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ACTA ARITHMETICA
V (1959)

An arithmetic property of groups of linear transformations
by
K. MAurer (Manchester)

The connection between the geometrical theory of the modular group
and that of the minima of binary quadratic forms is classical and well
known. In the present note, I study the analogous problem for groups
of linear transformations

[17%7 + ﬁk
_—
Ve2+ O
the fundamental region of which is compact in the hyperbolic plane. By
means of a theorem due to G. A. Hedlund, it will be proved that if fu, v)
is any positive definite quadratic form, then the values
Flom; vi) (k=1,2,3,...)

lie dense on the positive real axis. In the cases where the arithmetic strue-
ture of the coefficients ay, fr, v, 0 is known, one is thus led to new
arithmetic properties of quadratic forms.

(ogy Bry vy O real; apdp—pryy =1; k=1,2,3,...)

1. Let ¥ be the open complex upper half-plane
y >0, where =z =ux+yi,

and let U be its frontier consisting of

(i) the line y = 0,

(ii) the point 2z = oo.

We interpret ¥ in the usual way as the non-Euclidean hyperbolic plane,
and U as the line at infinity of this geometry.

The hyperbolic lines consist of (i) all semi-circles in ¥ with their
centres on U, and (ii) all semi-lines in ¥ perpendicular to U. These
lines are permuted under the rigid motions of hyperbolic geometry which,
in explicit form, are defined by the linear transformations
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of ¥ into itself; here the coefficients a, g,y,d are rcal numbers which
may be assumed of determinant
ad—py = 1.
The rigid motions leave the hyperbolie distance d(zy, z.’z) of any two
points 2, = @, +y,% and 2; = &, +y,¢ in ¥ invariant. If suitably normed,
this distance is given by the equation

ez ]/ (o) + (=3
T2 49,9,

In hyperbolic geometry there ave three distinet types of _aiw;l@.«r, dQ-
pending on their numbers of pointis of intersection with the lmc.s U : We
are mainly interested in the horocyeles which are those hyper‘pohc circlos
that meet U in just one point. There are two distinct types of horocycles,
viz. (i) those of the form

(@—a)+(y—Db) = b*, where b >0,
which are tangent to U at a finite point & = a, and () thoso of the form
y =b, where b >0,

which may be considered ag being tangent to U at # = oo. The rigid mo-
tions of the hyperbolic plane change horocycles again into horocycles.
In particular, the horocyeles of the second form are invariant under the
gpecial motions

W:s—2+48 (B real).

2. Let B be any Fuchsian group of linear transformations § fo ¥
into itself. A horocycle € is said to be transitive with respect to F if it images
8(C) under all the elements § of F' lie everywhere dense in ¥, In oxplicit
form, if 2, is any point in ¥, and

V: d(z,20) <e&  where ¢ >0,

is an arbitrary neighbourhood of z,, then at least one imagoe S(¢) of ¢
with SeF passes through this neighbourhood.

The theory of transitive horocycles has been studied in detail by
G. A. Hedlund [1], and one of his results forms the bagis for this paper.

Let us, for shortness, say that the Fuchsian group F is admissible
if it possesses a compact fundamental region; i.e. F has & fundamental
region, R, say, which lies entirely in ¥ and does not meet the line U.

By way of example, every Schwarzian triangle group in ¥ which is
generated by a triangle with positive angles is admissible, The modular
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group, however, is not admissible, because its fundamental regions either
contain the point 2 = co or an equivalent point on T.

Theorem 2.5 of Hedlund’s paper implies the following important
result.

TrEOREM 1. If the Fuchsian group F is admissible, then every horo-
cycle C in W i3 transitive with respect to F.

In the example of the modular group this theorem does, of course,
not hold, and it is, in fact, obvious that no horocycle y = b can be transitive.

3. We need a result which is slightly stronger than Theorem 1 for
the application to quadratic forms.

ToEoREM 2. Let F be an admissible Fuchsian group, and let by and b,
be real numbers such that 0 << by, << by. For every point 2, in ¥ there ewists
an element S of F such that S(zy) = 2, = @, -+ vy, satisfies the inequality

by <9y < by

Proof. Choose an arbitrary real number 5* such that b, < b* < b,.
There is then a positive constant e such that every circular dise

d(z,2") < e
of radius & and with its centre z* on the horocycle y = b* lies entirely in
the horizontal strip

h<y<b,
between the two horocycles ¥ = b, and y = b,. By Theorem 1, the horo-
cyele (*: y = b* is transitive. There is then a transformation 8, e¢F such
that the image C** = §,(C%) of ¢* passes through the disc

a(z, 2y < e.

