On the paradox of the sphere

by
Jan Mycielski (Wroclaw)

I have been interested in the problem whether it is possible to com-
bine the results of three papers: W. Sierpirski [8], R. M. Robinson [4],
and J. F. Adams [1]. It appears to be quite easy. Using a lemma from [8]
we can considerably generalize the theorems of [4] and [1], and obtain
by means of them a generalization of the main theorem of [8].

The aim of this paper is to formulate these generalizations and to
prove three new theorems related to them (theorems (Ty), (T;) and (Ty)).

All the theorems given in this paper, except the first — (8,;), are not
effective (in their proofs the axiom of choice has been used)

=~ denotes congruence of sets.

~ denotes congruence of sets lying on the sphere, by a rotation
around its centre.

All that will be said concerns the 3-dimensional Euclidean space.
By a sphere and a solid sphere we understand the sets defined by
2+ 9?4 22=1 and 2L gy2+422<1 or 2*+ 42422 <1 respectively.

The lemma required from [8]1) is the following:

(Sy) T‘here exist 2% independent rotations of the sphere around its cenire
(i. e. rotations gemerating a free group).

The generalizations of the theorems of R. M. Robinson are the fol-
lowing:

(BRy) L'et 0<m< 2™, g<n<2™ and M=m, ¥ =n; m independent rota-
tions {q)‘,,}.,,s m of a sphere 8 around its centre, and m relations {Bu}uens
each having the set N as domain and range, are given. :
Then the following propositions are equivalent:
1> We can decompose the sphere S into n disjoint sets {A,}en in
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20 Every product of any finite number of factors of the form RE' has
a fized point3).

Let m, n, M, N, {@}ex and 8 satisfy the hypothesis of (Ry), and
let {Puluerss {@u3uens be classes of non-empty subsets of N different
from N 4). .

Then the sphere S may be decomposed into n disjoint pieces {A,}sen
satisfying the system of congruences

ZArz Z'YA’_'

vEPﬂ rot veQ,

(R2)

neM

if and only if none of the congruences generated®) by these assert the

congruence of two complementary portions of 8 (i.e. none are of the

form 3 A,~ ' A,). Purthermore if that decomposition is possible, it
veP N—P

rot, ¢

can be done in such a way that the uth congruence can be effectuated
by the rotalion g, (1 e @ EA,) =ZA,,) for each we M.
vePy veQy,

The generalization of the theorem of J. F. Adams (it econcerns the
congruence =; (R,) concerns ;)' is the following:

()% Let my w, M, N, {Puluear; {Qulucar satisfy the hypothesis of (Ry).
Then the sphere may be decomposed into w disjoini pieces {4} en
satisfying the system of congruences

ZA,':}:.A,, pe M.
vEP“ atel

The proofs of these generalizations are the same as the proofs of
the original theorems in [4] and [1].
Now, applying (S,) and (R,), we easily obtain the following generali-
zation of another result of [4] (§ 5):
%) The product RR’ and the converse R ~* are defined by the equivalences:
v, RR'v;] ={[there exists such a »eXN that »Rv and »R'n],
B ] = [ Br),
The relation R is said to have a fixed point if for a certain » ¢ ¥ we have vBw.
1) We do not suppose that g, 5 u. implies Py 7Py, 0T Quy 7 Quo
5) A congruence is said to be generated by a system of congruences o if it belongs
to o or if it is obtainable by finite application to the congruences of ¢ of the rules of

taking complements and of fransitivity.
The rule of taking complements consists in making use of the implication

it Mdy> YA,

veP TOlyeQ

for each »,,1¢N.

then % d,~ A,
seN-P Tt geN-QO

The rule of transitivity consists in the application of the fact that if two congruences
have one member in common, then the remaining members are congruent.

%) A corollary of this theorem will be given below — (A.).
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(Ry) If 2<n<<2™, then the sphere can be decomposed into n disjoint con-
gruent sets.

Tt is interesting to compare this theorem with the following two
theorems. One, which is much easier but also not effective, is an imme-
{diate generalization of the well known construction of unmeasurable-L
sets (Sierpiniski [10], p. 64, or Ruziewicz [5]):

Ij 0<n< 2™, then the straight line and the circumference of the circle
can be decomposed into n disjoint congruent sets, and the semiclosed interval
<0,1) can be decomposed into n disjoint parts each two of which are 7).

