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et par 7 la  quantité p=[log 0] 'log[(a-2¢)/(a-+e)]>0. Alors
my—1<k,<mn et le quotient k,/m tend vers 5 lorsque m—>oco. Posong
dans l'identité
Am.+lc = ("iy;@ o aln)M/(erk)(am-H e am+k)l/(m+k)

k=k,, et m=my,m,,... et appliquons (33). II vient

Ay, AR (- 2) /o)
d’olt ’on déduit en vertu de (31) I'inégalité

g < g0 (g - 2) WA+,

11 en résulte que g<Ca+2¢ et comme d’aprés (32) f<g on a f<Ca+2e quel
petit que soit >0, ce qui prouve que la limite lima,=g existe.

Par conséquent, dans le cas ot les ensembles B, et E, sont fermés,
il exigte la limite

(34) L kg, (B, By) = v(By, By).
N0

Ce résultat reste vrai lorsque les ensembles E, et F, sont disjoints quel-

conques, ce qu’on peut prouver par la méthode appliquée dans la re-
marque du numéro 2.

Ajoutons que le résultat (34) peut étre généralisé au cas considéré .
dans le numéro 3, ol E est la somme de p2>2 ensembles disjoints.

Travaux cités

[11 P. Leja, Sur les suites de polynémes, les ensembles fermds et la fonction de
Green, Ann. Soc. Pol. Math. 12 (1933), p. 57-71. '

INSTYTUT MATEMATYCZNY POLSKIEJ AKADEMII NAUK
INSTITUT MATHEMATIQUE DB L'ACADEMIE POLONAISE DES SCIENCES

The epidermic effect for partial differential inequalities
~ of the first order

by W. MrAk (Krakéw)

The purpose of this note is to investigate, for partial differential
inequalities of the first order, the epidermic effects which are known
in the case of ordinary differential inequalities [5]. The problem discussed
in this paper has been suggested to me by J. Szarski.

§ 1. To begin with we formulate the following lemma (see [1], proof

of theorem 1; also [3], theorem 1.1). .

Lmmma K. Suppose that the fumetion f(m,yl,...,y/.”,u,.ql,...,q?). 8

defined in an open set Q and satisfies the following prsohzjz condition:
|f(m1?/1""17/1»7“7!71’-"$qn)_f(m,y17---7?/1»7’54';Ela~--jn)‘gMZ |7:—sl -

4=l
We assume that the projection of Q on the space of Points (LY. --1Yn)
covers entirely the following Haar's pyramid

(L.1) (1=1,2,...,m),

ly: 9% < a;— M (z—a°)
>0,

<< a’+a,
a>0, a;>alM.

We assume that the functions w(z,Y,...,¥n)y V(T3Y1,.-»)Yn) are con-
tinuous in (1.1) and the inequality

""(woiyn-';9yn)<”($07y17--'y?/n)

holds for |y, —y3l<a; (1=1,2,...,n). .
Vlze svl,oy;pos; Emt if, for a point P(@,%,---s¥a) 0f (L1), the equality

u(myylv"-7?/1»):@(“"7?/11---7?/7:,)

' 4g sabisfied, then the functions u and v possess the total differentials in P

he imequalities
and 1 q o o —@—
(%)P>f(w,yn-~-,%,%%,---, oY p

ou ou __‘?ﬁ)
(%)P< f'(mr?/l’"';ymua‘é'y-‘r‘“!‘ay" b

hold.


GUEST


158 W. Mlak

Under these assumptions the inequality w(Z,Yry- s Yn) <V Y1y s Yy)
s fulfilled in (1.1).
Now we introduce the following assumptions:

Agsumptions A. The function f(z,¥1,...,¥n,2¢%,--.,qs) and its
derivatives of the first and of the second order with respect to the va-
riables #y,...,¥n12,G,..-,4, are continuous in the cube

(1.2) lys—9il < G,

their absolute values being less than M in (1.2).

