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all t the convergence of the absolute moments of Sy/Bx to the absolute
moment of the normalized Gaussian distribution. In other words, we

have the relation
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for almost all t. Hence, using the well-known equality
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for almost all i. . . o
Tet us fix an ivrational number #, with this property. Let sy, na, ...

denote the successive indices k& for which gy (f) = 1. Then
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and, according to (7),

}n’ 21:; cosnkwlldw = VrVny +o(Vny),

0 k=1

which completes the proof of IL.
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ON A PROBLEM OF MAZUR AND ULAM
ABOUT IRREDUCIBLE GENERATING SYSTEMS IN GROUPS

BY
V. DLAB (PRAGUE)

1. INTRODUCTION

In 1935 8.Mazur and 8. Ulam have stated the following problem (1)
(for the terminology see the end of this section):

Let a group possess an irreducible generating system. Does each of its
subgroups also have this property ?

The problem mentioned has been solved negatively in paper [1];
6. g. the abelian group

G(p™)+ D) 6i(p),

where G(p®™) is the Priifer group of the type p™ and G;(p) cyelic groups
of the prime order p, possesses an irreducible generating system but
none of its non-reduced subgroup with a finite reduced component has
this property (it is easy to see that the subgroups in question are all those
having ne irreducible generating system; see also [2]). It is the purpose
of this note o give some more general constructions of groups G with

PROPERTY P. The group G possesses an wrreducible generating system,
but there exists a subgroup H C @ every generating system of which is reducible.

Throughout this article we consider predominantly non-abelian
groups written multiplicatively; X and (in the abelian case) -+ denote
the direct product. 3 denotes the weak direct sum of abelian groups.
G" for a fixed natural n ig the subset (of the group &) of all elements g
with ge@. The power of a set M will be denoted by m (M) and the order
of an element ge @ by 0(g).

For any non-void subset M of @, {9} denotes the subgroup of G
generated by the elements of M; thus {B} = G means that @ is a genera-

(*) The Scottish Book, Problem 63, p. 27. I am indebted to Jan Myoielski
for calling my attention to this problem.
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ting system of the group G. A generating system ® of a group G is said to
Dbe irreducible if the set ®\ (¢) is not a generating system of @ for any element
ge ®. In the contrary case it is called reducible. If ®G\.(¢9) is & gonerating
system of @& for any element ge®, then ® is called a strongly reducible
generating system of G- .

Tet H be a normal subgroup of a group & and M C ¢. We denote
by M the natural image of M in G/H. Especially, if ® is a generating
system of &, then ® is obviously a generating system of G/H.

Let IT be a non-void set of primes; a group & is said to be a I[T-group
if the order of each element of the group G is finite and the primes of IT
are its only prime divisors.

2. SOME TYPES OF GROUPS HAVING PROPERTY T

Tirst of all we are going to prove the following simple lemmas:

LeMma 1. Let H be a normal subgroup of a group G and ® a genera-
ting system of G such that

(1) 5,05, ¢ H for every pair gs , gs, of elements of ®.

If G is an irreducible generating system of the quotient group G/H,
then ® is also irreducible.

Remark. Supposing only gs g5 ¢ H for every pair o,y oy With the
exception of a finite number of them, one can prove the existence of an
irreducible generating system & of the group ¢ satisfying G* C ®.

Proof. It is easy to see that according to our assumptions the re-
lation

) Goe {B\ ()} for a certain g,¢®
implies

(70*'{@\(.(70)} with .’70‘@)
contradicting the hypothesis of ® being irreducible.

LEMMA 2. Let @ = G, xXG, and ® = (gy)sq be a generating system
of @. Let

gs = g g with g €@, for i =1, 9.

Then B© = (g, is a generating system of the group G; (i = 1,2).

Proof. The proposition of Lemma 2 is obvious; it is sufficient to
make use of the commutativity of the elements of groups ¢, and @,.

