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A constructivist theory of plane curves

by
R. L. Goodstein (Leicester)

Introduction. This paper develops a theory of p-curves, which
are finite matrices with binary fraction elements. Roughly speaking,
a p-curve is a finite assemblage of points in serial order on a grid, the
jump from one point to the next being of fixed amount in one or other
of two ‘‘directions”. The coneept of a plane curve is then introduced
in terms of sequences of p-curves. The emphasis throughout the paper
is on the gtrietly finitigt character of the proof processes.

The present work on analysis situs is a preliminary to a study of
curvilinear integrals.

Definitions. We denote integers by 4,4, & I, m, n, u, v, , ¢, 7, 8,
t, 0, 0, T with or without suffixes, and binary fractions m/2? by a, b, ¢,
d, z, 9, £, n with or without suffixes or affixes; more specifically, for
a given p we write a7, ete., for m/27. The ordered pair (z,y) is called
a point, and the ordered pair {m:,y.> an inferval; the ordered pair of
intervals (@, %,>{¥1,Y> (Where o <ty, ¥1<<¥,) is called a reclangle with
vertices (%,,¥s)y r=1,2 and s=1,2. If

Qal ,  O<r<p, 2, 0<s<w
are the integers from 2727 to 2°2% and from 2°%{ to 27y%, respectively, then

the points
(af,b5), O<r<p, 0<s<y,

are called the lattice points of the network

(i
Y1 Y2

in the rectangle <%, 2>y}, y5>; the rectangles (af,al1><b7, b4, 0 <r <pep,
0<s <, are called the p-cells of the rectangle (ah i<yt yt> or of the
network 7

n (1),

Py, P P
Y1 Y
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For a given k=1 the integers 4,,j, satisfy the equation
(O'l) [";r+1*‘7:r|+|jr+l_7.rl=l

for all », 0<r<k—1, and zf=14,/2°, yi=j/2°; then the ordered set of
points

(0.2) @y, 0<r<k,

is called a plane curve, or specifically a plane p-curve, joining the points
(#5,y8) and (2f,y8). If

(0.3) [ip— 5| +|f,— 55| >0

’

for all 7, 5 satisfying 0 <r<s <%, then the curve (0.2) is said to be simple
and open.

(0.31) If 4, ,j, satisfy the condition (0.3) for all », s such that
0<r<s<k—1 or 1<r<s<k, and if in addition, t=1,, je=14,, k>4,
then the curve (0.2) is said to be simple and closed.

If @,,y, are periodic, with period %, and if (z,,v,), 0 <r <%, is a simple
closed curve, then eo ipso the curve (z,,9,), m<r<m-4¥%, is closed and
simple. The curves (x,,¥,), 0<r <k, and (z,,y,), m<r<m-+% are said
to be equivalent and mutually interchangeable.

If

o+l o
iy =247,

’55:-11 = 'l:f‘f‘ 7:f+1,
and
it=21,  BA=i4 i,
where 7, j7 satisfy (0.1), then obviously i+, j2** satisfy (0.1). The p-curve
(#7,97), 0<r<k, and the (p-+1)-curve (z2*,y"*"), 0<r<2k, (where
a7 =17 [2%, y{ =77/ 2% for ¢=p, p+1) are said to be equivalent and mutually

interchangeable.

We shall denote by & (with one or more suffixes) a value taken by
one or more of the numbers #,, 0 <r <k, and by % a value taken by one
or more of y,, 0 <F<k. In a network F,, £+27" will be called the suc-
cessor of & and denoted by £, and £—277 will be called the predecessor
of & and denoted by &* Similarly we define 7'y y*. The snccessor of a,
of course is @41, r<k, and the predecessor of @,y is @, 7> 0; we shall
also call z; the successor of #(==,) in a closed curve, and x,_, the prede-
cesgor of m,. Similarly the successor of y, and the predecessor of y, are
¥ and Y, respectively, when the eurve is: cloged.

Buch a pair as & ¢ will be called a verlical strip, and guch as %, n’
a horizontal sirip.

