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(2) La droite L est une droite d’appui de I En vertu de (2),
on a LI7=I(LIIE)=I(LE), et, puisque LI ={z}, on voit que
LE={z}.

(b) La droite L divise le domaine I%. Comme LIy ={x}, Ven-
semble convexe I est dans ce cas un segment rectiligne, dont les
extrémités o et b se trouvent dans IT aux c6tés différents de L. Une
paralléle Iy & I, menée par le point @, est alors droite d’appui de Iy,
et, puisque I,/ ={a}, on est ramené au cas précédent.

6. Toute direction singulidre par rapport & B &tant aussi,

d’aprés 5, singulidre par rapport & I'(H), il suffit d’établir notre
théoréme pour les domaines convexes.
) Soit d’abord I' un domaine convexe contenu dans un plan II.
Toute direction A singulidre par rapport & I' est nécessairement
celle d’un faisceau de droites de IT. Par conséquent, il existe, dans
le plan IT, une droite d’appui I de I' ayant la direction singuliére A.
L’ensemble LI', n’étant pas vide, contient Plus d’un point; L est, par
suite, droite d’appui singulidre de I'. L’ensemble des directions sin-
guliéres par rapport & I' a done une puissance au plus égale & la
puissance de ensemble des droites d’appui singulidres de I il est,
par suite, tout an plus dénombrable.

Considérons enfin un domaine convexe I’ queleonque. Sup-
posons que les droites I et L, aient des directions différentes Ayy s
singulidres par rapport & I'. I existe alors un plan d’appui IT de I"
paralléle & I, et L, Les directions 21,25 sont aussi singuliéres par
rapport au domaine convexe JII', done, celui-ci n’est pas situé sur
une droite; IT est, par suite, plan d’appui singulier de I". Nous con-
statons ainsi, que toute direction singulidre par rapport & I' (sl
Yy en a au moing deux) est direction singuliére par rapport & un
ensemble I7T, ol IT est un plan d’appui singulier de I

Mais I’ensemble des plans d’appui singuliers de I' est tout au
plus dénombrable; d’autre part, ’ensemble des directions singuliéres
par rapport & un domaine convexe plan l'est aussi. Done, Ven-
semble des directions singulidres par rapport & I" est tout au plus
dénombrable.

La démonstration est ainsi achevée. Il est 4 remarquer que
le théoréme s’6tend sans diffieunlté i Tespace euclidien & n >3 di-
mensions.

On the distinct sums of i-type transfinite series
obtained by permuting the elements of a fixed
A-type series.

By
S. Ginsburg (Ann Arbor, Michigan).

Sierpinski [1] has demonstrated: (1) that the number of dis-
tinet sums of all w-type transfinite series which are permutations
of the elements of a fixed m-type series, is finite; and (2) that the
sum of any o-type series which is a permutation of the elements
of a fixed, non-decreasing o-type sequence, is independent of the
permutation. The purpose of this note is to generalize those results.
In particular we show: a) that for any w,-type series 3 a:, where

B
@o> o is a regular ordinal, the number of distinet sums of all the
o, series obtained by permuting the elements of Tag, is equal to
or smaller than
B =
sg = SN
£<e
and p) that (2) is still true when o is replaced by w,.
Let XN( ¥ az) be the namber of distinct sums of all the 2-type

series obtained by permuting the elements of the series Xu:. Then
. ; %o
Theorem 1. If w,, 0>>0, is a reqular ordinal, then N (‘_g;ag)gh‘o 3
F<2%
furthermore, if wo=weyr1, then there exists an v, series, Xas, such
that N( X ag)==8,. ;
Proof. An element, as, will be said to have property P [1],
whenever

10 0522 05, 5 2 o) <8,

By generalizing Sierpifiski’s argument we will show that the ele-
ments {du)ucs Which have property P, form a sequence of order
type less than w,. Assume the contrary, i. e., assume that i=uw,.
To dyg=ay there corresponds a »*(0) such that a;<a,m for
£20%0). As fawy} s an o, sequence there exists a t(1):>»*(0) such

g%
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that awg<aqy for »(&)=z(1). By induction we can define an w

; . - _ g
Sequence, (@), With @i <d.u-5y, a well known impossibility
Thus A<w,. ’

It ¥ ag=k;+-o?, then for some g,

£70,

o
S =0,

050,
Let {b§}§<me be any permutation of the elements of {as}. As o, is
regular, we are able to repeat the procedure given in [1] and find
a 0, so that
\‘Y

2 bi=ad
2030,

Thus the value of 3 b: is determined by ealculating the value of

£<o,

u i . P
g‘?‘éubg' }Tor each 6, there are Ry litferent subsets of {as} of power §,(2],
=5 .
and #y° permutations of the elements of each set. Hence

- Ga N
N( X a:) < X 55 :sgg.

_Eqwe Bu":"‘@

Suppose Ro=Rep1. Let ag=0wqqq for §<wg, and ag=1 for &
Then N(Xag)=8,1; and the theorem is proved.

= We.

Theorem 2. If w, is a regular ordinal and fagds s
decreasing transfinite sequence of ordinals, then N .-‘Ja_e.:i.

Proof. Let w, be regular and 1as) non-decreasing. For Dsls o .
& permutation of the elements of {ag), let byy=b,>a, and >surf)’-
pose defined {byg];. 00 Lt 29 he the smallest ordinal 7, 23> 7(&)
&< 0. Sinece o, 18 regular, and since there are 8, elements a,, [12,2 aaj
we can find a by >>apy, with (0} > 4y. Therefore o v

2 <Sb,(_;) <X

A similar procedure yields bs< ag, so that the equality sign
holds. ) )
In conclusion we remark that if 1 is a non-regular
ber, then there exists an increasing sequence
mutation {l¢le; such that Xae < b,

&4 non-

limit num-
{ag}ecs and a per-
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On models of axiomatic syvstems.
By

A. Mostowski (Warszawa).

This paper is devoted to a diseussion of various notions of
models which appear in the recent investigations of formal systems.
The discussion will be applied to the study of the following pro-
blem: Given a formal system S based on an infinite number of
axioms d4,.4,.4;,... is it possible to prove in § the consistency of
the system based on a finite number .4;, 4, ..., 4, of these axioms?

1. Notations and definitions. We shall consider two sys-
tems & and s based on the functional calenlus of the first order?).
‘We shall not describe these systems in detail but give only some
definitions which will be required later.

System s. We assume that the following symbols oceur among
the primitive signs of s:

1. Variables: », iy, 05,...,2,0,2,...

2. Individual constants: fi,...,fa.

3. Funetors (i. e. symbols for funetions from individuals to
individuals): gy,....42. We denote by ¢; the number of arguments
of g; (j=1,....7).

4. Predicates (i. e. symbols for relations): r,...,r,. We de-
note by p; the number of arguments of r; (i=1,...,9).

5. Propositional connectives and quantifiers. We use
the symbol | for the “stroke function” and define other eonnec-
tives in terms of the stroke. Quantifiers are denoted hy symbols
(Haxy) and ().

Among expressions which can be constructed from these signs
we distingunish the following:

6. Terms. Variables and individual constants are terms. If
Ty, Ty; ave terms, then so is gj(l“l....,]",,j), j=1,...,p.

Terms will be denoted by the letters I',I7,I%,...

1) For the functional caleulus of the first order see e. g. Church [1].
Chapter II.
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