HOMOMORPHISMS, MAPPINGS AND RETRACTS
BY
R. SIKORSKI (WARSAW)

In my earliex paper [1] [ examined the problem: Under what
condition every homomorphismm k of a given Boolean algebra 4
into any Boolean algebra B is induced by a poini mapping. The
three following cases were there considered 1):

(1) A and B are (finitely additive) fields of sets;

(2) A4 and B are o-fields of sets;

(3) A is a o-field of sets and B is a o-quotient algebra, i.e.
B=X/I where X and I are respectively a o-ficld and a o-ideal
of sets.

The subject of the present paper is the study of the remaining
case %):

(4) A is a (finitely additive) field ¥ of subsets of a set 9,
aud B is a quotient algebra, i e. B=X/I where X and I are
respectively a (finitely additive) field and an ideal of subsets of
a set X,

The main result (theorems 4.1-—73) is a complete characteri-
zation of fields ¥ with the property

(P} Every homomorphism h of ¥ into any quotient alpebra X/I
is induced by a point mapping ¢.

This characterization is topological, The essential notion is
here Borsuk’s®) definition of a retract and of an absolute retract,

The final §§ 6 and 7 contain some applications of the main
result to the case (3), and a generalization of the concept of
retract.

Terminology and notation. A mapping h of a Boolean algebra
A into another Boolean algebra B is said to be a homomorphism
it h{4-}+B)=h{d)+h(B) and h{dY=h{d) for all A4,Bed

') In the case (2) and {3}, homomorphisms h are supposed o be g-additive.

*) The case where A is & quotient or e-quotient algebra is not interesting

since it can be reduced to the case (1) and (4), or (2) and (3) respectively, See
1.1 and Sikorski [1], p. 9. :

)-Borsuk [1], p. 153 and p. 159,
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(d-+B and 4’ denote always the Bool‘ean operations correspon-
ding to the addition and complementation of ‘sets)‘ ) )

A one-one homomorphism of 4 onio B is calle(! an. isomor
phism. If it exists, 4 and B are said to‘be isomorp.hzc. .

A non-empty class X of subsets of a set X is said to be
a field if it is a Boolean algebra with res;?ect .to the usual setc-1
theoretical operations, that is, if X,X,eX implies X-+X;eX an
* Lxet ieid ¥ be two fields of sets. An isomorphism g of X
onto Y is called a fotal isomorphism ) if it can.be faxtended to
an isomorphism between the least totally additive fields conta‘l(;
ning X and ¥ respectively. If it exists, then X and Y are sal
to be totally isomorphic.

An ideal I of a field of sets is a class such that:

10 0= I X;

20 if X,,X,el, then X,+ Xpel:

50 if X,— X.eI and X,eX, then Xpel.

For any XeX the symbol [X] will denote the .class of all X, e‘X
such that (X — X)X, —X)el. The collection of all (mutually dlsi
joint) classes [X] forms a Boolean algebra (lfznotta_cl by X/I a(ixc
called a quotient algebra. The Boolean operations in X/I are de- .
fined by the formulae:

(X ]+ X=X+ Xe), X]=[2—X]. .

Let X and ¥ be fields of subsets of sets ¥ and ‘D. respecti-
vely, and let I and J be ideals of X and.Y~respectlvely. Wi
say that a homomorphism h of vY/J into X/I is induced by a poin
mapping ¢ of X into 9 if .

=1 (Y)eX and R(YD=[e—"(¥)] for every Ye¥.

[ particular, a homomorphism h of ¥ into X/I is induced
by a mapping ¢ of X into 9 if '

=1 (¥)eX and h(Y)=lp~1(¥)] for every YeY;
and a homomorphism h of ¥ into X is induced by ¢ if
o= (Y)eX aund h{Y)=¢~(}) for every Ye¥Y.

A topological space € is totally disconnected if forHeverirl
pair s,,5,¢S (s,Fs,) there is a both open and closed set H suc

4 This notion is due to Marczewski [2]; p. 136.
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that s, ¢H and $,¢65—H. A totally disconnected bicompact space
will be termed a B-space.

A (closed) subset & of a topological space &, is a refract of
@, if there exists a continuous mapping » of S, onto & such
that x(s)=s for every s¢S. The mapping » is called. a refract
mapping (&, S;).

A topological space & is said to be an absolute B-retract

provided & is a retract of every B-space G,, G (= &,. An absolute
B-retract is also a B-space.

1. Lemmas. In this section X,¥, and Z are lields of subsets
of sets X, 9, and 3 respectively. I and J are ideals of X and ¥
respectively.