It 7,y 0<n'<p, are all the suffixes » such that, either

-’D,=§, Lppy=§ or &Tp= E', Bppy=£§
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in a simple tlosed curve (w,,y,), 0<r<k, then the values #, of ¥,

C 0<n<p, ave called the boundary levels in the vertical strip & & (note

that y,=¥,41 since @, x..,). The s are all different since the points
(%nsMn)s (®us1,7Ma) cannot both occur twice in the set (x,,7,), 0<r<k.
Similarly we define the boundary levels in the horizontal strip #, %’

The foregoing definitions, and the proofs which follow, may be re-
garded as definition and proof schemata formalisable by replacing the
unspecified numbers and funections introduced by definite numbers and
functions. The definitions, however, are also susceptible of formalisation
in a free variable calculus.

1. TueorEM 1. If (z,,v,), 0<r<k, i o simple curve, and if for
some m, n (where 0 <m<n<k if the curve is open, and 0 <m<n<k or
0<m<n<k if the curve is closed ), and for all s, t salisfying m <s<t<m,
we have y,=y,, then the sequence x,, m <r<n, is stricily monotonic.

‘We may suppose n > m-+2, else there is nothing to prove. Let s,— &
50 that, since ¥,y1=¥;, %1 must be either & or &*; suppose the former,

, then since . differs from both @, and %1, and the values of 11,42

are consecutive in F,, therefore w,.=4¢&". Similarly, if ®,,,=2§" then
@yp2== %, and 5o, sinee 2, = &1, the sequence x,, m<r<n, s strictly
monotonie.

2. THEOREM 2. If the integers i, satisfy the equation (0.1}, and &f
0 <m<n<k, then i, takes every integral value between 4, and i, for a value
of r between m and n. :

For if in<v<i, and if p is the smallest integer, greater than m,
such that i,>v, then 7, ;<v—1; but

0 < (B, —0)+ (v—1—f1)= (= 1,-1) — 1 <0,
and 8o ,=7.

It follows that if (w,,7,), 0 <r<k, is a p-curve then x, attains every
value /27 between w,,z, for an r between m,n and y, attaing every
value /2" between ¥.,,y. for an r between m, n.

8. TuEoREM 3. If the integers 4,, 0 <r<k, satisfy (0.1), and &= 1y,
and if for some m, v, to<v, i,=n, then if A<k is the greatest suffiz such
that §3=1v, we hawe i,,,= v~ 1; for otherwise iy .1=v-+1, and by Theorem 2
we should have i,==v for some 7, where A+1<<r<k. Similarly, if ip>v
and u is the least suffix for which ¢,=v, then 4, 1=v+1.

4. ToworEM 4. If (@,,%), 0<r<k, is a simple closed curve; and
if for some m, n . ‘ _

== 5, Lpt1= ‘E' and. Ty=—= 6" Typ1= Ey
then m=£n-+1 and nEm-+1.

For by 0.31, @mie>& >0up1 a0d Tyro <E<Lrmyr.
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5. TaworeM 5. If (z.,y,), 0<r<k, is a simple closed curve, then
each pair of values &, &' is taken by consecutive x's an even number of times.

Proof. If there is no value of », 0 <r <k, such that for a given pair
&L E,m=¢ and @ =F or 2,=& and x.,.,=¢, then the theorem ig
proved.

If there is a wnique value of r, 0<r <k, such that #,=§, 7, =¢
then there is an s, 0<<s<k, such that #,=&', @.1=§. For if x,<& and
s is the greatest suffix such that @,=¢ then, by Theorem 3, @, = &.
Moreover, by Theorem 4, s>r41.

If there is more than one value of » for which z,=§&, #,.,=§ then
bebween any consecutive two such values, m and = say, there is a
such that

Bo=E's;  Bo=§, and p+l<n.

