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The following definition is due to Khintchin and Lévy: Two one-
-dimensional distribution functions F(s) and G(2) are of the same type if
there exist two constants 4>0 and B such that the equality

G (z)=F(Adx4-B)
holds.

Khintchin [1] has shown that if two sequences of distribution
functions F,(#) and G, () where, for n=1,2,..., G, (z)=F,(4d,2+ B,),
4,>0 and B, are arbitrary sequences of real constants, converge, as
#~>00, t0 non-singular distribution functions F(x) and G (@) respectively,
then F(z) and G(x) are of the same type.

This theorem of Khintchin plays an important role when the whole
class of possible limiting distribution functions of some sequences of
one-dimensional distribution functions is to be found.

A mulfidimensional generalization of this theorem is the object
of this paper. The author [2] has applied this generalized theorem to the
problem of finding the class of all possible limiting distributions of the
multinomial - distribution. ’

DrrinNITION. We shall say that the probability functions P and
@, defined in the i-dimensional space of points (@,2,,...,2;) are of the
same type if there exists such a real linear transformation

1
(1) :‘/m=k_2 Amp®y+ By, (m=1,...,4),
=1

the determinant |4zl (m,k=1,2,...,4) being different from 0, tHat the
equality
@) @(8)=P(8")

holds, where 8 i3 an arbitrary Borel set and 8’ iy the image of 8§
given by (1).
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The following theorem will be proved:

TEROREM. Let the probability functions P, and G, for n=1,2,... be
not singular and of the same type and let the sequences P, and @, converge
for n->o0, to non-singular probability fundtions P and G respectively. Then
P ond G are of the same type.

Proof. Let the assumptions of the theorem be satisfied. We shall
write in (1) and (2) A,mp,Bnn, and 8, respectively. We can choose—
following the method of Cantor—such & subsequence n, of indices that
the following relations hold:

. lim Anumk"'_“imk
(3) e (k=1,2,...,4; m=1,2,...,4),
. lim B, =B,
fa—>00

where — co< Ay <00, —o0 < B oo, ’

For the sake of simplicity we shall assume — without restricting
the generality of our considerations — that relations (3) hold for the
sequence # of indices. We shall now show that for all considered m and %
the inequalities

() — 00 Ay < 00, —00<Bp< oo

hold. Indeed let us assume that for some m, say m=1, some A, (k=1,...,5;
j<i) are not finite. Let us now assume that there exists in the space
(#1,%,...,%;) a hyperplane I such that for each point lying on one “side”
of I, for instance “below” L, the relation

(5) Hm (3 A+ Bg) < o0

f—00 k=1

holds, and for each point on the other “side” of I the relation

i
(6) im { 3 4@+ By) =00
ne>00 k=1
holds. Let us consider two artbirary points (y,a) ,’""f;’mi ST )
and (2),93,...,%7,8,y,...,2;) lying “below” I where zj<a} if 4;~=-oo
and ;> ay if Aj=—oco. Then, taking into account relation (5), we
have
5 i

Lim ( ZAmkm;ct ;lAnIka"k‘i‘Bnl)
Rex

n—>00 k=1

(7) ,
7 i R i
=Hm Y 4, (o, —zy)+ lim (kZ” Amkwk—l-k %IAmkmk—{—Bm) =—00,
=] =

n->00 k=1 n—»00
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Relation (7) lmphes then that for an a,rbltmry set § lying “below®
the hyperplane L the equality

(8) G(8)=0

holds. On the other hand relation (6) implies the relation (8) for an
arbitrary set 8 Iying “above” the hyperplane L.

Relation (8) contradicts the assumption that the probability funec-
tion G is mon-singular.

On the other hand the assumption that there exists no hyperplane
L satisfying relations (5) and (6) leads immediately to the conclusion
that @ is singular.

Let us now assume that a certam B,, is not finite, sa,y B,=0c0. Sinee
the 4, (k=1,2,...,47) are finite, this assumption implies relation (6),
from which we deduce again relation (8).

Relations (4) are thus proved.

We shall now show that the rank of the matrix [4,,,]is equal to ¢. In-
deed let us assume that it is equal to r<¢. We can thus suppose, for in-
stance, that the (r+1)-th, (r42)-th,...,i-th row of the matrix are linear
functions of the firgt » rows. In other words we have

(9) A=y Ayt Ana A+ o A

where m=r-+1,7+2,...,i. Thus, ag n—>oco, the image 8’ of an arbit-
rary set § will lie in an r-dimensional hyperplane.
Let us consider such confinuity intervals 8 of @ that for the set
8" lying ‘“between” and ‘‘on” the images of § given by the trans-
formations
i i
YiyeevsYr,y yr+1=]2 ‘4(r+1)kmk+Br+1_ 67 e Y= Z A'Lka"lc"l“-Bz_é:
e==1
(10)
Yiyee s Yy Y1 = ZA(r+1)k”k+Br+1+ é V Azkmlc+Bi+ 3,

where 4>0, the relation
(11) o lim P, (8") =P(8"")

n—>00

holds. From the relations (3) follows that for sufficiently large n

i i i
(12) kZ -Amkwk+-Bm—6<k2 Anmkmk"‘Bnmng;Amkwk_f_Bm“’5
=1 =1 . =
(m=r-+1,...,%).

=

and thus for such »

(13) C BuCRY, Ga(8)=P,(8,) <Pa(8").
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In virtue of relation (11) and of the fact that § is a continuity inter-
val of @ we obtain

(14) B KP(R").

As G(8) may for the considered intervals § take any value between 0
and 1, it follows from the inequality (14) — since § may be arbitrarily
small — that P is a singular probability function. Thus the rank of the
matrix [4,,;] is equal to 1.

Now we have only to show that the equality (2) holds. Let R, 8,7,
where ECSCT, be equidimensional continuity intervals of G, the
corresponding ‘‘sides’’ of R, 8,7 being parallel and the distance of the
corresponding ‘“‘sides” of R from those of 8 and those of § from those
of T' being equal fo £>0. Let B’ and 7' denote the image of R and T
respectively given by (1). Let us choose & so that for B’ and T’ the
relation (11) holds. For sufficiently large n the relations

R'C8,CT',  Po(B')<Pa(8,) <Poa(T7
hold, and thus, as n->oco
P(R') < lim P, (83) < Tim P, (8},) <P(T").

>0 =00

Since >0 may be arbitrarily small we obbain
(15) IimG,,(S):P(S’).

On the other hand, according to the assumptions of the theorem
the equality
(186) . lim G, (8)=G(8)
n->00
holds. The relation (2) follows from formulae (15) and (16).
The generalization of Khintchin’s theorem is thus proved.
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