The other proved by J. von Neumann [3] is much more difficult
than the first and also not effective:

Each of the intervals <0,1>, <0,1), (0,1) can be decomposed into x,
disjoint congruent sets®).) ’

The following generalization of (R;) will be proved here:

(T,) There exists such a set B on a sphere that for each w, for which
2<n< 2%, that sphere can be decomposed into n disjoint sets con-
gruent to E by a rotation around its centre.

(Ib is interesting to compare this theorem with the following theorem
of W. Sierpiriski ([6] or [7], p. 100, Proposition Cg):

The plane can be decomposed into 2% disjoint sets congruent to a set B
(which is o graphical vepresentation of a function, i. e. it is defined by an
equation of the form y=F(z)) and is the sum of x, sets congruent to B.

No proof of this theorem without the use of the continuum hypo-
thesis (2% =x,) is known—our theorem (T,) is free of that assumption.)

For proving (T,) we shall introduce certain symbols and a lemma.

For a given class of sets {4,}, .y any set of congruences of the form
(%) DA, YA,

veP 0t yeQ

where P,QCN, will be called a system of congruences.

The congruence (x) will be denoted shortly by

P~Q
and P and @ will be called its nominating sets.
If ¢ is a system of congruences we shall denote by
C(o) the system generated by ¢ by the rule of ta,kilig complements,

) The symbol %= denotes congruence by decomposition into n parts (for exact
explanation see Sierpifnski [8], p. 235, or [10]).

) 2) QI have generalized recently this result for arbitrary cardinals n satisfying the
inequality x,<\n<{2" (to appear in Colloguinm Mathematicum).
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T(o) the system generated by o by the rule of transitivity.
H(s) the system generated by o.

LEMMA. For each system of congruences o we have
H(a)::TfC’(U)q.

Proof. BEvidently T(C(a))CH(a); thus it is enough to verify. that
the set T(C’(o’)) is closed under the operations 7 and C. It is closed
under 7T, because for any system of congruences r we evidently have
T(T(f)):T(T). Tt is closed under the operation €, because any comple-
mentary congruence to a congruence belonging to 7 C(u)\ obviously be-
longs to T(C(a)) also.

Proof of (T;). We shall use (3,) and (R,)~ For proving (T,) it is
sufficient to verify that there exists a decomposition of the sphere into
2% disjoint pieces {d}en (¥=2"%) satisfying the system of congruen-
ces oy:
ve N,

1< E<2™,

(vo)~(¥);

(vo)~N — N,

whege vo is & fixed element of N and for each ordinal number ¢ for whick
1 <%<2% we have
N.CN and

.VE= g.

In fact it is sufficient to put E=4,,, and the assertion (T) is satisfied
since we take when n= 2% the decomposition {4,},ex, and when 2 <n<2%
the decomposition into the sets {4,},en, and the set Y 4, where « is any
ordinal number of the power 1—1. reN=Ng

Now let us observe that o, satisfies the hypothesis of (R,) because
5,=2"% and all the nominating sets occuring in o, are different from 0
and N. Lebt {guens (M =2"%) be a set of independent rotations of the
sphere (theorem (S,)).

Then to prove the existence of the decomposition {4,},y fulfilling ¢,
it is sufficient to verify that this system of congruences satisfies the
condition formulated in (R,), 4. e. that none of the congruences belonging
to H{o,) is of the form
(1) N--P~P
where PCXN.

The system C(oy) consists of the congruences belonging te o, and of
the congruences oy:

re Ny

-5 5%
1< 52

N —(ra)~F — (),
N —(vg) ~ ;.
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Now it is obvious that the class of nominating sets oceuring in g,
is disjoint with the class of nominating sets occuring in o,. This proves
that ’

T(oy v 0p)=1{0y) v T0y),
and then, by the lemma, that
(2) H(ay))=1T

It is obvious that no two nominating sets occuring in o, are com-
plementary in N. Therefore no two nominating sets occuring in 7(e;)
are complementary in ¥. The same can be verified for I'(s,). Therefore,
by (2), no congruence of H(gy) is of the form (1), q.e.d.

Another result of the paper [4] can be generalized as follows:

(oy) T(O’g)

(Ry) If 1<l 2Y, then the sphere 8 may be decomposed into 1w disjoint sets
each of which is 8.

Applying (R,) it is easy to prove that the solid sphere S may be
decomposed into 1 disjoint sets one of which -8 and all the others =8,
but following more closely the reasoning of [4] we can moreover find
that

(8,) IF 1<n< 2% the solid sphere S may be decomposed into n disjoint

sets one of which =S and all the others =S.