For if o41 is the least suffix between m-+1 and n such that Tpp1=§
then, by Theorem 3, #,=¢& (and m+l<p<n—1, by Theorem 4).
Similarly, between consecutive values of » for which @,= £/, @r1=§ there
is a value of r for which #,=£, 2,.,=£" ¢

Let m;, 0<s<0o, where my<<m,.1, be all the values of r, 0<r<k,
for which #,=§, #,4.1=¢, and let u,, 0 <t <z, where He<thiy1 bé all the
values of 7, 0<{r<k, for which @,=¢&, &,,.,=£.

‘We may without loss of generality suppose that My<phy. Since there
is a u between m, and m, therefore o lies between m, and m,, and since
there is an m between u, and y,, therefore m, lies between My and uy,
and so p, is the only u between m, and m,.

Similarly u. is the only u between m, and Msr1y 0<s<<o—1. By
considering the equivalent closed curve (z,,,), Mo <1 <Mg-+-k, it follows
that there is a unique v between m, and m,~ % such that t,="F, g,4=¢
and so there is just one u greater than m, (for the least By fg, €XCeeds M),
Thus 7=o, which completes the proof.

Tu the same way we can show that each pair of values 7, %' is taken
an even number of times by consecutive y's.

It follows from Theorem 5 that in a simple closed p-curve there
are an even number of boundary levels in each horizontal strip, and an
even number in each vertical strip. If @, are the least and greatest
values of x,, 0<r<Fk, and ¥, Yy the least and greatest values of Yrs
0<r<k, and if 2°X, 0 <s< o are the integers from 27z, to 2w, inclusix're,
and 2°Y,, 0<t<7, the integers from 2%, to 2%y,, and if, finally, #;,
1 <r<2u,, are the boundary levels in the strip X,, X1 and &, 1<r <2y,
.the boundary levels in the strip ¥,, ¥, then the cells of the network ¥,
in all the rectangles {(X,,X,.:><n% 1,45, 1<r<uy, 0<s<o—1, are
called the interior p.-cells of the curve, and the cells of the network F,
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in all the rectangles (&1, &, (¥, Yir), 1<r<n, 0<e<r—1 are
called the interior p,-cells of the curve. A cell of the network ¥,, in
a vertical strip, which is not an interior p,-cell is called an exierior p,-cell,
and a cell in & horizontal strip which is not an interior p,-cell is called
an exterior p,-cell.

6. Linked boundary levels. («,,y,), 0<r <k, is a simple closed
curve on a network F,, where z,,y, are periodic with period .

A level a (of the closed curve) in the strip &* & is said to be linked
along & to the level g in the strip &, & if either f=«a or p= a and for some
i, v>1

w,u=5*: w;z+u+1=511 mrzfy M_l"]- <’I‘<[,L+'V,

and y,=a, Yupu=p and 2%,, p+1<r<p+v, are the integers from
2%u to 278 inclusive.

Two levels a, § of the same strip &%, & or &, & are said to be linked
along & if y,=0a, Yupn=4 and 2%,, p+l<r<pu+v, are the integers
from 27 to 2°8 inclusive, and #.=£, p+l<r<p-+v, and either z,
=Tpppr=E* OF Gy=10u4p11={"

6.1. If a level a is linked to a level f along & then a is not linked to
another level along £; for, in a simple curve, there cannot be fwo values
of 7, 0<r <k, for which y,=y,.:=a and either o,= &, #,.,=§ or 3,=¢&/,
mrv!—1= 5 .

6.2. If a, B are consecutive boundary levels in either of the strips
E* & £ E and if a<n<y' <B, then if for some p, x,=x,1=§ and y,=n,
Yurr=n" (o Yy,=1"y Yur1="n) the levels a, f are linked along &.

Let 27g;, 0 <s<o, be the integers from 27 to 2°f inclusive, where
or=1, or1=1, 88y, 0<t<o. If a==7, f=17" there is nothing to prove;
henge we may suppose u>>2 80 that for 1<s<o—1, g, not & boundary
level in either of the strips £% &; &, &

Accordingly @,.2=£, Yus2= 0:32 and, by induction, Tp=== &y Yn= Quttp
for p<n<pt+o—t. Similarly z,=§&, Yn=Omie—u T0r p—t<m<p—1,
which completes the proof.

