—56F“—I-77Fm'"84F9—|*"70FB~""37F7 3‘?3"'6‘?2';"5“?—"3:0 [81A=——519]
+16 F6—21 FS--35 F4—35 F3~-21 F2 7 F -1 =0, by the relation 6 ¢ =1-10, the equation is further reducible to
which, by adjunction of V73, reduces to ) [2F3—(17762+ 2196+ 167) F2 - (87621108 681} F
_ s . — (866241056 80)] V173
1 (8- V73 ot 38 E 5V sy 614 7V7§F4 - (25--3V73) F3
2 = (2361 62} 2841 0 -} 2173) F2 — (1153 62 - 13746 - 1065) F
(113602 1383 6 4 1058).
27+3V73F2+7+V73 1—o0. .+ +
Also o, 7 and D, are given in terms of 0 by the equations
The equation satisfied by « is RO 02) P — (20 1) o — (P04 1) = |
| @160+ 200 — 1608907 — — x — 1 =0; 8 — (2462 366 - 21) 12 — (778 4 126 6 +-97) 1 — (66 62 +- 99 6 +- 105) =,
also
Bl2=8 —a, D53 — (17762 42196 4 167) D32 + (37 62 1 48 6 -+ 34) Dy
Dy"++170D,*+ 331 D;* +376 D == (2 D 22 D,* +-50 D,? - 21) V73, — (26567 +-3240+-246) =0,

n=519. (G.IL 9. n=>527. (G 1L 9).
The equation satisfied by Fiy; is
F18 {2 F11__3{ F16 — 24 F15 | 45 F4 | {5F 13 12 F2L. 20 F11 — 5 F10
—32F9—1{0F8—FT—7F6—4F*
+8F¢-5F+2F2+ %4 1 =0,

which, by adjunction of V17, reduces to

The equation satisfied by F,,, is
F5— 21709 F5'— 16545 F% |- 6267 F45 — 49945 F# ~-136972 F¥®
— 150834 F% |- 1 13720 F33.— 71908 F3 + 41892 F?7 . 30826 I
20926 F2 — 12763 F'8 - 1806 F'5 — 3683 F12 -|- 1178 F°
—242F¢4 25 F3 —{ =0,

1— 1 17 619 + Vi7
which, by adjunction of V173, reduces to — (6+2V17) F& -~ FT4-(8-F2VT7)Fé -
2709--2077173 I 7 1/ﬁ 5 |/17
F21— __j_él_lﬁpu_{_ (10024176 Vi73 ) F2t 95}_',"75 Vi13 L F18 — +2 + —F?— x—1=0,
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By adjunction of Berwicld's cubic irrationality
83 * 4+ 50 —1 =0, (A =—527)

the equation is further reducible to
[2F3— (3026 14) F2— (462 426 - 20) F — (20240 - 10)1Y17
— (762 —36 4 46) F2 - (18 02—}~ 20 - 94) F 4~ (8 0*— 0 -~ 38).
Also @, B and S, are given in terms of 0 by the equations
— (266 11) a2 — (202 - 11) 0 — (02 - 5) =0,
B — (362 — 0+ 16)— (20220 13)B— (04 3) =
SP—(3624-01-14) S2— (26240 4 11) Sy — (362 --26 4-15) =0,
n==535, (G.IL 7).
The equation satisfied by Fyy; is
FM__ 1§ F3 420 F2 -7 Fil — {4 F10 {10 F* — 37 F® 34 F" -3 F*
— F5— 16 F*-+6F3f-3F2—» —1=0,

which, by adjunction of V5, reduces to
—(8+4V5) Fé - (18 +8V5) F5 — 25+1“ 5F4+(1 -+ V5) F3
—@2-+V5) F24(5+2V5) F—

The equations satistied by «, B, D; and S; are

(2+1/5) =0,

ol —19a8fef 4 110t —1103 —a2 4+ 4a—1=0,
87— 6 B — 52 85 — 96 B4 —
D,"—16 D¢ -39 D, — 50 Dy* + 120 D,® — 189 D% - 139 D, — 71 == 0,

44 0% — 90 f* — 315  — 243 = 0,
8574335716 S +35, = (854105445872 + 1) V5,

n=543. (G.IL 6).
The equation satisfied by F;,, is

F3% — 3325 F3 2= 20738 F 3 - 26913 F21 — 26778 F* - 24014 F2*

icm
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— 14714 F18 - 6654 F'5 — 2895 F12 4+ 920 F% — 206 F6 - 21 F3 — 1 — 0,
which, by adjunction of Vﬁ—l-, is expressible in the form

3325 - 247 V181 269 -+ 20 V181

861 - 64 V181 |?

