) ©
icm
COLLOQUIUM MATHEMATICUM

_VOL. VIII 1961 FASC. t

SELF-DEPENDENT ELEMENTS IN ABSTRACT ALGEBRAS

BY

W. NITKA (WROCLAW)

This paper is a contribution to the study of the general notion of
independence introduced by E. Marezewski ([1], see also [2]).

Let us consider an arbitrary non-empty set 4. Let A be a class of
A-valued functions of finitely many variables running over 4 such that
10 the functions defined by the formula f(®y, ..., o) = (n =1,2, ...;
k=1,2,...,n)belong to 4; 20 4 is closed with respect to the superpo-
gition of functions. The gystem (A4, A) will be called an algebra.

By A® we shall denote the set of the values of all constant functions
belonging to A. Farther, by A™ (n >1) we shall denote the class of
all functions of » variables belonging to A.

A set IC A is called a set of independent elements if for every finite
system of different elements a,, ..., a,<I and every pair of funetions
f, geA™ the equality

f(ali [REX} @) = (g, .oy Oy)

implies f = g; otherwise I is a set of dependent elements.

An element acA is called self-dependent if the one-element set {a}
is a set of dependent elements, i. e. whenever there exist two functions
g, heA® such that g(a) = h({a) and g # h.

If an algebra contains at least two elements, then all values of con-
gtant functions are self-dependent.

The following theorem is a direct consequence of the definition
of A©:

TurorEM 1. The set A? is o subalgebra, i. e. for every fe A™ we have
the relation

f(017 ey Cn) cAY
whenever ¢, ..., ¢, < A"

We remark that the set of all self-dependent elements is not neces-
sarily a subalgebra (see for example Theorem 4).
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TEEOREM 2. If the subalgebra gemerated by a self-dependent element
is finite, then all its elements are self-dependent.

Proof. Let a, be a self-dependent generator of the finite subalgebra
Ay = {ay, a1,..., 4,}). We assume that a; # a; whenever i %j (i,§ =
=0,1,...,n). Moreover, every element a; (¥ =0,1,...,n) can be
represented as a; = fi(a,), where f,«.A® and f, is the identity function.
By hypothesis there exist two functions g, heA® such that g s h and
g(ag) = h(ap). Since g(ap)ed,y, there exists an index » (0 <r < n) for
which g(a,) = h(ay) = a,. Hence all the functions

JorJrsooos focin @ By Frgrs ooy fn

are different. Since subalgebra 4, contains n-+1 elements and for every
element aze 4, all n-2 elements of the system

Jolaw)y Fulon) s ooy fooa(ar), g(az), Fo(ar) ) fraa(@e)y «ons S (@)

belong alse to 4,, we infer that at least two elements of this system are
equal, Consequently, we have proved the existence of a pair of functions
915 I e AY (g, 5= hy) such that g,(a,) = hy(az). Thus all elements of A,
are self-dependent.

TemorEM 3. There ewist a finite algebra generated by a non-self-depen-
dent element a, such that all other iis elements are self-dependent.

Proof. Let A be the three-elements set {0,1,2}. ‘We define the
functions f,, f, f2 as follows: fy(#) = » for any wed, f,(0) = f;(1) =1,

J1(2) = 2, f2(0) = f2(1) = 2, f»(2) = 1. Let A be the class of all functions f
of the form

F(®1y @ay ooy ) = fi(on) A<k<n; j=0,1,2).

Since the class A is closed with respect to.the superposition, the
gystem (4, A) is an algebra.

The element 0 is a generator of our algebra. In fact, we have the
equalities 0 = f,(0), 1 = f,(0) and 2 = f,(0). Since f,, f; and f, are the
only functions belonging to 4, the last equalities imply that the element
0 is not seli-dependent. Finally, the equalities f,(1) = f,(1) and f,(2)
= f,(2) imply that the elements 1 and 2 are self-dependent. The theorem
is thus proved.

Asg is shown by the following theorem, the assumption of finiteness
of an algebra in Theorem 2 is essential:

TueoREM 4. There ewists anm algebra gemerated by a self-dependent
element a, such that all its elements different from a, are non-self-dependent.

Proof. Let A be the set of all zero-one systems <iy, s, coey )
satisfying the condition 4, =1 if n >1. For any finite system of in-

iom®

T fidges fk(<iuiza-~,in>)={
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dices jiyJsye-e9de (Js=0,1; §=1,2,...,%) we define the function
f,fl’,-2 '''' i, Py the formula

Ay oy ey oy I {gy oy iy = <03,
{lyyevvy by J1g -++y Jup in other cases.

Let A be the clags of all functions of the form

fl@or, oy @) = fil,:iz,“., J'k(,mf) A<Lr<n)
or
f@y, ooy @) =2, (1 <7 <n).

It is easy to see that the class A4 is closed with respect to the super-
position of functions. Thus the system (4, A) is an algebra.

First of all we shall prove that the element (0) is a self-dependent
generator of our algebra. Denoting by e the identity function which of
course belongs to 4 we have the equality (0> = (<0)). Further, for
every element (1,7, ...,juycA we have the equality

fl,il,,4.,§7‘.,b(<0>) =<1, j1, 7.7n>

Consequently, (0> is a generator of our algebra. Since f, #%f; and
Fo(€0%) = (1> = f1({0>), the element (0) is self-dependent.

Now we shall prove that all other elements are non-self-dependent.
By formula (+) every function belonging to A is uniquely determined by
its value on an arbitrary element (i, ..., %> 7 <0). Hence it follows that
all these elements are non-self-dependent, which completes the proof
of our Theorem.

Remark. The last algebra contains an infinite set of independent
elements. For instance, all the elements <1,0,1), <(1,0,0,15,
{1,0,0,0,1>,... are independent.
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