6.21. Tt follows from 6.2 that if the consecutive boundary levels a, §
are not Vinked along & then there is no value of u, 0<p<k, for which =,
=g =£ and 2%,, 2"y, are consecutive indegers between °fa and 278
inclusive. _ .

6.3. If o, B,y (a<<B<y) are consecutive boundary levels in either of
the sirips E%, £ or &, & then either B is a level in both strips, or f is linked
along & either to a or to y.
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For if ﬂ is not a level in both strips and if y,=y,1=7F and one of
B,y @, I8 & then two cases arise:

(a) Zupr=E, then @ip=~=up1;

(b) z.=§, then 2, 1=ug,.

In case (a) either y, s=8" or y,.a=p*; if the former then g is linked
along £ to y, and if the latter, g is linked to @, by 6.2. The result follows
in the same way in case (b). We observe that if » is the greatest boundary
level in either strip, and if y is a level in only one of the two strips, and
there is no greater boundary level in the other strip, then the foregoing
considerations show that y is necessarily linked to § along &. If y i a level
in hoth strips then, by definition, y is linked along &.

6.4. We take for granted the definitions and theorems on linked
levels in horizontal strips corresponding to 6-6.3 above.

6.3. If (& ExCny "> and (&, E5<n, "> are interior p; cells of a simple
closed contour (x,,y,), 0 <r <k, then & is not a boundary level in the strp n,%'.

There are an odd number of levels in the strip &% & which are not
less than %, and an odd number in the strip & &. Hence there are ai
even number of levels which lie in one or other of the two strips, and
which are not less than »' (counting twice a value of y, which is a level
in both strips). Let these levels, in decreaging order of magnitude be ,,
1<r<2n, (where for some values of », b, may equal A,..). By 6.3, A, is
linked to k., hy to h, and hence by induction, hy_, is linked to %, for
1<r<n. If hy,y, is the first level in either strip which is less than 3
(and so not greater than #) then h,, heing linked to hg,_y, is not linked
0 hayy1, and so by 6.21 there is no u, 0 <p<k, such that =z, ,—§&
and y,=1, ?//;+1— " {Or Y,41=%, Y,=%') which proves that & is not
a boundary level in the horizontal strip #, 5

8.51. If one of the py-cells (E%Ex{p,nm'>, (E,E54,n'> is interior,
and one exterior, then & is a boundary level in the strip v, o', and conversely.

Proof similar to 6.5,

7. TeroREM 7. In @ simple closed curve (x,,9,), 0 <r <k, the interior
px-cells are interior p,-cells, and vice-versa.

Let the boundary levels in the strip #, %' be £y 1<s<2u, where
§s+1>‘=s, 1<3<9[1 1.

It o is less than #,, 0<<r <%, then, by 6.51, there are no interior
py-cells in the reetangle (o,&)><7,7’>, and therefore, by 6.51, all the
interior p,-cells which lie in the strip , 7' lie in the rectangles (&, £a>
(1,7, and are therefore p,-cells. Similarly the interior py-cells are p,-cells.

In view of Theorem 7 we now drop the suffix and refer to interior

P« O py-cells as the interior p- cells, and the cells of the network F, which
are not interior p-cells, as exterior p-cells.

"
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8. For any s, 0<{s<<k—1, the simple curves (x,,v,), s<r<s+1,
joining the points (@,%s), (@y41,¥s11), are called the boundary lines of
the simple closed curve (2,7}, 0<<r<k; for any assigned value of 7
between 0 and % inclusive, the point (x,,y,) is called a boundary p-point
or vertex of the simple closed curve.

9. Let 2%a,, 0 <7< u, be the integers from 2°a to 2°b inclusive, and
2y, 0<r<», the integers from 2% to 2°d inclusive, then if

L= Oy Yr=0, - o<r<y,
z.=b, Yr="Pr—ps p<r<ptr,
L= oppyery Y=, utryv<r<2p+v,
&=, Yr="Yoytoy-ry 2utv <r <2(ptv),

and

== Lyroery Y =Touite—rs 0<r<2(pt),

then the simple elosed curve (a},y¥), 0<r<2(u+7+), (or an equivalent
p-curve) is called the clockwise p-path round the rectangle {a,byie,dy,
and (@,,9,), 0<r<2(u+»), iz called the anticlockwise p-path.