This constitutes the above-mentioned generalization of the main
result of [8] and [4}.

Tet us indicate the decomposition of & which exists by (S,) and (R,)
and which proves (R,):

{4 en, where N=u, A,d, =0 for vy,
A=A+ 4, A Al=0
and
Al M AT A~ 3 AL for each »eN.

mtwe]\ ™olyeN

The argumentation for the existence of this decomposition is similar to
the argumentation given in [4], § 5.

The proof of generalization (S,) is more sophisticated, but also by
means of (8,) and (R,) almost the same as the proof of the original the-
orem given in [4], § 5, § 6; we omit it.

The second new theorem will be the following one:

(Ty) Let m, w, M, N, {p},en and S satisfy the hypothesis of (R,). Then
for the sysiem of congruences

Sa,x Y4,

we M.
veP, Ot ieQ,
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where {Puluem and {Qu3uen are classes of nun-empty subsets of N
there exists a set RCS8 which is of the power 2 and can be decom-
posed into w disjoint sels {4,},en satisfying that system of con-
gruences in such a way that the uth congruence can be effectuated by
the rotation @,.
Proof. We shall use (8,),
the lemma.
Let N’ be a set of power u disjoint with ¥, and let ¢ be u one-one
transformation of ¥ into N'. We put

Po=g(P.).  Q=p(Qa for

Now to prove (T,) it is enough to verify that there exists o decompo-

sition of the sphere § into 2n disjoint sets {d,},en. (d.hen: satisfying
the system of congruences o,:

(R»), the notation of the proof of {'I;) and

we M.

P.~0Q,. Po~Q,. ueld.
In fact, one of the sets > 4,, D 4, must be of the power 2%, since
rsN vEN’
their sum is §: we can suppose that it is the first and we put
R=}4,.
»eN

We can also suppose by means of (R,) that
rEP,

for vach ue M.
Then the set R h!lfllb the agsertion of (Ty).

Therefore we must verify only that the system o, h&tlbﬁ?b the condi-
tion formulated in (R,), as evidently it fulfils the hypothesis of that
theorem, 4. e. we must verify that none of the congruences belonging to
H(o;) is of the form
3) N—-
where KCN - N'.

The system C(oy)

P,~@,.

It is obvious that the class of nominating sets occuring in o, is dis-
joint with the class of nominating sets occuring in o, because by hypo-
thesis none of the sets P,, Q,, P., @, is empty. Then using the lemma
we find, as in the proof of (T,), that

(41 H(o,)-—T(U

N —-K~K

consists of the congruences o,:

NA+N —Pi~N+N'—Q,. ne M,
and oy

N4 N—-P,~N+N—-0Q,, " opeM.

,[‘ul
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No two nominating sets oceuring in o, are complementary in -y’
(because none of the sets P,, @, P, Q) is empty). Therefore no two 1o-
minating sets oceuring in T(s,) are complementary in N -- N, The same
can be verified for T(s,). Thus by (4) no congruence of H(oy) is of the
form (3), q.e. d.

Let ns note at least the following corollaries of (Ay) and (T,), which
seem to us particularly strange.

(As) The sphere can be decomposed into a sequence of disjoint sets Ay, 4,,...
satisfying any congruence of the form
XA, 34,
neNy neNy
where Ny and N, are arbitrary, not empty and not full sets of natural
numbers.
(Ts) There exists such a sequence Ay, 4,,... consisting of ‘non-empty and
digjoint subsets of the sphere that
2dn s X,

n
rot
neNy ne

for each non-empty seis N, and N, consisting of natural numbers?).

By means of (T,) we can obtain also for the sphere theorems similar
to the following theorem of W. Sierpifiski concerning the plane:

If 0<n< 2™ there exisis on the plane a set P which can be decomposed
into n disjoint sets congruent with P W), '

Note added in proof. Recently appeared a paper of T. Dekker and
J. de Groot, (Decompositions of @ sphere, Proc. Int. Math. Congress 2
(1954), p. 209) announcing a transfinite generalization of the theorems
of R. M. Robinson and J. F. Adams similar to those. given in this pa-
per. Moreover T. Dekker and J. de Groot have elaborated a direct proof
of the theorems (R.) and (A1) which will be published in the next vo-
lume of Fundamenta Mathematicae.
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