It follows directly from ihe definition that

1.1 4 mapping ¢ induces a homomeorphism h of ¥/J into X/I

if and only if p induces the homomorphism g (of ¥ into X/I ) defi-
ned by the formula

g(Y)=h([5’])sX/1 for YeY,
The following lemma is obvious:

. 1.2 If a mapping ¢ of X into 9 induces a homomorphism h
of ¥/ (or: of ¥) into X/I, and if a mapping v of 9 in 3 indu-
ces & homomorphism g of Z into Y/J {or: info Y), the mapping py
of X into 3 induces the homomorphism hg of Z into X/1.

The property (P) is not invariant under isomorphisms. However,

1.3 The property (P) is invariant under total isomorphisms
(i.e. if ¥ has the property (P), and Z is totally isomorphic to ¥
then Z has also the property (P)).

This follows from 1.2 and the following lemma which is an
easy consequence of a theorem of Marczewski 5):

Lid An isomorphism g of % onfo Y is a total isomorphism if
and only if both g and g—! are induced by point mappings.

2. B-spaces. I'or every topological space &, the symbol K(S)
will denote the field of all both open and closed subsets of &,

By 1.3 and 1.4 the property (P) of K(©) is a topological invariani
of the space &,

H

’] See Marézewski [2], p. 140, (i},
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Stone 8 has proved that - )

0.1 FEpery Boolean algebra (in particular, every field of sets)
A is isomorphic to the field K(®) of a B-space ©. ‘

If S, is another B-space such that K(S) is isomqrphw to 4,
then © and ©, are homeomorphic. Stone’s space & is thus uni-
quely determined by A. Tt will be denoted by Ga.

» If a space © is bicompact, every two-valued measure on K(©)
is trivial. Consequently?), ' .

2.2 If & is a B-space, every homomorphism of K(&) into any
ield is 1 e int mapping ¢. .
field of sets X is induced by a poin . N
/ Suppose S, is a B-space and S is a closed subset of S;,. Then
G is also a B-space. Let J be the class of all sets TeK(G‘U?
with §.©==0. J is an ideal of K(S,). For every SeK(S) there‘t1f
a set ]geK(GO) such that §=65,. If S,eK(S,) be another set w{n 1
=S, then (8; — S+ S;—=S)ed. Consequently the formula
S=86S,,

g(8)=[S,], where SeK(G), S,cK(S,), and S=GS,,
defines an isomorphism of K(&) onto K(S,)/J, called the natural
isomorphism (8,8,). .

- S, is a retract of &, if

0% A closed subset & of a B-space o ]
and only if the natural isomorphism (®,S,) is induced by a mapping
% of &, info ©.

More precisely: ‘ .

A mapping x is a retract mapping (8,8, if and only if =
induces the natural isomorphism (S,8,). . ' ' .

This follows from the fact that a mapping » of &, into & 1is
a retract mapping (8,8, if and only if

1(S)eK(S,) and S=8x1(S) for every SeK(S),
e if gS)=['OlKGI, q. e d

§,. Let G, denote the set of all sequences:
-—{i. }Tlle ilr)ha::e c:=0 or 1!.L Let €f be the set f’f all sequences
z;?s gsflzl:)ythat cs=1, and let C, be the least field (91 subsets
of é“) containing all sets ®%. Consider €, as a topological space

5) Stone {1}, p. 378.
7} See my paper (1], pp. 9-10.
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.with C, as the class of neighbourhoods. The so-defined space §
is a B-space and C,= K(T,). "
Every closed subset of €, is also a B-space. Conversely:

3.1 If © is a B-space and K(G)<N,, then & is home i
to a closed subset of G,. o i homeomorphi

. The 11911.1eom0rphism is given by the characteristic function *)

of a (iransfinite) sequence {Sg}s<q, which contains all sets SeK(S).

o 3.2 Let J.be an ideal of C,. Every homomorphism h of C,./J

into any quotient algebra X/I is induced by a point mapping.
On account of 1.1 it is sufficient te prove that
3.3 The field C, has the property (P).
Let A be a homomorphi i int i
phism of C, into a quotient algebra X/I
?nd l.et X;eX be a set such that A(ESH=[Xd]. The chfracterisi/‘i(;
unctl?n ® of‘ the sequence {Xele<o, satisfies the equation
¢~ 1€;) =X;:. Consequenily .
h(E) =g~ EH].
Hence, by induction,
R(Cy=[p=1(()] for every CeC,,
i.e. the mapping ¢ induces the homomorphism h.
4. Fundamental theorems on the i i
_ nducing of hom h~
isms. We shall now prove the following theorem: eoret
4.1 The three folloming conditions are equi ,
: s are equivalent for u B-space G:
(1) K(©) has the property (P); ! ntforulapace s
(11) € is an absolute B-retract;
(.m) (5 is ‘homeomorphic to & retract of a space .

