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. k1
Bei der Abschitzung von 2 (IF"“ ﬂ) wir wenden den Satz von
© 4

P. Turdn an ([6], Satz X) und verfahren so wie in [4], Seite 193. In un-
serem Fall ist die Bedingung [4], 5.28, auch erfiillt, weil

(419) Ty > L >1og"* T > exp(ilogloglogT) > [gy > |Tgy-

Nach dem Muster von [4] (Seite 193-195), kommen wir einfach zum
Schlul des Beweises.

Durch Vergleich der beiden Abschiitzungen (3.3) und (4.1) bekommt
man (1.4).

Literaturverzeichnis

[1] E. Landau, Einfithrung in die elementare und anolytische Theorie der alge-
braischen Zahlen und der Ideale, Leipzig und Berlin 1927.

[2] — Uber Ideale und Primideale in Idealklassen, Math. Zeitschrift, 2. Band,
Berlin 1918.

[81 8. Enapowski, On prime numbers in an arithmetical progressiom, Acta
Arithm. 4 (1958), p. 57-70.

[4]1 W. Sta$, Uber eine Anwendung der Methode von Turdn, auf die Theorie des
Restgliedes im Primidealsats, Acta Arithm. 5 (1959), p. 179-195.

[6] E. C. Titchmaxrsh, The Theory of the Riemann Zeta-Function, Oxford at the
Clarendon Press 1951.

[6] P. Turdn, Kine neue Methode in der Analysis wnd deren dnwendungen,
Budapest 1953. l

UNIWERSYTET IM. ADAMA MICKIEWICZA W POZNANIU
ADAM MICKTEWIOZ UNIVERSITAT IN POZNAN

Regw par la Rédaction le 11. 8. 1959

icm

ACTA ARITHMETICA
VI (1960)

On the representation of 1,2,...,n by sums
by
L. MosER (Edmonton, Canada)

If 4: 0 =@, <ay<...<a is a set of integers such that every
positive integer not exceeding m is the sum of two elements of A then A
ig called a 2-basis for m. In what follows we let &k = k(n) be the smallest
integer for which a 2-basis for » with % elements exists, and let A be such
2 minimal 2-basis. The problem of estimating k(n) was first proposed
by 1. Schur. Since we can form only k(k—1)/2 pairs of distinet elements
of 4 (disregarding order) and ¥ sums of the form 2a,, we have (k*+k) 2
>n-1. On the other hand, the numbers 0,1,2,..., [Vn—l],Lﬁ],
2[Val, ..., [Vn+1][Vn] are easily scen to form a 2-basis with 2[Vn]+1
elements. The only improvements on these trivial estimates seem to be
those of Rohrbach [1] who proved that for n sufficiently large

1) —7;2—(1—.0016) > m.

Although Rohrbach conjectured that .25k%~mn his proof of the much
weaker result (1) is rather complicated. The objeet of this note is to prove
the better estimate .

2) 7; (1—.0197) > n.
To the set A we make correspond the generating function
n
(3) fa) = > %
=1
and let
(4) g(@) = (f2(@)+1(=)/2.

The coetticient of & in g(») will be the number of representations o.f ]
in the form a,- a, where order is not taken into account. We now define

8(j) by "
(%) (@) = 14otart...+a"+ Y 8o

j=0
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Since 4 is a 2-basis for n it follows that 4(j) = 0 for all §. Setting » = 1
we may use (3), (4), and (5) to regain the trivial estimate (k2--%)/2 = n--1.
We will show however that }'6(j) is large and thus improve on this
estimate.

Note that for @ = ¢+ (1 3 positive integer) the term 1+ 2., 4"
in (B) vanishes. We will use this value of » in (5) with ¢ = 1 and later
with £ = 2. Thus from (5) we have

(6) g(gzni/(m-l)) — 2 6(7-)62ni1/(n+1)’
and using 6(j) = 0
(7) lg (=) < 3o ().

Now from (4), (7) and the triangle inequality,

(8) D) o) = 4[| 3 et v —x] > 3 [( 3 sin2nay (n+ 1) k]
Similarly, from @ = ¢*/®+) we obtain

(9) 1Y) =3[ Y costrayfint 1)) ).

Combining (8) and (9) yields

00 30 3 |(Ssintway o] + (5 oot 00 e,
and rsince @482 = $(a-+b)?
200) (3 (sin2may (n-+1) +Joosdrayfin-+ 1) — /2.

We next obtain a lower bound for the right hand side of (11) using the
easily established fact that -

(11)

0<H<1,
1<0<2.

Indeed if we let I be thevnumber of elements of 4 which
oxceed n/2 the
(11) and (12) yield o2 then

(12) 3 for

sinnf+4cos2znf >
: —5 for

. E—-1  31\* & To— Al)2 A
(13) >'s >a(___._) _k _ (k-4
0 =i\ 2 2 20 - %

i If 1 is small we will use the estimate (13). On the other hamd, sinee
L elomentss of A Efxceed n[2, at least I2/2 pairs of a’s (again not taking order
inte aceount) will exceed . Hence (5) yields

(14) D's6) = 2. .
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Now we consider the cases (i) 1 < k(4-—VI§)/6 and (i) I = k(4 —¥10)/6.
In case (1) (13) yields

(15)

2

, 13—4Y10\ &k
2(5(?) 27\72( 36—*‘)
while in cage (i) (15) follows from (14). Finally combining (15) and (5)
at @ = 1 gives

. k* -k
(16)

p]

13~41/15) k
5

1 -T2
= 1 —”b( 36

Tor all # (16) can be put in the form

” (5 +4V10

(17) % ) +k = a4+l

Tor n sufficiently large (17) implies (2).

We remark that since we have made no use of the fact that the @’s
are integers our method actually proves that for k sufficiently large, the
sums in pairs of & non negative numbers cannot represent 0 and the first

[.4902 %*] multiples of a fixed number.

Reference

[1] H. Rohrbach, Hin Beitrag zur additiven Zahlentheorie, Math. Zeit. 42
(1936), pp. 1-30.

Regu par la Rédaction le 10. 7. 1959


GUEST