The sides of a p-path round a p-cell are ealled the sides of the cell.
An interior cell of a simple clogsed curve, which has a.side in commeon
with the curve, is called an interior boundary cell.

9,1, For any lattice point (£,7) of a network F, we define:

Cz=£, r=10,3,4
H=F, r=1,2 | 1<s<4,
Ve=Yi=wi, Y2=79s,
and
Yo=1, s=1
Yo=17's §=3, Yi=1, s=3,4,
yl):"? ’ s=4

It is readily verified that the simple closed p- curves (25,55, 0 <7 <4,
are clockwise for §=2,3 and anticlockwise for s=1,4. In the curves
given by s—] 2 the point (£,7) precedes the point (¢,m), and in the
curves §=3,4 the point (£',n) precedes (£,7).

Thus of the four curves there is one clockwise and one anticlockwise
curve in whieh (&,n) precedes (&,7), and one clockwise and one anti-
clockwise curve in which (&',%) precedes (£,7).

9.11. Let 5 be a boundary level, in the strip £, &, of a simple closed
curve I then of the four eurves (a7,4;), 0 <r <4, either those with 8=1,3
or thoge with s=2,4 are paths round the interior boundary cell with
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vertices (&,7), (&,7). In either case there i3 only one eurve in which the
order of the points (£,%), (&,%) is the same as in I Similarly there is
only one path round an interior boundary cell with vertices (&3m), (&,m)
in which the order of these points is the same as in I". Thus with cach
boundary line of I" we have associated a unique path, round an interior
boundary cell, and this path is said to be described in the same sense
as I. We shall show that all the paths deseribed round interior boundary
cells of I, and deseribed in the same sense as I, are either all clock wise,
or all anticlockwise. In the former cage the curve I' is said to be clock-
wise, and in the latter, anticlockwise.

9.12, Let the path round the interior boundary eell of I, with ver-
tices (£,7), (£',n), be the anticlockwise curve (@9, O<r <4, and con-
sider the successor, in I', of the points (&,m), (&m).

If the suceessor is (¢”,7) then & is not a boundary level in the strip
0" and so (&,£73¢n,n'> is an interior boundary cell; thus the path asso-

ciated with the side of I' joining the points (&'sm), (§”,m) is the amticlock-
wise curve

(¢,m), (£"ym), (£"77), (&n'), (&),

(i. e. the curve («},9}), 0< 7<4, with £ replaced by & and so ¢’ replaced
hy &),

It (&,9') is the successor, then £ is a boundary level in the strip
7,9 and 8o <&,€5(y,n’> is the interior cell associated with the side of I’
joining the points (£,7), (§y7), and the path associated with thig side
Is the anticlockwise curve (},4%), 0 <r<4.

If (&,%*) is the Successor, then, since % is a boundary level in .the
Strip (§,£&), <&,&>{n*,n> is an exterior cell and so ELE ) is the
interior cell associated with the gide joining the points ( )y (")
and the path associated with this side is the anticlockwise curve (z} VU,
0<r <4, with & replacing ¢ and &~ replacing &',

The same analysis may be applied to 4 consideration of the SlcCessor

of the points (&,7), (£ »7’). Thug if the path round one interior boundary
cell, deseribed in the same senge ag the curve I', is anticlockwige, then
80 too is the path, described in the same sense ag I', round any’other
interior boundary cell. And it one ig clockwise, then all are clockwise.

10. If I, is the closed curve on 5 n

etwork ¥,., which is equivalent
to a curve I', on a network r, o !