Lemma 1 easily implies the following theorem, stating a general
congtruction of groups with property P:
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THEOREM 1. Let G be a group and H its normal subgroup with the
following properties:

(I) H has no wrreducible generating system;

(II) G possesses a generating system & satisfying (1) such that B is
an irreducible generating system of the quotient group G|H.

Then G has property P,

Now, using the preceding assertion we can formmlate more special
results.

COROLLARY 1. Let G = HX A be the direct product of a group H
satisfying (I) and a group A, and let the inequality

@) m(H) < m(4)
be fulfilled. Let n, be such a number that
3) A" = (¢)
and ’

(4) : {H™} = H.

Hence, especially, if H™ = H, (4) is fulfilled.

If, further, an infinite irreducible generating system 2 of the group
A exists, then G has property P.

Proof. Let  be a generating ‘system of the group H; in view of
(I) it is necessarily infinite. Moreover, according to (2),
(8) m(H) < m(YU)
holds. Let ¢ be a one-to-one correspondence between the set 9 = (/)sea
and A = (as)ss, A C U ay = @(hs) for Sed. Let us define the set
® as follows:

(6) G = (ga)sea = (AN,
where
(7) gs = hgay  (8ed).

We are going to prove that & is a generating system of G. If heH™,
then there exists an element hye H such that hjo = h. We have
ho = hs by ... ks, for suitable hyeH (i=1,2,...,n)
Hence for the element

Go = 9,98y -+ - §o, = o, G, ... g,

“we obtain by (3)

b= = gio<(B).
Thus {8} 2 H™ and, by (4), {®} 2 H. According to (6) and (7) we imme-
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diately deduce {®} = @. Since (1) and (II) is obviously valid for & we
are ready to apply Theorem 1 and we obtain the desired result,

COROLLARY 2. Let IT denote a fized non-void set of primes. Let G =
HxA be the direct product of a group H satisfying (I) and the relation
(8) H* = H for every pell
and of a II-growp A with (2). If, further, an infinile drreducible generating
system A of the group A emists, then G has property P.

Proof. Following a similar line as in the proof of Corollary 1, we
easily deduce inequality (5), where = (hy)s. I8 & generating system of
the group H. Let ¢ be again a one-to-one correspondence between $ and
A = (a5)s0a, A C U Let O(as) = ny; by (8) we can chooge an element
s e H satistying hy"s = h, (for every ded). Let us define the set

6 = (go)oea © (AN,
where g; = h3as (Jed). Clearly ® is a generating system of the group @,
which in view of Theorem 1 is irreducible.

Let us distingnish two special cases (remembering that a non-zero
divisible abelian group has no irreducible generating system, see [1]).

CoroLLARY 3. Let H be a I1,-group with property (I) and A a IT,-
group possessing an infinite irreducible generating system; lot IT, ~ IT, = @
and (2) be fulfilled. Then G = H x A is a group with property P.

COROLLARY 4. Let H be a non-zero divisible abelian group and A a tor-
sion group having an infinite irreducible generating system and satisfying
inequality (2). Then G = Hx A has property P.

We shall conclude this section with the following

TumorEM 2. Let G = Hx A be the direct product of a group H satis-
Tying (I) and a group A having a finite generating system. Then any gene-
rating system of G is reducible.

Proof. Let ® be a generating system of the group G; lot us denote
by $ the set of components of the elements of & in the subgroup H.
According to property (I) and by Lemma 2 we eagily deduce

m(B) = m(D) = m(H) > n,.