. (1)l—>.(11), buppose S &, where G, is a B-space. By (i), the
natural isomorphism (&,8,) is induced by a poinl mapping. Con-
sequggtly, on account of 2.3, & is a rvetract of &,,

(if) = (iii) follows from 3.1. )
{iii) - (i). Since the propert f i i
. 1)~ perty (P) of K(G) is a topological inva-
riant, 1,: is sufficient to prove this implication in the c.astia wherc((‘“;)
Eeatrelragt of ©,. Let h be a homomorphism of &(S) into a quo-
@g~a gebra X/I, let J be the ideal of all sets ('eC, such thai
=0, and let g be the natural isoraorphism (S,€,). By 3.2, the

!) That is, & mapping
PR, > pls)={ci}eCyu such that cimm1 if 36, _
if 8¢©—S. See Stone (2], p. 29 and 32, and Marczewski Iqi(i f).agtdi @
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homomorphism hg™! of Cu/d in X/I is induced by a mapping .
By 2.3, the isomorphism g is induced by a retract mapping
(8,6)% By 1.2, the homomorphism h=(hg="g 1is induced by
the mapping o= »y.

49 A field Y has the property (P) if and only if it is totally
isomorphic to the field K(S), mhere © is an absolute B-refract.

More precisely (see 2.1):

13 In order that a field Y have the property (P) it is nece-
ssary and sufficient that ¥ be totally isomorphic to K(Gy) and
that Stone’s space Sy be an absolute B-retract.

The sufficiency follows from 1.3 and 4.1. Suppose ¥ has the
property (P) and let g be an isomorphism of ¥ onto K(Sy). Thus
g is induced by a point mapping. By 2.2 the converse isomorph-
ism g1 is also induced by a point mapping. Consequenily, by
1.4, ¥ and K(Sy) are totally isomorphic. On account of 1.3 and
4.1, the space @y is an absolute B-retract.

Consider the following property of a class L of sets:

(8 every subclass L,(" L of mutually disjoint sets is at most
enumerable.

44 If a field ¥ has the property (P), it has also the pro-
perty (S).

By theorem 4.3, the space Sy is then a continuous image of
.. The property (S) is invariant under continuous mappings avd
the field €, has this property °). Consequently K(Sy) hat the
property (S). Since Y is isomorphic to K(Sy), the field ¥ has
also this property, g. e. d.

It follows from 4.4 that, for instaunce, if ¥ is the field of all
subsets of a non-enumerable set or the field of all Borel subsets
of & non-enumerable space, then the field K(Sx) has not the pro-
perty (P).

The property (5) is not a sufficient condition for the field
K(Gy) to have the property (P) 9,

%) See Marezewski 3] p. 131, (vi) and p. 142, (iL

1) Let & be the B-space obtained by splittiug every point of the segment
<0, 1) inio two new poinis. Then K(©) has the properiy (S). Since & is nol
a continuous image of a space Gy, the field K(S) has nol the property (P).
See Sanin [1].
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5. The representation problem of von Neumann and Stone.
J. v. Neumann and M. H. Stone [{] have examined the ques-
tion under what condition a quotient algebra X/I has the
following property:

(R) X contains a subfield X, such that, for every XeX, there
is exactly one set XoeX, with [X]==[X,].

5.1 A quotient algebra A=X/I has the property (R) if and
only if, for every B-space ©, every homomorphism h of K ) into
X'I is induced by a point mapping ¢.

Suppose X/I has the property (R). Then the formula

g(S)=2X,, where XyeX,, [X]=h(S), SK(S),
delines a homomorphism g of K(&) into X, induced by a mapping
¢ on account of 2.2. We have
h(S)==[g—1(8)] for every SeK(S),

that is, ¢ induces h.
v On the other hand, if Stone’s isomorphism g of K(S4) onto A

is induced by a mapping @, then the class X, of all sets g~1(S)
where SeK(S4) satisfies the condition (R).

6. c-homomorphisms. X/I is called a o-quotient algebra il X
is a o-field 1) of sets, and I is a o-ideal 2.

Tor every B-space &, the symbol K,(€) denotes the leas
o-field containing the field K(S).