9 6 e 3

[F i F 5 F 5 J
Il e foa vy

=19871—|—12477l/181 [7+3;/181 F6+21—4]/181 F3+11+1181 ]2‘

In terms of Berwick's cubic irrationality

B —02F26—5=0 (A= —543)

the equation reduces to
— D, F3 —ad=0
where

2
245 — 3665 0 L 2345 0 1 111751 29309 ¥ 31549 6 4 150349

V181

6586 62 |- 4213 6 - 20084 _
Vist !

2 Dy =490 0 -+ 313 6 | 1494 +

it is also found that .
2p=0+ofat ALY

It is to be remarked that

2004156416

49309 62 - 31549 0 - 1 50349 = (508 82} 325 6 -+ 1549) (21 8 + 15 6 - 16),

7 (6586 62 - 4213 6 -} 20084) = (475 62 - 304 6 - 1448) (21 62+ 156 - 16),

2162+ 1564 16 = V181 (6 02 - 3 6 - 31),
n=>551. (G. IL 13).
The equation satisfied by Fi;; is
F“ — 10 F% —62F2—237 F® —618 F* — 1183 F* — 1773 F¥
~— 2121 F19— 2049 F18 — 1625 F17— 1011 F'6 — 416 F15 —25 F 14
+ 148 FB3 4111 F2— 95 F11 — 323 F10— 469 F° — 504 F*

— 437 F" — 316 F® — 198 F5 — 109 F*— 49 F3 —171F* —5F—1=0,
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which, by adjunction of Y29, reduces to

179--33 129

F—(5--V29) F2 — (29 -+ 6V29) F1t — ;5 F10

_ S
— ,353:|’2651/29_ F? — (256 -+ 48 V/29) F& — 591+ ;09 Va9 F1

- 423--79V29 ., 277-1-51129
— (275 4-51V/29) Fé — =50 == P00 F

25V, 51V

1529V o (5747129 i ,
The equations satisfied by « B, D, and S are
ald— 1302 * +7a0-430% —11af |28 a7 —21
—905+90t — 1403 —a2-F30—1=0,
813 — 16 812 — 57 31 - 304 B° - 1100 §° — 1692 (8 — 9219 {7 — 2067 ¢
- 28820 B - 32129 @* — 20387 §3 — 54511 p? —32129 B — 6859 == 0,
D,88—10 D,2— 49 D, — 177 D, — 463 D,* — 866 D, — 1511 D,
2259 D,6— 2965 D,5— 3499 Dy*— 3227 D\* — 2417 D, — 1140 ), —247 =0,
85,2 —67 5,11 —17878,° — 3595 S,7 — 3429 S, — 667 5;* — 38 5

= (28,2447 5,0+ 374 5,5 +801 5, + 339 S,4 33 5,2 1) /29,

n=>559, (G.IL 8).
The equation satisfied by Fyy is ‘
F1% —20F15 78 F14— 161 F¥ 196 F12— 139 F1l |- 1§ F10 .- 83 !

— 123 F8 - 98 F1—51 F6 |- {4 F5 — F4—2 Fi-- % -p Fm ] =20,
which, by adjunction of /13, is expressible in the form

9 J-113
" F

lﬂ_ G- Vi3) P4 L +i‘/ﬁ F2 — 9"'11/13 ]2
_Vi3—1
2

fromme — oot : 2
=§i‘%@_ [( V/E‘f“ 1) F3 F2.— 1 ’{"21/13 F - 3 "|;/13 ] .
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We also have

(21543718 943yV3 ] 34213 [5+V3_ |, 34- Vi3]
3 g =TS e, 3 V)

[ 9 3 12 oy ] Via o =
g +2 V13 - 4]/13]= 3+42113 |(1+V,13w+,,13h1]?
) L 2

D2 —(6+VI3)D, + 8 +; ‘/1@]; 3+ 42 VI3 |44V D) D, — VT3,
n=567. (G.IL 6).
The equation satisfied by F;, is

F3% — 4068 F* — 3798 F3 — 2548 F1 - 4383 F2 - 7704 F™ -} 9324 F 18

7704 F15 - 4383 F 2+ 1547 F9 4-297 F§ 4271 F3 1. { =0,

which, by adjunction of V21, is expressible in the form

=(27+ 6 V21) [ (276 4 60 V21) F5 -+ (276 + 60 V21) F3 - (275 4 60 V21)
In terms of Berwick's cubic irrationality

63— 302 — % —3=0,
the equation reduces to
Fé— S, F3 L ud=0,
where
2
203 = 43502 4 121 0 - 398 - 19936 +551§9—]—1824 '
Va1
1483 92+ 414 6 _l__ 1353
V21

2.8y =323 6% - 92 0 4295

it is also found that

40213046
20=20—f—2f L "
T vai

It is to be remarked that

1993 62+ 555 6 -} 1824 = (34 62+ 96 1-31) (46236 1-6),
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148307 - 4140 -+ 1353 = (25 02 480 -}-22) (40° + 304~ 6),
40° 30 +6=121 (13040412,

n =575, (G. IL, 9).