Sin'ee A has a finite generating system, there exists a finite subset G,C®
satistying {®,} 2 4. By (I) there exists necessarily an element ge B\ G,

such that the relation
he{DN\ (M)}
holds for ity component h in H. Now we easily obtain the following re-

lations:
g = haelD\(h)}a C {8\ (9} {8y} C (BN (9)};
this completes the proof of Theorem 2.
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3. SOME REMARKS

1. As we know, any generating system of a non-zero divigible abe-
lian group is reducible; moreover, any generating system of it is strongly
reducible (see [1]). Let G = Hx A4; supposing that every generating
system of the group H is strongly reducible and that there exists a gene-
rating system 2 of the group A satisfying m (%) < m(H) one can easily
prove the reducibility of any generating system of the group @ (the proof
follows the same lines as that of Theorem 2). Thus, the preceding asser-
tion. shows that assumption (2) in Corollaries 1-4 cannot be dispensed
with. .

2. The following result proved in [3] is closely related to the above
theorems: The abelian group

R*+ Z {us}
=

00
where R+ is the additive group of all rational numbers and 3 {w;} the abe-
i=1

lian free group of countable rank has an irreducible generating system,
while the subgroup )

n
R4 Z {us}
=i

for an arbitrary non-negative » has not this property (see also Theorem 2).

3. Let us show that the considered group H need not be a direct
factor of the group @. Let us consider the additive abelian group of all
rational numbers whose denominators are products of arbitrary powers
of a fixed prime p, and of square-free numbers. Let H be the subgroup
of @ of all numbers whose denominators are powers of the prime p,. Let
Poy Piy .-y Piy ... be all primes. The set

6 = (gi)i1s,...

where g, = 1/pip; is obviously an irreducible generating system of the
group ¢ (the cosets g; H form an irreducible generating system of G/H).
On the other hand, it is easy to see that any generating system of the
subgroup H is reducible (and, moreover, H is not a direct factor of @).

It is easy to prove that the subgroups having property (I) are just
the subgroups consisting of rational numbers whose denominators are
products of powers of p, (those powers being not bounded) and primes
of a fixed finite set II.

4. The subgroup H need not even be normal in ¢. Let ¢ = Hx 4
be a group with property P, where H satisfies (I). Let B be a group posses-
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ging an irreducible generating system and having a non-normal sub-
group O with a finite generating system (e. g. the symmetric group 8,
of degree n > 3). It is evident that the subgroup H, = H X C is not normal
in the group G, = H x 4 x B and according to Theorem 2 has no irredu-
cible generating system; the group @, has, of course, property P,
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EMBEDDINGS IN GROUPS OF COUNTABLE PERMUTATIONS
) . BY
M. KNESER (MUNCHEN) AND 8. SWIERCZKOWSKI (WROCEAW)

The aim of this note is to answer a question put forward by J. My-
cielski. The question is whether, given an arbitrary group &,

(*) G ds isomorphic to a group of permutations of a set X such that
every permutation displaces mot more than countably many elements of X.

We shall prove

THEOREM 1 (). (*) is true for every abelian group G.

THEOREM 2. If F 4s a non-abelian free group with more than 280
free generators, F' is the commutaior subgroup of F and F'' is the commu-
tator subgroup of F', then the group @ = F[F"' does mot satisfy ().

If @ is an abelian group of order 2%, then Theorem 1 follows from
a result of N. G. De Bruijn {1]: Every abelian group of order 2", where n
is an arbitrary infinite cardinal, is isomorphic to a group of permutations
of a set of n elements.

Our proof of Theorem 2 can easily be generalized to a proof of the
following result: If 1 is an arbitrary infinite cardinal and F is a non-abelian
Jfree group with more than 2" free generators, then @ = F|F'" is not isomorphic
o a group of permutations of a set X such that every permutation displaces
at most n elements of X.

PrOOF OF THEOREM 1. We gtart with three lemmas:

(i) If @ is countable, then (+) is true.

To see this it is enomgh to regard each ge@ as the permutation
x — go on. the set X = @.

(i) If {G::teT) is a collection of groups and each @, satisfies (x), then

the direct sum G = Y@, also satisfies ().
T

To prove this let us denote by X, disjoint sets such that () holds
with @,, X, instead of @, X. Each g<@, then acts as a permutation on

() We have been informed that A. Hulanicki found independently a proof
of this theorem.
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