The function w(#,...,%,) is of class O® in the cube |y,—y2<<C
(i=1,2,...,n) and the following inequalities:
dw ?
0y

le—2" <O, —2'| <0, |g—qii<C

By 0y, |
|wy¢(y(1); e 7?/3»)_421 < /4,
fo (..., 9m) —2") < O/4

<M, <M (i,j=1,2,...,n),

|l <M (i=1,2,...,n),

are satisfied.
Remark 1. Under the assumptions A there exists (see [4]) in the set
(1.3) s =98l < C[4n(M+1)]17 — M |o—a°|

where §=C*[(n+1)(M+0+1)]"° a unique solution o(w,y,...,4,) of
the equation

(1.4) az/0$=f(m;?/1, i '1:'/7nzvaz/a?/l 9o 762/6:'/%)7
satisfying the initial condition
(1.5) '

lw—a’] < 6,

’U(-”ﬂy?/ly*--;yn)z O(Y1ye--3Yn)
for Iyi‘—yﬁl <OMn(M+1)]™ (1=1,2,...,n) and possessing continuous
derivatives of the first order. The solution depends continuously on the
initial condition.

Remark 2. Let us consider the equation
(1.6) 02[0m=Ff (2,41, ,Yn,2,02/0y,,... 02 [0y) +1fy (v =1,2,3,...),
assumptions A being fulfilled.

Frorp remark 1 one can easily conclude that for » sufficiently large
there exists a solution v,(z,4,,...,9,) of (1.6), determined in the set

(L7 P’ <e<a’+o, |yl <OMn(M 41— M(2—af),

satisfying the initial condition OB, Y1y ey Yn) =0 (Y1, .., ¥p)+1/v in the

cube |yi-—y£]<0[4n(M 4+1)7 and possessing continuous derivatives
of the first order.
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Using the same notation as in remark 1 we note furthermore that
the following relations are satisfied:

(1.8) lim v, = » uniformly in (1.7),
(1.9) (L, Y1y ey Yn) <0, (Y150, 8,) in (L1.7).

The last inequality follows from lemma K.
We shall prove the following theorem:

THEOREM 1. Suppose assumptions A to be fulfilled and let v(z,yi,
eesln) be the solution of (1.4), possessing comtinuous derivatives im €1.7)
and satisfying (1.5). We assume that the fumctions w(®,¥,...,Y,) and
e(@,Yrynr,Yn) are continuous in (1.7) and e(®,y1,...,¥,) >0. We suppose
furthermore that the inequality

u(ﬂ?",yn---,yn) Koy 3Yn)

holds in the cube |yt —y;< O[4n (M +1)]"" and the following epidermic con-
dition s true:
If, for a point P(x,yy,...,Ys) of (1.7), the inequality

v(P)<u(P)<v(P)+e(P)
is satisfied, then there exists in P the total differential of uw and the inequality
(OU[02)p <1 (@155 Yy 1y [0 ., O[O )p

holds.
Under these assumptions the inequality

U(By Y1y s W) SO(@yY1see ey Yn)

s fulfilled in (1.7).

Proof. We use the notation introduced in remark 2. From (1..8)
and (1.9) it follows that there is such & », that for » >y, the inequality

(1.10) 0 <n,(P)—0v(P) < &(P)

is fulfilled in (1.7). Let us consider »3y,. Suppose that, ff)r a _pc')int
P(2,41,...,9,) belonging to (1.7) the equality ,(P)=u(P) is satisfied.
Then by (1.10) we get

»(P) < u(P) <v(P)+e(P),
and from the epidermic assumption we have

(0u[0x)p K F@yYrye ey Yy Uy O%[OY1, - .., OU[OYn)p .
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Bub w(2°,41;.. 1Y) <0,(2°, 1, .., ¥a) in the cube |y;—yf|< C[4dn (M +1)]
and
00,102 = (@Y1, 1¥ns,,00,/0y1,...,00,/0y,) +1/v.