The equation satisfied by Fyr; is

F15—20F17—|—64F“’~——64F‘5 + * _|m * _} 25 F12 — 60 FIL — »

which, by adjunction of V5, reduces to

F5— (10--2V5) F* — (8+9 V5) F1— (22 +4 I/S]F"wlvgwji%il—/é

(1675 Fi— (18 7V B — (126 V8 Fr— AL 5V5

5
3--V5
~H—= 0.

Tt is convenient to use the cubic irrationality Fy,, namely

63—-—* —0-——1:0

(A=—23)
rather than Berwick's cubic irrationality
P—?-49—5=0, {A =—575)
these irrationalities being connected by the relation
SLES
201

The equation is then reducible to
2F—4(02 464 1) F2— (602}~ 50-}-2) F— (302--30--1)
=(+-0)[2F? - (624 0)F 4-0] V 5.
The equations giving o, § and S; in terms of 0 are
w3 — (2602456 42+ (30F2)a~—(02420--1)=0,
B —(562-56--1)p2—(1062--200 - 13)p — (1062-|- 156 -|-8) = O,
SE— 462 4-6-+1)S2—(202+56--5)S, —(202-]-20 —1) = 0.

RO

Fs

icm
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"3t
n = 583. (G. IL 4).

The equation satisfied by Fyy, is ] :
F8—16FT—12F¢|-11 F5+12F4—|—5F3—3F2—- 4F —1 =0,
which, by adjunction of V53, is expressible in the form

l Fr 8LV

2

(F+ 1,] — BAIROLTY gy,

Here we have

. —

L8] 53+‘/131+18V53
2 4

so that "

0t — 1603402430 —1=0;

p=oua-}2,
n==591, (G. IL. 11).

also Dy =a,

The equation satistied by Fsy is

F% — 4945 F& — 20955 F 0 - 1 39902 F¥ — 326851 F5 -1 95207 F
— 08626 F% —1 17162 F45—3 08141 F 2 — 47480 F¥ —2 49560 F%
66786 F® —1 06033 F3 — 27245 F*1 — 44701 F*— 9429 F
12199 F18 — 2000 F15 — 1851 F2 — F?—61 F¢ - 18 F?—1=0,

which, by adjunction of /197, reduces to

353 /197 P
F3.__ 1955,‘!%?&_12_7_ F® (1391 -+ 101 1/197 ) F#

197 /197 734475197
— (2622 190 y 197) Fru — LB LITVIT 673 475 V97

/197 — 197 ;
4_229_—!—1:;91,‘__!2:7 F15— (1768 _+_ 127 ‘/ 197) F1z ,169}_:‘:_151.&__4_ Fo

_,..Zgéji,szl_‘".l?l Fé—(11--51/197) F3—(14 + /' 197) =0-

22. Acta Arithmelica, I, 2.
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The equations satisfied by o, v, Dy and S, are
oM — 35010709 — 1108} 19 07— 26 08 |- 3545 — 37 0t -| - 38 03— 25 22
~-8a—1==0,
1 — 572410 — 5098 1° — 21002 18— 92050 17 -~ 6 06869 1® — 28 81655 "
—83 616571 — 151 8875173174 089527*— 112 730137
—37 27863 = 0,

D,11—4945 D10 4-21218 D, —48071 D8 —7341 D,-}-68745 1D, -1 98661 1,3
— 95096 Dyt -}-8092 D% — 1 28895 D,? — 23460 Dy — 22419 == 0,
Syt — 15654 S,2 - 601 Sy7 — 9373 S, — 8196 S, — 4806 S,
= (353 5,10+ 949 S8 - 771 S, -}- 292 S,* -- 648 S,2 - 81) }'197 .

I have not simplified these equations in any way,

n =599. (G, I. 25).
The equation satisfied by Fyy is

F» 16 F#—25 FB L 3F2.| 8 F% 92 FN 63 F10
— 28 F18--66 F11-|- 24 F16— 35 F16 |- % |71 F13
46 F12 58 Fil 22 F104 36 F9- 13 F8 — 32 F1
4 5F64-17FS—6F*—8F3-+F24-2F —1 =0.

I have not solved this equation.
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