Analogously as lemma 1.3 one can prove thai

0.0 The follorwing property of a o-field ¥ is invariant under
total isomorphisms:

(Ps) every o-homomorphism (i.e. a o-additive honmmorphlbm)
of ¥ into any o-quotient algebra X/I is mduc'ed by a point
muppmg @.

2 If € is an absolute B-retract, every o-homomorphism h of
K,,(w) mto any o-quotient algebra X/I is induced by a mapping .
On account of 4.1 there is a mapping ¢ such that

MS)Y=[p~1()] for every SeK(S).

h being a c-homomorphism, the last formula holds also for
cvery SeK,(8), q. e. d.

1) A field X is called a o-field if X,eX (n=1,2,...) implies X, 4+ Xy ~F...a X,
2} An ideal I is called a o-ideal if X,6X (n=1,2,...) implies X, +Xo+... 61,
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The field of all Borel subsets of a topological space T will
be denoted by B(X). T is said to be a Borel space provided it
is homeomorphic to a Borel subset of the Hilbert cube.

63 If T is a Borel space, every o-homomorphism h of B(Z)
in any o-quotient algebra X/I is induced by a point mapping '*).

If T is at most enumelable, ~L--—(t,,tz, ) let X, X,,... be
disjoint sets of X such that h((t))==[X,] and X =X,4-X,+-..
Then the mapping ¢(x)==1t, [or xeXn induces h.

If T is non-enumerable, theorem 0.3 follows from 6.1-2 and
from the fact that the field B(T) is totally isomorphic “) to the
field B(E)=K.(T} (G, is obviously Cantor’s discontinuous set).

7. Final remarks. Theorem 4.2 gives a topological characte-
rization of fields with the property (P). It is also possible to cha-
racterize such fields without introducing the topological termino-
logy. In fact, the study of B-spaces is the study of perfect '®)
reduced ') fields of sets, and conversely.

The topological notion ,retract” which is fundamental in
this paper can be so defined in the terms of the theory of fields:

Let Z be a field of subsets of a set 3, and let U be a sub-
set of 3 which does belong to Z or not. The class of all sets
UZ where ZeZ will be denotcd by UZ. It is a field of subsets
of U.

The field UZ is said to be a retract of Z if there is a mapp-
sing » of 3 into U (called retract mapping (U, Z)) such that *7)

x1(Z)eZ and Ux—'(Z)=Z for every ZeUZ.

A field ¥ is called an absolute retract if, for every field Z,
every field UZ totally isomorphic to ¥ is a vetract of Z.

) This theorem was proved in anoilher way in my paper [t] {theorem 4.3,
P.17),

“) For there is a generalized homeomorphism {in the sense of Kura-
towski) of & onto Go. See Kuratowski [i], p. 280 and p. 358,

) A field Y is perfect if every two-valued measure on ¥ is trivial. See
Sikorski |t], p. 9.

#) A field Y of sets is reduced 1f for every pair y,5y, there is a set Ye¥
such that y,6Y and y, non ¢ V.

m I UZ is reduced then » has the characieristic property: x»(z)==z for
every zeU.
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The natural isomorphism (U], Z) is obviously the isomorphism
g(Dy=|2,JeZ}T for ZeUZ,

where ZyeZ, Z=UZ,, and J is the ideal of all ZeZ such that
UZ=0.

The following theorem analogous 1o 2.3 follows immediately
from the definition:

7.4 A mapping = of 3 into U is a retract mapping (U, 2} if
and only if it induces the natural isomorphism (U, Z).

The following {heorem is a generalization of 3.L:

70 If YR, there is a set UCE, such that the field Y is
totally isomorphic to UC,.

The following theorem correspouds to 4.1:

7.3 The three following conditions are equivalent for any
field ¥:

(i) ¥ has the property (P);

(i) ¥ is an absolute retract;

(i) ¥ is totally isomorphic to a retract of a field C,.

It must be remarked that theorems analogous to 7.1-3 hold
also for o-fields. In order to obtain these theorems we must only
replace the words: “field”, “quotient algebra”, “the property Py
by the words: “o-field”, “o-quotient algebra”, “the property (Po)”,
etc. Instead of C,=K(G,) we must consider the o-lield K,(C€,).
It follows from a theorem of Sierpitski®®) that every class
LCK,(G,) of mutually disjoint sets is of potency =2%. Couse-
quently, if a o-field ¥ has the property (Ps) every class KC Y of
mutually disjoint sets is of potency (2% (see the analogous
theorem 4.4).
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