Therefore the functions f+1/», v, and » satisfy the assumptions of lemma
K. Then u(P)<v,(P) for P belonging to (1.7). Because of limy,=v we

V=00
have u(P)<<v(P).
Now we investigate the epidermic theorem in the case of a system
of differential inequalities for one funection. Let us consider the system
of partial equations

oz Oz
3 Yns®y 7

111
(1.11) 9

) (u=1,2,...,k).

3
-—:f[[ LyyereyBpyYrye- 7@:

Oz,

We introduce the following assumptions:

Assumptions A,. Suppose that the funetions fu (u=1,2,..,k)
possess continuous derivatives of the first and of the second order with
respect to the last 2n-+1 variables in the cube

ly:—yil < O
ls—a3l <O

The absolute values of these derivatives and of f, are less than M in that
cube. The function w(y,...,y,) is of clags (? in the cube lv: —93 < 0.
The following inequalities are satisfied:

|z, —a| < C (h=1,2,...,k), (t=1,2,...,n),

lz—2" < €, (t=1,2,...,n).

10w [0yl <M, |8*0/dy.dy;| < M
lo, (y2,.- 90)— @l <Cl4, g8 <M
|w(:‘/g3'--’y:,)”zo|<o/4'-

in |y,—9ll <0,

(t=1,2,...,n),

THEEOREM 2. We suppose the assumptions A, to be satisfied. Let the

funciion V( @1y oy By ¥y, Y,) e a solution of the system (1.11) P08sessing
continuous derivatives of the first order in the set

@, <@, <w)+-5/k (u=1,2,....%),
(1.12)

k
W9 SCUR(M+ 1)1~ 3 M (w,~2) (i=1,2,...,n)
=1

where 0 is defined by (1.8), and satisfying the initial conditions

”(wgv-'vw}:yyu---yyﬂ)E‘“(?/l;-'-yyn)
in the cube Y~ < O [4n (M +1)]72,

e ©
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Let the functions w(y,..., 8,01, .,Y,) ond E(@yyer ey BryYaye -1 Yn) DE
continuous in (1.12) and & >0 in (1.12).
Suppose that the inequality

“(w(l)a"-amzyylr--’yn) <”(0¢?7---,w:3,y1,~-::l/n)
holds in the cube |y,—y3| << C4dn(M+1)]
We assume that the following epidermic condition is true:
If, for a point P(my,...,2%,%,...,Y,) of (1.12), the inequality

2(P) <u(P) <v(P)+e(P)

is satisfied, then there exists in P the total differential of w and the inequa-
lities
ou

B du _
(“““)P<fp(mli-'-7mk7?/la-~~7ymuaa—yl ,---y“a"y‘; - (u

oz,

hold. .

Under these assumptions the inequality w(P)<v(P) holds for every P
belonging to (1.12). o

Proof. Suppose that the point (%y,...,%,¥1,..-,¥s) Of (.1.12) is dif-

ferent from (x,...,28,%1,...,Ys)- We introduce the following Mayer’s

trangformation .
@, =x,+At where 1,= (:Tcy—wﬁ)/zl‘ (®,—=x) (p=1,2,...,k).
®
We have Y 1,=1 and 04, <1. Pub
=l
U915 -1Yn) :“(a“g‘i‘lltv“yw)g“{'lkt’?/u-~-1f’/n)7
V(ty?/la'--f‘./n):”(wg"]"llt;---;mlg+)“kt1y1’*-'7?/n)v
E(t7y17""yﬂ-)gs(mg—}_llt)'"!"‘w;:-}_lkt’yl’"'Yy’h)'
The functions U,V and E are defined in the set
L :
(1.13) 0t ) (B, —wp) <8, ly;—23 < Cl4n(M+1)]7—Mt
= (i=1,2,...,n).

V is the solution of the equation

k .
(1.14) 02/t = 2 A (@14t s B At Y1y ey Yy 2, 02[0Y1, - ., 02[0Yy)

=l
valid in (1.13) and satisfies the initial condition

V(0,915 sYn) = @Y1+ 1Yn)-
Anmales Polonici Mathematici IIX.