» then the interior (p +1)-cells of I',,, are
?;he (p +1):eells of the interior p-cells of I,. For if 47 is a boundar;rievel
in .the S:)_I;lp ﬁ’dﬂ lthenlyé’,* t=y? iy g boundary level in each of the
s:r%ps @b, ot F AR, A Similarly for boundary levels in horizental
strips.
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11. I' and y are simple closed curves on a network F,. If all the
interior cells of y are interior cells of I, and all the interier cells of I’
which have a vertex in common with I', 4. e. the interior boundary cells
of I'y are exterior to y, then y ig said to be completely contained in I

y and I' are said to be completely exterior to each other if no interior
cell of one is interior to the other and no boundary p-point of one is
a bhoundary p-point of the other.

11.1. If y is completely contained in I', all the cells exterior to v, with
a verter in common with v, are interior to I.

Let {&,&5<{n,n"> be a eell exterior to y, and (£,) a boundary p-point
of y.'If £ is a boundary level of y in the strip 7, #° then the cell ¢&* &>
{n,7’> is an interior cell of y, and so of I'; hence neither (£,%) nor {&,7)
are boundary points of I" and so & is not a boundary level of I" in #,y'.
Therefore (£,&3<{n,%'> is interior to I The corresponding result holds
if % is a boundary level of y in the strip &,&’.

If £ is not a boundary level of ¢ in %, %’ and 5 is not a boundary
level in &, &, then <&,&>{n* %> is exterior to y; since (£,7) is necessarily
contained between (&%) and (£,7%), in p, therefore <&*,&){y*,%) is
interior to y, and so interior to I. Hence (£,%) is not a boundary point
of I'y and s0 £ is not a boundary level of I" in the strip (n*4) and 7 is
not a boundary level of I' in &, &'; accordingly both <(£,&>{n* 7> and
<&, E%(n,n'> are interior celly of I

11.2. If 91, 75, vs are simple closed curves, and if y, is compleiely
contained in y, and vy, 8 completely contained in vy, then y, is complelely
contained in y,.

Tor the interior cells of y, are interior cells of y,, and the interior
cells of y, are interior cells of y;, so that the interior cells of y, are inte-
rior t0 y5. Moreover, any cell which has a vertex in common with y,,
is exterior to y, and so exterior to y,.

11.3. A vertex of an interior p-cell of a simple clogsed curve which
is not also a vertex of the eurve, is called an inierior p-point of the curve.
A vertex of an exterior p-cell which is not a vertex of the curve, is called
an exterior p-point.

If L is an interior and M an exterior p-point of a simple closed curve y,
then any simple p-curve joining L to M has a vertem in common with yp.

Let & be a simple p-curve from L to M. There are boundary p-points
of % which are exterior to y (¢. g. M); let (@,41,b,41) be the first point
of k& which is not an interior p-point of p, so that {a,,b,) iz an interior
p-point. Of the two cells with vertices (4,,b.), (@y11,br41) ORe at least
is an interior p-cell, and s0 (@,1,b,41) 18 & boundary p-point of y.
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12. I" is the simple closed ourve (af,yr), 0 <r<k, on a m'ztwork R,
and y is a simple closed p-curve (af ,b%), 0 <r <1, such that each po?m (a?,bf),
0<r<A, is an interior point of I. Then y is completely contained in I

Let b7 be a boundary level of y in the strip (af,al..) with 8)=1b7;

we may without loss of generality suppose that af.,>a). Since (al,b])
and (a’y,,b?,,) are interior points of I, ) is contained between conge-
cutive boundary levels of I in the strip (af,a)11), 52y 7y, 17, Where 5; <<y,
and let :

Be=00, Tpr1= 01, Le=0hy Day1= 0y,

Yo="  Yer21="1, Yo=%2, Yor1="a«
We denote by 2°*7,, 0<r<h, the integers from 27z, to 27x, respect-
ively, and by D the simple closed (p-+1)-curve (X,,7Y,) where

Xo=allni,  Yo=ylinn, 0<r<2{o—pg),

X,:m{;::h Y= txagyrnry 2(o0—@)+1<r<2(0—g)+h,
and

P+1

1
af, M =af, ab =1+ aln),

+1 P p+1 P 4
Yo =%, Yars1= Yo+ Yr11),

(so that (2", 2%, 0<r<2k, is equivalent to I').