Choose an arbitrary 2**

in O** satisfying
d(z“; 7)) < &,
and put
8 =87t =8 & = Sz,

80 that also SeF. By the invariance and the symmetry of the hyperbolic
distance, also :

d(z*7 2’l;‘) = d(z;5 &) <.
Since 2** lies on ¢**, ¢* lies on the original horocycle ¢*. It follows that

8(2,) is situated in some disc of radius e with its centre z* on y = b";
hence this point S(z2,) satisfies the assertion.
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4. As before, let F be an admissible Fuchsian group, and let

a2+ P (k=1,2,3,...)
yr&+ O

be all its elements; here ax, fr, Yi, O are real numbers such thab

Sy 2>

ak.lsza“ Brye = 1.

We associate with S the homogencous linear tramsformation

S w— agtut v, 0> yput Gt
Next let
Flu, v) = au?2buv 4 ov?
be any binary positive definite quadratic form; hence
a>0, ¢>0, d=ac—b>>0.
The transformation S; changes f(w,v) into a new positive definite
form
Fflty v) = Flapt-+Buv, yith+050) = qpu?-- 2, uv - cxv?
with coefficients v
& = Flagy vi)y  be = aowPutb( S+ Buve) - 0vede, 0 = f(Brs Ou).
Again
a >0, >0, ao—bi=ac—b >0,
with the third relation following from the identity
a0 — b = (a6 —b°) (0 &— Pryi)” -
Put
—b+iVac—b — byt iVac— b
e -
@ Az

where the square root is taken with the positive sign; thus both o and
wy, lie in ¥, These two numbers may also be defined as the roots in ¥ of
the two quadratic equations

fz;,1) =0 and fi(z,1) =0,

respectively. Therefore
0 = fu(on, 1) = flasontfoy meonct 00) = (ot oty (270 o),
Vet O

An arithmetic property of groups of linear tramsformations 201

where evidently

Yrop+ 67 0,  hence f(wk— 1)‘—_-0,

yeor+ 0
Thus
a0+ B
W = ———————— = S
yrwst O w(wr),
and conversely,
8 00—
w0y = el = 87 (w);
—Yr 0+ o

87! denotes the inverse of S;. As Sy runs over all elements of F, its
inverse S;' does the same since F is a group.

5. Write
w=~§&+n and oy = &+ pi,
80 that
b Vac— b ba Vao—b
= — — = — g = — .
H P N p nd & a y Tk ar

On applying Theorem 2, we obtain the following result. If again
0<bh < ‘bz,

then there exists a transformation § = Si'in F such that the imaginary
part n, of wp = Sz (w) satisfies the inequality

b < 777: < b,.
This means that
= f(ow, vi)
satisfies the inequality
Vae— v < Vac—b*
bs g b

Since the constants b, and b, are still at our digposal, the result so proved
may be expressed as follows.

TEEOREM 3. Let F be an admissible Puchsion group consisting of
the linear transformations

o2+ B
_, BT PE

Sp: 2
Yi2-+ O

(k=1,2,3,...)
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where g, By Viy O are real numbers satisfying
oy & — Beyr = 1.

Let further
flu, v) = aur+ 2buw+cv®

be an arbitrary posilive definite quadratio form. The values
Jletws ve) (k=1,2,8,...)

of this form lie everywhere dense in the posilive real awis.

This theorem may, of course, not be applied to the modular group
for which, in fact, the values f(ax,yr) have no finite limit point.

T conjecture that if the form f(u, v) is indefinite and I is again admiy-
sible, then the values f(ay,y,) lie everywhere dense on both the posilive
and the megative real amis.

6. Theorem may be applied to many known Fuchsian groups. As an
example we consider & group which is related to the theory of indefinite
ternary quadratic forms (see Fricke-Klein [2], p. 533 If).

Tet p, g, r be three squarefree positive integers which arc relatively
prime in pairs and are such that the ternary form

flzr, 2, 2) = p2i— 04— 2

is distinet from zero for all integers 2, 2.,%; except 2, = 2, =23 = 0.
We denote (a,b,c,d) all integral solutions of the quaternary Pellian
equation

a?—b2pr+ ctqr —atpq = 4.
It is then proved that the unimodular transformations

§: 2 >

ve— 5 (ad—py = 1),

where
@ +b 4 };J

== s ==

¢ l/oﬂ"»‘--lm (ll/)l e

2 .—.—‘.....,.u‘; e e V(] s
—eVr +dVp ~ —bVpr
+ ~£1/q, st bV pr

form an admissible Fuchsian group. We deduce therefore at once from
Theorem 3 that if again f(w, v} is any positive definite quadratic form,
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then the values

atdVpr —oVr+dVp
W=
lie dense on the positive real axis.

It seems probable that Theorem 3 has an analogue for Kleinian
polyhedron groups and positive definite Hermitean form.
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