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Note on the mean value theorem

by W. MrAx (Krakéw)

This paper deals with the generalization of the mean value theorem.
For strong topology in Banach spaces the mean value theorems have
been proved by T. Wagzewski [4]. In the case of weak topology a guitable
theorem has been given by A. Alexiewicz [1].

By F we designate a linear topological locally convex space, ©.e.
a linear space in which a topology is introduced in such a faghion that
the operations of addition and multiplication by real numbers are conti-
nuous in the topology, moreover the fundamental system of neighbour-
hoods of 0 is formed by convex sets. B* denotes the class of all linear
(additive and continuous) functionals defined on E. )

For feE* and real o we define the right (left) half-space H*(f,a)
(H™(f,a)) as a set of all xeF for which we have the inequality f(@)>a
(f(#)<a). We have H™(f,a)=H(—f,—a). It suffices therefore to inve-
stigate the right half-spaces only.

Now we formulate the following lemma:

Lemuma 11). Suppose that A is o closed and convex subset of E. Then A
i8 a common part of all right half-spaces including A.

By v(f) and ¢(t) we shall denote real valued functions. We assume
@(t) to be increasing and continuous in the given interval A.

LEMMA 22). Let the function (1) be continuous in A and let

(a real)

hm{[w t41)— =D;’w(t)>a

1/ E+v)—e ()]}
except an at most denumerable set of points of A. Then for t,t,e A and
tis#t, we have the inequality [y(t)—w(t))/[p(h)—p ()] = a

Let us assume that the function x(f) with values lying in E, defined

on Ais weakly continuous in 4, . e. for every fe " the real valued function
flz(t)] is continuous in A. We formulate the mean value theorem.

1) See for instance [2], livre V, chapt. II, p. 73, col. 1.
2) This lemma may be proved in the same manner as in the case of @ (f)=
and a=0. See [3], p. 203.
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THEOREM 1. Su.ppose that A is a closed and convexr subset of B. For
every fe B* there is an at most denumerable set A;,C A such that for every
te A—A; there exists @ sequence Y, € A and a sequence of reals v,~0-- such
that
1)

Under the assumptions given above for ty,t, e A and §#1,

[o(l)—a(t)]/[p(h) —@ (k)] e A.

Proof. Denote by H*(f,«) an arbitrary right half-space including 4.
Relation (1) implies D} f[#(t)]a forte 4—4,. Applying lemma 2 we get

f{[w(t”i'fn)_w(t)]/[(p(t—!"rn) —ﬁﬂ(t)]"‘!/n}*(’-

Hlzt) —o®))/lpth)—pm)]} Za  for  t,hed, 4 #b.
In other words
(2) [(t)—o(t)]/lpt)—e)le H (f,a)  for t,ted, £t

But (2) holds for every H*(f,e) including 4. Then by lemma 1 the ele-
ment [ (f) —=(%)]/lp () —p (t)] belongs to 4.

The essential moment in the proof given above is the fact that the
relation of inclusion may be expressed by certain inequalities between
numbers. On the same idea the following theorem is based:

THEOREM 2. Suppose that for every fe H" the function f[x(t)] is abso-
lutely continuous n the interval A. Let A be a closed and convex subset of B.
For every fe B* and for almost every teA there exists a sequence Y, €A and
@ sequence of reals 7,~0 such that

3) Hl (b 4-70) =2 ()] frn—ya) 0.
Under the assumptions given above for ty,tye A, 1,541,

[2(t) —2(5,)]/(t—1ty) e A.

Proof. For fixed f and a such that ACH*(f,«) the relation (3) implies
the inequality w;(¢)>a for almost all te A (w(t) = f[x(4)]). The funetion
wy(?) is absolutely continuous in 4. Therefore

Loy () — s (B)1 /(B —to) =F{[@ () —@ ()] (. —s)) 2 «

for #y,4e 4; t;51,. Now we apply lemma 1.
Now the role of lemma 1 and the classical theorems concerning the
simple differential inequalities is quite clear. Different forms of the mean
. value theorems, some of which have been mentioned in this paper, may
be used to generalize 'Hopital’s rule, just as it has been done in the case
of Banach spaces ([1] and [47).
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