Further, L is the simple (p+1)-curve (a2*,377"), 2 (v+1) <r <2(»4),
joining the points (af,b}), (aZi1,b0.,), where (aZ™',57%Y), 0<r<24, iy
equivalent to (a?,b7), 0<r<1, and both a4’ are periodic with pe-
riod 24.

The only boundary level of D, between af and a4, in any of the
Strips r,641, 0<<r<h—1, is X,, and so one of the points (af,b7),
(ay42,b041) is interior to D, and the other exterior to D. Hence by 11.3,
L and D have a boundary (p-+1)-point in common. It may be shown
that I” and y have no point in common, and so the common points of L
and D are (X,,e) for some values of ». Let the common points be
(@L60%Y, r=2(v+1)47,, 1<m<n, where Vg1 >y a0d 7,<<21. The
relation of (a?*",57"") to (a?,0?) shows that, for r=2(y+1) 47, 1 <m <mn,
2" is a boundary level of y in the strip @},b/,,, and a boundary level
of L in each of the strips af,",aft} and off},al}. It follows that for
=201+1)+ 7+ (—1)", 1<m <n, the points (a**b7**) lie on the same
side of D as afy,, and those for which r=2(v4+1)+rn— (—1)", L<m <n,
lie on the same side ag af; but 2(v+1)+7r, is the greatest value of r (be-
low 2(v+ 1)) for which (aJ*',b{*) is a common point of L and D, and
80 75+ (—1)"<r,— (—1)", which proves that m is odd. Since by itself is
also a boundary level of y in the strip o? y@ya, it Tollows that there are
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an even number of boundary levels of v in the strip af,al,; which lie
between the consecutive boundary levels of I, 7 and #,.

Thus between any two copsecutive boundary levels of I, in a strip
&,& lie an even number of boundary levels of ¥ {(and no boundary level
of y lies outside I' since the vertices of y are interior points of I") so that,
if f,, 1<r <24, are the boundary levels of I" in §,& (in increasing order
of magnitude) then the interior cells of y in this strip lie between fa_;
and fs, 1 <r <1, and are therefore all interior cells of I'y and the boundary
cells of I" are exterior cells of y. Thus y is completely contained inside I

13. The p-curve of a relatively continuous funection.
13.1. A rational recursive function (see [1]) f(n,2) is convergent, in #,
and continuous in «, relative to #, (op. cit.,, p. 174) in the interval
{a,b}, if there are recursive functions N (k,x), ak(r), f(k),0(k,7) and
C(x,y,k) such that, for all positive integers ¥,
|f(n, @)~ F(N (@), )| <1/2*

for all integers n not less than N (k,z), and all rational z in {a,b), and,
for 0 <r<f(k), :

|fn,2)—f(n, k)| <172t

for all # satisfying ak(r) <o <ak(r+-1), and » >C(z, a*(r), k), where ak(0)=a,
ak(B(k)+1)=>, and ak(r)<a¥(r+1), 0<r<p(k), and akti(r)=a*{o(k,r)).

13.2. f(n,z) is convergent in n, and continuous relative to =, in
{a,b>; then each of the differences :

| (ny @ t2r)) = F(N (k+ 2, ak+2(r)), Jk+2(r)) ls
|1(ms @3 1))~ (N (b2, ak+2(r 1)), ak+3r 1)),
|1(n, ak+2r4-1)) — f{n, ax++(r)) |
ig less than 1/2%+?, whence
(W (2, ak2(r 1)) ak+2(r 1)) — f(N (k4 2, ak+2(r)), akF+(r)) | <322

and so, if

Tur)=[2¥1(N (k- 2, 0k 2(r)) 0k () ] | 2

(where [z] denotes the greatest integer not exceeding =, if » is non-nega-
tive, and [2])=—[—=] if 2 is negative) then

[Felr+1)— fulr)| < 1/2
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and so the iniegers Zkfk(r) are equal or consecutive for comsecutive values
of r. filr) is called the lacing of the function f(n,); the lacing depends,
of course, upon the subdivision aX(r).