11


GUEST


icm

162 W. Mlak

Because of the assumptions A, and Z’ =1, Z” >0 we find that, for the

right member of (1.14), the denvatwes of the ﬁrst and of the second order

with respect to the variables ¥y,...,¥n;%;01;---)m are continuous and
their absolute values are less than M in the cube
lyi—9dl <0, =<0, lu—al <0, <O

Therefore the assumptions A are satisfied for the right member of
(1.14) considered in the eube [f|<C, |y;— —y91<0, ]z——z <0, |l—¢)<C.
The hypotheses of theorem 2 imply that U,V,E satisfy the agsump-
tions of theorem 1. From theorem 1 we conelude that the inequality

k
Uty y1y. -5 ¥n) <V (E,91,..,Y,) holds in (1.13). Putting t=2(iﬂ—wﬂ) we get
=l
U(Tryene Ty YrserUn) SO(Brgen sy Y1se -y Yn)
This completes the proof.
§ 2. It remains to discuss the epidermiec effects for differential ine-
qualities of the form
auﬂ/aw <fu(m7:‘/11' -~:f‘/na'“17---’uk;auy/0y17-- ':au;'z/ayn) (k=1,2,...,}k)

for the system of functions u,,...,u;, and for the differential inequalities
of the form

(2-1) ‘auylawa<f':(mla“',msyyu'“;ymul"--yuk:au’p/ayl’"'76“14/6%;)
(v=1,2,...,k, a =1,2,...,8).
To investigate the first case it is convenient to introduce the
following assumptions:
Assumptions 8. The functions f, (#=1,2,...,k) are of class C°
in the set
(2:2) P <e<d+0, -9l <0  l—%4I<0, |gi—g¥| <0

and the absolute values of f, and of their derivatives of the first, of the
second and of the third order are less than M in (2.2).
The functions w,(y:,...,y,) are of class C° in the cube |y;—y3 <C
and the absolute values of their derivatives are less than M in that cube.
‘We have

| <M for i=1,2,...,n,
lo (42, 5y 0n)~20l < CJ4,  w=1,2,...,k,
‘7w,‘(?/?;-~-y1/3b) _

2y oF|<Cl4, pw=1,2,..,k i=1,2,...,n.
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Remark 1. The assumptions S guarantee ([2], theorem (W) and [3],
theorem 1.2) the existence of the unique solution #,...,7; of the sysﬁem
of equations

(2.3) 02”/656 = fu (%yY1ye3YnsRrsee o320, 0% [09,. ..,Bz,,/ay,,)
satisfying the initial conditions

(2.4) (2, Y15y Yn) = @, (Y1) Yn)

in the cube ly;—yi<< C[4n(N +1)17%
The solution wv;,...,7; is valid in the pyramid

(25)  <e<d+d,  |—yll <CHEn(N+1)]—N(2—2)
(1=1,2,...,m)

where 6 and N are suitable constants (see [3], theorem 1.2) depending
only on C,n,M.
Using the same notation as in remark 1 we formulate the following
THEOREM 3. Suppose the assumptions S to be fulfilled. Let vy,y...,%
be the solution of (2.3) possessing continuous derivatives in (2.5) and satis-
fying (2.4). We assume that the functions ug,...,u, and &,...,& are con-
tinuous in (2.5) and &,>0, the inequalilies '

“y(mo7f‘/17-'-:yn) SU,.(wo,’lJu--w?!n) (r=1,2,...,%)

being satisfied in the cube |y;—yi<C[4n(N+1)]"". We assume that the
right members of (2.3) satisfy the following condition (W):
If ;2% for i=1,...,u—1,u+1,...,% and z,==2%,, then

f (@yY1s-- s Yns%1y-- 5%7?17-~-;gn)>fﬂ ZyY1seesYnsZry-ns ZgyGrye--1qn)-

We suppose furthermore that the following epidermic condition s true:
Let p be an arbitrary number of the sequence 1,2,. . k. If, jor a point
Qs stn) of (2.5), the inequality ©,(@)<u,(Q)<v,(Q)+2,(@) is satis-
fied, then there exists tn Q the total dzﬁermtwl of u,(P) and the inequality

aup.(.Q [0 éf,u(@aul Qs (Q),0u, ( (@)/8y1y ..., Ou,( /af’/n)

holds.
Under the assumptions given above the inequalities wu,(P)<,(P)

(#=1,2,...,k) are fulfilled for every point P of the set (2.5).

