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On the necessary and sufficient conditions for the analytic
function to be univalent or p-valent in the usual and in
the generalized sense

by J. MIODUSZEWSKI (Wroctaw)

L It is proved by G. M. Goluzin [1] and W. Wolibner [2] that
the funetion f(2) = 1/2-+b,2-+... in the unit circle |2| <1 is simple
(schlicht) if and only if:

(W) For every polynomial W, of degree n

(1) D) klal* <0,
k=—n
where ¢, are defined by the formula
2) Wali )] = D) ed®
k=—n

Condition (W) is a condition for the coefficients b,, n =1, 2, ceny
of f(2). This condition includes coeffients of W, as parameters. We shall
show that it is possible to release inequality (1) from these parameters
and in that way to receive a condition which includes the coefficients
b, only.

o0
Let W,(2) = dpe"+...+diz and [f(z)" = 2 b{Mz*. Then W,[f(2)]

k=—m
oo

n o0 "
= Ydn D umE = ) ( D dmbf™) #, and, by (2),
1

m= =—m k=—n m=1
3
o= D dnbf".
m=1
Inequality (1) can be written as

(3) j k| i’dmbsg")lzgo .

k=—n m=1
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or i
(4) MY efed)aa; <0, h=max(i,j).
=1 k=—h
Let us write
(5) Ay = Z Kb{P b
k=—h

It is easy to see that A, = A;. Hence the left side of (4) is & Hermi-
tian quadratic form. When n is constant, then inequality (4) expresses
that this form is non-negative. It is well known that a Hermitian qua-
dratic form is non-negative if and only if the following inequalities are
satistied:

(6) (=™ ... .. >0,

Inequality (1) is equivalent to all the inequalities (6), where n = 1,2, ...
The tirst inequality of (6) is A,, < 0. By (5) and by = 0 for k < —1,
this inequality can be written as
PRIVESS
k=1
This is the well-known area formula of Bieberbach.
The second inequality of (6) can be written as
Ay Agp— A dy 2 0.

Since (5) and b =0 for k < —2 and b,=0 for k<—1 and bf) =
it follows that

Ay Age—Agg Ay = | f T Bil®) ( f e BP) —( Zkbkbs?)( Z by b2

=1 =2 Toe=—1 oz 1
ot - —o
~ 2 Sk S P uip),
f=—1 L:[_x--—l
and finally . - "
2 M kibad®+ > b (bP — b)) < 0.
k=—1 i=—~1
L2234

The form of the next inequalities of (6), if they were written as the
former ones, would be still more complicated.

IL In this part we shall prove the conditions which are sufficient
and necessary for any regular analytic function te be p-valent in the
usual and in the generalized sense of Biernacki [3]. These conditions
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have been proposed by W. Wolibner. They are conditions for the co-
efficients of these funetions too, but their form is very complicated, and
therefore it cannot be used in applications.

TumorEM 1. The function f(2) which is regular in the wumit circle
fel <1 and for which |f(2)] <1 is p-valent (in the wsual semse) if and
only if for every nom-negative polynomial W (m,y) the following inequality
1S satisfied_

) J[ Wiref(z), mt()f (=

dody <p  [[ Wi, y)dady.
224y2<1 224y2<1
Proof. Necessity. Since f(2) is p-valent, we have

(8) [ W, 0)audo < p [ Wi, y)dwdy

B e yi<1
where R indicates Riemann’s surface tor f(2) in the unit circle #*4-»* < 1.
Affer the change, in the fiist integral of (8), of variables w, v into x, y
we receive inequality (7).

Sufficiency. Suppose, on the contrary, that f(z) is not p-valent.
Then there is a value w, for which f~*(w,) possesses less than p-1 points.
Then there is & circle K, the centre of which is w,, such that if weK,
then f~*(w) possesses also less than p- 1 points.

Let us consider a non-negative polynomial Wz, y) which possesses
the property

(9) ff W@, y)dsdy > (p+1) [ [ W(a, y)dady,

K—-Kyp

where K is the unit circle. That polynomial exists, because there exists
a continuous function which possesses property (9). The function f(z)
induces a representation of the circle K, onto a subset of R’ Riemann’s
surface R. It follows from (9), that

ffW(u,u)dudv == ff W (w, v)dudo+ ffW(u,fu)dudv
B

= (p+1) ffW , ) dwdy + jf W (u, v)dudy

= 77+1)ffW @, y) dudy
-—pffW @, y)daedy + ffW @, y)dedy — (p-+1) ff W(m,y)dmdu]
E-Kp

> poW x, y)dwdy,

contrary to (7).
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THEOREM 2. A function f(z) which is regular in the unit circle |2| < 1
and for which |f(2)] < 1 is p-valent in mean for the centre 0 (in the sense
of [3]) if and only if jor every non-negative polynomial W (1), where t is the
real variable, the following inequality is satisfied:

2 1 2r 1

(10) [ W@ @Prarde <p [ [ W(lel)rdrdp.
0 0 0 0

Proof. Necessity. f(2) is p-valent in mean for the centre 0, i.e.
for every R, 0 <R <1,

. 2n 2n
(11) [ ¥(R,®)a® <p [ dp,
o 0

where N (R, @) is the number of roots of the equation

(12) f(2) = R,
From (11) it follows that

where |2| < 1.