13.8. j(n,2) and g(u,z) are both convergent in =, and continuous
relative to #, in <a,b>. By combining, the subdivisions of (a,b) associated
with f(n,2) and g(n,z) respectively we may form lacings of these func-
tions, fx(r) and gi(r), on a common suhdivision a¥(r), 0 <r <fi(k)-41, say.

Let .

0(0)=0, OFr+1)=2"{({r+1)—f,r)},
@(0)=0, p(r+1)=2{g,(r +1)— g,(r)} ,

so that @(r) and p(r) take only the values 0, --1.
Fuorther, let 7=0, and let 7,1 be the least integer greater than r,,

0<r<p(m),

if any, such that [0 (r4)]+|@(rssr)] >0; otherwise r,1==7,. u, is the

greatest positive integer, if any, such that u, <f(p)+1 and 7, >, —1;
otherwise u,=0.
Hence if fj(@)=f,(r;) and g;(4)=yg,(1), 0 <i<y,, and

0%0)=0,  O*(i+1)=2"f( +1)— f3(i)}

P 0)=0, ¢ (i+1)=2"{gp(i+1)—g3(#)}
then @%(i), ¢*(i) take only the values 0, +1, and are not simultancously
zero for i>0,

Next, let & +1,k+1,..,k+1 be the values of ¢, (if any) in in-
creasing order of magnitude, where |@*i)p*(4)| >0, then we define:

Plletn)=fikA41),  RG=F—s) }j’“jvla(@
* . U ts1 8 5 8
1gp('kr+”=gf’(k')’ g0 =g3(j—s) 1<s<v—1y e
and

PG =1, AOETHOR 0<j<ky,
FO=K0—2, FO=g0G-», k+r+1<i<p+v.
If 0*(@)p*(d)=0 for all i, 0 <i<y,, then we define
PE=17), ¢E)=g6), Oo<i<p,
In either case
2P P,L'l_}’,i P'l__ﬁ'=
ind theretone 2 PEFD=LAHIgE+1) - F i) =1
(fp('r)ygp(""))’ 0<r <ppt,
(where » is the number of values of 4 for which |@*3)p*(4)| >0) is a plane
p-curve, which we shall call the p-curve derived from f(n,x),g(n,o)

icm
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Thus & pair of functions f(n,),g(n,z), each convergent in n, and
confinuous in gz, relative to =, determine a sequence of curves, the
p-eurves derived from the pair, for all positive integral values of P.

14. If /(#) is the lacing of a function f(n,z) on a subdivision a(r),

f
0<r<f-+1, then %;|f(¢'+l)—f(r)| is called the relative variation of
f(n,2) on the subdivision a(r).

14.1. If V', V2 are the relative variations of f(n,z) on the subdivi-
gions ay(r), 0<r<fli+1; ayr), 0<r<f,+1, and if there is a positive
integer function v, such that, for & >1,

[V -V <1/k
for any subdivisions a,(r), a,(r) satisfying
max {{aur +1) — ay(7), (ag(s+1)— ay(s))} <1 /v,
SSeh,
then (anticipating the following theorem) f(n,2) iz said to he of con-
vergent variation relative to m.

14.2. If f(n,x) 18 of convergent vaviation relative to n, and if V, is
the relative variation on a subdivision a”(r), 0<r<f(p)+1, such that

max {a’(r+1)—ar(r)}—>0, then V, is convergent.
0=r<(p)
For we can determine p; such that max {ar(r+1)—a?(r)} <1/

0<r<p(p)
for p >pe, and so if ¢ is any positive integer, then by 14.1,
. Wp+q‘Vp|<1/k
which proves that V, converges,

14.8. If f(n,z),g(n,z) are of convergent variation relative to n,
then the sequence of p-curves derived from the pair of funetions is said
to be rectifiable.

Reference

[1] R.T.. Goodstein, Recursive function theory, Acta Math, 92 (1954), p. 171-180,

UNIVERSITY COLLEGE OF LEICESTER

Regu par la Rédaction le 10.10.1954


Artur




