ON MAPPINGS OF COUNTABLE SPACES
BY

M. KATETOV (PRAGUE)

In the present paper the following problem, due essentially
to Banach?), is solved for a very special case, viz. for countable
regular spaces: to determine the topological spaces which admit
of one-to-~one continuous mapping onto a compact space. It is
shown that a countable regular space possesses the above pro-
“perty if and only if it contains no dense-in-itself set (Theorem 3),
This theorem follows from Theorem 1 which asserts that such
a space admits of one-to-one mapping preserving the derivatives
(in G. Cantor’s sense) onto a locally compact space,

All considered spaces are Hausdorff topological spaces. A space
P is called . dense-in-itself if it contains no isolated point, disper-
sed if it contains no non-void dense-in-itself set.

Let P be a space. For any ordinal number &, Pt is defined by
transfinite induction as follows: P'=P; if E=y--1, then P con-
sists of all non-isolated points of the space P7, and if £ is a
limit number, then Pf== I;]g Pn. P¢ is called the &-th deripative of P,

Clearly, every P¢ is closned in P.

The first and the fourth of the following lemmas are well
known, the two others are easily proved by transfinite induction.
Lemma 1. 4 space P is dispersed if and only if Pé=0 for
some &,

Lemma 2. If GCP is-open, then Gi= (P for any &.

Lemma 3. If fis a one-to-one continuous mapping of P, then
FPYCIFP)E for any &.

Lemma 4. Every countable regular space is 0-dimensional?).

We introduce, for convenience, two auxiliary definitions.

A continuous mapping f of a space Pinto an arbitrary space
is called an a-mapping if:

1) Cf. Colloquium Mathematicum 1 (1948), p. 150, P26.

) P. Urysohn, Uber die Méchtigkeit der zusammenhéngenden Mengen,
Mafhematische Annalen 94 (1925), p. 262-295, Kapitel II, Satz II.
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1) f is one-to-one,

@i  fPH)=I[f(P)}f for any &,

(ii1) f(P) is locally compact.

A countable space P is called an a-space if it admits of an
a-mapping, or {(which is the same since every countable loc.ally
compact space is metrizable, and therefore may be imhedd-‘ed ] mto)
the space of real numbers) if there exists a real a-function on F

Lemma 5. Let GoCP (n=1,2,...p or n=1,2,...) be closed
and open, and let every G. be an a-space. Then there exists
a real a-function f on Q=23G,. such that, for any compact

BCf(Q), f(B) Ck%Gk for some n.
Proof. Let U,=G, and U"=‘G"—k§.0k (for n>1). Then U,

are disjoint; every U, is a closed and open subset of G., and
therefore is an a-space (cf. Lemma 2). Let g, be a real a-func-
tion on G,.. Evidently, we may suppose g» such. that, for any
x€Gn, 3 < galx) < 2.3 Now let f(x)==g.(x), if xeUn. 'It is
easy to see that f is coniinuous, one-to-one, and f(Q) is lo-
cally compact. If BCf(Q), then, for some n, y>=>3" for every

yeB, whence f~(B)C X Ur=_2 Gi. By Lemma 2, we have, for’

k<n+1  k<n+i

an arbitrary & F(Q)=F(3 Unt)=Zf(UD) =D FUNF=If(QF, for
f(U) are open in f(Q). This proves the lemma.

Theorem 1. Let P be a countable dispersed regular space.
Then there exists a bounded continuous real function f on P such
that:

(¥ flx)=F(y) implies x=y,

(ii) f(PY=I[f(P)E, for any &,

(iii) f(P) is locally compact.

Proof Itis sufficient to prove that P is an a-space. Denote
by S(&) the following proposition: if P is countable regular and
Pi=0, then P is an a-space. Clearly, S(1) holds so that (cf. Lem-
ma 1) we have only to show that:

3) Cf. C. Kuratowski, Topologie I (deuxiéme édition}, Monografie Mate-
matyczne, Warszawa -Wroclaw 1948, p. 175.
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1o if £ is a limit number, and S{x) holds for every 4 =&, then

S(£) holds,

20 §(€) implies S 1) for any é&.

Ad 10 Let & be a limit npumber and let Pé==0. I x¢P, then, for
some 3, xeP— Pn. Since P7 is closed, Lemma 4 implies that there
exists a closed and open Gy such that xeGo(”P—Pi Since, by
Lemma 2, GWi=G,P1=0, and S(x) is supposed (o hold, every
G, is an a-space and therefore, by Lemma 5, P is an a-space too.

Ad 2°. Suppose that S(&) holds and Péri==0, Iirst, let D¢
contain exactly one point a. Lemma 4 implies that there oxists,
for every xeQ=P—(a), an open and closed set (iy such that
x6G Q. By Lemma 5, there exists an a-function fon Q such

that, for every compact BC f(Q), f"i(B)Cﬂ%’{G,\-, with MO P fi-

nite, and therefore anonef—'(B). Hence f(Q) is not compact so
that, by a well known theorem, there exislts a compact space
RDf(Q) such that R—f(Q) contains exactly one point b. Let
8lx)=f(x) for xeQ, and g(a)=>b. If BC R=g(P) is compact,
and bnoneB, then anonef~1(B)=g-{(B). llence f is continuous.
By Lemma 3, g(P¥CZRE, whence beRt, and clearly yeg(Q) im-
plies ynon eR! Thus Ré=(b), from whick we casily deduce
that g is an «-mapping.

Now let P¢ be arbitrary. Since Pt is closed, (P§)!= Pé+1=0,
and, by Lemma 4, Pis 0-dimensional, there exists, for any xel’,
a closed and open set G, containing x and such that the set
Gi=G,P! contains one point at most. Then every G, is (as we
have just shown) an a-space, and therefore, by Lemma 5, P is an
a-space, This completes the proof.

Lemma 6. Let P be locally compact, and let neP. There
exists a one-to-one continuous mapping of the space P onto a comn-
pact space T such that, for any &, f(Q8=[F(Q)l$, where Q= P—(a),
If, fore some B, P#is finite and aeP?, then [ is an a~mapping.

Proof. Let the topology of P be modified at the point a as
follows: the fundamental neighbourhoods of a are the sets P —K. s
where a non ¢k, and K is compact. We obtain a space, evidently
compact, which will be denoted by T. Putting f(x)==x for xeP,
we have a one-to-one continuous mapping of P onto T, 1t is easy
to see that f(Q4=[f(Q) for any & If P# is finite and aeP?, then

icm
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acQi for any &<<p, whence f@)ef(Q5=[f(Q)F and therefore
f(a)eT®. Hence f is an a-mapping.
Theorem 1 and Lemma 6 imply

Theorem 2. Let P be a countable dispersed regular space, and
let, for some B, P be finite non-void. Then there exists a bounded
real function f on P such that:

() f(x)={(y) implies x=y;

()  fP)=[fPF for any &;

(1id) f(P) is compact.

A one-to-one continuous image of a dense-in-itself set is evid-

ently dense-in-itself. It is well-known that a countable compact
space is dispersed. Thus we obtain by Theorem 1 and Lemma 6

Theorem 3. A countable regular space P admits of one-to-
-one mapping onto a compact space if and only if P is dispersed.
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