On the uniqueness of the non-negative solution
of the homogeneous Cauchy problem for a system
of partial differential equations

by A. Pri§ (Krakéw)

. .In the present paper we shall deal with the problem of the (non-local)
unicity of the non-negative solution of g system of partial differential
equation§ of the form

m n m
(1) a'lti/(?w:‘z Z‘a'wk(w;’.‘/h . wyn)auﬂ'/a?/lc"'“ZbH (w7?!1: seey yn)uy'
j=1

=1 k=1
(i=1,2,...,m)

satisfying the initial conditions it

(2) “i(osyly“-iyn)=0 for Iy}rl<ﬂ (k=1,2,...,%; ;3>0)
(’].Jheorem 1). We shall also give a conclussion from theorem 1 for non-
-linear systems (Theorem 2).
THEOREM 1. Let us assume thai the coefficients gy (2,y,,...,4,),
bij (@815 .., ) are measurable with respect 10 (Yy,...,Y,)1) in the set %
0<e<a  (a>0), |gl<p (k=1,2,...,n)

and. satisfy in this set for certwin constants A, B, L the following mequa-
lities:

(3) [ (2,905 0y 0) [ << A (4,§=1,2,...,m; k=1,2,...,n),

(4) Ia"ijlc(--'71‘/Ic—-l}y1:*:yk+1:~--)—a‘i]’k("';yk—lyy}:yyk+lr")'ngy}:*_y;l
(1,7=1,2,...,m; k=1,2,...,m)%),

(5) 105 (@, 91,y 9,)| < B (1,§=1,2,...,m).

Under the above assumptions every solution (@3 Yrsemeslin)yeen
ooy Un (B3 Y1y, y,) OF system (1) of class C* in the pyramid

1 tl‘he assumption of measurable has been introduced in order to avoid additio-
nal considerations.

*) Assumption (4) is satisfied in particular wh
o 3 en agr do not d
(i,§=1,2,...,m; k=1,2,...,n). ik no epend on
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R(0<o<y=min(a,f/mA), ly;| <f—mAa),
continuous in R3) and satisfying in prmmid R the inequalities
(6) U@y 1y s W) 20 (i=1,2,...,m)

and conditions (2) becomes identically zero in pyramid R.

Remark 1. E. M. Landis in paper [2] has constructed an example
of a system of form (1) (for n=1, m==2), with coefficients possessing
a total differential, satisfying the assumption of our theorem with the
exception of assumption (4) and admitting of a solution of class O™ sa-
tisfying conditions (2) and the inequalities

u; (2,9,)>0 for x£0 (1=1,2).

It follows hence that condition (4) is essential.

Remark 2. In paper [3] we find an exemple of a system of form
(1) with coefficients of class 0 (i.e satisfying also (4)), (n=1, m=2),
possessing a solution of clags C® satisfying conditions (2) and not beco-
ming identically zero in any neighbourhood of the axis y. (This solution
does not satisfy condition (6).) The example shows that the uniqueness of
the solutions of system (1) satisfying condition (2) need not take place
in the class of all functions of class " (not necessarily satisfying inequa-
lities (6)), even in the tase of the coefficients of system (1) being of class
C®, Under the assumption of the coefficients being analytic, the local uni-
queness of the solutions of system (1) satisfying condition (2) in the
class of all functions of class ¢" follows from the well-known theorem of
Holmgren.

Proof. Let us introduce a section (, of pyramid R by a plane z=¢,
given by the relations: z=¢, |y|<B—mdE (1=1,2,...,n) and sets
Pi, @/ bounding O, given by the relations:

Pl n=¢, [y|<p—mAE (i=1,2,...,i—1,j+1,...,n) y=—PF+mAE,
Qét p=§ lpl<p—mAE (i=1,2,...,§—1,j+1,...,n) Yy=f-—mAE.

Now let us infroduee auxiliary (linear) operations, associating with
the functions of the variables »,v,,...,y, the functions of the variable »
given by the formulas

n
ey

(1) ' (=] [1(@ 5051 9) W O

x

%) By B we denote the closure of the sét R.
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Vi (f) f ff ByYryeoesYn) W1 OYy_1 g1 AYn,

z

n—
Wi(H=[. [H@ Y1y s Yn) W - 0oy Wga - - - WY *) -
@

Let % (@, Y1se-9Yn)s--esUm(@yY1,...,Ys) be an arbitrary solution of
system (1) of class 0" in pyramid R, continuous in K and satisfying con-
ditions (2) and inequalities (6).

Let us consider the function

(8) g(m)-—‘i;ﬂlﬂ(w)-'
It is easy to observe that
9)  dg(x)/dz= Z[H Bmlam 'mAZ(Vk )+ Walu))] for O0<z<y.’