The proof of this theorem is quite similar to the proof of theorem 1.
A suitable lemma ([3], theorem 1.1), analogous to lemma K, is used. Just
in that lemma condition (W) is necessary. The theorem of existence
guarantees the solutions to depend continuously on the initial condi-

tions in a suitable Haar’s pyramid.
11*
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By means of theorem 3, one can easily obtain the epidermic theorem
concerning the inequalities of the form (2.1). The idea is the same as in
" the case of theorem 2, it is based on the application of a suitable Mayer’s
transformation (see [3], proof of theorem 2.1). In this note we have dis-
cussed the case of the right-hand Haar’s pyramids. Analogous theorems
may be proved for left-hand pyramids the direction of the differential
inequalities being changed.
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Teilweise Losung eines verallgemeinerten Problems
von K. Zarankiewicz

von K. Curix (Brno)

Das Problem von XK. Zarankiewicz!) kann man im allgemeinen
Falle auf folgende Weise formulieren: Mit A7 (p) bezeichnen wir eien
Matrix, die m Reihen und # Spalten hat und die aus p Elementen die
gleich 0 und aus mn—p Elementen die gleich 1 sind, gebildet ist. Wir
sagen, daB eine solche Matrix die Eigenschaft &(¢,j) hat, wenn ihre
Submatriz Pj(if), wobei 1<4,j und i<<m, j<n ist, existiert. Fiir gege-
bene ,j und m, n besteht das verallgemeinerte Problem in der Bestim-
mung der minimalen natiirlichen Zahl p, fiiv welche jede Matrix A4y (p)
die Bigenschaft £(i,j) besitzt. Damit aber ist eine Funktion Z(m,m)
fiir alle natiirliche Zahlen 4,j>1, m>1, n>>j definiert.

Wir wollen noch bemerken, daB die Eigenschaft £(7,j) einer Matrix
gegeniiber dem Austausch ihrer Reihen untereinander, sowie auch ihrer
Spalten invariant ist. Wenn die z-te Reihe (y-te Spalte) der Matrix Ay (p)
gerade 7,(s,) Nullen enthilt, so kann man sich in der folgenden Unter-
suchung nur auf solche Matrizen beschriinken, die die Bedingungen
P Ve B2, §228,5>... 328, erfilllen. Diese Tatsache, daf die Reihen
oder Spalten in einem gewissen Sinne geordnet sind, wird in wesentlicher
Weise ausgeniitzt.

Fiir beliebige natiirliche Zahlen %,j,m, (1<¢,j, ¢<m), und jedes
gentigend groBe n beweisen wir ein ganz allgemeines Resultat:

SATZ. Zy(m,n)= (i—1)n-+(F—1) (Tg)—{—l fir n = (j—1) (?)

Beweis. Nach Definition der Funktion Z;(m,n) geniigh es den
Satz nur fir alle »>max [j,(j ——1)(?)] zu beweisen. Man sieht leicht

ein, daf j > (j—1) ZL) dann und nur dann ist, wenn wenigstens eine der .
folgenden zwei Bedingungen j=1, m=4 erfllf ist. Fir .z'=1 ist es kla.r,
daf jede Matrix AP{(j—1)m-+1} die Bigenschaft &1,9) ha.?: und die
Matrix A7{(j—1)m}, die in jeder von ihren m Reihen gerade j—1 Nullen

1) Colloquium Mathematicum 2 (1951), 8.301, Problem 101.
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