2r 1 2p

flf N(R, D)RARID <p [ [ W(r)rdrdp.
00 [}

After the change of variables in the first integral, as in (12), we receive
inequality (10).

Sufficiency. Suppose, on the contrary, that f(z) is not p-valent
in mean for centre 0. Then there exists an Ry, 0 < R <1, such that

n
(13) [ N(Ro, B)ad > 2mp(1+2e),
o

where ¢ is positive. Let us denote by A an open set which contains the
set [ {N(R,, ®) = oo} and for which
[

[ (R,, ®)a® < 2npe.
A .
Then, by (13), we have

(14) C [F(R,, 9)dD > 2xp(1+e),
B

where B = (0, 2x)>—A.

There exists a positive number & such that for every R belongmg
to the interval RBy—6 < B < Ry+ 0 inequality (14) holds. It is suft-
clent to prove that it ¥ (R,, ®,) is finite and equal to ¢, then there existy
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a neighbourhood U of the point (R,, &,) such that if (R, ®)eU then
N(R,®)>q. Let us denote by 21, %5, -.., 2, all points of the set
F(Ry, By)]. Let Vy, ¢ =1,2, ..., g, be disjoint neighbourhoods of z;.

q
Then U= [] (V) is the required neighbourhood of (R,, ).
fml
Let us consider a non-negative polynomial W(R) for which

Ry+6 ~8
(15) ¢ [ RW(R)dR > f RW(R)dR+ f RW(R)dR.
Ry-3
That polynomial exists, because there exists a continuous function which
possesses the property (15).
From (14) it follows that

I

Tt

N(R, ®)W(R)RdRi® > [ [N(R, ®)W(R)RiRID
0B

1
> 2np(1+¢) [ W(R)RAR
0

and from (15) we have

1 Rg—8 Rg+d 1
2np(1+s)°fW(R)RdR = 2np(1+e)[of +Rfd+&+n
)
Ry+o 1
>2np(l+e) [ RW(R)AR > 2np [ RW(R)dR,
By 0

contrary to (10).

THEOREM 3. 4 function f(z) which is regular in the wnit circle 2| <1
and for which |f(z)| <1 is p-valent in area (in the sense of [3]) for the cennre
0 if and only if for every decreasing polynomial W (1), where t is the real
variable, the following inequality is satisfied:

2r 1 2r 1

0o [ Wit afrais <p [ [ Wsrirdy
0 ¢ P

Proof. Necessity. f(s) is p-valent in area for centre 0, i.e. for
every B, 0 <R <1, .

R 2n R 2r

7 ofﬂf N(R, ®)RARAD gpofof rdrdgp.

Let R;, where 0 < R, <1 and ¢=1,2,...,n—1, be a sequence of


GUEST


132 J. Mioduszewski

positive numbers which is decreasing. Let R, =0. By (17) it follows
that

R; 2m R 2m
(18) f [ N(R, ®)RARIP <p f [ rardg
0 0 [
tor all 4 =1,2,...,n—1, and hence
n B 2r n Ry 2n
(19) X fj N(R, ®)RaRA® <p D, Ci [ [ rdrdg,
i=1 0 0 deul 0o 0

where C; are some numbers.
Now we consider the functions S, (R), whose value for B,y <R < R,
m
is 30;. Since R; and C; are arbitrary numbers, the funetion S§,(R) is
=1
an arbitrery step-function which is never-inereasing. Then inequality
(19) may be written as

2r 2 1
(20) [ fISn(R)N(R, D) RARAD <p [ [ Sy(r)rdrdp.
0 o

[

For every decreasing polynomial W (R) there is a sequence of fun-
ctions 8, (R) which is uniformly convergent to W(E). Then in inequal-
ity (20) we may write W (R) instead of 8,(R). After the change of vari-
ables, 28 in the former theorems, we receive the required inequality.

Sufficiency. Let f(z) not be p-valent in area for centre 0. Then
there is such an R, that

. 2 Ry
(21) [ [ ¥(R, ®)RdRi® > nRip.
00
Let S(R) be the function
1 for R<LR,.
S(R) = ’
0 for R>R,.
From (21) it follows that
2 1 2 1

(22) [ [SEBYN(R, ®)RARA® > p [ [ S(r)rardg.
(] [ )
Now we define a new function §*(R), which is linear in the follow-
ing intervals
(0, By),

(Bo, Bo+6) and  (Ro--6,1)

icm°
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and furthermore
8*(e) = 144, *(B) =1, B*(Ry+68) =6 and S§*(1)=0.
If § is sufficient small, then we may write 8* instead of § in (22):
this is because :f?o Oj'"N (R, P)RARAP is a bounded function of the

variable R, (which is easy to obtain from (16), if we write 1 instead
of W(R)) and because N (R, d) > 0.

There is a polynomial W(R) which is decreasing and possesses the
same values at points 0, Ry, B, 6 and 1 as the function S* and which
is furthermore arbitrarily near 8* (by [41).

Then in inequality (22) we may write W instead of S* Thus we
receive

2r 1 27 1

[ [W(R)N(R, ®)RiRi® > p [ [W(r)rdrde,
0 0 (L] .

contrary to (16).

Remark. In all these theorems the polynomials may be replaced
by continuous functions which possess the same properties.
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