By (1) we have

(10) aV’dBW) "“H( Zaﬂkﬂu} 6:’/k—|—2b,j'll/j)

=23 Y H (00, [0yy) + 3 H (byuy).
7=1 k=1 i=1

On account of relation (4) the function ay (#,¥1,...,%,) is absolutely
continuous with respect to ;. Therefore we can apply o the expression
H (@, 0u;/0y;) the theorem on integrating by parts on straight ‘]inés
parallel to the axis y,. We obtain

(11) H (i, 00 [095) = Wi (@i t) — Ve (agaety) — H((Detgzn [9ye) ).

On the basis of relations (9), (10), (11) we have

@ dgeaa=3 SHEu-3 5 kg'flﬂ((aam/aykm)—
— 2 mAVi(u)—=3 3 3 Vilagu)—
i=1 k=1 =1 j=1 k=1
—igl kg mAW; (u;) “l‘ig f;l Iglwk(aijk“jj;

9 For n—1we put Vy(f)={ (&, —p-+mda), W;(f)=f(w,f—mdz).

icm®
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y (B) and (6) the following inequality holds:
(13) B (byu)|<BH(w)  (i,j=1,2,...,m)").
By (4) we have |0a;;/dy,|< L, i.e. by (6)
(14)  |H((Bay/oy)w)|<IH (w)  (i,j=1,2,...,m k=1,2,...,%).
By (3) and (6) we obtain V
[V ()| << AV (%), | Wi (e )| < AW (05)
(4,§=1,...,m; k=1,...,n) and hence

= m m n m n

(15) ‘Z 2 3 Vilapu)<mA 3 3 Vi (uy),
i=1 =1 k=1 =1 k=1
m m n m n

(16) |22 Y Wilagay) | <md 3 3T ()
i=1 j=1 k= =1 k=

Lo

From relations (12), (13), (14), (15), (16) we obtain

dg () [do < mBZH —|~anZ’H(uy for 0<a<y,

therefore writing C=mB-+mnL and taking into account (8) we obtain
the inequality
dg(2)jde<Cg(x) for O0O<ow<<Ty.
By (8), (7), (2) we have g(0)=0.
The function G(z)=exp(—0Oz)g(x) is continuous for O<w<y and
has the following properties:

G(0)=O
/dm=—06XIJ( Oz) g (m)+ exp(— Oz)dg (2) dz
— O exp(—CO)g ()+eXp(—Om)0g(m)— for  0<z<y.

Therefore G(z)<0 for 0Ly i.e. also g(x)<0 for 0<<a<y.
By (8), (7 ) we have hence

Z f f”ﬂ. ByYryeenrYn) WY1 Ay <O for Oy

q=1
and hence by (6)
( 7y17"';yn)=0 for 0<m<7/7 |:‘/k|<ﬁ_m’A“' (i=1!27"'7’m’)
q e. d.

) In relation (13) and the succeeding relations symbols |H (b,u)|, H(w),
V. (u,) etc. represent functions of one variable .
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Remark 3. Applying the transformation 'sz.—-eju,, e=41, we
obtain an analogical theorem concerning the cases where some of the
functions u; are non-positive and the remaining functions w; are non-
-negative.

THEOREM 2. Let us assume that the functions

Fi(wy?h)'-"?/m“lr-'7“m9qlli"'aQIn}QZU“-:%nw) (1=1,2,...,m)

are of class C* in the set S:
0<r<a, e < B (k=1,2,...,m; >0, f>0)
and satisfy in this set the inequalities
[OF (2. ..y GQun) (00| < A (1, =1,2,...,m; k=1,2,...,n).

Let the systems of functions wi(%,Y1,...;¥n)s-- s Um(®s¥1;s- ) ¥n)
and U T(@,Y1yeneyYn)seer Um (@,Y1,...,Y,) be of class € in R and let
them satisfy in pyramid R the system of partial differential equations
i Ouy  Ouy aum)

=Fi(w7y17-~-7?/n5'“1:---’umyﬁy---y’ar)a_ylw“’ oy,
1 n n

8%@
0x

and the inequalities

“T(Wy?/lr“’?/n)>ui‘(w’f’/l7_--'7yn) (t=1,2,...,m).
Moreover, let

“‘?(O}yli"*,yn)=u1?(0’y17"-7yu) for ]yklgﬁ
(k=1,2,...,m; ¢=1,2,...,m).
Under the above assumptions we have the following identities in py-

ramid B:

%«?*(93,:'/1,--';%) =u{(w)f‘/1’---yyn) (t=1,2,...,m).

Theorem 2 can be reduced to theorem 1 by applying Hadamard’s
lemma (see [1], p. 352-354).
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